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1 Introduction

In this paper, we are concerned with the problem of finding common zero points of a finite
family of accretive operators in a reflexive Banach space. Many nonlinear problems arising
in applied areas such as image recovery and signal processing are mathematically modeled
as fixed or zero point problems. Interest in accretive operators stems mainly from their
firm connection with equations of evolution is an important class of nonlinear operators.
It is well known that many physically significant problems can be modeled by initial value

problems (IVP) of the following form:
x'(t) + Ax(t) = 0, x(0) = xo, (1.1)

where A is an accretive operator in an appropriate Banach space. Typical examples where
such evolution equations occur can be found in the heat, wave or Schrédinger equations.
If x(¢) is dependent on ¢, then (1.1) is reduced to Au = 0 whose solutions correspond to
the equilibrium points of (1.1). An early fundamental result in the theory of accretive op-
erators, due to Browder [1], states that IVP (1.1) is solvable if A is locally Lipschitz and
accretive on E. One of the most popular techniques for solving zero points of accretive
operators is the proximal point algorithms, which have been studied by many authors; see
[2-27] and the references therein.

In this paper, we propose a viscosity proximal point algorithm for treating common zeros
of a finite family of accretive operators. Strong convergence of the algorithm is obtained
in the framework of reflexive Banach spaces.

Let E be a Banach space with the dual E*. Let R* be the positive real number set. Let
¢ :[0,00] := R* — R* be a continuous strictly increasing function such that ¢(0) = 0 and

¢(t) — oo as t — oo. This function ¢ is called a gauge function. The duality mapping
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Jo : E — E* associated with a gauge function ¢ is defined by

Jo@) = {f* € E*: (x,f*) = %l (Ilxl),

/| = e(lxl)}, VxeE,

where (-, -) denotes the generalized duality pairing. In the case that ¢(¢) = ¢, we write J for
J, and call J the normalized duality mapping.

Following Browder [28], we say that a Banach space E has a weakly continuous duality
mapping if there exists a gauge ¢ for which the duality mapping J,(x) is single valued and
weak-to-weak* sequentially continuous (i.e., if {x,} is a sequence in E weakly convergent
to a point x, then the sequence J, (x,,) converges weakly* to J,). It is well known that /7 has
a weakly continuous duality mapping with a gauge function ¢(t) = #~! for all 1 < p < oo.
Set

t
‘D(f)=/ p(t)dr, Vt>0,
0
then
Jox)=3®(|lx]), VxeE,

where 0 denotes the subdifferential in the sense of convex analysis.
A Banach space E is said to be strictly convex if and only if

llll = Iyl = [ (1= A+ 2y

for x,y € E and 0 < A <1 implies that x = y.
E is said to be uniformly convex if for any € € (0,2] there exists § > 0 such that for any
x)y € UE:

lx=yll = ¢ implies H’%H <15,

It is well known that a uniformly convex Banach space is reflexive and strictly convex.
Let Ur = {x € E : ||x|| = 1}. E is said to be smooth or said to be have a Gateaux differen-

tiable norm if the limit lim,_, o 1221=lxl

exists for each x,y € U. E is said to have a uni-
formly Gateaux differentiable norm if for each y € U, the limit is attained uniformly for all
x € Ug. E is said to be uniformly smooth or said to have a uniformly Fréchet differentiable
norm if the limit is attained uniformly for x,y € Ug.

It is well known that Fréchet differentiability of the norm of E implies Géateaux differ-
entiability of the norm of E. It is well known that if the norm of E is uniformly Gateaux
differentiable, then the duality mapping / is single valued and uniformly norm to weak*
continuous on each bounded subset of E.

Let I denote the identity operator on E. An operator A C E x E with domain D(A) = {z €
E: Az # #} and range R(A) = | J{Az: z € D(A)} is said to be accretive if for each x; € D(A)
and y; € Ax;, i = 1,2, there exists j(x; — x3) € J(x1 —x3) such that (y; — y,,j(x; —x5)) > 0. An
accretive operator A is said to be m-accretive if R(I + rA) = E for all r > 0. In this paper,
we use A™1(0) to denote the set of zero points of A. For an accretive operator A, we can
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define a single-valued mapping J, : R(I + rA) — D(A) by J, = (I + rA)™! for each r > 0, which
is called the resolvent of A.

Let C be a nonempty closed convex subset of E. Let T': C — C be a mapping. In this
paper, we use F(T) to denote the set of fixed points of 7. Recall that 7 is said to be
a-contractive iff there exists a constant « € [0,1) such that || Tx— Ty|| < «a|x-y|, Vx,y € C.
T is said to be nonexpansive iff || Tx — Ty|| < ||x — y||, Vx,y € C. It is well known that many
nonlinear problems can be reduced to the search for fixed points of nonexpansive map-
pings; see [29—-35] and the references therein. Iterative methods are often used for finding
and approximating such fixed points.

Let x be a fixed element in C and let T be a nonexpansive mapping with a nonempty
fixed point set. For each ¢ € (0,1), let x, be the unique solution of the equation y = fx + (1 -
£)Ty. In the framework of reflexive Banach spaces, Qin et al. [15] recently proved that {x,}
converges strongly to a fixed point of T as t — 0; see [15] and the references therein.

In this paper, we propose a parallel iterative algorithm for treating common zeros of a
family of m-accretive operators. Strong convergence theorems are established in a reflex-

ive Banach space.

Lemma 1.1 [36] Let {x,} and {y,} be bounded sequences in a Banach space E and let B,
be a sequence in [0,1] with 0 < liminf,_, B, < limsup,_, . B, < 1. Suppose that x,,1 =
(1= Bu)yn + Buxy for all n > 0 and

lim Sup(||yn+l _yn” - ||xn+l _xn”) = 0.
n—00

Then lim,_, o ||y, — %4l = 0.

Lemma 1.2 [37] Let C be a closed convex subset of a strictly convex Banach space E.
Let N > 1 be some positive integer and let T,, : C — C be a nonexpansive mapping. Let
{8} be a real number sequence in (0,1) such that Zﬁi:l 8 = 1. Suppose that ﬂﬁzl F(T,,)
is nonempty. Then the mapping S ~_ 8, T, is nonexpansive with F(3~_ 8, Tyn) =
Mot E(Ton)-

The following lemma can be obtained from [38] immediately.

Lemma 1.3 Let E be a reflexive Banach space and has a weakly continuous duality map
Jo(x) with gauge ¢. Let C be nonempty closed convex subset of E. Let f : C — C be an a-
contractive mapping and let T : C — C be a nonexpansive mapping. Let x, € C be the
unique fixed point of the mapping tf + (1 —t)T, where t € (0,1). Then T has a fixed point
if and only if {x;} remains bounded as t — 0%, and in this case, {x;} converges as t — 0
strongly to a fixed point x of T, where X is the unique solution to the following variational
inequality: (f(X) - X,J,(p - %)) <0, Vp € NN_, 4;1(0).

The first part of the next lemma is an immediate consequence of the subdifferential
inequality and the proof of the second part can be found in [39].

Lemma 1.4 Assume that a Banach space E has a weakly continuous duality mapping J,
with a gauge ¢.


http://www.fixedpointtheoryandapplications.com/content/2014/1/125

Qing and Lv Fixed Point Theory and Applications 2014, 2014:125
http://www.fixedpointtheoryandapplications.com/content/2014/1/125

(i) Forallx,y € E, the following inequality holds:
D(llx+ 1) < @(llxll) + (3, (x + ).
In particular, for all x,y € E,
ll+ 11> < lll® + 2y, (x + 3)).

(i) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:

lim sup <I>(||x,, —y||) = limsup CI>(||x,, —xll) + d>(||y —x||), Vx,y € E.
n—>00 n—00
Lemma 1.5 [40] Let {a,}, {b,} and {c,} be three nonnegative real sequences satisfying
by < (1-ay)b,+ay,c,,Yn > ng, where ny is some positive integer, {a,} is a number sequence
in (0,1) such that Z;’ino ay = 00, {¢,} is a number sequence such that limsup,_, ¢, <O0.
Then lim,,_, o a, = 0.

2 Main results

Theorem 2.1 Let E be a strictly convex and reflexive Banach space which has a weakly
continuous duality map J,. Let N > 1 be some positive integer and let A; be an m-accretive
operator in E foreach i € {1,2,...,N}. Assume that ﬂf\il D(A,) is convex and ﬂf\il A71(0)is
not empty. Let {a,}, {Bn}, {yu}, and {8,,;} be real number sequences in (0,1). Let {x,} be a
sequence in ﬂﬁl D(A;) generated in the following iterative process: x| € ﬂﬁl D(A;) and

N
Xn+l = ar(f(xn) + ,ann + Vn Z Sn,i]rixn; Vn > 1;

i=1

where f is an a-contraction on ﬂf\il D(A)), {r:} be a positive real numbers sequence and
Jr, = (I + r;A;)7Y. Assume that the following conditions are satisfied:

@ antButyvn=1

(b) lim, 00y =0, Y 02 aty = 00;

(c) 0<liminf,_, o By <limsup,_, . Bu<1;

d) XN 8, =1,1im, o0 8, = &i.
Then {x,} converges strongly to x, which is the unique solution to the following variational
inequality: (f (%) - %,J,(p - %)) < 0, Vp € "X, A;71(0).

Proof First, we show that {x,} is bounded. By fixing p € ﬂf\ilAi’l(O), we get

N
Z 8n,i]rmxn - P

i=1

”xn+1 —P” E oy “f(xn) —19” + ﬂn”xn —P” + Vn

N
< ayally —pll + () = p|| + Bullw = pll + vu Y 8uillJrn — P

i=1

< (1-ay(1-a) iyl + o1 - oL L2,
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This implies that

[%ne1 —pll = maX{ — Iz -pll

)~ |

We find that {x,} is bounded. Putting y,, = Zﬁl 8,,ifr,%n, We see that

N N
Z (Sn,i]r,vxn - Z 8n,i]rnxn—l

i=1 i=1

N N
E Sn,i]r,'xn—l - E 8n—1,i]rixn—l
i=1 i=1

lyn = ynall <

+

N
< 16 = Fall 4 Y 18 = Sprl I -
i=1

Define z, := % This gives

Xn+l — ;ann Xp — ,Bn—lxn—l

ST Py
_ anf(xn) + ynyn _ an—]f(xn—l) + Vn—lyn—l
1- ﬁn 1- ,Bn—l
Oy Oy
1z B, (f(xn) _yn) 1o Boa (f(xn—l) _yn—l) +Vn = Yn-1.
It follows that

oy
1zn = zu-1ll <

< 1o ) =yl + 125 1) =] + I =3

oy oy

<1°g 1f Gen) = 3] + - ﬁ_i_l If Gen-1) = Y-t || + 1% = Ha |

N
+ Y 18 = Sutil W .
i=1
This implies that
o Up-1
1zw = Zuall = %0 = %1 ]l < ‘ Hf(xn) —Jn ” + . Hf(xn—l) —Yn-1 ”
1- ,Bn 1- ﬁn—l
N
£ 18 = Sucril I .
i=1

From the conditions (b), (c), and (d), we get

limsup(||zy = Zu-1 ]| = 1%, = %ua 1) < 0.

n—0oQ0

In light of Lemma 1.1, we find that lim,,_, o ||z, — %, || = 0. Since x,,,1 —x, = (1 — B,)(zy — %),

we have lim,,_, o [|%441 — %4 || = 0. Setting T = Zf\il 8iJ;;» we from Lemma 1.2 see that T is
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nonexpansive with F(T) = ﬂf\il F(J,,) = ﬂf\ilAi"l(O). Note that

”xn - Txn ”

= ”xn _xn+1|| + ||xn+1 - Txn”

N

Z Sn,i]r,'xn - Txy,

i=1

< %n = x|l + ay Hf(xn) - Txy, ” + Bullen = Txull + va

N
< 6w = 2t |+ [ Gon) = T | + Bulloen = Toeull + v D 18 = 8il 0l
i=1
This implies that
(1 - ﬂn)”xn - Txn ”
N
< 116 = Zaa | + [ ) = Toeu]| + v Y 18 = il Il

i=1

It follows from the conditions (b), (c), and (d) that
lim || T, — %l = O. 2.1)
H—0Q

Next, we show that limsup, _, . (f(x) — %, J,(x, — %)) < 0. Take a subsequence {%n;} of {x,,}

such that
limsup(f (x) — &, J, (¥, — X)) = Jim, (f®) - %, J, (%, — X)). (2.2)

Since E is reflexive, we may further assume that x,,, — & for some & € MY, D(A)). Since J,,
is weakly continuous, we find from Lemma 1.4 that

limsup <I>(||x,,i —xll) = lim sup <I>(||x,,/. —56||) + CD(IIx —5c||), Vx € E.

j—oo j—o00

Putting f(x) = limsup;_, o, ®(llxs; — xlI), ¥x € E, we have
f@) =f() + D(llx-%l), VxeE. (2.3)
It follows from (2.1) that

f(T%) =limsup CI>(||xn/ - Tz|)

Jj—> 00

< limsup d>(|| Ty, — chll)

j— 00
< limsup @ (Jlx, —£[1) = (). (2.4)
]—)O(.‘/

On the other hand, we find from (2.3) that

f(TR) =f@&) + (1 T - ). (2.5)
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In view of (2.4) and (2.5), we find that ®(|| Tx — ||) < 0. This implies that Tx = %; that is,
% e F(T) =Y, A71(0). In light of (2.2), we find that

lim sup(f(a'c) =%, Jp (%, — 5c)> <0. (2.6)

n—o0

Now, we are in a position to prove x, — ¥ as n — oco. Using Lemma 1.1, we find that

Ay (f(xn) —f(J_C)) + oy (f(a'c) - 7_6) + Bu(xy — %)

)

N
@ (f () = ®)) + Buot = X) + i (Z Builrn — x)

i=1

¢mmﬂ—m0=¢<

N
+ Vn (Z Bu,ifrixn — 9_C>
i=1

<o

+ u(f (%) = %, J (X1 — %))

< (1 - an(l - a))q)(”xn _9_C||) + ()l,,(f(ﬁ_c) _iij(xnﬂ - 56))

)

It follows from Lemma 1.5 that ©(||x,, — x||) — 0. This implies that lim,,_, o, ||x,, — %|| = 0.
This completes the proof. d

If Ay = A, =--- = Ay, the restriction of strict convexness imposed on the framework of
the space can be removed. Indeed, we have the following result.

Corollary 2.2 Let E be a reflexive Banach space which has a weakly continuous duality
map J,. Let A be an m-accretive operator in E such that D(A) is convex and A™(0) is not
empty. Let {a,}, {Bn} and {y,} be real number sequences in (0,1). Let {x,} be a sequence in

D(A) generated in the following iterative process: x; € D(A) and
Xn+l = ar(f(xn) + ,ann + Vn]rxn; Vn > 1:

wheref is an o-contraction on D(A)), r be a positive real number and J, = (I + rA)™". Assume
that the following conditions are satisfied:

@ antButyvn=1

(b) lim, 0o, =0, Y 02 aty = 00;

(c) 0<liminf,, B, <limsup,_, ,, B <1.
Then {x,} converges strongly to x, which is the unique solution to the following variational
inequality: (f(x) - x,],(p — %)) <0, Vp € A71(0).

In the framework of Hilbert spaces, we find from Theorem 2.1 the following result.

Corollary 2.3 Let E be a Hilbert space. Let N > 1 be some positive integer and let A; be
a maximal monotone operator in E for each i € {1,2,...,N}. Assume that (Y, D(A;) is
convex and ﬂf\il A;1(0) is notempty. Let {0t }, {Bu}, {yn} and {8,,;} be real number sequences
in (0,1). Let {x,} be a sequence in ﬂﬁlm generated in the following iterative process:

Page 7 of 9
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x1 € ﬂfilD(Ai) and

N
KXn+l = anf(xn) + BuXn + Vu Z Bn,i]rixm Vn>1,
i=1

where f is an a-contraction on ﬂf\il D(A,), {r;} be a positive real numbers sequence and
Jr, = (I + r;A;)7Y. Assume that the following conditions are satisfied:

(@ ay+Bu+yn=1

(b) lim,— 0o, =0, Y 02 aty = 00;

(c) 0<liminf,_, o By <limsup,_, . Bu<1;

(d) SN 8, =1, 1im,, 00 8, = 8i.
Then {x,} converges strongly to x, which is the unique solution to the following variational
inequality: (f (%) —X,p —%) <0, Vp € (r, A71(0).
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