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Abstract

A modified proximal point algorithm is proposed for treating common zero points of
a finite family of m-accretive operators. A strong convergence theorem is established
in a reflexive, strictly convex Banach space with the uniformly Gateaux differentiable
norm.
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1 Introduction and preliminaries
Let E be a Banach space and let E* be the dual of E. Let (-,-) denote the pairing between
E and E*. The normalized duality mapping J : E — 2" is defined by

J@) ={f €E*: (x,f) = IxlI* = IIfII*}, VxeE.

A Banach space E is said to strictly convex if and only if |x| = ||ly]| = [|(1 = A)x + Ly|| for
%,y € E and 0 < A <1 implies that x = y. Let Ur = {x € E : ||x|| = 1}. The norm of E is said

to be Gateaux differentiable if the limit lim,_, o 1221=1xl

exists for each x,y € Ug. In this
case, E is said to be smooth. The norm of E is said to be uniformly Gateaux differentiable
if for each y € Uf, the limit is attained uniformly for all x € Ug. The norm of E is said to be
Fréchet differentiable if for each x € U, the limit is attained uniformly for all y € Ug. The
norm of E is said to be uniformly Fréchet differentiable if the limit is attained uniformly
for all x,y € UE. It is well known that (uniform) Fréchet differentiability of the norm of E
implies (uniform) Gateaux differentiability of the norm of E.

Let pg : [0,00) — [0, 00) be the modulus of smoothness of E by

e+ 21 = lle =yl

5 lrxeug,llyllft}.

PE(t) = SUP{

A Banach space E is said to be uniformly smooth if pET(t) — 0 ast — 0. It is well known
that if the norm of E is uniformly Gateaux differentiable, then the duality mapping J is
single valued and uniformly norm to weak* continuous on each bounded subset of E.

Recall that a closed convex subset C of a Banach space E is said to have a normal struc-
ture if for each bounded closed convex subset K of C which contains at least two points,
there exists an element x of K which is not a diametral point of K, i.e., sup{|lx — y|| : y €
K} < d(K), where d(K) is the diameter of K.
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Let D be a nonempty subset of a set C. Let Proj, : C — D. Q is said to be

(1) sunny if for each x € C and t € (0,1), we have Proj,(¢x + (1 — £)Projyx) = Projpx;

(2) a contraction if Proj}, = Projy;

(3) asunny nonexpansive retraction if Proj, is sunny, nonexpansive, and a contraction.

D is said to be a nonexpansive retract of C if there exists a nonexpansive retraction from
C onto D. The following result, which was established in [1-3], describes a characteriza-
tion of sunny nonexpansive retractions on a smooth Banach space.

Let E be a smooth Banach space and let C be a nonempty subset of E. Let Proj-: E — C
be a retraction and J, be the duality mapping on E. Then the following are equivalent:

(1) Proj is sunny and nonexpansive;

(2) (x—Projox,J,(y — Proj-x)) <0,Vx € E,y € C;

(3) IProjox — Projcyll* < (x —y,],(Projox — Proj.y)), Vx,y € E.

It is well known that if E is a Hilbert space, then a sunny nonexpansive retraction Proj - is
coincident with the metric projection from E onto C. Let C be a nonempty closed convex
subset of a smooth Banach space E, let x € E, and let xy € C. Then we have from the above
that xp = Proj.« if and only if (x — xo,/,(y — %)) < O for all y € C, where Proj. is a sunny
nonexpansive retraction from E onto C. For more additional information on nonexpansive
retracts, see [4] and the references therein.

Let C be a nonempty closed convex subset of E. Let T': C — C be a mapping. In this
paper, we use F(T) to denote the set of fixed points of T. Recall that T is said to be an
a-contractive mapping iff there exists a constant « € [0,1) such that ||Tx — Ty|| < a|jx —
y|l, Vx,y € C. The Picard iterative process is an efficient method to study fixed points of
a-contractive mappings. It is well known that a-contractive mappings have a unique fixed
point. T is said to be nonexpansive iff | Tx — Ty|| < ||x — y||, Vx,y € C. It is well known that
nonexpansive mappings have fixed points if the set C is closed and convex, and the space
E is uniformly convex. The Krasnoselski-Mann iterative process is an efficient method for
studying fixed points of nonexpansive mappings. The Krasnoselski-Mann iterative process

generates a sequence {x,} in the following manner:
x1€C, xpa=0a,Ix,+(1-a,)x,, VYVn>1.

It is well known that the Krasnoselski-Mann iterative process only has weak convergence
for nonexpansive mappings in infinite-dimensional Hilbert spaces; see [5-7] for more de-
tails and the references therein. In many disciplines, including economics, image recov-
ery, quantum physics, and control theory, problems arise in infinite-dimensional spaces.
In such problems, strong convergence (norm convergence) is often much more desirable
than weak convergence, for it translates the physically tangible property that the energy
llx, — x| of the error between the iterate x, and the solution x eventually becomes arbi-
trarily small. To improve the weak convergence of a Krasnoselski-Mann iterative process,
so-called hybrid projections have been considered; see [8—22] for more details and the
references therein. The Halpern iterative process was initially introduced in [23]; see [23]
for more details and the references therein. The Halpern iterative process generates a se-

quence {x,} in the following manner:

x1€C, xp=au+1-a,Tx, Vn=>1,
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where x; is an initial and « is a fixed element in C. Strong convergence of Halpern iterative
process does not depend on metric projections. The Halpern iterative process has recently
been extensively studied for treating accretive operators; see [24—31] and the references
therein.

Let I denote the identity operator on E. An operator A C E x E with domain D(A) = {z €
E: Az # (0} and range R(A) = | J{Az: z € D(A)} is said to be accretive if for each x; € D(A)
and y; € Ax;, i = 1,2, there exists j(x; — x3) € J(x1 —x;) such that (y; — y,,j(x; —x5)) > 0. An
accretive operator A is said to be m-accretive if R(I + rA) = E for all r > 0. In this paper,
we use A71(0) to denote the set of zero points of A. For an accretive operator 4, we can
define a nonexpansive single valued mapping /, : R(I + rA) — D(A) by J, = (I + rA)™* for
each r > 0, which is called the resolvent of A.

Now, we are in a position to give the lemmas to prove main results.

Lemma 1.1 [32] Let {a,}, {b,}, {cu}, and {d,} be four nonnegative real sequences satis-
fying a1 < (1 - by)ay, + byc, + d,, Yn > ny, where ny is some positive integer, {b,} is a
number sequence in (0,1) such that ZZ‘;’O b, = 00, {¢,} is a number sequence such that

limsup,,_, ¢, <0, and {d,} is a positive number sequence such that Z;ino d, < 0o. Then

limy,— 00 @, = 0.

Lemma 1.2 [33] Let C be a closed convex subset of a strictly convex Banach space E.
Let N > 1 be some positive integer and let T; : C — C be a nonexpansive mapping for
each i€ {1,2,...,N}. Let {8;} be a real number sequence in (0,1) with Zf\il 8; = 1. Suppose
that ﬂf\il F(T;) is nonempty. Then the mapping ﬂﬁl T; is defined to be nonexpansive with
F(O5 T) = ML E(T).

Lemma 1.3 [34] Let {x,} and {y,} be bounded sequences in a Banach space E and let B,
be a sequence in [0,1] with 0 < liminf,_, B, < limsup,_, . B, < 1. Suppose that x,,1 =
(1= B)yu + Buxy forall n > 0 and

Tim sup([| i1 = Yull = [%e1 = %ll) < 0.

n—0oQ0

Then limy,_, o ||y — %4l = 0.

Lemma 1.4 [35] Let E be a real reflexive Banach space with the uniformly Géateaux differ-
entiable norm and the normal structure, and let C be a nonempty closed convex subset of E.
Let f : C — C be a-contractive mapping and let T : C — C be a nonexpansive mapping
with a fixed point. Let {x,} be a sequence generated by the following: x; = tf (x;) + (1 — t) Txy,
where t € (0,1). Then {x,} converges strongly as t — 0 to a fixed point x* of T, which is the
unique solution in F(T) to the following variational inequality: (f (x*) — x*,j(x* — p)) > 0,
Vp € F(T).

2 Main results

Theorem 2.1 Let E be a real reflexive, strictly convex Banach space with the uniformly
Gateaux differentiable norm. Let N > 1 be some positive integer. Let A,, be an m-accretive
operator in E for each m € {1,2,...,N}. Assume that C := ﬂzzlm is convex and has
the normal structure. Let f : C — C be an «-contractive mapping. Let {a,}, {B,}, and {y,}
be real number sequences in (0,1) with the restriction a,, + 8, + Y, = 1. Let {5,,;} be a real
number sequence in (0,1) with the restriction 8,1 + 8y + - - - + 8y n = 1. Let {r,,,} be a positive
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real numbers sequence and {e,;} a sequence in E for each i € {1,2,...,N}. Assume that
ﬂfilAi‘l(O) is not empty. Let {x,} be a sequence generated in the following manner:

N

X1 € C; Xl = ar(f(xn) + ,ann + Vn Z&q,i]ri (xn + en,i)r Vn>1,
i=1

where ], = (I + r;A;)™". Assume that the control sequences {a,}, {Bu}, {yu}, and {8,,;} satisfy
the following restrictions:

() lim, ooy =0, > 02ty = 00;

(b) 0 <liminf,, B, <limsup,_ . B. <1

© Yooy llenmll < oo;

(d) limy— 008y, = 8; € (0,1).
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality: (f(x) —x,](p —x)) <0,Vp € ﬂﬁ.\ilAi‘l(O).

Proof Puty, = Zf\il Suifr;(xn + €4,). Fixing p € ﬂfilA;l(O), we have

N
Iy =21 < 6uil

i=1

]ri(xn + en,i) —P”

N
= Z‘Sn,i”(xn +ey,;) —P”

i=1

N
<llau—pll+ ) lewl.
i=1

Hence, we have

%41 =PIl < otu|[f ®n) = || + Bulltn — 2Nl + Vallyu = Pl

N
< oyl = pll + aul[fR) = | + Bulln =PIl + Vullw = pll + ¥ Y _ llewl
i=1

N
< (1- o1~ ) 2, — pll + an(l—a)”f(fi—;”” + 3 llewl
i=1

< max{|lx, - pl,

N
@) -p|}+ D llewll
i=1

Ife)-p|} +iineﬁn.

=1 i=1

< max{|lx, - pll,

~

This proves that the sequence {x,} is bounded, and so is {y,}. Since

N
Yn—Yn-1= Z Bn,i (]rm (xn + en,i) _]ri (xn—l + en—l,i))

i=1
N

+ Z(an,i = 8p-1,i)r; X1 + €n-1i)s

i=1
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we have

N
lyn = ynall < Z On,i ”]r,' (X + eni) Iy, (X1 + €n1) ”

i=1
N

+ Z 18 = Snvil | Jry (en-1 + €n-1)

i=1

N N
< Mot = Zall+ Y llemill + > el
i=1 i=1

N

+ Z 18 = Snvil | Jry (en-1 + €n-1,)

i=1
N N N
< Mot =Xt [+ Y lemill + Y Nensill + My 185 = uonil
i=1 i=1 i=1

where M is an appropriate constant such that

(xn +en2) |

M = max{sup”],1 (%, . sup”]rN (2, + eun) || }
n>1 n>1

Define a sequence {z,} by z, := Gl =Bun that is, x,,1 = Bux, + (1= B)z,. It follows that

1-Bn
lyzin = zpall < 1- ﬂ Hf(xn —Jn ” + Hf(xn 1) - Yn- 1” + Y0 = Yl
ﬂ — | * g ﬁ If Gn-1) = Y1 || + 1% = Fpa
N
Z = Spvil Il
—Hf(xn —Jn ” + Hf(xn 1) = Yn- 1” + [l — x|l
Bn

(Zwm 8|+Z|6 nh>

where M, is an appropriate constant such that

My = max{sup [, ,5Up [y % .., 50 |

n>1 n>1 n>1

This implies that

||Zn - zn—l” - ”xn _xn—ln

oy
|| + i “f(xn—l) —Jn-1 ||

N N
+ M, (Z 18— il + D _ 18 —8n_1,i|>.

i=1 i=1
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From the restrictions (a), (b), (c), and (d), we find that

limsup([|z, — Zu-1 1| = %4 = %41 1) < 0.

n—00

Using Lemma 1.4, we find that lim, ||z, — %,]| = 0. This further shows that
limsup,_, o %41 — %4 =0. Put T = Zf\il 8:Jy,;. It follows from Lemma 1.3 that T is nonex-
pansive with F(T) = X, F(J,,) = N~ A;(0). Note that

”xn - Txn”
= ”xn _xn+1|| + ||xn+1 - Txrl”

< 1% = Xpaa |l + Hf(xn) = Ixy, ” + Bullxn = Txull + Vullyn — Txull

N

< 160 = Fa | + o[£ o) = T | + Bullatn — Tovull + M2 Y 18,5 = 8il.
i=1

This implies that
N
(1 - /3”)”96" - Txn” S ”xn _xn+l” + an”f(xn) - Txn H + M2 Z |8n,i - 8z|
i=1

It follows from the restrictions (a), (b), and (d) that
lim ||Tx, — x,| = 0.

Now, we are in a position to prove that limsup,_, . (f(x) — X,/ (x, — %)) < 0, where ¥ =
lim;_, ¢ x¢, and x; solves the fixed point equation

xe=tf(x) + (1-8)Tx,, Vte(0,1).

It follows that
lloce = 21> = 2{f (xe) = 26, J (21 — %)) + (L= £)( Tty — X0, (0 — %))
= t{f (%e) — %0, ] (%0 — %)) + Hxe — %, ] (%0 — %))
+ (]- - t)<Txt - Txnr](xt _xn)> + (1 - t)<Txn - xn’](xt - xn)>
< df () — e, J (@0 — %)) + N6 — 26l + 1| T — %l 60 — %4ll, V2 €(0,1).
This implies that

1
e = f (), J (3¢ — %)) < T =2l = all, - Ve € (0,1).

Since lim,_, o || T%, — %,|| = 0, we find that limsup,,_, . (x: — f (%), J(x; — x,,)) < 0. Since J is
strong to weak™ uniformly continuous on bounded subsets of E, we find that

([F ) = %,J (= X)) = (% = f (%), ] (0 = %))
< (f®) = %J(xn — %) - (F&) - X, J (% — x0))|

Page 6 of 11
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+ [(F ) = & T (o — x0)) — (o0 — f (%), T (0 — )|
< |F®) =%, T(en — %) =T (0 — x0))| + [{f(R) = & + 20 = f (%), ] (60 — 0))|

< |f @) = X[ [T Gon = B) = TCew — x0) | + (1 + @) [1% = 22| 16 — 5¢1.
Since x, — %, as £ — 0, we have
}%Kf@ = 3%,](xn — %)) — (f (%) = %, ] (60 — x0))| = 0.
For € > 0, there exists 8 > 0 such that V¢ € (0,5), we have
(f(R) =&, J (%0 — X)) < (f (x2) = 2, (360 — ) + €.

This implies that limsup,,_, . (f(¥) — %,/ (%, — X)) <O0.

Finally, we show that x,, — x as n — cc. Since | - || is convex, we see that

2

N
Z Sn,i]ri (% + en,i) - X

i=1

2112
Iy — %" =

N
= Z On,i H]ri (% + i) — 9_C||2

i=1
N

- 2 -
< e = %17+ Y lewill (llewill + 21, — Zl).

i=1

It follows that

[1%6241 _~’_C||2 = Ohq{f(xn) =%, J (%41 _9_6)> + ﬁn(xn - %,J(Xni1 _9_5)>
+ yn( n _kr](x;ﬁl _56)>
< o |y = X[ |01 — X[ + an(f(;c) = %,J (Xns1 — 9-5))

+ Bullxn = Xl 1%ne1 = X[ + Vullyn = X[ 16041 — Xl

o0 _ _ _ - _
< g (1 = Z1% + %1 — X[1%) + otu{f (%) = X, J (11 — X))
B . _ Y )
+ g”(nxn = E? + e — ®II%) + gnxn - x|

N
= Vn -2
+ 2 lenl(lensll + 2l = &) + 2 s — 31
i=1
Hence, we have

[s1 = 21 < (L= n(l = ) 00 = ZII* + 204{f (%) — X, ] (6041 — %))

N
£ llenill (el + 2, — %1)).

i=1

Using Lemma 1.1, we find %, — X as n — co. This completes the proof. g
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Remark 2.2 There are many spaces satisfying the restriction in Theorem 2.1, for example
L7, where p > 1.

Corollary 2.3 Let E be a Hilbert space and let N > 1 be some positive integer. Let A, be a
maximal monotone operator in E for each m € {1,2,...,N}. Assume that C := ﬂ],\njzl D(A,,)
is convex and has the normal structure. Let f : C — C be an o-contractive mapping. Let
{an), {Bu}, and {y,} be real number sequences in (0,1) with the restriction a,, + B, + y,, = 1.
Let {8,,;} be a real number sequence in (0,1) with the restriction 8,1 + 8,2 + -+ - +8,n = 1. Let
{r,n} be a positive real numbers sequence and {e,;} a sequence in E for each i € {1,2,...,N}.
Assume that ﬂ?ilAi‘l(O) is not empty. Let {x,} be a sequence generated in the following

manner:

N

x€C, Xy = ‘Xr(f(xn) + Bukn + Vu Zan,i]ri (% + en,i)¢ Vn>1,
i=1

where ], = (I + r;A;)™". Assume that the control sequences {a,}, {Bu}, {yn}, and {8,,} satisfy
the following restrictions:

(a) limy oo, =0, 02 aty = 00;

(b) 0 <liminf,, B, <limsup,_ . B. <1

(c) ZE& lenmll < 00;

(d) limy— 008y, = 8; € (0,1).
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality: (f(x) —x,p—%) <0,Vp € ﬂfilAi‘l(O).

3 Applications

In this section, we consider a variational inequality problem. Let A : C — E* be a single
valued monotone operator which is hemicontinuous; that is, continuous along each line
segment in C with respect to the weak* topology of E*. Consider the following variational

inequality:
find x € C such that (y —x,Ax) >0, VyeC.

The solution set of the variational inequality is denoted by VI(C, A). Recall that the normal
cone N¢(x) for C at a point x € C is defined by

Nc(x) = {x* € E*: [y —x,4") < 0,¥y e C}.
Now, we are in a position to give the convergence theorem.

Theorem 3.1 Let E be a real reflexive, strictly convex Banach space with the uniformly
Gateaux differentiable norm. Let N > 1 be some positive integer and let C be nonempty
closed and convex subset of E. Let A; : C — E* a single valued, monotone and hemicontinu-
ous operator. Assume that ﬂf\il VI(C, A;) is not empty and C has the normal structure. Let
f:C— C be an a-contractive mapping. Let {«,}, {B,}, and {y,} be real number sequences
in (0,1) with the restriction o, + B, + ¥, = 1. Let {3,,;} be a real number sequence in (0,1)
with the restriction 8,1 + 8,2 + -+ + S, = 1. Let {ry,} be a positive real numbers sequence
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and {e,;} a sequence in E for each i € {1,2,...,N}. Let {x,} be a sequence generated in the

following manner:

N
1
21 €Co X = f (n) + B + Vi ) S VI(C,Ai + ;(l—xn)), Vn=1.
i=1 !

Assume that the control sequences {a,}, {B4}, {yn}, and {5,,} satisfy the following restric-
tions:

(a) limyoo e, =0, Y o2 oty = 00;

(b) 0 < liminf,, B, <limsup,_ . B. <1

© Yooy llenmll < oo;

(d) limy,— 8, =6; € (0,1).
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality: (f(x) —x,J(p — %)) <0,Vp e ﬂﬁ\il VI(C,A)).

Proof Define a mapping T; C E x E* by

Aix+Ncx, x€C,
0, x¢C.

T,»x =

From Rockafellar [36], we find that T; is maximal monotone with Ti‘l(O) = VI(C,A)). For
each r; > 0, and x,, € E, we see that there exists a unique x,, € D(T;) such that x, € x,, +
r; Ti(x,,), where x,, = (I + r;T;)'x,,. Notice that

1
Yni = VI(C,Al + —(I—x,,)),
r

which is equivalent to
1
Y= InirAiyni+ —Oni=%a)) 20, Vy€C,

that is, —A;y,,; + r%»(xn — ¥ui) € Nc(y,.:). This implies that y,,; = (I + ;T;)"\x,,. Using Theo-
rem 2.1, we find the desired conclusion immediately. O

From Theorem 3.1, the following result is not hard to derive.

Corollary 3.2 Let E be a real reflexive, strictly convex Banach space with the uniformly
Gateaux differentiable norm. Let C be nonempty closed and convex subset of E. Let A : C —
E* a single valued, monotone and hemicontinuous operator with VI(C, A). Assume that C
has the normal structure. Let f : C — C be an a-contractive mapping. Let {a,}, {B.}, and
{yu} be real number sequences in (0,1) with the restriction oy, + B, + v, = 1. Let {x,} be a
sequence generated in the following manner:

1
x€C, Xpyu= anf(xn) + Bukn + Vu VI(C’A + _(I_xn)>, Vn>1.
r

Assume that the control sequences {a,}, {Bu}, and {y,} satisfy the following restrictions:
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() limyoo @y =0, Y o0  aty = 00;

(b) 0 < liminf,, B, <limsup,_, ., B. <1
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality: (f(x) —x,J(p — %)) <0, Vp € VI(C, A)).
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