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Abstract
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1 Introduction and preliminaries

Let A be a nonempty subset of a metric space (X,d). A mapping T : A — X has a fixed
point in A if the fixed point equation Tx = x has at least one solution. That is, x € A is
a fixed point of T if d(x, Tx) = 0. If the fixed point equation Tx = x does not possess a
solution, then d(x, Tx) > 0 for all x € A. In such a situation, it is our aim to find an element
x € A such that d(x, Tx) is minimum in some sense. The best approximation theory and
best proximity pair theorems are studied in this direction. Here we state the following
well-known best approximation theorem due to Ky Fan [1].

Theorem 1.1 ([1]) Let A be a nonempty compact convex subset of a normed linear space
X and T : A — X be a continuous function. Then there exists x € A such that |x — Tx|| =
d(Tx,A) :=inf{|| Tx — al| :a € A}.

Such an element x € A in Theorem 1.1 is called a best approximant of T in A. Note
that if x € A is a best approximant, then |x — Tx|| need not be the optimum. Best prox-
imity point theorems have been explored to find sufficient conditions so that the min-
imization problem min,cy ||# — Tx|| has at least one solution. To have a concrete lower
bound, let us consider two nonempty subsets A, B of a metric space X and a mapping
T : A — B. The natural question is whether one can find an element xy, € A such that
d(xo, Txo) = min{d(x, Tx) : x € A}. Since d(x, Tx) > d(A, B), the optimal solution to the
problem of minimizing the real valued function x — d(x, Tx) over the domain A of the
mapping T will be the one for which the value d(A, B) is attained. A point xy € A is called
a best proximity point of T if d(xo, Txo) = d(A, B). Note that if d(A, B) = 0, then the best
proximity point is nothing but a fixed point of 7. Also, best proximity point theory in
ordered metric spaces was first studied in [2].
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The existence and convergence of best proximity points is an interesting topic of opti-
mization theory which recently attracted the attention of many authors [3-13]. Also one
can find the existence of best proximity point in the setting of partially order metric space
in [14-17].

On the other hand, Bhaskar and Lakshmikantham have introduced the concept called
mixed monotone mapping and proved coupled fixed point theorems for mappings satis-
fying the mixed monotone property, which is used to investigate a large class of problems,
and they discussed the existence and uniqueness of a solution for a periodic boundary
value problem. One can find the existence of coupled fixed points in the setting of par-
tially order metric space in [18—24].

Now we recall the definition of a coupled fixed point which was introduced by Sintu-
navarat and Kumam in [16]. Let X be a nonempty set and F : X x X — X be a given map-
ping. An element (x, y) € X x X is called a coupled fixed point of the mapping F if F(x,y) = x
and F(y,x) = y.

The authors mentioned above also introduced the notion of mixed monotone mapping.
If (X, <) is a partially ordered set, the mapping F is said to have the mixed monotone
property if

2% €X, X =xy = Flx,y) <Flx,y), YyeX
and
Yy €X, <y, = Fyn)=>Fxy) VYxecX.

In [25] Luong and Thuan obtained a more general result. For this, let @ denote all func-
tions ¢ : [0,00) — [0, 00) which satisfy
(i) ¢ is continuous and nondecreasing,

(i) ¢(2)=0ifand onlyift =0,

(iii) @(t +s) < @(t) + P(s), Vt, s € (0,00].
Again, let ¥ denote all functions v : (0,00] — (0, 0] which satisfy lim,_,, ¥ (¢) > 0 for all
r>0 and lim,_, ¢+ ¥ (¢) = 0.

The main theoretical results of Luong and Thuan, in [25] is the following.

Theorem 1.2 ([25]) Let (X, <) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is a complete metric space. Let F : X x X — X be a mapping having
the mixed monotone property on X such that

¢(d(F(x,9), F(u,v))) < @)

B (dlx 1)+ d(y,v) - ¥ (M)

1
2 2
forall x,y,u,ve X withx > uand y <v, where € ¥ and ¢ € ®. If there exist xy,y9 € X
such that xy < F(xo,y0) and yo > F(y0,%0). Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a nondecreasing sequence {x,} — x, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} — y, then'y >y, for all n,
then there exist x,y € X such that F(x,y) = x and F(y,x) = y.
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Motivated by the above theorems, we introduce the concept of the proximal mixed
monotone property and of a proximally coupled weak (i, ¢) contraction on A. We also
explore the existence and uniqueness of coupled best proximity points in the setting of
partially ordered metric spaces. Further, we attempt to give the generalization of Theo-
rem 1.2.

Let X be a nonempty set such that (X, d) is a metric space. Unless otherwise specified, it
is assumed throughout this section that A and B are nonempty subsets of the metric space

(X, d); the following notions are used subsequently:

d(A,B) := inf{d(x,y) :x€Aandye B},
Ap = {x € A:d(x,y) =d(A,B) for some y € B},

By = {y € B:d(x,y) = d(A, B) for some x EA}.

In [9], the authors discussed sufficient conditions which guarantee the nonemptiness of
Ao and By. Also, in [7], the authors proved that Ay is contained in the boundary of A.
Moreover, the authors proved that Ay is contained in the boundary of A in the setting of

normed linear spaces.

Definition 1.3 Let (X,d, <) be a partially ordered metric space and A, B are nonempty
subsets of X. A mapping F : A x A — B is said to have proximal mixed monotone property
if F(x,y) is proximally nondecreasing in x and is proximally nonincreasing in y, that is, for
allx,yc A

X1 = X2,
d(”l:F(xlry)) = d(A;B); = Uy <y
d(u2¢F(x21y)) = d(AJB)

and

3’1 SyZ:
d(us, F(x,1)) = d(A, B), = us <u3
d(uﬁlyF(x)yZ)) = d(A)B)

where x1, %, y1,y2, 1, Ua, U3, Us € A.

One can see that, if A = B in the above definition, the notion of the proximal mixed

monotone property reduces to that of the mixed monotone property.

Lemmal.4 Let (X,d, <) bea partially ordered metric space and A, B are nonempty subsets
of X. Assume Ay is nonempty. A mapping F : A X A — B has the proximal mixed monotone

property with F(Ayg x Ag) C By whenever xg, x1, X2, Yo, Y1 in Ao such that

Xo<x and yo =y,
d(xlrF(xO,yO)) = d(A,B)) - X1 < X3. (2)
d(xz,F(bed)) = d(A»B)
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Proof By hypothesis F(Ag x Ag) C By, therefore F(x1,50) € Bo. Hence there exists x4} € A
such that

d(xt, F(x1,30)) = d(A, B). 3)

Using F is proximal mixed monotone (in particular F is proximally nondecreasing in x) to
(2) and (3), we get

X0 = X1,
d(th(xo,yo)) = d(A,B)’ - X < xik (4)
d(xTrF(xlfyO)) = d(ArB)

Analogously, using the fact that F is proximal mixed monotone (in particular F is proxi-
mally nonincreasing in y) to (2) and (3), we get

yl S}’o,
d(xa, F(x1,51)) = d(A, B), = X <x. (5)
d(xT!F(xbyO)) = d(ArB)

From (4) and (5), one can conclude the x; < x,. Hence the proof. a

Lemmal.5 Let (X,d, <) bea partially ordered metric space and A, B are nonempty subsets
of X. Assume Ag is nonempty. A mapping F : A X A — B has proximal mixed monotone
property with F(Ag X Ag) € By whenever xg, X1, Yo, Y1, y2 in Ag such that

xo <x1 and Yo =y,
d()’hp()/o;xo)) = d(ArB)’ - N = Y2. (6)
d(yZ:F()’l,xl)) =d(A,B)

Proof The proof is the same as Lemma 1.4. d

Definition 1.6 Let (X,d, <) be a partially ordered metric space and A, B are nonempty
subsets of X. A mapping F: A x A — B is said to be proximally coupled weak (v, ¢) con-
traction on A, whenever

x <x, and ¥y >y,
d(ul;F(xbyl)) d(A,B),
d(ug,F(xz,yz)) d(A, B)

—_

7)

= ¢(du, up)) < -p(d(x1, %) + d(y1,92)) = ¥ <d(x1,x2) : dm,yz));

2

[\.)

where X1,%2, Y1, Y2, U1, Us € A.

One can see that, if A = B in the above definition, the notion of a proximally coupled
weak (¥, ¢) contraction on A reduces to that of a coupled weak (¢, ¢) contraction. Let us

recall the notion of the P-property: The pair (4, B) of nonempty subsets of a metric space

Page 4 of 13
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(X, d) with Ag # @. is said to have the P-property if and only if

d(xl)yl) = d(A’B):

d(xZ’yZ) = d(A,B) } = (d(xl’xZ) = d(ylryZ)): (8)

where x1,%, € Ag and y1, 7> € By. It is interesting to note that if the pair (A, B) considered
in the above definition has the P-property, then the mapping F in Theorem 1.2 satisfies
the inequality (1).

2 Coupled best proximity point theorems
Let (X, d, <) be a partially ordered complete metric space endowed with the product space
X x X with the following partial order:

for (x,9),(u,v) e X x X, (u,v)<(xy) < x>u,y<v.

Theorem 2.1 Let (X, <,d) be a partially ordered complete metric space. Let A and B be
nonempty closed subsets of the metric space (X,d) such that Ao # 0. Let F: A x A — B
satisfy the following conditions.
(i) F is a continuous proximally coupled weak (r, ¢p) contraction on A having the
proximal mixed monotone property on A such that F(Ag x Ag) C Bo.
(i) There exist elements (xo,¥o) and (x1,y1) in Ag X Ag such that

d(xl,F(xo,yo)) =d(A,B) withxy <x1 and
d(y1,F(yo,%0)) = d(A,B)  with yo > y1.
Then there exists (x,y) € A x A such that d(x, F(x,y)) = d(A, B) and d(y, F(y,x)) = d(A, B).
Proof By hypothesis there exist elements (x9,70) and (x1, 1) in Ag X Ap such that
d(xl,F(xo,yo)) =d(A,B) withxy <x; and

d(ylyF(yOer)) = d(AvB) WIthyO Zyl

Because of the fact that F(Ag x Ag) € By, there exists an element (x5, ) in Ag x Ap such
that

d(xz,F(xl,yl)) =d(A,B) and

d(y2, F(y1,%1)) = d(A, B).

Hence from Lemma 1.4 and Lemma 1.5, we obtain x1 < x; and y; > y,.
Continuing this process, we can construct the sequences (x,) and (y,) in Ao such that

d(xn+lrF(xn’yn)) = d(A;B); Vl’l S N Wlth X0 E X1 S X9 S e E Xy E Xnsl S e (9)
and
A1, FGno%n)) = d(A,B), VneNwithyo >y >y > >y, >y >--. (10)

Then d(x,, F(%4-1,¥n-1)) = d(A, B), (%41, F (x4, Y1) = d(A, B) and also we have x,,_; < x,,
Yn-1 > Yn, Y1 € N. Now using the fact that F is a proximally coupled weak (, ¢) contrac-
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tion on A we get

D (A, %n41)) < %(,b(d(xn—lrxn) +dWn-1,Yn))
~y (d(x“’x”) ; 41y ”)>, VneN. (11)
Similarly
B yn)) = 5 (A1) + iy 1,%,)
—y (d(y”‘l’y ) ;d(x”‘l’x”)), VneN, (12)

Adding (11) and (12), we get

¢(d(xnrxn+l)) + ¢(d(ymyn+l)) = ¢(d(xn—lrxn) + d(yn—l:yn))

—2y (d(xn—lrxn) ;’ d(yn—lryn) ) ) (13)
By the property (iii) of ¢ we have
¢(d(xm xn+1) + d(yn:yn+1)) S ¢(d(xn’ xn+1)) + ¢(d()/myn+l))' (14)

From (13) and (14), we get

¢(d(xn»xn+l) + d@n»)’nﬂ)) = ¢(d(xn—1:xn) + d(yn—l:yn))

oy (d(xnl,xn) ; d(ynbyn)) (15)

Using the fact that ¢ is nondecreasing, we get

d(xnr xn+1) + d(yn:yn+1) < d(xn—bxn) + d(yn—lxyn)~ (16)

Set &, = d(®y, %p41) + A(¥u, yui1); then the sequence (8,) is decreasing. Therefore, there is
some § > 0 such that

lim 871 = lim [d(xmxn+1) + d(yn:y;ﬁl)] =4. (]-7)
We shall show that § = 0. Suppose, to the contrary, that § > 0. Then taking the limit as
n — oo on both sides of (15) and having in mind that we assume lim,_,, ¥ (¢) > 0 for all
r> 0 and ¢ is continuous, we have

O i 8
$(8) = lim $(8,) < lim ¢<an_1)—2w( 1) = $(8) -2 lim w( 1) <¢(8),
n—00 n—>00 2 n—> 00 2
a contradiction. Thus § = 0, that is,
lim 871 = lim [d(xn+1:xn) + d@n-v—l:)’n)] =0. (18)

n—00 n—00
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Now we prove that (x,) and (y,) are Cauchy sequences. Assume that at least one of the
sequences (x,) or (y,) is not a Cauchy sequence. This implies that lim,, ,;;—, oo d(%, X,1) = 0
or limy, 00 A(Yn, ¥ym) - 0, and, consequently,

tim_ [, %) + A ym)] = O

n,m— 00

Then there exists € > 0 for which we can find subsequences (%)), (Xm(x)) of (x,,) and (¥,,x)),
(Ym@) of (y,) such that n(k) is the smallest index for which n(k) > m(k) > k,

(A Xm(i) + AWt Ymy)] = €. (19)
This means that

AKXy -15%m(k)) + AW ni)-1, Ym(r)) < €. (20)
Using (19), (20), and the triangle inequality, we have

€ <1 = AKXy X)) + AVnk)s Ymi)
=< d(xn » Xn(k)— ) + d(xn bxm(k)) + d()/n(k))yn ) + d(yn 1> Ym(k)

= dXuw)» Xn(o-1) + AWn(s Yn()-1) + €.
Letting k — oo and using (18), we obtain
lim r; = lim [d(xn(k),xm(k)) + d(yn(k),ym<k))] =€. (21)
k—00 k—00
By the triangle inequality

1% = AXu() Xm)) + AWy Yimk))
< d(xn(k)’ xn(k)+l) + d(xn(k)+1’ xm(k)+1) + d(xm(k)+1: xm(k))
+ dWn)r Yn@)+1) + AW +1 Ymi)+1) + AWt 11 Yim(e))

= 8utt) + i) + AXn()+1> Xm()+1) + AVl +1> Ym(ie)1)-

Using the property of ¢, we obtain

¢(7’]() = ¢(5n(k) + (Sm(k) + d(xn(k)+l: xm(k)+l) + d(yn(k)+lrym(k)+l))
< PBu) + BBm@ry) + A (AdFn(ry+1, Xmiir41)) + S (AT ny+15 Y 11))- (22)

Since Xyk) = Xy and Yok < Ym(k)» using the fact that F is a proximally coupled weak (v, ¢)
contraction on A we get

D (AGn) Xmity) + AVt Ym(ty))

(d(xn(k):xm(k)) + AWy Ym(i)) >
— w 5

l\JI»—l

A(AGon(rys1, Xmiiy41)) <

d(r) - w(’—’) (23)

Page 7 of 13
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Similarly, we also have

1
A (A k)1, Y1) < §¢(d()’m(k),yn(k)) + d(Xm(i) Xn(k)))

(d Vs k) + Ay X)) )
_ 1/[ 5

IA

S0 - vf(’zl) 24)
From (22)-(24), we have

d)(rk) < ¢(8n(k) + Sm(k)) + ¢(rk) — 2.¢/ <%)

Letting k — 0o and using (18) and (21), we have
Ble) = (0) + 9le) -2 lim ¥ <’§) = g(e)-2 lim (%k) <ole),

a contradiction. This shows that (x,) and (y,) are Cauchy sequences. Since A is a closed
subset of a complete metric space X, these sequences have limits. Thus, there existx,y € A
such that x,, — x and y, — y. Therefore (x,,y,) — (x,) in A x A. Since F is continuous,
we have F(x,,y,) — F(x,y) and F(y,,x,) — F(y,x).

Hence the continuity of the metric function d implies that d(x,.1,F(x,,y,)) — d(x,
F(x,y)) and d(y,11, F(n, %4)) — d(y, F(y,x)). But from (9) and (10) we see that the sequences
(dxn41, F(xn, ¥1))) and (d(¥y41, F(yu, x,4))) are constant sequences with the value d(A, B).
Therefore, d(x, F(x,)) = d(A, B) and d(y, F(y,x)) = d(A, B). This completes the proof of the

theorem. O

Corollary 2.1 Let (X,<,d) be a partially ordered complete metric space. Let A be
nonempty closed subsets of the metric space (X, d). Let F : A x A — A satisfy the following
conditions.
(i) F is continuous having the proximal mixed monotone property and proximally
coupled weak (W, @) contraction on A.
(i) There exist (xo,y0) and (x1,y1) in A x A such that x; = F(xo, yo) with xo < x1 and
y1 = F(yo,%0) with yo > y1.
Then there exists (x,y) € A X A such that d(x, F(x,y)) = 0 and d(y, F(y,x)) = 0.

In what follows we prove that Theorem 2.1 is still valid for F not necessarily continuous,

assuming the following hypotheses in A. A has the property that

(%) is a nondecreasing sequence in A such that x,, — x;then x,, < x, (25)

(y») is a nonincreasing sequence in A such that y,, — y;theny <y,. (26)

Theorem 2.2 Assume the conditions (25), (26) and Ay is closed in X instead of continuity
of F in Theorem 2.1, then the conclusion of Theorem 2.1 holds.


http://www.fixedpointtheoryandapplications.com/content/2014/1/107

Kumam et al. Fixed Point Theory and Applications 2014, 2014:107 Page9of 13
http://www.fixedpointtheoryandapplications.com/content/2014/1/107

Proof Following the proof of Theorem 2.1, there exist sequences (x,) and (y,) in A satis-
fying the following conditions:

d(xml,F(xn,y,,)) =d(A,B) withx, <x,,1,YneN and (27)

d(ynﬂ; F(men)) =d(A,B) with Yn = Yns1, Y €N (28)
Moreover, x,, converges to x and y,, converges to y in A. From (25) and (26), we get x,, < x
and y, > y. Note that the sequences (x,) and (y,) are in Ag and Ay is closed. Therefore,
(,y) € Ag x Ap. Since F(Ay x Ag) C By, there exist F(x,y) and F(y,x) in By. Therefore,
there exists (x*,y*) € Ag X A such that

d(x*,F(x,y)) =d(A,B) and (29)

d(y*,F(y,%)) = d(A, B). (30)

Since x,, <x and y, > y. By using the fact that F is a proximally coupled weak (v, ¢) con-
traction on A for (27) and (29), and also for (30) and (28), we get

¢ (d(xp0,57)) < %q&(d(xn,x) +dmy)) - w(%) foralln and
d »Jn d »wvn
O (d(y*,ynn1)) < %d)(d(y, ) +d(x,x,)) - w(M) for all 7.

Since x, — x and y, — y, by taking the limit on the above two inequalities, we get x =
x* and y = y*. Hence, from (29) and (30), we get d(x, F(x,y)) = d(A, B) and d(y, F(y,x)) =
d(A, B). O

Corollary 2.2 Assume the conditions (25) and (26) instead of continuity of F in Corol-
lary 2.1, then the conclusion of Corollary 2.1 holds.

Now, we present an example where it can be appreciated that the hypotheses in The-
orem 2.1 and Theorem 2.2 do not guarantee uniqueness of the coupled best proximity

point.

Example 2.3 Let X = {(0,1),(1,0),(-1,0),(0,-1)} C R? and consider the usual order
(®y) X (zt) x<zandy<t.

Thus, (X, <) is a partially ordered set. Besides, (X,d5) is a complete metric space con-
sidering d, the Euclidean metric. Let A = {(0,1),(1,0)} and B = {(0,-1),(-1,0)} be a closed
subset of X. Then d(A,B) = V2, A=Ay and B = By. Let F: A x A — B be defined
as F((x1,%2), 01,¥2)) = (—x2,—x1). Then, it can be seen that F is continuous such that
F(Ao x Ag) € By. The only comparable pairs of points in A are x < x for x € A, hence the
proximal mixed monotone property and the proximally coupled weak (y/, ¢) contraction
on A are satisfied trivially.

It can be shown that the other hypotheses of the theorem are also satisfied. However, F
has three coupled best proximity points, ((0,1),(0,1)), ((0,1),(1,0)), and ((1,0), (1, 0)).

One can prove that the coupled best proximity point is in fact unique, provided that the
product space A x A endowed with the partial order mentioned earlier has the following
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property:
Every pair of elements has either a lower bound or an upper bound. (31)

It is known that this condition is equivalent to the following.
For every pair of (x,), (x*,y*) € A X A, there exists (z1,z;) in A X A

that is comparable to (x,y) and (x*, y*). (32)

Theorem 2.4 [n addition to the hypothesis of Theorem 2.1 (resp. Theorem 2.2), suppose
that for any two elements (x,y) and (x*, y*) in Ag x Ao,
there exists (z1,22) € Ag X Ay such that

(z1,22) is comparable to (x,y) and (x*, y*), (33)
then F has a unique coupled best proximity point.

Proof From Theorem 2.1 (resp. Theorem 2.2), the set of coupled best proximity points of
F is nonempty. Suppose that there exist (x,y) and (x*,y*) in A x A which are coupled best
proximity points. That is,

d(x; F(x;)’)) = d(A’B)7 d(.% F(yr x)) = d(A¢B) and
d(x*,F(x*,y*)) =d(A,B), d(y*,F(y*,x*)) =d(A,B).
We distinguish two cases.
Case 1: Suppose (x, y) is comparable. Let (x, y) is comparable to (x*, y*) with respect to the

ordering in A x A. Applying the fact that F is a proximally coupled weak (y/, ¢) contraction
on A to d(x, F(x,7)) = d(A, B) and d(x*, F(x*,y*)) = d(A, B), we get

$(dlo) = 50ld(er) +dly)) - o (L1, 6
Similarly, one can prove that

D) = 50ldny) + () -y (LLEED), 65)
Adding (34) and (35), we get

0(d°)) + () = 0(d”) + ) -2 (LT e
By the property (ii) of ¢, we have

¢(d(xa") +d(y.5")) < ¢(d(xx")) + ¢(d(35"))- (37)
From (36) and (37), we have

8(dls)) +9(d(5) = pld(s)) + 6 (dlny) 20 LT o
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this implies that 2¢(W) < 0, and using the property of ¥, we get d(x,x*) +
d(y,y*) =0, hence x = x* and y = y*.

Case 2: Suppose (x,) is not comparable. Let (x,y) be not comparable to (x*,y*), then
there exists (u1,v1) € Ag X Ag which is comparable to (x,y) and (x*, y*).

Since F(Ag x Ag) C By, there exists (uy, v5) € Ag X Ag such that d(us, F(u1,v1)) = d(A, B)
and d(vy, F(v1,u1)) = d(A, B). Without loss of generality assume that (u3,v1) < (x,9) (i.e.,
x> u and y < vyp). Note that (u3,v1) < (x,y) implies that (y,x) < (v, 41). From Lemma 1.4

and Lemma 1.5, we get

m <x and v >y,
d(uy, F(ur,1)) = d(A, B), = U <x
d(x, F(x,y)) = d(A, B)

and

m <x and v, >y,
d(V2:F(V1’ Ml)) = d(A;B)’ = Vo = Y.
d()/, F()/,x)) = d(A’B)

From the above two inequalities, we obtain (3, v;) < (x, y). Continuing this process, we get
sequences (u,) and (v,,) such that d(u,.1, F(uy, v,)) = d(A, B) and d(v,41, F (v, u)) = d(A, B)
with (u,,v,) < (x,9), Yn € N. By using the fact that F is a proximally coupled weak (v, ¢)
contraction on A, we get

u, <x and v,>y,
d(um—l: F(Mn, Vn)) = d(A,B),
d(x, F(x,)) = d(A, B)

d(uy, AV,
— P, 0) < %¢(d(un,x) +d(vy)) - w(W) (39)
Similarly, we can prove that
y<v, and x>u,,
d(y, F(y,x)) = d(A, B),
AWus1, F(V, 1)) = d(A, B)
dly,va) + d(x, u,
= Pl = Lol + dlo) - ‘”(M) (40)
Adding (39) and (40), we obtain
d n» d n»
(Atr1,%)) + B (A, V1)) < St %) + AV, 9)) - 20 (W) (41)

But ¢(d(uy41,%) + Ay, Vi) < ¢(d(441,%)) + ¢(d(y, Vi1)), hence

d(u,,x) + d(vn,y))

(b(d(unﬂ)x) + d(}’, Vn+1)) =< ¢(d(urnx) + d(Vrny)) - 21/f< 2

< ¢(d(tp, %) + d(Vp,y)). (42)
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Using the fact that ¢ is nondecreasing, we get
d(un+lr x) + d(yr Vn+1) =< d(”m x) + d(Vn:y)- (43)

That is, the sequence (d(u,,x) + d(y,v,)) is decreasing. Therefore, there exists « > 0 such
that

lim [d(u,,,x) +d(y, v,,)] =a. (44)
We shall show that @ = 0. Suppose, to the contrary, that & > 0. Taking the limit as # — oo

in (42), we have

6(@) < d(a) -2 Tim w(w) < (),

n—00 2

a contradiction. Thus, « = 0, that is,
lim [d(u,,,x) +d(y, v,,)] =0 (45)

so that u, — x and v, — y. Analogously, one can prove that u,, — x* and v, — y*.

Therefore, x = x* and y = y*. Hence the proof. O

The following result, due to Theorem 2.4 in Luong and Thuan [25] follows by taking
A=B.

Corollary 2.3 [n addition to the hypothesis of Corollary 2.1 (resp. Corollary 2.2), suppose
that for any two elements (x,y) and (x*,y*) in A x A,

there exists (z1,22) € A X A such that (z1,z,) is comparable to (x,y) and (x*, y*), (46)

then F has a unique coupled fixed point.
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