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Abstract

In this paper, we establish a necessary and sufficient condition for the strong
convergence of nonexpansive mappings in a uniformly convex and 2-uniformly
smooth Banach space. It is worth pointing out that we remove some quite restrictive
conditions in the corresponding results. An appropriate example, such that all
conditions of this result are satisfied and that other conditions are not satisfied, is
provided.
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1 Introduction

Let X be areal Banach space with the dual space X*. The value of f € X* atx € X is denoted
by (x,f). The normal duality mapping / from X into a family of nonempty (by the Hahn-
Banach theorem) weak-star compact subsets of X* is defined by

J@) ={f e X* s f) = lIxl* = If1?}, VxeX.

Let U = {x € X : ||x|| = 1}. A Banach space X is said to be uniformly convex if for each
€ € (0,2], there exists > 0 such that for any x,y € U,

+y

x
x -yl > € implies HT <1-3.

It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space X is said to be smooth if the limit

. x+ty|| —|[x
lim llx + eyl = llxl|

11
t—0 t ( )

exists for all x,y € U. It is said to be uniformly smooth if limit (1.1) is attained uniformly for
x,y € U. It is well known that if X is smooth, then J is single-valued and continuous from
the norm topology of X to the weak-star topology of X*, i.e., norm to weak* continuous.
It is also well known that if X is uniformly smooth, then J is uniformly continuous on
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bounded subsets of X from the strong topology of X to the strong topology of X*, i.e.,
uniformly norm-to-norm continuous on any bounded subset of X; see [1, 2] for more
details.

Also, we define a function p : [0,00) — [0, 00) called the modulus of smoothness of X
as follows:

1
p(r) = SUP{E(IIxH/II +lx=yl) ~1:xy € X, llxl =1, lIyll = T}~

It is known that X is uniformly smooth if and only if lim;_,¢ p(r)/t = 0. Let g be a fixed
real number with 1 < g < 2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(r) < ¢t for all T > 0. One should note that no
Banach space is g-uniformly smooth for g > 2; see [3] for more details. So, in this paper,
we focus on a 2-uniformly smooth Banach space. It is well known that Hilbert spaces and
Lebesgue L? (p > 2) spaces are uniformly convex and 2-uniformly smooth.

Recall that a mapping 7 : X — X is said to be nonexpansive if

ITx - Tyl < llx-yll, VYxyeX.
A point x € X is a fixed point of T if Tx = x. Let Fix(T) denote the set of fixed points of T;
that is, Fix(T) = {x € X : Tx = x}.

A mapping f : X — X is called strongly pseudo-contractive if there exists a constant
p €(0,1) and j(x — y) € J(x — y) satisfying

(f@) —fO),jx—y) < pllx-ylI>, Vx,yeX.

A mapping f : X — X is a contraction if there exists a constant « € (0,1) such that
lf@) -fO)] <elx-yl, vayeX.

Since (f(x) = f(),j(x =) < If@) —fO Il -yl < allx - y|12, we have that f is a strong
pseudo-contraction.

Let 7 > 0,a mapping F of X into X is said to be n-strongly accretive if there exists j(x—y) €
J(x — ) such that

(Fx—Fy,j(x - ) = nllx -y
for all %,y € X. A mapping F of X into X is said to be k-Lipschitzian if, for k > 0,
IFx ~ Fyll < kllx -yl
for all x,y € X. It is well known that if X is a Hilbert space, then an 7n-strongly accretive
operator coincides with an n-strongly monotone operator.
Yamada [4] introduced the following hybrid iterative method for solving the variational

inequality in a Hilbert space:

Xn+l = Txn - //«)\nF(Txn); n>0, (12)
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where F is a k-Lipschitzian and 7-strongly monotone operator with k >0, 7> 0 and 0 <
w < 2n/k?. Let a sequence {A,} of real numbers in (0, 1) satisfy the conditions below:

(Al) 1imn—>oo An=0,
(Az) Zroli() )‘n =00,
(A3)  lim,_oo(Xy — )Lnﬂ)/)LZ 0.

nel =

He proved that {x,} generated by (1.2) converges strongly to the unique solution of the
variational inequality

(Fx,x—x) >0, VxeFix(T).

An example of sequence {A,} which satisfies conditions (A1)-(A3) is given by A, = 1/n°,
where 0 < o < 1. We note that condition (A3) was first used by Lions [5]. It was observed
that Lion’s conditions on the sequence {A,} excluded the canonical choice A, = 1/n. This
was overcome in 2003 by Xu and Kim [6] in a Hilbert space. They proved that if {A,}
satisfies conditions (Al), (A2) and (A4)

(A4) lim A,/A, =1 or equivalently, 1lim (A, — Ay41)/Ap1 =0,
n— o0 n— 00

then {x,} is strongly convergent to the unique solution u* of the variational inequality
(Fu*,v—u*) > 0, Vv € C.Itis easy to see that condition (A4) is strictly weaker than condi-
tion (A3), coupled with conditions (A1) and (A2). Moreover, (A4) includes the important
and natural choice {1/n} of {A,}.

In 2010, Tian [7] improved Yamada’s method (1.2) and established the following strong
convergence theorems.

Theorem 1.1 ([7, Theorem 3.1]) Let H be a Hilbert space. Let T : H — H be a nonexpan-
sive mapping with Fix(T) # 0, and let f : H — H be a contraction mapping with o € (0,1).
Assume that {x;} is defined by

xp =ty f(x) + (I — tuF)Txy, (1.3)

where F is a k-Lipschitzian and n-strongly monotone operator on a Hilbert space H with

k>0,n7>0.Let0<pu<2n/k®,0<y < un- #)/a =t/a and 0 < t <1. Then x, converges
strongly as t — 0 to a fixed point x of T, which solves the variational inequality ((uF —

vf)x,x—z) <0, z € Fix(T).

Theorem 1.2 ([7, Theorem 3.1]) Let H be a Hilbert space. Let T : H — H be a nonex-
pansive mapping with Fix(T) # 0, let f : H — H be a contraction mapping with « € (0,1),
and let F be a k-Lipschitzian and n-strongly monotone operator on H with k >0, > 0 and
0 < w < 2n/k2. For an arbitrary x, € H, let {x,} be generated by

X1 = (I — oty F) Ty + Oth/f(xn), n=0, (14)

where 0 <y < u(n — “Tkz)/ot =t/a and {o,} C (0,1) satisfies
(Cl) a, — 0,
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(C2) ZZO:O oy = 00,
(C3) either Y, |1 — o] < 00 or lim,,_, o "‘g;l =1.

Then {x,} converges strongly to X that is obtained in Theorem 1.1.

We remind the reader of the following facts: (i) The results are obtained when the
underlying space is a Hilbert space in Yamada [4], Xu [6] and Tian [7]. (ii) In order to
guarantee the strong convergence of the iterative sequence {x,}, there is at least one pa-
rameter sequence converging to zero (i.e., o, — 00 or A, — 0) in Yamada [4], Xu [6]
and Tian [7]. (iii) The parameter sequence satisfies the condition lim,_, o A,/A,.1 =1 (or
lim,,_s o0 i1/, = 1).

In this paper, we establish a necessary and sufficient condition for the strong conver-
gence of {x,} generated by (3.7) (defined below) in a uniformly convex and 2-uniformly
smooth Banach space. In the meantime, we remove the control condition (C1) and replace
condition (C3) with (C3’) (defined below) in the result of Tian [7]. It is worth pointing out
that we use a new method to prove our main results. The results presented in this paper
can be viewed as an improvement, supplement and extension of the results obtained in
[4,6,7].

2 Preliminaries
For the sequence {x,} in X, we write x, — x to indicate that the sequence {x,} converges
weakly to x. x, — x means that {x,} converges strongly to x. In order to prove our main

results, we need the following lemmas.

Lemma 2.1 ([8]) Let q be a given real number with 1 < q < 2, and let X be a q-uniformly
smooth Banach space. Then

e+ 17 < 217 + gy, T4 () + 21 K117

for all x,y € X, where K is a q-uniformly smooth constant of X and ], is the generalized
duality mapping from X into 2% defined by

Jo®) = {f € X"+ (x.f) = Il %, 11 = %7}
forallx € X.
Lemma 2.2 ([2]) Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space X, and let T be a nonexpansive mapping of C into itself. If {x,} is a sequence
of C such that x, — x and x,, — Tx,, — 0, then x is a fixed point of T
Lemma 2.3 ([9, 10]) Let {s,} be a sequence of nonnegative real numbers satisfying

Sn+l =< (1 - )\n)sn + )\n(gn + Vn» n= O¢
where {\,}, {8,} and {y,} satisfy the following conditions: (i) {A,} C [0,1] and Y >k, = 00,

(ii) limsup, 8, < 0 or Y o2oAudy < 00, (iil) ¥ > 0 (n > 0), > o2 ¥u < 00. Then

lim,, o0 S, = 0.
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The following lemma is easy to prove.

Lemma 2.4 Let X be a Banach space, let f : X — X be a strongly pseudo-contractive oper-
ator with 0 < p <1, and let F : X — X be a k-Lipschitzian and n-strongly accretive operator
with k >0, n > 0. Then, for p < un,

((LF = P)x = (UE =)y, jlx =) = (un - p)llx—ylI%  VxyeX,
that is, WF — f is a strongly accretive operator with coefficient jun — p.

Lemma 2.5 Let X be a real 2-uniformly smooth Banach space. Let t be a number in (0,1),
and let > 0. Let F : X — X be an operator such that, for some constant 0 < n < /2kK,
F is k-Lipschitzian and n-strongly accretive. Then S = (I — tuF) : X — X is a contraction
provided ju < n/(2k*K?), that is,

ISx—=Syll <A —-tr)llx—yll, VYwyeX,

where T =1—/1-2un +2u2k2K? € (0,1].
Proof Using Lemma 2.1, we have

— p— 2 — — . — p—
|( = uF)x — (I = uF)y||” < llx = ylI* - 2u(Fx - Fy,j(x - )) + 2> K?||Fx - Fy||>
< llx=yI* = 2unllx - yII* + 20> K22 ||x - y||?

= (1 —2un+ 2M2k2K2) llx — v

It follows from 0 < n < +/2kK and 0 < . < n/(2k2K?) that

|7 - 1Fyx = (I = uE)y| < v1-2un + 202K2K2 x|
for all x,y € X. Therefore, we have

[1Sx = Syll = || (1 = £)(x — y) — t[(I — uF)y — (I — uF)x]||

<@ -0lx=yll + | - uF)x— (I - uFy|

< (= B)llx =yl + ty/1 =20 + 202K K2||x -y

=1 -t7)llx = yll,

where 7 =1 - /1 - 2un + 2u2k2K? € (0,1]. O

3 Main results

Throughout this section, let X be a uniformly convex and 2-uniformly smooth Banach
space. Let T : X — X be a nonexpansive mapping with Fix(7) # . Let F: X — X be a k-
Lipschitzian and n-strongly accretive operator with 0 < 7 < /2kK. Let 11 € (0, n/(2k*K?)]
and T =1 — /1 -2un +2u2k2K2. Let f : X — X be a Lipschitzian and strongly pseudo-
contractive operator with 0 < p < 7. Let ¢ be a number in (0,1). Consider a mapping S; on
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X defined by
Six=tf(x) + (I —tuF)Tx, xeX.

It is easy to see that the mapping S; is strongly pseudo-contractive. Indeed, from

Lemma 2.5, we have

(Stx -8, j(x —y)) = t(f(x) —f(y),j(x —y)) + ((1 —tuF)Tx — (I — tuF) Ty, j(x —y))
<tplw=yI* + | - tuF)Tx — (I ~ tuF) Iyl - ]
<tplx—yl* + A -t0)llx - yII?
<[1-te - )]lx-yI?
for all x,y € X. Since f is Lipschitzian and I — tuF is contractive, hence S; is continuous.

So, by Deimling [11], we can obtain that S; has a unique fixed point which we denoted by

x;, that is,
X = tf (%) + (I —tuF)Txy, %, € X. (3.1)

Our first main result below shows that {x;} converges strongly as ¢ — 0* to a fixed point

of T which solves some variational inequality.

Theorem 3.1 {x,} generated by the implicit method (3.1) converges in norm as t — 0" to
the unique solution x* € Fix(T) of the variational inequality

((WF = f)a*,j(x* —u)) <0, ueFix(T). (3.2)

Proof Tt is easy to see the uniqueness of a solution of variational inequality (3.2). By
Lemma 2.4, uF — f is strongly accretive, so variational inequality (3.2) has only one so-
lution. Below we use x* € Fix(T) to denote the unique solution of (3.2).
Next, we prove that {x;} is bounded. Take u € Fix(T'), from (3.1) and using Lemma 2.5,
we have
[l — M”2 = <xt —u, (o — u)>
= t{f () = f (), j(xr — ) + ((I = e F) Ty — (I = tiuF) T, (o, — )
+ t(f(u) — WFu,j(x; — u))
< tpllxe —ul® + | (I = tuF) Tx, = (I = tpF) Tu | |, — u
+ t|[f () - peFu|lx; - ul

<[1-t(z - p)]llxe — ull® + £ () = uFue| |, — ull.
It follows that
1 = _
[loce — ull < : “f(u) - MF”||~

Therefore, {x,} is bounded, and so are the nets {f(x,)} and {F Tx,}.
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On the other hand, from (3.1) we obtain
locs — Tx¢ || = t”f(xt) - ul_-"Txt” -0 (t — O+). (3.3)

Next, we show that {x;} is relatively norm-compact as ¢ — 0*. Assume that {z,} € (0,1)

such that t, — 0* as n — oo. Put x,, := x;,. It follows from (3.3) that
I — Txull — 0 (1 — 00). (3.4)
For a given u € Fix(T), by (3.1) and using Lemma 2.5, we have

lloce — l|* = (e — w4, (e — )
= t{f (or) —f (), j(xe = w)) + (I =t F) Toey = (I = tiF) T, — u)
+ t(f(u) — uFu, j(x; — u)>

< [1-t(r = p)]llx: — ull® + £{f () — wFu, j(x, — u)),
that is,
2 L 7 T
lloce — ull” < :{f(u) — wFu, jox, — 14))
In particular,
2 L~ T,
llocn —u]|” < :(f(”) — uFu, j(x, — ”)) (3.5)
Since {x;} is bounded, without loss of generality, we may assume that {x,} converges
weakly to a point x. By (3.4) and using Lemma 2.2, we have x € Fix(T). Then by (3.5),

x, — x. This has proved the relative norm compactness of the net {x;} as t — 0*.

We next show that ¥ solves variational inequality (3.2). Observe that
= = 1 — _
(WF =f) (%) = _E(I — T)x; + u(Fx; — FTxy).

Since I — T is accretive (this is due to the nonexpansiveness of T'), for any u € Fix(T), we
can deduce immediately that

(I = T)x: = (I = T, j(x; — w)) > 0.
Therefore, for any u € Fix(T),
((WF = f)(0), e, — ) = —%((1 = Ty, j(xe — ) + w{Fxy — F Ty, j (% — 1)

= —%((1 — Ty — (I — Tu, j(x, — u)) + ,u(l_-"xt — FTxy,j(x; — u)>

< u(fxt — FTxy, j(x; — u)). (3.6)

Page 7 of 12


http://www.fixedpointtheoryandapplications.com/content/2014/1/106

Wang and Qian Fixed Point Theory and Applications 2014, 2014:106 Page 8 of 12
http://www.fixedpointtheoryandapplications.com/content/2014/1/106

Now, replace ¢ in (3.6) with t,. Noting that Fx,, — FTx,, — Fx — Fx = 0 for ¥ € Fix(T) as

n — 00, we have
((WF =) j( - w) < 0.

That is x € Fix(T) is a solution of (3.2), hence x = x* by uniqueness. In summary, we have

shown that each cluster point of {x;} (as t — 0*) equals x*. Therefore, x, — x* as t — 0*.
O

Remark 3.2 Compared with Theorem 3.1 of Tian [7], our Theorem 3.1 improves and
extends Theorem 3.1 of Tian [7] in the following aspects:
(i) The framework of a Hilbert space is extended to a uniformly convex and
2-uniformly smooth Banach space.

(i) The n-strongly monotone operator F is extended to the case of an 5-strongly
accretive operator F. The contraction f : H — H is extended to the case of a
Lipschitzian and strongly pseudo-contractive operator f : X — X.

(iii) If we put X = H, F = F and f = yf, then our Theorem 3.1 reduces to Theorem 3.1 of

Tian [7]. Thus, our Theorem 3.1 covers Theorem 3.1 of Tian [7] as a special case.

Next we consider the following iteration process: the initial guess xy is selected in X
arbitrarily and the (n + 1)th iterate x,,,; is defined by

Xpi1 = (I = otuuuF) Ty + 2y f (%), 1n>0, 3.7)

where f: X — X is a contractive mapping with 0 < ya < 7, {a,} is a sequence in (0,1)

satisfying conditions (C2) and
(C3') latys1 — otnl < 0(atys1) + 0, with o, > 0and Y o7 0y, < 00.

Besides the basic condition (C2) on the sequence «,,, we have the control condition (C3’).
It can obviously be replaced by one of the following:

(C3-1) Y02 lotar — otu] < 005

(C3-2) lim,,_; o0 @ypi1/aty, = 1.

Indeed, (C3-1) implies (C3’) by choosing o, = |41 — |, and (C3-2) implies (C3’) by
choosing o0, = 0. In this sense (C3’) is a weaker condition than the previous condition
(C3).

Our second main result below shows that we have established a necessary and sufficient
condition for the strong convergence of nonexpansive mappings in a uniformly convex

and 2-uniformly smooth Banach space.

Theorem 3.3 Let {x,} be generated by algorithm (3.7) with the sequence o, of parameters
satisfying conditions (C2) and (C3'). Then

x> 2" & au(vflxn) - uFTx,) > 0 (n— 00),

where x* € Fix(T) solves the variational inequality ((WF — yf)x*,j(x* —u)) <0, u € Fix(T).
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Proof On the one hand, suppose that a,,(yf(x,,) — wF Tx,) — 0 (n — 00). We proceed with
the following steps.

Step 1. We claim that {x,} is bounded. In fact, taking u € Fix(T), from (3.7) and using
Lemma 2.5, we have

l9ns1 — el = || tu (v @) = vf W) + (I — 0t F) T,
— (I = ayuF)Tu + ocn(yf(u) - /Ll?u) ||

<apyalx, —ull + (1 - o, 7)|lx, — ull + oy H vf(u) - /Lﬁbi“

:[l—aAT—JMHNMn—u”+aAT_ya)@jﬁﬁ:lg2ﬂ
T—ya
= maX{len—u”,M}
T—-yQa

By induction, we have

%, — ull < maX{IIxo —ul,

lyf () — uFul }
T -y« '

Therefore, {x,} is bounded. We also obtain that {f(x,)} and {FTkx,} are bounded.
Step 2. We claim that lim,,_, « ||%,+1 — %, || = 0. Observe that

%01 — %]l = HOW (f(xn) _f(xn—l)) +y (ot — o )f (1) + (I - anﬂf)Txn
— (I = oty bF) Ty + (et — )W Tt |
= [1 —o(T — VO[)] %0 — %11l + Moty — oty

=< [1=au(t = yo)]lln = 2p1 | + Moletn) + Moy,

where M = max{yf(x,-1), WETx,_1). By Lemma 2.3, we have lim,_, o [|%4:1 — %4| = 0.
Step 3. We claim that lim,,_, », ||, — T%,|| = 0. Indeed, from Step 2, we have

”xn - Txn” = ”xn _xn+1|| + ||xn+1 - Txn”

= [|%n — x|l + ||an(yf(xn) - Mfon) || -0 (n—00).

Step 4. We claim that limsup,_, . ((yf — pf)x*,j(xml —x%)) <0, where x* = lim;_, o+ x;
and x; is defined by x, = tyf(x;) + (I — tiuF)Tx,. Since {x,,1} is bounded, there exists
a subsequence {x,,1j,} of {x,,1} which converges weakly to w. From Step 3, we obtain
TX{n41);, — . From Lemma 2.2, we have w € Fix(T). Since f is a contractive mapping, we
have that yf is a Lipschitzian and strongly pseudo-contractive operator with yo € (0, 7).
Hence, using Theorem 3.1, we have x* € Fix(T) and

limsup((yf — uF)x*,j(%n1 —x*)) = Jim ((vf = WE)x*,j(xpneny, —%%))

n—0o0

=((vf - uF)x*,j(w - x")) < 0.

Page 9 of 12
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Step 5. We claim that {x,} converges strongly to x* € Fix(T). From (3.7) and using

Lemma 2.5, we have

s = 2% % = (7 = ottt F) Tt + 0t f () = % j (1 — 5))
= (I = auitF) Ty — (I — 0ty F) Tx*, j (%01 — %))
+ {f () = WER", j (%1 — %))
< (= 0ut) |y — & | e — &% | + cwy oo — " | | s — x|
+ ou(yf (x*) = WFX",j(%ni1 — x¥))
< (1=t = a0 = =+l 5°) ~ W s =)

[1-au(t - ya)?
== |
+ an(yf(x*) - /d?x*,j(x,,ﬂ —x*))

1
a2 L

It follows that

[ = < [1 (e = yao] [z = |+ 2l () = F o - 7))

< (L= ) |0 = |* + 1281,

where u, = a,(t — ya) and §, = (Yf(x*) — WEx*,j(x,41 — x*)). It is easy to see that

2
Y o2y iy =00 and limsup,,_, . 8, STO}./OE-Ience, by Lemma 2.3, the sequence {x,} converges
strongly to x* € Fix(T). From x* = lim;_, ¢ x; and Theorem 3.1, we have that x* is the unique
solution of the variational inequality ((uF — yf)x*,j(x* — u)) <0, u € Fix(T).

On the other hand, suppose that x, — x* € Fix(T) as n — 00, where x* is the unique

solution of the variational inequality ((uF — yf)x*,j(x* — u)) < 0, u € Fix(T). Observe that

”an(yf(xn) - /‘LﬁTxn) H = %1 — Tl
= [ =7 + | 7 - T |

= [ = + 0 =57 > 0 (2> o00).
This completes the proof. d

Remark 3.4 Compared with Theorem 3.2 of Tian [7], our Theorem 3.3 improves and
extends Theorem 3.1 of Tian [7] in the following aspects:
(i) The framework of a Hilbert space is extended to a uniformly convex and
2-uniformly smooth Banach space.
(ii) The n-strongly monotone operator F is extended to the case of an n-strongly
accretive operator F.
(iii) We establish a necessary and sufficient condition for the strong convergence of
nonexpansive mappings. It follows from (C1) that a,,(yf(x,,) — uF Tx,) — 0
(n — 00). Hence, we can obtain Theorem 3.2 of Tian [7] immediately. Thus, our

Theorem 3.3 covers Theorem 3.1 of Tian [7] as a special case.
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The following example shows that all the conditions of Theorem 3.3 are satisfied. How-
ever, condition (C1) is not satisfied.

Example 3.5 Let X = R be the set of real numbers. Define the mappings 7 : X — X, f :
X — X and F: X — X as follows:

— 1
Tx =0, Fx=x and f(x):Ex Vx € R.

It is easy to see that K = g, o= % and Fix(T) = {0}. By Fx = x, we have = k = 1 and hence

0 < <n/(2k?K?) = 1. Also, put i« = 1. Itiseasy toseethat T = 1 — \/1 - 2un + 2u2k2K? = 1.
From 0 < y« < 7, we have y € (0,2). Without loss of generality, we put y = 1. Given se-

quences {a,} and {0,}, &, = 1/2, o(at,1) = 1/n% and o, = 0 for all # > 0. For an arbitrary
xo € X, let {x,,} be defined as

Kpe1 = — anﬂﬁ)Txn + wa(xn), n>0,

that is,

1 1
~Exn = Ex,,, n>0.

N =

Xn+l =

Observe that for all # > 0,
1
”xn+1 - O” = Z”xn - O”

Hence we have ||x,,1 — 0| = (i)””llxo —0|| for all » > 0. This implies that {x,} converges
strongly to 0 € Fix(T).

Observe that ((uF — y£)0,j(0 — u)) < 0, u € Fix(T), that is, 0 is the solution of the vari-
ational inequality ((uF — yf)x*,j(x* — u)) <0, u € Fix(T).

Finally, we have

o o) 2| = |5 (350-0) | = JIml =0 (a0

Hence there is no doubt that all the conditions of Theorem 3.3 are satisfied. Since «,, =
1/2, condition (C1): lim,,_, » ¢, = 0 of Tian [7] is not satisfied.
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