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Abstract

In this paper, common zeros of a family of accretive operators are investigated based
on the Kirk-like proximal point algorithm. A strong convergence theorem is
established in a reflexive Banach space.
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1 Introduction

In the real world, many important problems have reformulations which require finding
common zero (fixed) points of nonlinear operators, for instance, image recovery, inverse
problems, transportation problems and optimization problems. It is well known that the
convex feasibility problem is a special case of the common zero (fixed) points of nonlin-
ear operators. In 1971, Kirk [1] introduced a parallel iterative process for finding a fam-
ily of nonexpansive mappings. Common fixed point theorems were established in a Ba-
nach space; for more details, see [1]. For studying zero points of monotone operators, the
most well-known algorithm is the proximal point algorithm; see [2, 3] and the references
therein. It is known that Rockfellar’s proximal point algorithm is, in general, weak conver-
gence; see [4] and the references therein.

Recently, many authors have been devoted to investigating the strong convergence of a
proximal point algorithm. Strong convergence theorems for zero points of accretive op-
erators were established; see, for example, [5-29] and the references therein.

In this paper, we are concerned with the problem of finding a common zero of a family of
accretive operators based on the Kirk-like proximal point algorithm. A strong convergence

theorem is established in a reflexive Banach space.

2 Preliminaries
Let E be a Banach space with the dual E*. Let (-,-) denote the pairing between E and E*.
The normalized duality mapping / : E — 2" is defined by

J@) = {f € E*: (xf) = IxI> = IfIP}, Vx€E.

Let Ug = {x € E : ||x]| = 1}. E is said to be smooth or to have a Gateaux differentiable norm

lx+2yll -l
t

if the limit lim,_, ¢ exists for each x,y € Ug. E is said to have a uniformly Géateaux

differentiable norm if for each y € U, the limit is attained uniformly for all x € U. E is
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said to be uniformly smooth or to have a uniformly Fréchet differentiable norm if the limit
is attained uniformly for x,y € Uf.

It is well known that (uniform) Fréchet differentiability of the norm of E implies (uni-
form) Gateaux differentiability of the norm of E. It is known that if the norm of E is uni-
formly Gateaux differentiable, then the duality mapping j is single-valued and uniformly
norm to weak* continuous on each bounded subset of E. In the sequel, we use j to denote
the single-valued normalized duality mapping.

A Banach space E is said to be strictly convex if and only if
el = Nyl = [ (1= 2w+ Ay

for x,y € E, and 0 < A <1 implies that x = y.

Recall that a closed convex subset C of a Banach space E is said to have a normal struc-
ture if for each bounded closed convex subset K of C which contains at least two points,
there exists an element x of K which is not a diametral point of K, i.e., sup{|[x —y|| : y €
K} < d(K), where d(K) is the diameter of K.

Let C be a nonempty closed convex subset of E. Let T : C — C be a mapping. In this
paper, we use F(T') to denote the set of fixed points of T. Recall that T is said to be nonex-
pansiveift | Tx—Ty|| < |lx—y|l, Vx,y € C. For the existence of fixed points of a nonexpansive
mapping, we refer readers to [30].

Let I denote the identity operator on E. An operator A C E x E with the domain D(A) =
{z € E: Az # 0} and the range R(A) = | J{Az: z € D(A)} is said to be accretive if for each x; €
D(A) and y; € Ax;, i = 1,2, there exists j(x] —x3) € J(x; —x7) such that (y; — y,, j(x1 — %)) > 0.
An accretive operator A is said to be m-accretive if R(I + rA) = E for all r > 0. In this paper,
we use A71(0) to denote the set of zero points of A. For an accretive operator A, we can
define a nonexpansive single-valued mapping J, : R(I + rA) — D(A) by J, = (I + rA)™! for
each r > 0, which is called the resolvent of A.

Next we give the following lemmas which play an important role in this article.

Lemma 2.1 [31] Let E be a real Banach space and let ] be the normalized duality mapping.
Then there exists j(x +y) € J(x + y) such that

e + ¥ < llxl® + 23, jx + ), Vay € E.

Lemma 2.2 [32] Let C be a closed convex subset of a strictly convex Banach space E. Let
§:C— Cand T :C — c be two nonexpansive mappings. Suppose that F(S) N F(T) is
nonempty. Then the mapping wS + (1—w) T, where s € (0,1) is a real number, is well defined
nonexpansive with FwS + (1-w)T) = F(S) N F(T).

Lemma 2.3 [33] Let E be a real reflexive Banach space with the uniformly Gdteaux dif-
ferentiable norm and the normal structure, and let C be a nonempty closed convex subset
of E. Let T : C — C be a nonexpansive mapping with a fixed point. Let {x,} be a sequence
generated by the following x, = tu + (1 — t)Tx;, where t € (0,1) and u € C is a fixed element.
Then {x;} converges strongly as t — 0 to a fixed point x* of T, which is the unique solution
in F(T) to the following variational inequality (u — x*,j(x* — p)) > 0, Vp € F(T).
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Lemma 2.4 [34] Let {a,}, {b,}, {c,} and {d,} be three nonnegative real sequences satis-
fying a1 < (1 - by)ay, + byc, + d,, Yn > ny, where ngy is some positive integer, {b,} is a
number sequence in (0,1) such that Zi‘ino b, = 00, {c,} is a number sequence such that

limsup,_, ¢, <0, and {d,} is a positive number sequence such that Z;ﬁno d,, < 00. Then

lim,_, o a, =0.

3 Main results

Theorem 3.1 Let E be a real reflexive, strictly convex Banach space with the uniformly
Gdteaux differentiable norm. Let N > 1 be some positive integer. Let A,, be an m-accretive
operator in E for each m € {1,2,...,N}. Assume that C := ﬂzzlm is convex and has
the normal structure. Let {«,,} be a real number sequence in (0,1) such that lim,_, , o, = 0,
Yo oy =00andy o2 o — oyl < 00, let {By,m} be a real number sequence in (0,1) such
that an[:l Bun =1, imy_s 00 Bum = B and Y oy | Busim — Bum| < 00, let {r,,} be a positive
real number sequence, and let {e,,,} be a sequence in E such thaty -, ||e,,m|l < 0o for each
me{l1,2,...,N}. Assume that ﬂﬁzl A X0) is not empty. Let {x,} be a sequence generated
in the following manner:

N
%1 €C, Hpa =ttt (L=n) Y Bumlry (o + €n)y V=1,

m=1

where u is a fixed element in C and J,,, = (I + r,,A,,)~". Then the sequence {x,} converges
strongly to x, which is the unique solution to the following variational inequality (u—x,j(p —
%)) <0,Yp € (1 A;1(0).

Proof The proof is split into five steps.
Step 1. Show that {x,,} is bounded.
Puty, = Zi\n[:l By, Xn + €nm). Fixing p € ﬂfnzzlA;nl(O), we find that

N N
1y =21 <>~ B [T @ + €nm) = 2| < 120 =21l + Y llenmll-

m=1 m=1

It follows that
%51 =PIl < oullue = pll + (1= ) lyn = Pl

N
<aullu—pl+@-an)lxe—pll +_ lewml

m=1

N
<max{llu—pl, . —pll} + D lewml.
m=1

By induction, we find that

oo N
%1 = pll < max{llu—pll, 2 = pl}+ > legmll < oo

i=1 m=1

This proves Step 1.
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Step 2. Show that lim,,_, oo [|%,41 — % || = 0.

Note that
N
Yn—Yn-1= Z Bum (]rm (o0, + en,m) _]rm (p—1 + en—l,m))
m=1
N
+ Z(,Bn,m - ,Bn—l,m)]rm (xn—l + en—l,m)-
m=1
It follows that

N
”yn _yn—l ” E Z ;Bn,m H]rm (xn + en,m) _]rm (xn—l + en—l,m) ||

m=1

N
+ Z |,3n,m - ﬁn—l,ml ||]rm (xn—l + en—l,m) ||
m=1

N N
< 1 = Zall+ Y lemmll + D llensml
m=1 m=1

N
+ Z |/3n,m - ,Bn—l,ml ||]rm (xn—l + en—l,m) ||

m=1

N N N
< 1160 = Zua |+ MY B = Butl + Y Newmll + D len-imll

m=1 m=1 m=1

where M is an appropriate constant such that

Ml = maX{SUPH]rl (xn + en,l) ) Sup“]r2 (xn + en,Z) Yoo SupHIrN (xn + en,N) ” }
n=1 n>1 n>1

It follows that

o1 — 2ull < (1 - an)”yn = Ynt1ll + ety — |t = Yl

N
< (1 - an)”xn _xn—IH + M2 (Z |I3n,m - ,Bn—l,ml + |an - an—1|>

m=1
N N
) Mlenmll + D llensmlls
m=1 m=1

where M, = max{Mj, sup,., [[# - y,||}. In view of Lemma 2.4, we conclude Step 2.

Step 3. Show that lim,,_, || 7%, — x| = 0, where T = ZZZI Bmlr,- Inlight of Lemma 2.2,

we see that T is nonexpansive with F(T) = ﬂly\nlzl F(J,,) = ﬂly\n[zl A 1(0). Since

N N
Z :Bn,m]rm (on + en,m) - Z ,Bm]rm (oen + 3n,m)

m=1 m=1

170 — Txnll <

+

N N
Z ,Bm]rm (xn + en,m) - Z ,ijrmxn
m=1

m=1

N N
= Z |Bnim — Bl ”]rm (% + €nm) ” + Z ll€nmlls
m=1

m=1
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we find from the restrictions imposed on the control sequences that lim,,_, o, || 7%, — ¥ =

0. Since

” Txn _xn” =< ”xn _xn+1|| + ||xn+1 - Txn”
< N%n — X | + ot llee = Jxu |l + (1 _Oln)”yn — Tx, |,
we conclude Step 3.
Step 4. Show that limsup,,_, . (¢ — %, j(x, — X)) <0, where x = lim,_, ¢ %, and x; solves the
fixed point equation
x;=tu+(1-1t)Tx;, Vte(0,1).

It follows that

lloce = 1 = £ = 20, (ot — %)) + (1= £)( Ty = 21,20 = %)
= t(u - xt,j(xt - xn)) + t(xt - xn’j(xt - xn))
+ (1= )T — T, joce — 260)) + (1= )T — X0, (%2 — %)

<t =2, j (e = %)) + 120 = 1 + 11T = 2all e =21, V2 € (0,1).
This implies that
. 1
(xt — u,j(x¢ _xn)> = E” Txey — xnll I — xnll, V2 €(0,1).

Since limy,—, o | %), — %, || = 0, we find that limsup,,_, . (x: — u,j(x: —x,,)) < 0. In view of the
fact that j is strong to weak* uniformly continuous on bounded subsets of E, we find that

(s = X, j (e — X)) = (00 — (2 = 6)|
< (=%, jxn = %)) = (u = %, j(xn — %))
+ (= %, j(en — x0)) = (e — 1, j (0 — )|
< [{or = 2o = 2) = 0 = 2))| + [{4 = X + 0 = 10, — x0))|

< Nl = R = %) = jen = 20) | + llxe = E Nl =521
Since x; — X, as t — 0, we have
}E%th —u, j(x, —x,,)) - (u —%,j(x, — 5c)>| =0.
For € > 0, there exists § > 0 such that V¢ € (0, §), we have
(0 =%, (%0 — %)) < (e — 1, (¢ — %)) + €.
This implies that

lim sup(u —%,j(x, — 56)) <lim sup(x, — (% — x,,)) +e€.

n—0oQ0 n— 00

Page 5of 8
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Since € is arbitrarily chosen, we find that limsup,,_, . (4 — %, j(x, — %)) < 0. This implies that
limsup,,_, . (4 — %, j(x,41 — %)) < 0. This proves Step 4.

Step 5. Show that x, — x as n — oo.

Using Lemma 2.1, we find that

N 2
”xn+1 _9_‘:”2 = an(u _3_6) + (1 - an) (Z ,Bn,m (]rm (xn + en,m) _J_C)>
m=1
N 2
f (1 - Olrl)2 Z,Bn,m(]rm (xn + en,m) _9_6) + 20[,,(% _’_C)j(x}’l+l _7_6)>
m=1
N
<= Bumlln + nm — EI” + 200, (1t - %, j(X11 — X))
m=1

= (1 - an)”xn _5_“”2 + )\n + zan(u _‘%’j(x}’l+1 - 5‘)):

where A, = Zi\n[:l(llen,mll2 +2|lenml 1%, — X|). We, therefore, find that Y- A, < 00. From
Lemma 2.4, we find the desired conclusion. This proves the proof. d

Remark 3.2 Theorem 3.1 is still valid in the framework of the space which is uniformly
convex and the norm is uniformly Gateaux differentiable.

4 Applications

In this section, we consider an application of Theorem 3.1. Let A : C — E* be a single-
valued monotone operator which is hemicontinuous; that is, continuous along each line
segment in C with respect to the weak* topology of E*. Consider the following variational
inequality:

find x € C such that (y —x,Ax) >0, VyeC.

The solution set of the variational inequality is denoted by VI(C, A). Recall that the normal
cone N¢(x) for C at a point x € C is defined by

Nc(x) = {x* € E*: [y —x,5") < 0,¥y e C}.
Now, we are in a position to give the result on the variational inequality.

Theorem 4.1 Let E be a real reflexive, strictly convex Banach space with the uniformly
Gdteaux differentiable norm. Let N > 1 be some positive integer and let C be a nonempty
closed and convex subset of E. Let A,, : C — E* be a single-valued, monotone and hemicon-
tinuous operator. Assume that ﬂzzl VI(C,A,,) is not empty and C has the normal struc-
ture. Let {o,,} be a real number sequence in (0,1) such that lim,_, ., a,, = 0, Zflil o, = 00 and
> |1 — | < 00, let { By} be a real number sequence in (0,1) such that Zi\nle Bum =1,
limy,— o0 Bum = Bm and Zf’:l |Bistm — Bum| < 00, let {r,,,} be a positive real number sequence
foreachm € {1,2,...,N}. Assume that {x,} is a sequence generated in the following manner:

N
1
x1€C, xpn=0ou+(l-a,) E ﬂn,mVI(C’AWl + ( —xn)), Vn>1,
T'm

m=1
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where u is a fixed element in C. Then the sequence {x,} converges strongly to x, which
is the unique solution to the following variational inequality (u — %,j(p — X)) <0, Vp €
NN, VI(C,A,).

Proof First, we define a mapping 7, C E X E* by

Aux+Ncx, xe€C,
@, x¢C.

Tux =

From Rockafellar [33], we find that T}, is maximal monotone and T,'(0) = VI(C,A,,).
For each r,, > 0 and x, € E, we see that there exists a unique «,,, € D(T,,) such that x, €
Xy, + T T (%1,,), where x,, = (I + 1, T,y) x,,. Notice that

T'm

1
Ynm = V1<C:Am + _([_xn));

which is equivalent to

1
Y= Ynms AmYnm + r_(y;'z,m —%,)) >0, VyeC,

m

thatis, —A,,yum + i(x,, —Yum) € Nc(¥y,m). This implies that y,,,, = (I +r,, T,,) ;.. In light
of Theorem 3.1, we draw the desired conclusion immediately. O
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