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Abstract

The asymptotically nonexpansive mappings have been introduced by Goebel and
Kirk in 1972. Since then, a large number of authors have studied the weak and strong
convergence problems of the iterative algorithms for such a class of mappings. It is
well known that the asymptotically nonexpansive mappings is a proper subclass of
the class of asymptotically pseudocontractive mappings. In the present paper, we
devote our study to the iterative algorithms for finding the fixed points of
asymptotically pseudocontractive mappings in Hilbert spaces. We suggest an
iterative algorithm and prove that it converges strongly to the fixed points of
asymptotically pseudocontractive mappings.
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1 Introduction
Let H be a real Hilbert space with inner product (-,-) and norm | - ||, respectively. Let C
be a nonempty, closed, and convex subset of H. Let T : C — C be a nonlinear mapping.
We use F(T) to denote the fixed point set of 7.

Recall that 7 is said to be L-Lipschitzian if there exists L > 0 such that

ITx - Tyl < Lllx -yl

for all x,y € C. In this case, if L <1, then we call T an L-contraction. If L =1, we call T
nonexpansive. T is said to be asymptotically nonexpansive if there exists a sequence {k,} C
[1, 00) with lim,,_, o k;, = 1 such that

| 7%= 17| < kallx = 1 (L)

forallx,ye Candalln>1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[1] in 1972. They proved that, if C is a nonempty bounded, closed, and convex subset of a
uniformly convex Banach space E, then every asymptotically nonexpansive self-mapping
T of C has a fixed point. Further, the set F(T) of fixed points of T is closed and convex.
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Since then, a large number of authors have studied the following algorithms for the iter-
ative approximation of fixed points of asymptotically nonexpansive mappings (see, e.g,
[2-29] and the references therein).
(A) The modified Mann iterative algorithm. For arbitrary x¢ € C, the modified Mann
iteration generates a sequence {x,} by

Xpe1 = A =—ap)x, +a, T"x,, VYn>1. (1.2)

(B) The modified Ishikawa iterative algorithm. For arbitrary xo € C, the modified
Ishikawa iteration generates a sequence {x,} by

Yn = (L= Bu)xn + BuT %y,

KXnel = (1 - an)xn + anTnynv Vn>1.

(1.3)

(C) The CQ algorithm. For arbitrary x, € C, the CQ algorithm generates a sequence
{x.} by

Yn = UpXy + (1 - an)Tnxm

C,={ze C:|ly,—zlI* < %y — 2z|I> + 0.},
{ lyn —zll* < | [ } 14)
Qu={z€ C: (xy —z,%0 —xy) = 0},

%ne1 = Pcyng, (o), Ym=>1.

An important class of asymptotically pseudocontractive mappings generalizing the class
of asymptotically nonexpansive mapping has been introduced and studied by Schu in 1991;
see [19].

Recall that T': C — Ciis called an asymptotically pseudocontractive mapping if there ex-
ists a sequence {k,} C [1, 00) with lim,_, o k,, = 1 for which the following inequality holds:

(T = T"y,x - y) < kallx = y1I° (15)
for all x,y € C and all n > 1. It is clear that (1.5) is equivalent to
| 7% = T |* < kullx = y1% + | (x = T7%) = (y = T") | (1L6)

forallx,ye Candalln>1.
Recall also that T is called uniformly L-Lipschitzian if there exists L > 0 such that

|T"x - T"| < Lllx -yl

forallx,y € Candall n > 1.

Now, we know that the class of asymptotically nonexpansive mappings is a proper sub-
class of the class of asymptotically pseudocontractive mappings. If we define a mapping
T :[0,1] — [0,1] by the formula Tx = (1 —x3 ) %, then we can verify that T is asymptotically
pseudocontractive but it is not asymptotically nonexpansive.

In order to approximate the fixed point of asymptotically pseudocontractive mappings,
the following two results are interesting.

One is due to Schu [19], who proved the following convergence theorem.
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Theorem 1.1 Let H be a Hilbert space, C be a nonempty closed bounded and convex
subset of H. Let T be a completely continuous, uniformly L-Lipschitzian and asymptoti-
cally pseudocontractive self-mapping of C with {k,} C [1,00) and Y -, (q2 — 1) < 0o, where
qn = 2k, - 1) for all n > 1. Let {o,} C [0,1] and {B,} C [0,1] be two sequences satisfying
O<e<a,<PBy<b<L?V1+L?- 1) for all n > 1. Then the sequence {x,} generated by
the modified Ishikawa iteration (1.3) converges strongly to some fixed point of T.

Another one is due to Chidume and Zegeye [30] who introduced the following algorithm
in 2003.
Let a sequence {x,} be generated from x; € C by

Kpal = A1 + A=Ay = X00)% + A, T"%,, Vm>1, 1.7)

where the sequences {1, } and {0,} satisfy

(D) Y02 Auby =00 and A,(1+6,) <1;
(ii) g—;’ — 0,6, > 0and (Gﬁi’:‘;j)
(iii) 2= — 0;

(iv) k=1 0.

They gave the strong convergence analysis for the above algorithm (1.7) with some fur-

— 0;

ther assumptions on the mapping T in Banach spaces.

Remark 1.2 Note that there are some additional assumptions imposed on the underlying
space C and the mapping 7 in the above two results. In (1.7), the parameter control is also
restricted.

Inspired by the results above, the main purpose of this article is to construct an iterative
method for finding the fixed points of asymptotically pseudocontractive mappings. We
construct an algorithm which is based on the algorithms (1.2) and (1.7). Under some mild
conditions, we prove that the suggested algorithm converges strongly to the fixed point of
asymptotically pseudocontractive mapping 7.

2 Preliminaries
It is well known that in a real Hilbert space H, the following inequality and equality hold:

e+ 9% < ) + 202 +9), YxyeH @.1)
and

e+ =2y = tllxell? + @ - D)y I1? - e - Ol = y11> (2.2)
forallx,y € H and ¢ € [0,1].

Lemma 2.1 ([31]) Let C be a nonempty bounded and closed convex subset of a real Hilbert
space H. Let T : C — C be a uniformly L-Lipschtzian and asymptotically pseudocontrac-
tion. Then I — T is demiclosed at zero.

Lemma 2.2 ([32]) Let {r,} be a sequence of real numbers. Assume {r,} does not decrease
at infinity, that is, there exists at least a subsequence {r,} of {r,} such that r,, <ry . for
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all k > 0. For every n > N, define an integer sequence {t(n)} as
T(n) =max{i <n:ry <7y}
Then t(n) — 0o as n — oo, and foralln > N
max{7 (), n} < re(uyel-
Lemma 2.3 ([33]) Assume that {a,} is a sequence of nonnegative real numbers such that

an1 < (1=8n)an + &y,

where {8,} is a sequence in (0,1) and {§,} is a sequence such that
(i) 30218, =005
(11) limsupn—>oo ﬁ = 0 or Z;il |é:”| < 00.

Then lim,,_, o a, = 0.

3 Main results
Now we introduce the following iterative algorithm for asymptotically pseudocontractive
mappings.

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let T :
C — C be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping satis-
fying Y2 (k, —1) < 00. Letf : C — C be a p-contractive mapping. Let {a,,}, {8,}, and {y,,}
be three real number sequences in [0, 1].

Algorithm 3.1 For x¢ € C, define the sequence {x,} by

Yn = (1 - Vn)xn +Vn Tnxm
Xn+l = ar(f(xn) +(l-oy— ﬂn)xn + ﬂnTnym Vn>1.

(3.1)

Next, we prove our main result as follows.

Theorem 3.2 Suppose that F(T) # (). Assume the sequences {a,,}, {Bu}, and {y,} satisfy the
following conditions:
(i) limyooay =0andy o2 ay = 00;
(i) oy + By < vy and 0 < liminf,_, o, By;
(iii) O<a<y,<b< m]’orallnzl.
Then the sequence {x,} defined by (3.1) converges strongly to u = Prcr)f(u), which is the

unique solution of the variational inequality (I - f)x*,x — x*) > 0 for all x € F(T).
Proof From (3.1), we have
(%041 — 2]

= “anf(xn) + (Lo = Bu)xy + Bu Tnyn - M”
= Han (f(xn) - u) +(L—oty— Bp) Xy —u) + lsn(Tnyn - u) “
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a (f () — 1) + (1= a;ﬁ(%(xn —u)+ % (T"y, - u)) ”

(-0 — Bn)(xy — 1) + ﬂn(Tnyn —u)

1 — oy 1 —a, + oy ”f(xn) - bt|| . (32)

<(1-a

Using the equality (2.2), we get

2

H (I -0y — Bu)xn — 1) + ﬁn(Tnyn - u)

1-a, 1-a,

1—0[;1_,3n |xn_u”2+ lﬁn HT”yn—uHZ
— oy

(3.3)

Picking up y = u in (1.6) we deduce
||T”x—u||2§k,,||x—u||2+ ||ac—T”x||2 (3.4)

forallx € C.
From (3.1), (3.4), and (2.2), we obtain

|77y =]

< Kllyw =l + 3 = T

= k| (U= y)n + 7 T %0 — 1] + | L= 7% + v T = T

= kon | (1 = ¥2) @ = 1) + V(T — 1) |

@ =7 (0n = T"9) + ¥ (T = T"9) ||
= Kn[(1 = )0 — 22l + ¥ T = 2]} = 1L = ) | — T *]

+ U=y |20 = T + 7| T7%0 = T = 70 = ) |20 = T
< Ku[(1 = )6 — 20l + Y (il — 2] + |0 — T4 %)

~ VL= ) [0 = T ]+ (= ) | = T

+ Y ” "%, — T"y, ”2 — V(=) ”x,, - T"x, ”2 (3.5)

By (3.1), we have

1% = yull = Vn ”xn - T"x, ” (3.6)

Noting that T is uniformly L-Lipschitzian, from (3.5) and (3.6), we deduce
|77 — ]
= kn[(l = V) ll%n = u||2 + J/n(kn”xn - u||2 + ”xn - T"xy, ”2)

- Vn(l - yn) “xn - Tnxn “2] + (1 - Vn)”xn - Tnyn “2
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VL2 1% = 9l = YuL = ) | = T, |

= ka[ (L= i) 16— 0]® + Y (Kol = 1] + || — T"0 ]| )
— VL= ) [0 = T, | ] + (L= y) |20 = T
+ Y2 Loy = T ||* = yuL = ) [0 = T |

= [14 (o + Dk = D]l — 2l + (1= y) |20 = T

—Vn (1 =V = KnVn — )/n2L2) ”xn - T"x, ”2 (3.7)

2

———=__ for all n. Then we deduce that
(1+ky)2+4L2 +ky+1

By condition (iii), we know that y, < b <

1=y —knyn—y2L* >0 foralln>0.
Therefore, from (3.7), we derive

| T = ua]|* < [1+ Ry + 1)K = 1)] 10 — >

+(1-v) ”xn - Tnyn ||2 (3.8)

Note that 8, <1 - a, and substituting (3.8) to (3.3), we obtain

2

H (1 -0y = Bu)xy — 1) + ﬂn(Tnyn —u)
1-o, 1-o,

_ b
T 1l-a,

{[1 + (knyn + 1) (ky — 1)] [l — u”2 +(1- Vn)Hxn - T"y, ||2}

%, — qu _ Bl -0, — B)

o B
1-o, (1-ap)?

|0 = Ty

Bulo, + By — J/n)
(1- an)z

2

- [ = 779

n

= [1 *1 P (kY + 1) (K — 1)} I, — ll +

IA

|:1+ P (knyn+1)(kn_1)]||xn_u||2
1-q,

=< [1 + (knyn + 1)(kn - 1)]”96,, - u”2

Thus,

H 1-a,- ﬂn)(xn —u) + ﬁn(Tnyn —u)
1-o, 1-o,

< V1 + Ky + Dk = 1) |12, — u
= [1 + (K + 1) (ky — 1)] ll% — ull. (3.9)
Since k,, — 1, without loss of generality, we assume that k,, < 2 for all #» > 1. It follows from
(3.2) and (3.9) that
||len+1 - u”
=ay ”f(xn) - M” +(1- an)[l + (kY + 1)k — 1)] |7 — ua]]

< [f () = f @) | + 0t | f ) —
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+ (1= o) [1+ (K y + 1)k, — 1) [l — u
< auplon — el + o |[f () — u|

+ (L= an)[1+ (knVn + Dk = )]l — ue]
<o |f () —ul + [1- A - p)a]ll%n — ull

+ (kY + 1) (K = 1) llxn — uel]

<(1- p)a, VW p“” +[1= (1= p)ot] 1 — 4] + 3(ky — 1) 155 — 1]

An induction induces

%01 — ]| < [1+3(k,,—1)]max{||xn —ul, Ilf _pull }
<1_[ 1+3(k,—1)]max{|lxo—“|| I/t )pull}

j=1

This implies that the sequence {x,} is bounded by the condition Y .-, (k, — 1) < co.
From (2.1) and (3.1), we have

%1 — el
= 0 = ctn)Gn = 0) = B (60 = T"y) + tn (F ) — 1) |*
< [ @ = )G = ) = B (0 = T |* + 200 () = 4, %001 — 1)
= 0 = ) n = ) |* = 280~ et = T"yn, 60 — 11
+ B2 Hx,, -T"y, ” + 200, (f (%) = 1 041 — 14). (3.10)

From (3.7), we deduce

Z(xn Ty, %y — u)
> Yl = T | + ¥ (1= Vi = Kava = 2L2) |0 = T

- (ann + Dk, — Dllx, — u||2

= Vn (1 ~ Vn —KnVn — )/;42L2) ”xn - T"x, H2 + Vn ”xn - Ty, ”2 (3.11)

By condition (ii), we have 1 > y,, > o, + B, > o,y + By for all n > 1. Hence, by (3.10) and
(3.11), we get

%1 — uell®
< (1= @)l — ull® = Bul = ) yulln = Ty |* + B |60 = T
— a0 = ) V(1 = Yu = knyn = L2 [0 = T,
+ 200 (f (%) — thy Xn41 — 1)
< (=)l — ) + 20{f () — th, %011 — 1)

— Bl = 0) ¥ (1= ¥ = ki = 2L2) 0 = T, | (3.12)
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It follows that

11 — 26l = 6 = 20® + BuL = )V (1= ¥ = k¥ — 1, 2L2) |20 = T

<y (z(f(xn) — Uy Xyl — M) - ”xn - MHZ)

Since {x,} and {f(x,)} are bounded, there exists M > 0 such that sup,{2(f(x,) — 1, %41 —
u) — %, — ul|*} < M. So,

2
Bu(1 =) yu (1 = VYn = KnVn — Vy,sz) Hxn - T"xy, H
ot = ull® = [y = ) < @uM. (3.13)
Next, we consider two possible cases.
Cask 1. Assume there exists some integer m > 0 such that {||x, — u||} is decreasing for

all n > m.

In this case, we know that lim,,_, « ||x,, — || exists. From (3.13), we deduce

B = ) V(1= Vi — kY — ynZLz) ||x,, - T"x, ||2

< Ml = well? = 1201 = ull® + Mavy. (3.14)

By conditions (ii) and (iii), we have liminf,,_, oo B1(1 — &) V(1 = ¥ — k¥ — ¥,2L*) > 0. Thus,
from (3.14), we get

lim || x, — T"x,| = 0. (3.15)
n—00

It follows from (3.6) and (3.15) that
lim ||x, — y,|| =0. (3.16)

Since T is uniformly L-Lipschitzian, we have || T"y, — T"x,| < L||x,, — y4||. This together
with (3.16) implies that

lim || 7"y, — T"%,| = 0. (3.17)
n— o0

Note that
||x,, -T"y, || < Hxn -T"x, H + || T"%, — T"y, || (3.18)

Combining (3.15), (3.17), and (3.18), we have
lim |4, — T"y,| = 0. (3.19)
n— o0

From (3.1), we deduce

”xn+l — X ” f oy Hf(xn) —Xn H + ,Bn H Tnyn — X || .
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Therefore,
lim ||%,41 =%, = 0. (3.20)
n— o0

Since T is uniformly L-Lipschitzian, we derive

% — T,
< | = T || + | T2 — T |
< otw = T || + L] T" 0 — x|
< [ = T | + L| T" 2 = T" 04 |
+ L[| T" %t = 2 || + Loy — %l

< Hx,, -T"x, ” + (L2 + L) 1%, — Xt || + LH T" %, 1 — %y H (3.21)
By (3.15), (3.20), and (3.21), we have immediately
nll)ngo l%, — Tx, ] = 0. (3.22)
Since {x,} is bounded, there exists a subsequence {x,, } of {x,} satisfying
Xy, > %€C
and
lim sup(f(u) — U, Xy — u) = klinolo(f(u) — Uy Xy — u>

n—00

Thus, we use the demiclosed principle of 7 (Lemma 2.1) and (3.22) to deduce
x e F(T).
So,

lim sup(f(u) — U, Xy — u) = ,lim (f(u) — Uy Xy, — u)

= (f(u) —u,5c—u)

<0.
Returning to (3.12) to obtain

%1 — 2l1* < (L= o) % — 21> + 20t {f (%) — 4, %01 — 1)
= (1= )10 — wll® + 20 {f () = f (1), X1 — 14)
+ 2an(f(u) — Uy Xyl — u)
< (1= o) % — ull® + 20,0 |00 — ]| |11 — 4|

+ 200,(f () — th, 2041 — 1)
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2 2 2
<A -a)llw, —ull” + anp(”xn —ull” + [|%p1 — ull )

+ 2an<f(u) — Uy X1 — u)
It follows that

[9ne1 — > < [1= (1= p)at |12 — ull®

20,
+

a0 (f(u) — Uy X1 — u) (3.23)

In Lemma 2.3, we take a,, = ||%,.1 — 1%, 8, = (1- p)a,, and &, = % (f () — s, %01 — ). We

can easily check that Zflil 8, = 00 and limsup,,_, g—z < 0. Thus, we deduce that x, — u.
CAsE 2. Assume there exists an integer #g such that ||x,,, — || < ||%,,+1 — . At this case,
we set @, = {|lx, — u||}. Then we have w,, < w,,+1. Define an integer sequence {t,} for all

n > ng as follows:
t(n) =max{{ e N|ng <! <n,w; < w1}

It is clear that 7(n) is a non-decreasing sequence satisfying
lim t(n) = 00
n=00

and
W1 (n) = W1 (n)+1
for all n > ny. From (3.22), we get

Hm |z — Tx0nll = 0.

n—00

This implies that w,,(x;(,)) C F(T). Thus, we obtain

lim sup(f () — 4, % () — ) < 0. (3.24)

n—0oQ
Since wq(y) < Wr(m+1, we have from (3.23) that

20(1;(,1)

w%(n) = w3(n>+1 = [1 -(1- Io)af(}’l)]w%(n) + m(ﬂ”) — Uy Xe(n)+l — M)
It follows that
2
W7 < —(f(u) — Uy Xt (n)+1 — M) (3.25)

) = (1 - ar(rz)p)(l - )0)

Combining (3.24) and (3.25), we have

limsup w;(» <0,

n—0oQ0
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and hence

lim ;@ = 0. (3.26)

n—00

From (3.23), we obtain

%62 ()1 — Ll||2 = [1 -(1-p)a; (”)] %2 () — u”2
2007 (n)

+ —yu)—u,x —Uj.
l—ar(n))O(f( ) T(n)+1 >

It follows that

lim sup . ()41 < limsup we(y).
n—>00 n—>00

This together with (3.26) imply that

lim ;@) = 0.

n—00

Applying Lemma 2.2 to get
0<w, = max{wr(n)’ C()'L'(n)+1}~
Therefore, w, — 0. That is, x,, — u. The proof is completed. O

Since the class of asymptotically nonexpansive mappings is a proper subclass of the class
of asymptotically pseudocontractive mappings and asymptotically nonexpansive mapping
T is L-Lipschitzian with L = sup,, k,. Thus, from Theorem 3.2, we get the following corol-
lary.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be an asymptotically nonexpansive mapping satisfying y -, (k, — 1) < co. Sup-
pose that F(T) # 0. Let f : C — C be a p-contractive mapping. Let {a,,}, {B,}, and {y,} be
three real number sequences in [0,1]. Assume the sequences {o,}, {B.}, and {y,} satisfy the
following conditions:
(i) limy—ooay =0andy o)y = 00;

(i) oy + By < vy and 0 <liminf,_, o By;

(i) O<a<y,<b< mﬁ)rall n > 1, where L = sup, k.
Then the sequence {x,} defined by (3.1) converges strongly to u = Prr\f (1), which is the
unique solution of the variational inequality ((I — f)x*,x —x*) > 0 for all x € F(T).

Remark 3.4 Our Theorem 3.2 does not impose any boundedness or compactness as-
sumption on the space C or the mapping 7. The parameter control conditions (i)-(iii) are

mild.

Remark 3.5 Our Corollary 3.3 is also a new result.
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4 Conclusion

This work contains our dedicated study to develop and improve iterative algorithms for
finding the fixed points of asymptotically pseudocontractive mappings in Hilbert spaces.
We introduced our iterative algorithm for this class of problems, and we have proven its
strong convergence. This study is motivated by relevant applications for solving classes of
real-world problems, which give rise to mathematical models in the sphere of nonlinear
analysis.
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