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Abstract
The asymptotically nonexpansive mappings have been introduced by Goebel and
Kirk in 1972. Since then, a large number of authors have studied the weak and strong
convergence problems of the iterative algorithms for such a class of mappings. It is
well known that the asymptotically nonexpansive mappings is a proper subclass of
the class of asymptotically pseudocontractive mappings. In the present paper, we
devote our study to the iterative algorithms for finding the fixed points of
asymptotically pseudocontractive mappings in Hilbert spaces. We suggest an
iterative algorithm and prove that it converges strongly to the fixed points of
asymptotically pseudocontractive mappings.
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1 Introduction
Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, respectively. Let C
be a nonempty, closed, and convex subset of H . Let T : C → C be a nonlinear mapping.
We use F(T) to denote the fixed point set of T .
Recall that T is said to be L-Lipschitzian if there exists L >  such that

‖Tx – Ty‖ ≤ L‖x – y‖

for all x, y ∈ C. In this case, if L < , then we call T an L-contraction. If L = , we call T
nonexpansive. T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂
[,∞) with limn→∞ kn =  such that

∥∥Tnx – Tny
∥∥ ≤ kn‖x – y‖ (.)

for all x, y ∈ C and all n≥ .
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk

[] in . They proved that, if C is a nonempty bounded, closed, and convex subset of a
uniformly convex Banach space E, then every asymptotically nonexpansive self-mapping
T of C has a fixed point. Further, the set F(T) of fixed points of T is closed and convex.
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Since then, a large number of authors have studied the following algorithms for the iter-
ative approximation of fixed points of asymptotically nonexpansive mappings (see, e.g.,
[–] and the references therein).
(A) The modified Mann iterative algorithm. For arbitrary x ∈ C, the modified Mann

iteration generates a sequence {xn} by

xn+ = ( – αn)xn + αnTnxn, ∀n≥ . (.)

(B) The modified Ishikawa iterative algorithm. For arbitrary x ∈ C, the modified
Ishikawa iteration generates a sequence {xn} by

⎧⎨
⎩
yn = ( – βn)xn + βnTnxn,

xn+ = ( – αn)xn + αnTnyn, ∀n≥ .
(.)

(C) The CQ algorithm. For arbitrary x ∈ C, the CQ algorithm generates a sequence
{xn} by

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

yn = αnxn + ( – αn)Tnxn,

Cn = {z ∈ C : ‖yn – z‖ ≤ ‖xn – z‖ + θn},
Qn = {z ∈ C : 〈xn – z,x – xn〉 ≥ },
xn+ = PCn∩Qn (x), ∀n≥ .

(.)

An important class of asymptotically pseudocontractivemappings generalizing the class
of asymptotically nonexpansivemapping has been introduced and studied by Schu in ;
see [].
Recall that T : C → C is called an asymptotically pseudocontractive mapping if there ex-

ists a sequence {kn} ⊂ [,∞) with limn→∞ kn =  for which the following inequality holds:

〈
Tnx – Tny,x – y

〉 ≤ kn‖x – y‖ (.)

for all x, y ∈ C and all n ≥ . It is clear that (.) is equivalent to

∥∥Tnx – Tny
∥∥ ≤ kn‖x – y‖ + ∥∥(

x – Tnx
)
–

(
y – Tny

)∥∥ (.)

for all x, y ∈ C and all n ≥ .
Recall also that T is called uniformly L-Lipschitzian if there exists L >  such that

∥∥Tnx – Tny
∥∥ ≤ L‖x – y‖

for all x, y ∈ C and all n ≥ .
Now, we know that the class of asymptotically nonexpansive mappings is a proper sub-

class of the class of asymptotically pseudocontractive mappings. If we define a mapping
T : [, ] → [, ] by the formula Tx = (–x 

 )  , then we can verify that T is asymptotically
pseudocontractive but it is not asymptotically nonexpansive.
In order to approximate the fixed point of asymptotically pseudocontractive mappings,

the following two results are interesting.
One is due to Schu [], who proved the following convergence theorem.
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Theorem . Let H be a Hilbert space, C be a nonempty closed bounded and convex
subset of H . Let T be a completely continuous, uniformly L-Lipschitzian and asymptoti-
cally pseudocontractive self-mapping of C with {kn} ⊂ [,∞) and

∑∞
n=(qn – ) < ∞, where

qn = (kn – ) for all n ≥ . Let {αn} ⊂ [, ] and {βn} ⊂ [, ] be two sequences satisfying
 < ε ≤ αn ≤ βn ≤ b < L–(

√
 + L – ) for all n ≥ . Then the sequence {xn} generated by

the modified Ishikawa iteration (.) converges strongly to some fixed point of T .

Another one is due toChidume andZegeye []who introduced the following algorithm
in .
Let a sequence {xn} be generated from x ∈ C by

xn+ = λnθnx + ( – λn – λnθn)xn + λnTnxn, ∀n≥ , (.)

where the sequences {λn} and {θn} satisfy
(i)

∑∞
n= λnθn =∞ and λn( + θn)≤ ;

(ii) λn
θn

→ , θn →  and
( θn–

θn –)
λnθn

→ ;
(iii) kn–kn–

λnθn
→ ;

(iv) kn–
θn

→ .
They gave the strong convergence analysis for the above algorithm (.) with some fur-

ther assumptions on the mapping T in Banach spaces.

Remark . Note that there are some additional assumptions imposed on the underlying
space C and the mapping T in the above two results. In (.), the parameter control is also
restricted.

Inspired by the results above, the main purpose of this article is to construct an iterative
method for finding the fixed points of asymptotically pseudocontractive mappings. We
construct an algorithm which is based on the algorithms (.) and (.). Under some mild
conditions, we prove that the suggested algorithm converges strongly to the fixed point of
asymptotically pseudocontractive mapping T .

2 Preliminaries
It is well known that in a real Hilbert space H , the following inequality and equality hold:

‖x + y‖ ≤ ‖x‖ + 〈y,x + y〉, ∀x, y ∈H (.)

and

∥∥tx + ( – t)y
∥∥ = t‖x‖ + ( – t)‖y‖ – t( – t)‖x – y‖ (.)

for all x, y ∈ H and t ∈ [, ].

Lemma . ([]) Let C be a nonempty bounded and closed convex subset of a real Hilbert
space H . Let T : C → C be a uniformly L-Lipschtzian and asymptotically pseudocontrac-
tion. Then I – T is demiclosed at zero.

Lemma . ([]) Let {rn} be a sequence of real numbers. Assume {rn} does not decrease
at infinity, that is, there exists at least a subsequence {rnk } of {rn} such that rnk ≤ rnk+ for

http://www.fixedpointtheoryandapplications.com/content/2014/1/100
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all k ≥ . For every n ≥N , define an integer sequence {τ (n)} as

τ (n) =max{i≤ n : rni < rni+}.

Then τ (n) → ∞ as n→ ∞, and for all n≥N

max{rτ (n), rn} ≤ rτ (n)+.

Lemma . ([]) Assume that {an} is a sequence of nonnegative real numbers such that

an+ ≤ ( – δn)an + ξn,

where {δn} is a sequence in (, ) and {ξn} is a sequence such that
(i)

∑∞
n= δn =∞;

(ii) lim supn→∞
ξn
δn

≤  or
∑∞

n= |ξn| < ∞.
Then limn→∞ an = .

3 Main results
Now we introduce the following iterative algorithm for asymptotically pseudocontractive
mappings.
Let C be a nonempty, closed, and convex subset of a real Hilbert space H . Let T :

C → C be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping satis-
fying

∑∞
n=(kn –) < ∞. Let f : C → C be a ρ-contractive mapping. Let {αn}, {βn}, and {γn}

be three real number sequences in [, ].

Algorithm . For x ∈ C, define the sequence {xn} by
⎧⎨
⎩
yn = ( – γn)xn + γnTnxn,

xn+ = αnf (xn) + ( – αn – βn)xn + βnTnyn, ∀n≥ .
(.)

Next, we prove our main result as follows.

Theorem . Suppose that F(T) �= ∅.Assume the sequences {αn}, {βn}, and {γn} satisfy the
following conditions:

(i) limn→∞ αn =  and
∑∞

n= αn =∞;
(ii) αn + βn ≤ γn and  < lim infn→∞ βn;
(iii)  < a ≤ γn ≤ b < √

(+kn)+L++kn
for all n≥ .

Then the sequence {xn} defined by (.) converges strongly to u = PF(T)f (u), which is the
unique solution of the variational inequality 〈(I – f )x∗,x – x∗〉 ≥  for all x ∈ F(T).

Proof From (.), we have

‖xn+ – u‖
=

∥∥αnf (xn) + ( – αn – βn)xn + βnTnyn – u
∥∥

≤ ∥∥αn
(
f (xn) – u

)
+ ( – αn – βn)(xn – u) + βn

(
Tnyn – u

)∥∥

http://www.fixedpointtheoryandapplications.com/content/2014/1/100
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=
∥∥∥∥αn

(
f (xn) – u

)
+ ( – αn)

(
 – αn – βn

 – αn
(xn – u) +

βn

 – αn

(
Tnyn – u

))∥∥∥∥
≤ ( – αn)

∥∥∥∥ ( – αn – βn)(xn – u)
 – αn

+
βn(Tnyn – u)

 – αn

∥∥∥∥ + αn
∥∥f (xn) – u

∥∥. (.)

Using the equality (.), we get

∥∥∥∥ ( – αn – βn)(xn – u)
 – αn

+
βn(Tnyn – u)

 – αn

∥∥∥∥


=
 – αn – βn

 – αn
‖xn – u‖ + βn

 – αn

∥∥Tnyn – u
∥∥

–
βn( – αn – βn)

( – αn)
∥∥xn – Tnyn

∥∥. (.)

Picking up y = u in (.) we deduce

∥∥Tnx – u
∥∥ ≤ kn‖x – u‖ + ∥∥x – Tnx

∥∥ (.)

for all x ∈ C.
From (.), (.), and (.), we obtain

∥∥Tnyn – u
∥∥

≤ kn‖yn – u‖ + ∥∥yn – Tnyn
∥∥

= kn
∥∥( – γn)xn + γnTnxn – u

∥∥ +
∥∥( – γn)xn + γnTnxn – Tnyn

∥∥

= kn
∥∥( – γn)(xn – u) + γn

(
Tnxn – u

)∥∥

+
∥∥( – γn)

(
xn – Tnyn

)
+ γn

(
Tnxn – Tnyn

)∥∥

= kn
[
( – γn)‖xn – u‖ + γn

∥∥Tnxn – u
∥∥ – γn( – γn)

∥∥xn – Tnxn
∥∥]

+ ( – γn)
∥∥xn – Tnyn

∥∥ + γn
∥∥Tnxn – Tnyn

∥∥ – γn( – γn)
∥∥xn – Tnxn

∥∥

≤ kn
[
( – γn)‖xn – u‖ + γn

(
kn‖xn – u‖ + ∥∥xn – Tnxn

∥∥)
– γn( – γn)

∥∥xn – Tnxn
∥∥] + ( – γn)

∥∥xn – Tnyn
∥∥

+ γn
∥∥Tnxn – Tnyn

∥∥ – γn( – γn)
∥∥xn – Tnxn

∥∥. (.)

By (.), we have

‖xn – yn‖ = γn
∥∥xn – Tnxn

∥∥. (.)

Noting that T is uniformly L-Lipschitzian, from (.) and (.), we deduce

∥∥Tnyn – u
∥∥

≤ kn
[
( – γn)‖xn – u‖ + γn

(
kn‖xn – u‖ + ∥∥xn – Tnxn

∥∥)
– γn( – γn)

∥∥xn – Tnxn
∥∥] + ( – γn)

∥∥xn – Tnyn
∥∥
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+ γnL‖xn – yn‖ – γn( – γn)
∥∥xn – Tnxn

∥∥

= kn
[
( – γn)‖xn – u‖ + γn

(
kn‖xn – u‖ + ∥∥xn – Tnxn

∥∥)
– γn( – γn)

∥∥xn – Tnxn
∥∥] + ( – γn)

∥∥xn – Tnyn
∥∥

+ γ 
n L

∥∥xn – Tnxn
∥∥ – γn( – γn)

∥∥xn – Tnxn
∥∥

=
[
 + (knγn + )(kn – )

]‖xn – u‖ + ( – γn)
∥∥xn – Tnyn

∥∥

– γn
(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥. (.)

By condition (iii), we know that γn ≤ b < √
(+kn)+L+kn+

for all n. Then we deduce that

 – γn – knγn – γ 
n L >  for all n≥ .

Therefore, from (.), we derive

∥∥Tnyn – u
∥∥ ≤ [

 + (knγn + )(kn – )
]‖xn – u‖

+ ( – γn)
∥∥xn – Tnyn

∥∥. (.)

Note that βn ≤  – αn and substituting (.) to (.), we obtain

∥∥∥∥ ( – αn – βn)(xn – u)
 – αn

+
βn(Tnyn – u)

 – αn

∥∥∥∥


≤ βn

 – αn

{[
 + (knγn + )(kn – )

]‖xn – u‖ + ( – γn)
∥∥xn – Tnyn

∥∥}

+
 – αn – βn

 – αn
‖xn – u‖ – βn( – αn – βn)

( – αn)
∥∥xn – Tnyn

∥∥

=
[
 +

βn

 – αn
(knγn + )(kn – )

]
‖xn – u‖ + βn(αn + βn – γn)

( – αn)
∥∥xn – Tnyn

∥∥

≤
[
 +

βn

 – αn
(knγn + )(kn – )

]
‖xn – u‖

≤ [
 + (knγn + )(kn – )

]‖xn – u‖.

Thus,
∥∥∥∥ ( – αn – βn)(xn – u)

 – αn
+

βn(Tnyn – u)
 – αn

∥∥∥∥
≤ √

 + (knγn + )(kn – )‖xn – u‖
≤ [

 + (knγn + )(kn – )
]‖xn – u‖. (.)

Since kn → , without loss of generality, we assume that kn ≤  for all n≥ . It follows from
(.) and (.) that

‖nxn+ – u‖
≤ αn

∥∥f (xn) – u
∥∥ + ( – αn)

[
 + (knγn + )(kn – )

]‖nxn – u‖
≤ αn

∥∥f (xn) – f (u)
∥∥ + αn

∥∥f (u) – u
∥∥
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+ ( – αn)
[
 + (knγn + )(kn – )

]‖xn – u‖
≤ αnρ‖xn – u‖ + αn

∥∥f (u) – u
∥∥

+ ( – αn)
[
 + (knγn + )(kn – )

]‖xn – u‖
≤ αn

∥∥f (u) – u
∥∥ +

[
 – ( – ρ)αn

]‖xn – u‖
+ (knγn + )(kn – )‖xn – u‖

≤ ( – ρ)αn
‖f (u) – u‖

 – ρ
+

[
 – ( – ρ)αn

]‖xn – u‖ + (kn – )‖xn – u‖.

An induction induces

‖xn+ – u‖ ≤ [
 + (kn – )

]
max

{
‖xn – u‖, ‖f (u) – u‖

 – ρ

}

≤
n∏
j=

[
 + (kj – )

]
max

{
‖x – u‖, ‖f (u) – u‖

 – ρ

}
.

This implies that the sequence {xn} is bounded by the condition
∑∞

n=(kn – ) <∞.
From (.) and (.), we have

‖xn+ – u‖

=
∥∥( – αn)(xn – u) – βn

(
xn – Tnyn

)
+ αn

(
f (xn) – u

)∥∥

≤ ∥∥( – αn)(xn – u) – βn
(
xn – Tnyn

)∥∥ + αn
〈
f (xn) – u,xn+ – u

〉
=

∥∥( – αn)(xn – u)
∥∥ – βn( – αn)

〈
xn – Tnyn,xn – u

〉
+ β

n
∥∥xn – Tnyn

∥∥ + αn
〈
f (xn) – u,xn+ – u

〉
. (.)

From (.), we deduce


〈
xn – Tnyn,xn – u

〉
≥ γn

∥∥xn – Tnyn
∥∥ + γn

(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥

– (knγn + )(kn – )‖xn – u‖

≥ γn
(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥ + γn
∥∥xn – Tnyn

∥∥. (.)

By condition (ii), we have  ≥ γn ≥ αn + βn ≥ αnγn + βn for all n ≥ . Hence, by (.) and
(.), we get

‖xn+ – u‖

≤ ( – αn)‖xn – u‖ – βn( – αn)γn
∥∥xn – Tnyn

∥∥ + β
n
∥∥xn – Tnyn

∥∥

– βn( – αn)γn
(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥

+ αn
〈
f (xn) – u,xn+ – u

〉
≤ ( – αn)‖xn – u‖ + αn

〈
f (xn) – u,xn+ – u

〉
– βn( – αn)γn

(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥. (.)
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It follows that

‖xn+ – u‖ – ‖xn – u‖ + βn( – αn)γn
(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥

≤ αn
(

〈
f (xn) – u,xn+ – u

〉
– ‖xn – u‖).

Since {xn} and {f (xn)} are bounded, there exists M >  such that supn{〈f (xn) – u,xn+ –
u〉 – ‖xn – u‖} ≤M. So,

βn( – αn)γn
(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥

+ ‖xn+ – u‖ – ‖xn – u‖ ≤ αnM. (.)

Next, we consider two possible cases.
Case . Assume there exists some integer m >  such that {‖xn – u‖} is decreasing for

all n≥m.
In this case, we know that limn→∞ ‖xn – u‖ exists. From (.), we deduce

βn( – αn)γn
(
 – γn – knγn – γ 

n L
)∥∥xn – Tnxn

∥∥

≤ ‖xn – u‖ – ‖xn+ – u‖ +Mαn. (.)

By conditions (ii) and (iii), we have lim infn→∞ βn(–αn)γn(–γn – knγn –γ 
n L) > . Thus,

from (.), we get

lim
n→∞

∥∥xn – Tnxn
∥∥ = . (.)

It follows from (.) and (.) that

lim
n→∞‖xn – yn‖ = . (.)

Since T is uniformly L-Lipschitzian, we have ‖Tnyn – Tnxn‖ ≤ L‖xn – yn‖. This together
with (.) implies that

lim
n→∞

∥∥Tnyn – Tnxn
∥∥ = . (.)

Note that

∥∥xn – Tnyn
∥∥ ≤ ∥∥xn – Tnxn

∥∥ +
∥∥Tnxn – Tnyn

∥∥. (.)

Combining (.), (.), and (.), we have

lim
n→∞

∥∥xn – Tnyn
∥∥ = . (.)

From (.), we deduce

‖xn+ – xn‖ ≤ αn
∥∥f (xn) – xn

∥∥ + βn
∥∥Tnyn – xn

∥∥.
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Therefore,

lim
n→∞‖xn+ – xn‖ = . (.)

Since T is uniformly L-Lipschitzian, we derive

‖xn – Txn‖
≤ ∥∥xn – Tnxn

∥∥ +
∥∥Tnxn – Txn

∥∥
≤ ∥∥xn – Tnxn

∥∥ + L
∥∥Tn–xn – xn

∥∥
≤ ∥∥xn – Tnxn

∥∥ + L
∥∥Tn–xn – Tn–xn–

∥∥
+ L

∥∥Tn–xn– – xn–
∥∥ + L‖xn– – xn‖

≤ ∥∥xn – Tnxn
∥∥ +

(
L + L

)‖xn – xn–‖ + L
∥∥Tn–xn– – xn–

∥∥. (.)

By (.), (.), and (.), we have immediately

lim
n→∞‖xn – Txn‖ = . (.)

Since {xn} is bounded, there exists a subsequence {xnk } of {xn} satisfying

xnk → x̃ ∈ C

and

lim sup
n→∞

〈
f (u) – u,xn – u

〉
= lim

k→∞
〈
f (u) – u,xnk – u

〉
.

Thus, we use the demiclosed principle of T (Lemma .) and (.) to deduce

x̃ ∈ F(T).

So,

lim sup
n→∞

〈
f (u) – u,xn – u

〉
= lim

k→∞
〈
f (u) – u,xnk – u

〉

=
〈
f (u) – u, x̃ – u

〉
≤ .

Returning to (.) to obtain

‖xn+ – u‖ ≤ ( – αn)‖xn – u‖ + αn
〈
f (xn) – u,xn+ – u

〉
= ( – αn)‖xn – u‖ + αn

〈
f (xn) – f (u),xn+ – u

〉
+ αn

〈
f (u) – u,xn+ – u

〉
≤ ( – αn)‖xn – u‖ + αnρ‖xn – u‖‖xn+ – u‖

+ αn
〈
f (u) – u,xn+ – u

〉
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≤ ( – αn)‖xn – u‖ + αnρ
(‖xn – u‖ + ‖xn+ – u‖)

+ αn
〈
f (u) – u,xn+ – u

〉
.

It follows that

‖xn+ – u‖ ≤ [
 – ( – ρ)αn

]‖xn – u‖

+
αn

 – αnρ

〈
f (u) – u,xn+ – u

〉
. (.)

In Lemma ., we take an = ‖xn+ –u‖, δn = (–ρ)αn, and ξn = αn
–αnρ

〈f (u)–u,xn+ –u〉.We
can easily check that

∑∞
n= δn =∞ and lim supn→∞

ξn
δn

≤ . Thus, we deduce that xn → u.
Case . Assume there exists an integer n such that ‖xn –u‖ ≤ ‖xn+ –u‖. At this case,

we set ωn = {‖xn – u‖}. Then we have ωn ≤ ωn+. Define an integer sequence {τn} for all
n≥ n as follows:

τ (n) =max{l ∈N|n ≤ l ≤ n,ωl ≤ ωl+}.

It is clear that τ (n) is a non-decreasing sequence satisfying

lim
n→∞ τ (n) =∞

and

ωτ (n) ≤ ωτ (n)+

for all n ≥ n. From (.), we get

lim
n→∞‖xτ (n) – Txτ (n)‖ = .

This implies that ωw(xτ (n)) ⊂ F(T). Thus, we obtain

lim sup
n→∞

〈
f (u) – u,xτ (n) – u

〉 ≤ . (.)

Since ωτ (n) ≤ ωτ (n)+, we have from (.) that

ω
τ (n) ≤ ω

τ (n)+ ≤ [
 – ( – ρ)ατ (n)

]
ω

τ (n) +
ατ (n)

 – ατ (n)ρ

〈
f (u) – u,xτ (n)+ – u

〉
.

It follows that

ω
τ (n) ≤


( – ατ (n)ρ)( – ρ)

〈
f (u) – u,xτ (n)+ – u

〉
. (.)

Combining (.) and (.), we have

lim sup
n→∞

ωτ (n) ≤ ,
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and hence

lim
n→∞ωτ (n) = . (.)

From (.), we obtain

‖xτ (n)+ – u‖ ≤ [
 – ( – ρ)ατ (n)

]‖xτ (n) – u‖

+
ατ (n)

 – ατ (n)ρ

〈
f (u) – u,xτ (n)+ – u

〉
.

It follows that

lim sup
n→∞

ωτ (n)+ ≤ lim sup
n→∞

ωτ (n).

This together with (.) imply that

lim
n→∞ωτ (n)+ = .

Applying Lemma . to get

 ≤ ωn ≤max{ωτ (n),ωτ (n)+}.

Therefore, ωn → . That is, xn → u. The proof is completed. �

Since the class of asymptotically nonexpansivemappings is a proper subclass of the class
of asymptotically pseudocontractivemappings and asymptotically nonexpansivemapping
T is L-Lipschitzian with L = supn kn. Thus, from Theorem ., we get the following corol-
lary.

Corollary . Let C be a nonempty closed convex subset of a real Hilbert space H . Let
T : C → C be an asymptotically nonexpansive mapping satisfying

∑∞
n=(kn – ) < ∞. Sup-

pose that F(T) �= ∅. Let f : C → C be a ρ-contractive mapping. Let {αn}, {βn}, and {γn} be
three real number sequences in [, ]. Assume the sequences {αn}, {βn}, and {γn} satisfy the
following conditions:

(i) limn→∞ αn =  and
∑∞

n= αn =∞;
(ii) αn + βn ≤ γn and  < lim infn→∞ βn;
(iii)  < a ≤ γn ≤ b < √

(+L)+L++L
for all n≥ , where L = supn kn.

Then the sequence {xn} defined by (.) converges strongly to u = PF(T)f (u), which is the
unique solution of the variational inequality 〈(I – f )x∗,x – x∗〉 ≥  for all x ∈ F(T).

Remark . Our Theorem . does not impose any boundedness or compactness as-
sumption on the space C or the mapping T . The parameter control conditions (i)-(iii) are
mild.

Remark . Our Corollary . is also a new result.
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4 Conclusion
This work contains our dedicated study to develop and improve iterative algorithms for
finding the fixed points of asymptotically pseudocontractive mappings in Hilbert spaces.
We introduced our iterative algorithm for this class of problems, and we have proven its
strong convergence. This study is motivated by relevant applications for solving classes of
real-world problems, which give rise to mathematical models in the sphere of nonlinear
analysis.
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26. Yao, Y, Ćirić, L, Liou, YC, Chen, R: Iterative algorithms for a finite family of asymptotically nonexpansive mappings. Dyn.
Contin. Discrete Impuls. Syst., Ser. A Math. Anal. 18, 27-39 (2011)

27. Yao, Y, Liou, YC: Strong convergence to common fixed points of a finite family of asymptotically nonexpansive
mappings. Taiwan. J. Math. 11, 849-865 (2007)

28. Zegeye, H, Shahzad, N: Strong convergence theorems for continuous semigroups of asymptotically nonexpansive
mappings. Numer. Funct. Anal. Optim. 30, 833-848 (2009). doi:10.1080/01630560903123197

29. Zegeye, H, Shahzad, N: Approximation of the common minimum-norm fixed point of a finite family of asymptotically
nonexpansive mappings. Fixed Point Theory Appl. 2013, 1 (2013). doi:10.1186/1687-1812-2013-1

30. Chidume, CE, Zegeye, H: Approximate fixed point sequences and convergence theorems for asymptotically
pseudocontractive mappings. J. Math. Anal. Appl. 278, 354-366 (2003). doi:10.1016/S0022-247X(02)00572-3

31. Zhou, H: Demiclosedness principle with applications for asymptotically pseudo-contractions in Hilbert spaces.
Nonlinear Anal. 70, 3140-3145 (2009). doi:10.1016/j.na.2008.04.017

32. Mainge, PE: Approximation methods for common fixed points of nonexpansive mappings in Hilbert spaces. J. Math.
Anal. Appl. 325, 469-479 (2007). doi:10.1016/j.jmaa.2005.12.066

33. Xu, HK: Iterative algorithms for nonlinear operators. J. Lond. Math. Soc. 66, 240-256 (2002).
doi:10.1112/S0024610702003332

10.1186/1687-1812-2014-100
Cite this article as: Yao et al.: Strong convergence of approximated iterations for asymptotically pseudocontractive
mappings. Fixed Point Theory and Applications 2014, 2014:100

http://www.fixedpointtheoryandapplications.com/content/2014/1/100
http://dx.doi.org/10.1016/0362-546X(94)00278-P
http://dx.doi.org/10.1016/S0362-546X(97)00682-2
http://dx.doi.org/10.1006/jath.1996.3251
http://dx.doi.org/10.1186/1687-1812-2012-177
http://dx.doi.org/10.1080/01630560903123197
http://dx.doi.org/10.1186/1687-1812-2013-1
http://dx.doi.org/10.1016/S0022-247X(02)00572-3
http://dx.doi.org/10.1016/j.na.2008.04.017
http://dx.doi.org/10.1016/j.jmaa.2005.12.066
http://dx.doi.org/10.1112/S0024610702003332

	Strong convergence of approximated iterations for asymptotically pseudocontractive mappings
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Conclusion
	Competing interests
	Authors' contributions
	Author details
	References


