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Abstract

In this paper, we introduce two class of generalized cyclic orbital Meir-Keeler
contractions and we study the existence and uniqueness of fixed points for these
mappings. Our results in this paper extend and generalize several existing fixed-point
theorems in the literature.
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1 Introduction and preliminaries

Throughout this paper, by R*, we denote the set of all non-negative numbers, while N is
the set of all natural numbers. It is well known and easy to prove that if (X, d) is a complete
metric space, and if f : X — X is continuous and f satisfies

d(fx,fzx) <k-d(xfx), forallxeXandke(0,1),

then f has a fixed point in X. Using the above conclusion, Kirk, Srinivasan and Veeramani
[1] proved the following fixed-point theorem.

Theorem 1 [1] Let A and B be two nonempty closed subsets of a complete metric space
(X,d), and suppose f : AU B — AU B satisfies

(i) f(A) CBandf(B) C A,

(il) d(fx,fy) <k-d(x,y) forallx € A,y € Band k € (0,1).
Then A N B is nonempty and [ has a unique fixed point in A N B.

The following definitions and results will be needed in the sequel. Let A and B be two
nonempty subsets of a metric space (X, d). A mapping f : AU B — A U B s called a cyclic
map if f(A) € B and f(B) € A. In 2010, Karpagam and Agrawal [2] introduced the notion
of cyclic orbital contraction, and obtained a unique fixed point theorem for such a map.

Definition 1 [2] Let A and B be nonempty subsets of a metric space (X,d), f:AUB —
A U B be a cyclic map such that for some x € A, there exists a k, € (0,1) such that

a(f"x.fy) <k -d(f*'x,y9), neNyeA.

Then f is called a cyclic orbital contraction.
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Theorem 2 [2] Let A and B be two nonempty closed subsets of a complete metric space
(X,d), and let f : AUB — AU B be a cyclic orbital contraction. Then f has a fixed point in
ANB.

Further, many results dealing with cyclic contractions have appeared in the literature
(see, e.g., [3-16]).

In 2012, Chen [17] introduced the below notion of cyclic orbital stronger Meir-Keeler
contraction, and obtained a unique fixed-point theorem for such class of mappings.

Definition 2 [17] Let (X, d) be a metric space. We call ¢ : R* — [0,1) a stronger Meir-
Keeler type mapping in X if the mapping v satisfies the following condition:

vn>0,38>0,3y, €[0,1),Vx,yeX (n<dxy) <d+n= v (dxy) <)

Definition 3 [17] Let A and B be nonempty subsets of a metric space (X,d). Suppose
f:AUB— AU B is a cyclic map such that for some x € A, there exists a stronger Meir-
Keeler type mapping v, : R* — [0,1) in X such that

d(fz"x,fy) < wx (d(on—lx’ y)) . d(on—lx’ y)’

for all # € N and y € A. Then f is called a cyclic orbital stronger Meir-Keeler -

contraction.

Clearly, if f : AU B — A U B is a cyclic orbital contraction, then f is a cyclic orbital

stronger Meir-Keeler y/,-contraction, where () = k, for all ¢t € R*.

Theorem 3 [17] Let A and B be two nonempty closed subsets of a complete metric space
(X,d), and let . : R* — [0,1) be a stronger Meir-Keeler type mapping in X. Suppose f : AU
B — AU B is a cyclic orbital stronger Meir-Keeler \,-contraction. Then A N B is nonempty
and f has a unique fixed point in AN B.

Chen [17] also introduced the below notion of cyclic orbital weaker Meir-Keeler con-

traction, and obtained a unique fixed-point theorem for such class of mappings.

Definition 4 [17] Let (X, d) be a metric space, and ¢ : R* — R*. Then v is called a weaker
Meir-Keeler type mapping in X, if the mapping v satisfies the following condition:

V1 >0,38>0,Vx,y e X (n <dx,y)<8+n=Ing er”O(d(x,y)) <n).

Definition 5 [17] Let (X, d) be a metric space. We call f : R* — R* a y/-mapping in X if
the function f satisfies the following conditions:

(Y1) f is a weaker Meir-Keeler type mapping in X with £(0) = 0;
(V) () iflim, o t, =y >0, then lim,_, o f(£,) <y, and

(b) if lim,— 0o £, = 0, then lim,—, oo f(£,) = 0;
(¥3) {f"(¢)}nen is decreasing, for each t € R*\{0}.
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Definition 6 [17] Let A and B be nonempty subsets of a metric space (X,d). Suppose
f:AUB — AU B is a cyclic map such that for some x € A, there exists a ¥/ -mapping
Yy : R* - R* in X such that

d(onx,fy) < wx (d(on—lx, y)),
foralln €e Nand y € A. Then f is called a cyclic orbital weaker Meir-Keeler y,-contraction.

Theorem 4 [17] Let A and B be two nonempty closed subsets of a complete metric space
(X,d), and let Y, : R* — R* be a y-mapping in X. Suppose f : AUB — AU B is a cyclic
orbital weaker Meir-Keeler vr.-contraction. Then A N B is nonempty and f has a unique
fixed point in AN B.

2 Fixed-point theorems (l)
In this section, we will introduce the class of generalized cyclic orbital stronger Meir-
Keeler (v, ¢)-contraction and we study the existence and uniqueness of fixed points for
such mappings. Our results in this section extend and generalize several existing fixed-
point theorems in the literature, including Theorem 2 and Theorem 3.

In the sequel, we denote by ® the class of functions ¢ : R*®> — R* satisfying the following

conditions:

(¢1) ¢ is astrictly increasing, continuous function in each coordinate;
(py) forall >0, @(t,t,t,0,2t) < t, (L, t,t,2t,0) < £, (£,0,0,t,t) <t, ¢(0,0,t¢£0) < £, and
¢(0,0,0,0,0) = 0.

E](alllplel Let¢ :IER IR :lall:te
, 6, b3, 4, = — . max s, b3, —ta, — .
1,825 83,845 L5 3 1,62, 63 2 4 2 5

Then ¢ satisfies the above conditions (¢1) and (¢,).

We now denote the below notion of generalized cyclic orbital stronger Meir-Keeler

(Y, @)-contraction.

Definition 7 Let A and B be nonempty subsets of a metric space (X,d). Suppose f: A U
B — A U B is a cyclic map such that for some x € A, there exist a stronger Meir-Keeler
type mapping ¥, : R* — [0,1) in X and ¢ € © such that

d(f*"x,fy) < Y (d(f*x,9)) - 0,
where

0= (p(d(on—lxly), d(on—lx’fZMx)’ d(fy;y), d(fzn_lx1fy); d(onx,y))

forall » € N and y € A. Then f is called a generalized cyclic orbital stronger Meir-Keeler

(¥, @)-contraction.
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Our main result is the following.

Theorem 5 Let A and B be two nonempty closed subsets of a complete metric space (X, d),
and let Y : R* — [0,1) be a stronger Meir-Keeler type mapping in X and ¢ € ©. Suppose
f:+AUB— AU B is a generalized cyclic orbital stronger Meir-Keeler (, ¢)-contraction.
Then A N B is nonempty and [ has a unique fixed point in A N B.

Proof Since f : AU B — AU B is a generalized cyclic orbital stronger Meir-Keeler (v, ¢)-
contraction and for x € A, we have f?"x € A. Put y = f?"x, for n € N. Then we have that for

eachneN

d(fZ”x,fZ””x) < wx(d(on—lx,onx)) .0,
9= (p(d(an—lx’onx),d(on—lx,ertx)’d(f2n+1x,f2nx)’d(f2n—1x’f2n+lx)’d(fZHx’anx))
_ <p( d(f2n—l x f x), d(on—l X, f2 x), d(fz”“ X f x), d(on—l X, f2 %)
+d(fz"x,f2”+1x),0)

and by the conditions of the function ¢, we get
0 < d(on—lx’onx),
and

d(onx’onHx) < 1//x (d(f‘zn—lx’fZle)) . d(on—lx,onx)
<d(f*'x,f*x). (2.1)

Similarly, we put y = f?"x and for each n € N

A ) = ()
< Ul ) 0,
0 = (A2 2, f2), (7, £ 2), (2, f27),
A ), )
= Q(d(F2" a0, f2%), d(F2" 0, 272, d (P, f27), 0, d (£, 2 )
()

and by the conditions of the function ¢, we get
0 < d(fZ"x,fz"“x),
and

d(on+1x’f2n+2x) < l[fx (d(erHlx’onx)) X d(f2”x,f2"+1x)
f d(onx,fZHJrlx)' (2.2)

Page 4 of 10
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Using inequalities (2.1) and (2.2), we deduce that {d(f"x,f"*'x)} is a decreasing sequence
and hence it is convergent. Let lim,,_, o, d(f"x, f"*x) = . Then there exists ko € Nand § > 0
such that for all 7 > kg,

n< d(f”x,f””x) <n+8.

Taking into account the above inequality and the definition of stronger Meir-Keeler type
mapping ¥, in X, corresponding to 7 use, there exists y, € [0,1) such that

wx(d(f”x,f"*lx)) <y, foralln> k. (2.3)

Put ng = ["";3], where [K°2+3] is the integer part of K°2+3. It follows from (2.1), (2.2) and (2.3)

that we deduce that for all # > ng,
A(f?x, " x) < Y (d(F 7, f27x)) - d (F e, f2x)
<yy - d(f a2 x), (2.4)
and
A" 5 f2) < (A5 )) ()
<y d(fP P x). (2.5)
It follows from (2.4) and (2.5) that for each n € N U {0}
A(f>o " x, £ x) <yt d(F0 i, f210x). (2.6)
Since y, <1, we get

lim d(f~2n0+nx’f2n0+n+1x) =0.

n—00

For m,n € N with m > n, we have
m-1 ym—l
d(f2n0+nx,f2no+mx) < Zd(f2n0+ix,f2n0+i+lx) < - n y d(fz""x,fZ”"*lx),
i=n g

and hence d(f"x,f"x) — 0, since 0 < y, < 1. So, {f"x} is a Cauchy sequence. Since (X, d)
is a complete metric space, A and B are closed, {f"x} C A U B, there exists v € A U B such
that lim,,_, o f"x = v. Now {f?"x} is a sequence in A and {f*"*1x} is a sequence in B, and
also both converge to v. Since A and B are closed, v € A N B, and so A N B is nonempty.
Next, we want to show that v is a fixed point of f. Suppose that v is not a fixed point of f.
Then d(v,fv) > 0. Since lim,,_, o, d(f?"x,v) = 0 and

d(fznx,fv) < wx(d(fz”_lx, v)) -9,

where

0 =(d(f*'x,v),d(f* %, %), d(fv,v), d(f*" " x,fv),d(f*x,v)),
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we obtain that

dv,fv) = nlingo d(fz”x,fv)
<V <p(d(v, v),d(v,v),d(fv,v),d(v,fv),d(v, v))
< <p(0, 0,d(v,fv),d(v,fv), 0)
<d(v,fv).
This leads to a contradiction. So, d(v,fv) = 0, that is, v is a fixed point of f.
Finally, we want to show the uniqueness of the fixed point. Let & be another fixed point

of f. By the cyclic character of f, we have v, u € ANB. Since f is a generalized cyclic orbital
stronger Meir-Keeler (1, ¢)-contraction, we have

d(v, p) =d(v,fu) = lim d(f*"x.fp), (2.7)
and

A(f*"x,fu) < v (d(f o n)) -0 <y, -0, (2.8)
where

0 = (p(d(on—lx, M)’d(on—lx’onx),d(fM,M)’d(on—lx’fM),d(onx’ /fL))

It follows from (2.7), (2.8) and the condition (¢;) of the mapping ¢ that

d(V’ I'L) < yr] : QD(d(V; /'L)r d(l), V)’d(f:u“r /’L): d(v,f,u),d(v, /'L))
< ¢(dv,10),0,0,d(v, ), d(v, 1))

<d(v, ).

This leads to a contradiction. Therefore, v = i, and so v is the unique fixed point of f.
O

We give the following example to illustrate Theorem 5.
Example 2 Let A =B =X =R"* and we defined: X x X — R* by
dix,y)=|x—y|, forx,yeX,
and let f : X — X denote

0, if0o<x<l;

1 .
16 ifx>1.

Sflx) =

We next define ¢, : R* — [0,1) by

1, ifo<e<y
1ﬁx(’f) = . .
ift>1,

t+1’
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and let ¢ : R*> — R* denote

1 1 1
ti, by, t3, Ly, t5) = — - max;3 f, £y, L3, —t4, =15 ¢.
90(12345)2 {1232425}

Thenf is a generalized cyclic orbital stronger Meir-Keeler (v, ¢)-contraction and 0 is the

unique fixed point.

3 Fixed-point theorems (ll)
In this section, we will introduce the class of generalized cyclic orbital weaker Meir-Keeler
(Yx, @)-contraction and we study the existence and uniqueness of fixed points for such
mappings.

In the sequel, we denote by ® the class of functions ¢ : R* — R* satisfying the following
conditions:

(¢1) ¢ is lower semi-continuous, and

(¢2) ¢(0)=0ifandonlyif¢=0.

Definition 8 Let A and B be nonempty subsets of a metric space (X, d). Suppose f : A U
B — AUBisacyclic map such that for some x € A, there exist a {-mapping ¥, : R* — R*
in X and ¢ € ® such that

d(fz”x,fy) < wx(d(fznflx,y)) - ¢(d(fzn’1x,y)), neN,yeA. (3.1)

Then f is called a generalized cyclic orbital weaker Meir-Keeler (1, ¢)-contraction.
Our second main result is the following.

Theorem 6 Let A and B be two nonempty closed subsets of a complete metric space (X, d),
and let Y, : R* — R* be a y-mapping in X and ¢ € ®. Suppose f: AUB — AUBisa
generalized cyclic orbital weaker Meir-Keeler (v, ¢)-contraction. Then A N B is nonempty
and f has a unique fixed point in AN B.

Proof Since f: AUB — AU B is a generalized cyclic orbital weaker Meir-Keeler (y,, ¢)-
contraction and for x € X, there exist a ¥ -mapping ¥, : R* — R* in X and ¢ € ® such
that (3.1) is satisfied. Put y = f?"x for all #n € N. Then we have that for each n € N

d(onx,onJrlx) < wx (d(on—lx’fZMx)) _ ¢(dOcZn—lx’f2nx))
< wx (d(on—lx’onx))’

and

d(f2n+1x’f2n+2x) — d(on+2x,f2n+1x)
< wx (d(f2n+1x,f2nx)) _ ¢(d(on+1x’f2nx))
< 1/’96 (d(onJrlx’onx))'
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Generally, we have that for each n € N

d(f”x,f”*lx) < wx(d(fn—lx’fnx)),

and so we conclude that for each n € N

d(f”x,f”*lx) < wx (d(fn—lx’fnx))
<V (d(f"x )

Since {y) (d(x,fx))}nen is decreasing, it must converge to some 1 > 0. We claim that = 0.
On the contrary, assume that n > 0. Then by the definition of weaker Meir-Keeler type
mapping ¥, in X, there exists § > 0 such that for x,y € X with n < d(x,y) < § + 1, there exists
ny € N such that ¥, (d(x,7)) < n. Since lim,,_, o ¥ (d(,fx)) = 1, there exists mo € N such

mo+ng

that n < ¥ (d(x,fx)) < 8 + n, for all m > my. Thus, we conclude that vy (d(x0,%1)) < 7,
and we get a contradiction. So, lim,_, o ¥/ (d(x, fx)) = 0, that is,

lim d(f”x,f”*lx) =0. (3.2)

n—00

We now claim that {f"x} is a Cauchy sequence. It is sufficient to show that {f?"x} is a
Cauchy sequence. Suppose {f*"x} is not Cauchy. Then there exists & > 0 such that for all
k € N, there are my, ny € N with my > ny > k satisfying:

(i) d(f?«x,f?) > ¢, and

(ii) my is the smallest number greater than n; such that the condition (i) holds.

Using (3.2), we have

e < d(fZWlkx,fZ}’lk) < d(mekx,ernk—l) +d(fz'”k_1x,f2’”k_2) + d(mek—Zx,onk)
< d(f2mkx’f2mk—l) +d(f2mk—1x’f2mk—2) +e.
Let k — 0o, we get
lim d(fz”‘kx,fz"k) =e. (3.3)

n—00

On the other hand, applying (3.1) with y = f2x for all k € N, we get

A(f2 e, f21T) <y (AP0, 2)) - (A (2, f2) ). (34)
Since for each k e N

A(f*mnfT) < d(fFhan £ + (), (3:5)
and

d(fzmk’lx,fzn") < d(mek—lx’fZMk) + d(fZka,ka), (3.6)

Page 8 of 10
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taking k — oo and using the inequalities (3.3), (3.5) and (3.6), we get

: 2my 2m+1\ _
nh_g)lo d(f x, [ = e, (3.7)
and
. 2mp—1 2ng\ _
nlglgo da(f x,f2%) =¢. (3.8)

Taking into account the inequalities (3.4), (3.7) and (3.8), and by the definitions of the
functions ¢ and ¥, , we get

&= lim d(f*"x,f>"%*)
< Jim ) - i (A )
=é&- ¢(8);

which implies that ¢ = 0. Thus, {f"x} is a Cauchy sequence.

Since (X, d) is a complete metric space, A and B are closed, {f"x} C AUB, there exists v €
A U B such that lim,,_, o, f"x = v. Now {f?"x} is a sequence in A and {f?"*!x} is a sequence
in B, and also both converge to v. Since A and B are closed, v € AN B, and so A N B is
nonempty. On the other hand, since lim,,_, o, d(f**~1x,v) = 0 and

A(f*"xfv) = Yu(d( 2 v)) - B (d( 5 v)),
taking n — oo,we obtain that
d(v,fv) <0-¢(dv,v)) =0,
and hence d(v,fv) = 0, that is, v is a fixed point of f.
Finally, we want to show the uniqueness of the fixed point. Let « be another fixed point

of f. By the cyclic character of f, we have v, u € ANB. Since f is a generalized cyclic orbital
weaker Meir-Keeler (v, ¢)-contraction, we have

A(f*"xfu) < vald(f " x 1)) - (A" 1))
Letting n — o0, and by the definitions of the functions ¢ and ¥, we obtain that
d(v, 1) = d(v,f ) = lim d(f>"s,f11) < d(v, 1) - $(dv, 1),
which implies that d(v, 1) = 0. Therefore, v = i, and so v is the unique fixed point of f. [

We give the following example to illustrate Theorem 6.

Example 3 Let A =B =X =R" and we define d : X x X — R* by

dx,y)=|x-y|, forxyeX.
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Define f : X — X by

0, if0<x<lI;

fw=1"
e ifx>1
and define ¥, ¢ : R* — R* by

1 1
Yy(t) = gt and ¢(t) = gt fort e R".

Then f is a generalized cyclic orbital weaker Meir-Keeler (i, ¢)-contraction and 0 is the

unique fixed point.
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