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Abstract

In this paper, we prove that some coupled fixed point theorems and coupled
coincidence point theorems for contractions in fuzzy normed spaces and
intuitionistic fuzzy normed spaces can be directly deduced from fixed point theorems
for contractions in fuzzy normed spaces. We also prove that these results are
equivalent.
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1 Introduction

The well-known Banach contraction mapping principle [1] is a powerful tool in nonlinear
analysis; many mathematicians have much contributed to the improvement and gener-
alization of this principle in many ways. Especially, some recent meaningful results have
been obtained in [2-18].

In this paper, we first prove a simple fixed point theorem for an increasing mapping
defined on fuzzy normed spaces, and by using this result, we can easily prove some coupled
fixed point theorems and coupled coincidence point theorems in fuzzy normed spaces
and intuitionistic fuzzy normed spaces. Also, we prove that these results are essentially
equivalent. Finally, we give an example to show that our contractive conditions is a real
improvement over the contractive conditions used in [13] and [17]. Our results are also an
improvement over the results in [13] and [17].

For the reader’s convenience, we restate some definitions and results that will be used

in this paper.

Definition 1.1 ([13]) A binary operation *: [0,1] x [0,1] — [0,1] is a continuous £-norm
if * satisfies the following conditions:
(i) *is commutative and associative;
(ii) =* is continuous;
(iii) a*1=a,Vac[0,1];
(iv) axb <c+*d,whenevera <cand b <d for all a,b,c,d € [0,1].
© 2013 Zhu et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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Definition 1.2 (¢f [14,18]) A t-norm x is said to be of H-type if the sequence of functions

{x"a};°, is equicontinuous at = 1.
The t-norm ,, defined by a *,, b = min{a, b} is an example of an H-type £-norm .

Definition 1.3 ([13]) A binaryoperation*: [0,1] x [0,1] — [0,1] is a continuous ¢-conorm
if « satisfies the following conditions:
(i) * is commutative and associative;
(ii)
(iii) a* 0 =a, Ya € [0,1];
(iv) a*xb <cxd,whenevera <cand b <d foralla,b,c,d € [0,1].

* is continuous;

Definition 1.4 ([23]) A fuzzy normed space (briefly, FNS) is a triple (X, u, *), where X is a
vector space, * is a continuous ¢-norm and u : X x (0,00) — [0,1] is a fuzzy set such that,
forallx,y € X and t,5 > 0,
(i) wlx,t)>0;

(i) wm(x,t)=1ifand onlyifx =6;

(iii) plex, t) = wlx, & i ) for all ¢ #0;

(iv) p(x8) * n(,t) < plx+y,s+1t);

V) ,u(x, ) is a continuous function of R* and

lim p(x,t) =1, lim p(x, £) = 0.
t— 00 t—0

By the results in George and Veeramani [19], we can know that every fuzzy norm (u, *)
on X generates a Hausdorff first countable topology 7, on X which has as a base the family

of open sets of the form
{B(x,r,t):x € X,r €(0,1),£> 0},
where B(x,r,t) ={y € X : u(x,y,£) >1—r} forallx € X, r € (0,1) and £ > 0.

Definition 1.5 (¢f. [13, 21]) The 5-tuple (X, i, v, *, %) is said to be an intuitionistic fuzzy
normed space (for short, IFNS) if X is a linear space, * is a continuous £-norm, * is a contin-
uous t-conorm and p, v are fuzzy sets on X x (0, oo) satisfying the following conditions:
(i) wlx,t)+v(xt) <1, V(xt)eX x (0,00);

(ii) p(x,t) > 0;

(iii) w(x,t) =1if and only if x = 6;

(iv) plex, t) = pix, I%I) for all ¢ # 0;

V) mx,s) * w(y,t) < ulx +y,s +1);

(vi) u(x,-) is a continuous function of R* and

lim p(x,£) =1, lim w(x, t) = 0;
t—00 t—0
(vii) v(x, ) <1;
(viii) v(x,¢) =0 if and only if x = 6;
(ix) v(cx, t) = v(x, %) for all ¢ #0;
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(x) vix,s)*v(y,£) > v(x+y,s+1);
(xi) v(x,-) is a continuous function of R* and

lim v(x,t) =0, limv(x, £) = 1.
t—00 t—0

Park proved in [22], among other results, that each intuitionistic fuzzy norm (i, v) on X
generates a Hausdorff first countable topology 7(,,,) on X which has as a base the family of
open sets of the form {B(x,7,£) :x € X,r € (0,1), ¢t > 0}, where B(x,r,£) = {y € X : u(x,y,¢) >
1-ru(xyt)<r}forallx € X, r € (0,1) and ¢ > 0. According to this topology, Park [22]

gave the following definitions.
Definition1.6 A sequence {x,}inan intuitionistic fuzzy normed linear space (X, i, v, *, %)

is said to converge to x € X with respect to the intuitionistic fuzzy norm (u, v) if, for any

£>0,¢>0,0<e¢e <1, there exists an integer ny € N such that
wx, —x,t)>1—-¢ and v(x,—«x,t)<e foralln> ng.
Definition1.7 A sequence {x,} in an intuitionistic fuzzy normed linear space (X, u, v, *, *)

is said to be a Cauchy sequence with respect to the intuitionistic fuzzy norm (u, v) if, for

any € >0, £>0, 0 < & <1, there exists an integer 7 € N such that
U — %y, 8) >1—¢  and  v(x, —x,,t) <e forall m,n > ng.

Definition 1.8 Let (X, i, v, *,%) be an IFNS. Then (X, u, v, %, %) is said to be complete if
every Cauchy sequence in (X, i, v, *, %) is convergent.

Definition 1.9 Let X and Y be two intuitionistic fuzzy normed spaces. A mapping f :
X — Y is said to be continuous at x € X if, for any sequence {x,} in X converging to xo,
the sequence {f(x,)} in Y converges to f(xo) € Y.If f : X — Y is continuous at each x € X,
then f is said to be continuous on X.

For the topology t(,,), Gregori et al. [20] proved the following result.

Lemma 1.1 Let (X, u,v,*,*) be an intuitionistic fuzzy metric space. Then the topologies

T(u,v) and 1, coincide on X.
The following lemma was proved by Haghi et al. [15].

Lemma 1.2 Let X be a nonempty set, and let g : X — X be a mapping. Then there exists a
subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

Definition 1.10 ([16]) A point (x,y) € X x X is called a coupled coincidence point of the
mappings F: X x X > Xand g: X — X if

F(x,y) = gx, F(y,x) =gy.
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Definition 1.11 ([16]) Let (X,E) be a partially ordered set, and let F: X x X — X, g:
X — X be two mappings. Then F is said to have the mixed g-monotone property if F is
monotone g-non-decreasing in the first argument and is monotone g-non-increasing in
the second argument, that is, for any x,y € X,
x,% €X, gx)Egl) = F(x1,y) EF(x2,),
and
ywy2€X, go)ELL) = Fxy) 2 F ).
If g: X — X is an identity mapping, we say that F has the mixed monotone property.
2 Main results
Theorem 2.1 Let (X, T) be a partially ordered set, and let (X, i, *) be a complete FNS such
that the t-norm x is of H-type. Let F : X — X be a mapping such that F is non-decreasing
and
w(F(x) = F(u), kt) = **1u(x — u, t), (2.1)
for which x T u and t > 0, where 0 < k < 1. Suppose either
(a) F is continuous, or
(b) if {xy} is a non-decreasing sequence and lim,_, o %, = x, then x,, T x for all n € N.
If there exists xo € X such that
%o E F(xo),
then F has a fixed point in X.
Proof Let x¢ € X such that xg T F(xy), and let x,, = F(x,,.1), n =1,2,..., then we have that
x0ExExL- - Cx,CxnE---.
Now, put
(Sn(t) = //L(xn — Xn+ls t)'
Then, by using (2.1), we have

,LL(?C,,, _xn+1vkt) = M(F(xn—l) _F(xn)’kt) > *2M(xn—l —Xn, t) = *zan—l(t)-

Thus, it follows that 8,,(kt) > %28,_1(¢), and so

5.(0) = *Zan_l(é) > *Z”SO(k—tn). (2.2)
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On the other hand, we have
Q- +k+--+K"" ) <t, Vm>n0<k<L

By Definition 1.4, we get that

WXy — X, ) > /L(xy, — X, t(1 - k)(l +hk+-+ k’”—”_l))
> /L(xn — Xua1, (1 = K)) % M(x,,,,l — X, t(1 = k) (k oot k’”’”’l))
= M(xn —Xn+ls t(l - k)) * I'L(xwrl —Xn+2, t(l - k)k)

Kook u(xm_l — X, (1 — k)k’"‘”_l), (2.3)
It follows from (2.2) and (2.3) that

M(xn — Xm> t) > M(xn — Xn+ls t(l - k)) * M(xn+1 —Xn+2s t(l - k)k)

ook (X — X (1 — k)k”“"‘l)

- *2m-2”50(t(1 _k)). (2.4)

<

By the hypothesis, the t-norm * is of H-type; for all ¢ € (0, 1), there exists n > 0 such that
#(s)>1-¢,

for all s € (1 — »,1] and for all p. Note that
Jim () 1

for all £ > 0 and 0 < k < 1, we have that there exists ny such that

X, — %, t) >1—¢,

for all m > n > ny. Thus, {x,} is a Cauchy sequence. Since X is complete, there exists x € X
such that

lim x, = x.
n— o0

If the assumption (a) holds, then by the continuity of F, we get that

x = lim x,,; = lim F(x,) = F(x).

n—00

If the assumption (b) holds, then we have that x,, C x for all #n € N. It follows from (2.1)
that

lim u(x,Hl - F(x),kt) = lim ,u(F(x,,) — F(x),kt) > lim «*u(x, —x,8) = 1.

Page 5 of 10
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Thus, u(x — F(x), kt) = 1, that is, x = F(x). Therefore, x is a fixed point of F. The proof is
completed. d

Theorem 2.2 Let (X, T) be a partially ordered set, and let (X, i1, *) be a complete FNS such
that the t-norm * is of H-type and a x b > 0 for any a,b € (0,1]. Let F: X x X — X be a
mapping such that F has the mixed monotone property and

w(Fx,y) — F(u,v), kt) = pu(x — u, ) % u(y — v, 1), (2.5)

or whichx C u,y Jvand t >0, where 0 < k < 1. Suppose either
y pp
(a) F is continuous, or
(b) X has the following property:
(i) if {x4} is a non-decreasing sequence and lim,_, oo %, = X, then x,, C x for all n € N,
(ii) if {yn} is a non-increasing sequence and limy,_, oo y =y, then y, 2y for all n € N.
If there exist x,yo € X such that

%o & F(x0,0), ¥o 2 F(y0,%0),
then F has a coupled fixed point x,y € X, that is,
x=F(x,y), y=F(y,x).

Proof First, we define a partial order < on X x X as follows: (x,y) < (¢, v) ifand onlyifx E u
and y Jv. Second, we define a fuzzy set on X x X as follows: 1i((x,y),t) = u(x, £) * w(y, )
for any (x,y) € X x X and any ¢ > 0. Since (X, u, *) is a complete ENS, we can easily prove
that (X x X, [, x) is a complete FNS. Lastly, we define a mapping F:XxX—>XxX by

F(x,9) = (F(x,9), F(,%)), V(xy) € X x X.
Since F has the mixed monotone property, if (x,y) < (&, v), we have that

F(x,y) E F(u,y) E F(u,v),

F(v,u) EF()/,M) EF()/:x),

that is, ?(x,y) < F(u,v). Therefore, F: X x X — X x X isa non-decreasing mapping. Since
%0,%0 € X and

%0 & F(x0,%0), Yo 2 F(y0,%0),

we have that (xo, y0) < (F(x0,%0), F(¥0,%0)) = f(xo,yo). If (x, ) < (u,v), by (2.5) we have that

T (F(x,y) — E(u,v), kt) = FL((F(x,9) — F(u,v), E(v,u) - F(y,%)), kt)
M(F(x,y) — F(u, V),kt) * /L(F(V, u) — F(y,x), kt)
> (,u(x—u,t) *u(y—v,t)) * (;L(x—u,t) *M(y—v,t))

= *zﬁ((x’y) - (w,v), t)-
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Thus, all the assumptions of Theorem 2.1 hold for F and (X x X, i, *). By Theorem 2.1 we
get that T has a fixed point (x,y) € X x X, thatis, (x,y) = (F(x,y), F(y,%)). This implies that
x = F(x,9), y = F(y,x), that is, (x,7) is a coupled fixed point of F. The proof is completed.

O

By using Theorem 2.2, we can prove the following coupled fixed point theorem in intu-

itionistic fuzzy normed spaces.

Theorem 2.3 Let (X, C) be a partially ordered set, and let (X, i, v, *, x) be a complete [FNS
such that the t-norm x is of H-type and a x b > 0 for any a,b € (0,1]. Let F: X x X — X be
a mapping such that F has the mixed monotone property and

,LL(F(x,y) — F(u, v),kt) > ple—u,t)xuly—vie), (2.6)

for whichx © u,y Jvand t >0, where 0 < k < 1. Suppose either
(a) F is continuous, or
(b) X has the following property:
(i) if {xn} is a non-decreasing sequence and limy,_, %, = x, then x, T x for all n e N,
(i) if {yn} is a non-increasing sequence and lim,_, » y, =y, then y, 2y for all n € N.
If there exist xo,yo € X such that

%0 & F(xo0,%0), ¥o 2 F(y0,%0),

then F has a coupled fixed point x,y € X, that is,

x=F(x,y), y =F(y,x).

Proof Assume that {x,} is a sequence in (X, i, v, *,%). Let £ >0, 0 < & < 1. If u(x,, — %, £) >
1 — ¢, then by Definition 1.5(i) we can deduce that v(x,, — x,, ) < €. Thus, a sequence {x,}
in (X, i, v, %, %) is Cauchy if and only if {x,,} is Cauchy in (X, u, *). By Lemma 1.1, we know
that the topology of (X, i, v, *, %) is the same as the topology of (X, u, ). This implies that
(X, 1, v,%,%) is a complete IENS if and only if (X, , *) is a complete ENS. Therefore, by
using Theorem 2.2 to (X, u, *) and F, we get that F has a coupled fixed point x,y € X. The
proof is completed. 0

Theorem 2.4 Let (X,C) be a partially ordered set, and let (X, i, v, *, %) be a complete [IFNS
such that the t-norm x is of H-type and a x b > 0 for any a,b € (0,1]. Let F: X x X — X,
g: X — X be two mappings such that F has the mixed g- monotone property and

W (F(x,y) = F(u,v), kt) > ju(gx — gu, t) * j1(gy — g, t), (27)

for which g(x) T g(u) , g(y) D g(v) and t > 0, where 0 < k <1, F(X x X) C g(X) and g is
continuous. Suppose either
(a) F is continuous, or
(b) X has the following property:
(i) if {x4} is a non-decreasing sequence and lim,_, « x,, = x, then gx, T gx for all
nel,
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(i) if {yn} is a non-increasing sequence and lim,_, » y, =y, then gy, 3 gy for all
nelN.
If there exist xg,yo € X such that

g(x0) & F(x0,%0), £g(o) 3 F(yo,x0),

then there exist x,y € X such that

g(x)=F(x,y), g(y):F(y,x),
that is, F and g have a coupled coincidence point in X.

Proof The conclusion of Theorem 2.4 can be proved by using Lemma 1.2 and Theo-
rem 2.3. Since the proof is similar to the proof of Theorem 3.2 in [17], we delete the details
of the proof. The proof is completed. d

Remark 2.1 It follows from the proof of the above theorems that the following implica-
tions hold: Theorem 2.1 = Theorem 2.2 =>Theorem 2.3 = Theorem 2.4. Conversely,
it is clear that the following implications hold: Theorem 2.4 = Theorem 2.3 = Theo-
rem 2.2. Thus, we have the following conclusion.

Theorem 2.5 Theorem 2.2-Theorem 2.4 are equivalent.

Remark 2.2 In [13] and [17], the condition a x b < ab for all a,b € [0,1] is used. But this
condition cannot hold in intuitionistic fuzzy normed spaces. In fact, if this condition holds,
by using (iii) and (iv) in the definition of IFNS, we canget1 = 1+0 < 1.0 = 0, which yields a
contradiction. Furthermore, the proofs of the results in [13] and [17] have the same errors
as noted in [18]. Therefore, our results improve and correct results in [13] and [17].

In the following, we give an example to show that our contractive conditions are a real
improvement over the contractive conditions used in [13] and [17].
Example 2.1 Let X = R, u(x,t) = %le’ vix,t) =1- #x‘ for every x € X, and let £ > 0,
a * b = min{a, b}, a x b = max{a, b} for all a,b € [0,1]. Then (X, u,v,*,*) is a complete
intuitionistic fuzzy normed linear space, and the £-norm * and ¢-conorm * are of H-type.
If X is endowed with the usual order x C y < x — y < 0, then (X, E) is a partially ordered
set. Let 0 < k <1, and define F(x,y) = 2%, gx = § forany x,y € X. Then F: X x X — X isa
mixed g-monotone mapping, F(X,X) C g(X), and g is continuous. Let x5 = -1 and yy =1,
then

=£)o-

ol B

-1 -1 1
- = CF ) = —=F ’ c
=& EFlo.y) = 5 =E0o,x0)

For any x,y,u,v € X, with gx C gu, gv C gy, we have

kt

lu—x+y—v|
kt + —p—

- min kt kt
1 ’
- kt+|u—x| kt+|y—v|

() - Fu,v), kt) =
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. t t
- mm{ E+|u—x|/k ¢+ Iy—vl/k}
= min{u(gx — gu, t), u(gy — gv, 1)}

p(gx — gu, t) * pu(gy — gv £).

Thus, all the conditions of Theorem 2.4 are satisfied. By Theorem 2.4, there is (x*,y*) €
X x X such that F(x*,y*) = g(x*) and F(y*, x*) = g(y*). But v does not satisfy the contractive
conditions in [13] and [17]. In fact, foru=x+1,y=v +1,

Kk
kt + = - _kt+%

kt
1- ,1-
> max kt+|u x| kt+|y—v|}

v(F(x,y) — F(u,v),kt) =1 -

t
= 1- ,1—
{ t+|u x|k’ t+|y—v|/k}
max{v(gx —gu,t),v(gy —gv, t)}

v(gx — gu, £) x v(gy — gv, t).

This shows that v does not satisfy the contractive conditions in [13] and [17].
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