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Abstract

In (2008), Zhang proved the existence of fixed points of mixed monotone operators
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1 Introduction and preliminaries
In (1987), mixed monotone operators were introduced by Guo and Lakshmikantham [1].
Then many authors studied them in Banach spaces and obtained lots of interesting results
(see [2, 3] and [4-8]).

On the other hand, in (2001), Rhoades [9] introduced a new fixed point theorem as a

generalization of Banach fixed point theorem.

Theorem 1.1 (Rhoades [9]) Let (X, d) be a complete metric space. Suppose that T : X — X

is a single-valued mapping that satisfies

d(Tx, Ty) < d(x,y) - ¥ (d(x,)) @)

for each x,y € X, where v : [0, +00) — [0, +00) is continuous, nondecreasing and yr~*(0) =

{0} (i.e., weakly contractive mappings). Then T has a fixed point.

In this paper, a weak mixed monotone single-valued and multi-valued operator of
Rhoades type is defined. Then two fixed point theorems for this kind of operators are
proved.

Let E be a real Banach space. The zero element of E is denoted by 6. A subset P of E is
called a cone if and only if:

+ Pis closed, nonempty and P # {0},

e a,beR,a,b>0andx,y e Pimply that ax + by € P,

o x € Pand —x € P imply that x = 6.
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Given a cone P C E, a partial ordering < with respect to P is defined by x < y if and only if
y—x € P. We write x < y to indicate that x < y but x # y, while x < y stands for y —x € int P,
where int P denotes the interior of P. The cone P is called normal if there exists a number
K >0 suchthat 0 <x < yimplies ||x|| < K||y| for every x,y € E. The least positive number
satisfying this is called the normal constant of P.
Assume that ug, v € E and uy < vy. The set {x € E: uy <x < vy} is denoted by [ug, vo].
Now, we recall the following definitions from [2, 3].

Definition 1.1 Let P be a cone of a real Banach space E. Suppose that D C P and « €
(—00, +00). An operator A : D — D is said to be a-convex («-concave) if it satisfies A(tx) <
t*Ax (A(tx) > t*Ax) for (¢,x) € (0,1) x D.

Definition 1.2 Let E be an ordered Banach space and D C E. An operator is called mixed
monotone on D x D if A: D x D — E and A(x1,y1) < A(x,y2) for any x1,%2,y1,¥2 € D,
where x; < x; and y, > ;. Also, x” € D is called a fixed point of A if A(x",x") = x".

Let C(E) be a collection of all closed subsets of E.

Definition 1.3 For two subsets X, Y of E, we write
o X xYifforall x € X, there exists y € Y such thatx <y,
» x < X if there exists z € X such that x < z,
o X<uxifforallze X, z << x.

Definition 1.4 Let D be a nonempty subset of E. T : D — C(E) is called increasing (de-
creasing) upward if u,v € D, u <vand x € T(u) imply there exists y € T(v) such thatx <y
(x > ). Similarly, T : D — C(E) is called increasing (decreasing) downward if u,v € D,
u <vand y e T(v) imply there exists x € T(u) such that x <y (x > y). T is called increas-
ing (decreasing) if T is an increasing (decreasing) upward and downward.

Definition 1.5 Let D be a nonempty subset of E. A multi-valued operator 7 : D x D —
C(E) is said to be mixed monotone upward if T'(x, y) is increasing upward in x and decreas-

ing upward in y, i.e.,

(A1) for each y € D and any x1,x, € D with w; < xy, if 5 € T(x1,y), then there exists a
uy € T(xy,y) such that u; < uy;

(Az) for each x € D and any y1,y2 € D with y1 < y,, if v1 € T(x,51), then there exists a
vy € T(x,7;) such that v; > v,.

Definition 1.6 x* € D is called a fixed point of T if " € T'(x",x").

Definition 1.7 [10] A function W : [0,1) x P x P x E — E is called an £”-function if
W (t,%,9,0) =0, W(t,x,9,s) > 0 for s > 0, and V(¢ x,9,2) < z for all (¢,x,9,2) € [0,1) x
PxPxE.

In 2011, Khojasteh and Razani [10] extended the results given by Zhang [6]. Also, in 2011
Khojasteh and Razani [11] introduced the concept of integral with respect to a cone. We
recall the following definitions and lemmas of cone integration and refer to [11, 12] for

their proofs.
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Definition 1.8 [11] Suppose that P is a cone in E. Let a,b € E and a < b. Define

[a,b] := {x € E:x = tb + (1 - t)a for some ¢ € [0,1]} 2)
and

la,b) .= {er:x:tb+(1—t)aforsomete[0,1)}. (3)
Definition 1.9 [11] The set {a = x0,%1,...,%, = b} is called a partition for [a, b] if and only
if the intervals {[x;-1,%;)}”, are pairwise disjoint and [, b] = {{J}_; [%i-1,%;)} U {b}. Denote
‘Pla, b] as the collection of all partitions of [a, b].

Definition 1.10 [12] For each partition Q of [4,b] and each increasing function ¢ :

[a,b] — E, we define cone lower summation and cone upper summation as

n-1

L5, Q) = Y i)l — il (4)
i=0
and
n-1
U (6,Q) = ) ¢lian) i = x|, (5)
i=0

respectively. Also, we denote | A(Q)|| = sup{||x; — x;_1]|,x; € Q}.

Definition 1.11 [12] Suppose that P is a cone in E. ¢ : [a,b] — E is called an integrable
function on [a, b] with respect to a cone P or, to put it simply, a cone integrable function
if and only if for all partition Q of [a, b],

lim LCon , =SC0n — lim uCon , ,
la@l—o0 " ©@.Q la@l—o " ©@.Q

where $°" must be unique.

We show the common value S“°* by

b b
/¢(x)dp(x) or to simplicity /¢dp.

We denote the set of all cone integrable functions ¢ : [, b] — E by L!([a, b], E).

Lemma 1.1 [11] Let M be a subset of P. The following conditions hold:
(1) Ifla,b]l Cla,c] C M, then f:fdp < [ fdy for f € LM, P).
@) [af +B)dy=a [ fdy,+B [ gd,forf.g € L'M,P)and o, €R.

Remark 1.1 [13, Remark 1.2] Let P be a cone of E, and let u € P. If for each ¢ € int(P),
0<u<e, thenu=0.
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2 Main results
In this section, we introduce some new fixed point theorems in the class of mixed mono-
tone operators. Due to this, the following definition is presented.

Definition 2.1 A mixed monotone operator A : D x D — E is said to be a Weak Mixed

Monotone single-valued operator of Rhoades type (WM;R property for short) if
Altx,y) <Alx, ty) — W (t, x%,9,A(x, ty)) (6)
for all (x,y) € D x D, where W : [0,1) x P x P x E — E is an L"-function.

Theorem 2.1 Let P be a cone of E, let S be a completely ordered closed subset of E with
So =S\{0} CintP and let LS C S for all A € [0,1]. Let ug,vo € So, A: P x P — E be a weak
mixed monotone operator of Rhoades type with A(([0,vo] N S) x ([0,vo] NS)) C S satisfying
the following conditions:
(I) there exists ro > 0 such that ug > rovo,
(I1) A(uo,vo) K uo K vo K A(vo, o),
(L) for u,v € [ug,vo] NS with A(u,v) < u K v, there exists u' € S such that
u <A(,v) < u K v;similarly, for u,v € [ug,vo]l N S with u K v K A(v, u), there
exists V' € S such that u < v K AWV, u) <v.
Then A has at least one fixed point x* € [ug,v9] N S.

Proof By the above condition (III), there exists u; € S such that uy < A(u1,v0) € 1 K
vo. Then there exists v; € S such that u; <« v; < A(vi,u1) < vo. Likewise, there exists
uy € S such that u; < A(uy, v1) < Uy < v1. Then there exists v, € S such that u, K vy K
A(va,uz) < v1. In general, there exists u, € S such that u, 1 < A(uy, V1) K Uy K V1.
Then there exists v, € S such that u, < v, KAy, u,) <v,.1 (n=1,2,...).

Take r, = sup{r € (0,1) : u, > rv,}, thus 0 <rg <71 < -+ <ry; <ryy <---<1and
lim,— oo 1y = sup{r, : m=0,1,2,...} = r € (0,1]. Since r,,; > r,, = sup{r € (0,1) : u,, > rv,},
thus u, # ry;1v,. In addition, S is completely ordered and AS C S for all A € [0,1], then
Uy, < IV Now, one can prove r’ = 1. Otherwise, r* € (0,1).

Since u, < ry.1vy and 1,1 < ¥, hence u, < r'v,, and we have

1 .
A(Uys1, V) <A <Fun+l» " Vpsl

.1
= A(Mn+lr Vn+1) -V (}” ’ Furnl’ Vn+1xA(un+1) Vn+1))
< A(un+1’ Vn+1), (7)

which is a contradiction. Thus, " = 1. Let € 3> 0 be given. Choose § > 0 such that € +
N;(0) € P, where N5(0) = {y € E: ||y|| < 8}. Since r,, — 1, one can choose a natural number
Nj such that (1 — r,,)v; € Ns(0) for all # > Nj. Therefore (1 —r,)v; K €. Also, v,, <v; and

O<vy—uy <(1-r)v, <(1-ry)v Ke. (8)

By Remark 1.1, lim,_, o0 %, = lim,_, o0 V.
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For all n,p > 1, applying the same argument, we have
0 < Vy—Visp < Vi — Uy K €. 9)
Also,
0 < Upip — Uy <V — Uy L €. (10)

Hence, {#,} and {v,} are Cauchy sequences in E, then there exist ",v" € E such that u,, —
uW,v,—>v m—oo)andu =v . Writex =u =v".

It is easy to see uy < u, < u <v,<vgforallm=1,2,.... In addition, S is closed, then
u €[y, v, ] NS C [ug,vo] NS (n=0,1,2,...).

Finally, by the mixed monotone property of 4,

Uy =< A(M,,, Vn) < A(x*,x*) < A(un; Vn) < Up1. (11)

On taking limit on both sides of (11), when n — oo, we have A(x",x") = x. This means x~
is a fixed point of A in [ug, vo] N S. O

Corollary 2.1 Let P be a cone of E, let S be a completely ordered closed subset of E with
So =S\{0} CintP and let AS C S for all 1 € [0,1]. Let ugy, vy € So, A : P x P — E satisfy

tx x x
f ¢dp < / ¢dp — W(t,x,y,/ ¢dp) (12)
y ty ty

forall (x,y) € D x D, where W : [0,1) x P x P x E — E is an L"-function, and let ¢ : P — P
be a non-vanishing, cone integrable mapping on each [a,b] C P such that for each € > 0,
foe ¢ d, > 0 and the mapping 0(x) = f:d)dpfor (x > 0) has a continuous inverse at zero.
Also, A(([6,vo] NS) x ([0,v0] NS)) C S satisfies the following conditions:
(I) there exists ro > 0 such that ug > rovy,
(I1) A(uo, vo) K 1o K vo K A(vo, o),
(1IL) for u,v € [ug,vo] NS with A(u,v) K u K v, there exists u' € S such that
u <AW,v) < u K v;similarly, for u,v € [ug,vo]l N S with u K v K A(v, u), there
existsV € Ssuch that u <K vV <K AWV, u) <v.
Then A has at least one fixed point x™ € [ug,vo] N S.

Proof Define

Alx,y) = / ¢ dp.
y

A is a mixed monotone operator, and one can easily see that all conditions of Theorem 2.1
hold. Thus we obtain the desired result. O

3 Mj;R property
In this section, we introduce a new fixed point theorem in the class of multi-valued mixed
monotone operators. Due to this, the following definition is given.
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Definition 3.1 A mixed monotone operator T : D x D — C(E) is said to be a Mixed Mono-
tone Multi-valued operator of Rhoades type (M3R property for short) if

T(tx,y) < T(x,ty) — \Il(t,x,y, T(tx,y)) (13)
for each (x,y) € D x D, where W : [0,1) x P x P x E — E is an L”-function.

Theorem 3.1 Let P be a cone of E, let S be a completely ordered closed subset of E with Sy =
S\{0} CintP and let 1S C S for all 1 € [0,1]. Let ug,vo € S, T : P X P — C(E) be a mixed
monotone multi-valued operator of Rhoades type with T(([0,vo] NS) x ([6,v] NS)) C S
satisfying the following conditions:
(I) there exists ro > 0 such that ug > rovo,
(I1) T(uo,vo) < uo K vo < T(vo, ug),
(IIL) for u,v € [ug,vo]l NS with T(u,v) < u K v, there exists u' € S such that
u =T, v) < u KL v;similarly, for u,v € [ug,vo] NS with u K v < T(v,u), there
exists V. € Ssuch thatu < v < T(V,u) <.

Then T has at least one fixed point x € [ug, vl NS.

Proof By the above condition (III), there exists u#; € S such that uy < T(uy,v0) < u; K
vo. Then there exists v; € S such that u; < vi < T(v1,u1) < vg. Likewise, there exists
uy € S such that u; < T'(uy,v1) < upy <K v1. Then there exists v, € S such that u, < vy <
T (va,u2) < v1. In general, there exists u, € S such that u, 1 < T(uy,vy-1) < y <K V1.
Then there exists v,, € S such that u,, K v, < T(v,,, uy,) < vye1 (m=1,2,...).

Take r, = sup{r € (0,1) : u,, > rv,,}, thus O < rg <rp < -+- <ry, <rpyy <---<1, and
lim,— o0 7y = sup{r, : m=0,1,2,...} = € (0,1]. Since r,,; > 7, = sup{r € (0,1) : u,, > rv,},
thus u,, # ry.1v,. In addition, S is completely ordered and AS C S for all A € [0,1], then
Uy, < Fns1Vy. Now, one can prove r~ = 1. Otherwise, r” € (0,1). We claim

T(un+1; Vn+1) = T((l/r*)unﬂ; r*vn+1)~ (14‘)

Suppose that x € T (1,1, V1) is arbitrary. We have u,,1 < (1/7 )upe1. If %1 = thy1, 20 =
(1/7 Yutps1 and y = v,,,1, then by (A;) of Definition 1.5, there exists z € T((1/7")tts1, Vis1)
such that x < z. Thus, T(Ups1, Vae1) < T/ thye1, Vis1)-

Also, if y1 = r'V,i1, Y2 = Vpe1 and & = (1/7 )1, then for w € T((1/7)ttyi1,7 Vs1), there
exists 1 € T((1/r )ttys1, Vps1) such that w > 4. It means that

T((1/7 )ttnsrs V1) = T((17 ) st 7 Vi) (15)
Thus,
T(tns1s V1) = T (U )bt 7 Vi)
< T(ttys1, V1) = W (rl U1, 7 Vst Tt Vn+l)>
< T(tns1,Vis1)s (16)

and this is a contradiction. Therefore, r* = 1. Let € >> 0 be given. Choose § > 0 such that
€ + N5(0) € P, where N;(0) = {y € E : ||y|| < é}. Since r, — 1, one can choose a natural
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Figure 1 A(uo,vo) K Up K U1 K +++ K Up K 0 w=rE | 2
e KT K LV K KV L Vo KL Alvg, up). ' |

uy=12 Vo=3/2
wi=37136

number Nj such that (1-7,)v; € N5(0) for all # > Nj. Therefore (1-r,)v; < €. Also,v,, <
and

O<vy—u, <(A-r)v, < Q-1 Ke. (17)

By Remark 1.1, lim,,—, 0 %, = lim,,—, o0 V.

For all n,p > 1, applying the same argument, we have
0 <Vy—Vyap < Vi — Uy K €. (18)
Also,
0 < Upsp — thy <V — Uy K €. (19)

Hence, {#,} and {v,} are Cauchy sequences in E, then there exist ", v" € E such that u,, —
u,v,—v m—oo)andu =v. Writex =1 =v".

It is easy to see that u, < T(ty1, V1) < T, %) < Tty th1) < vy foralln=1,2,....
Thus, there exists z, € T(x",x") such that u, < z, < v,. By taking limit on both sides of
17),

O<zy—u, <(1-r)v, < Q-1 Ke. (20)

So, z, — x_. Since T has closed values, then x” € T(x’,x") and

x € [Uy, v, ] NS C [ug,vo] NS. O

Remark 3.1 One can see easily that Theorem 2.1 should be included as a corollary of
Theorem 3.1.

Example 3.1 Let E =R, P =[0,+00) and S = P. Then S, = int(P) = (0, +00).
Define A : [0, +00) x [0,+00) — R as

_ 5 &y #0,0)
ABIN=0 o) = 0,0)

A is a mixed monotone operator. Now suppose that W : [0,1) x P x P x E — E is as
U(t,x,9,s) = (1 - t*)s. Then W is an L”-function. Moreover,

Altx,y) < Alx, ty) — W (£,%,7, A(x, 1))

for each x,y € Sp. Also, by taking u = %, Vo = % and rg = ;, we have

1
2
(D) uo = rovo,

Page 7 of 9
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(1) Auo,vo) = 3 < g < vo K A(vo, o) = 3,
(IIT) for u,v € [ug,vo] NS with A(u, v) < u K v, there exists ' € S such that
u <A(,v) < u K v;similarly, for u,v € [ug, vo] NS with u K v K A(v, u), there
exists vV € Ssuch that u < v K AV, u) <v.
For further explanation on (III), since A(ug, vo) = % < up K Vg, by (II) there exists u#; € S
such that ug < A(u1,v) < 11 < vo. It means that % < % L K % Thus #; must

3
be greater than %. Therefore we can set u; = 4T+1' Similarly, since % = KLV = % <
Ao, u1) = %, thus by (III) there exists v; € S such that u; < v; K A(vy,41) < vp. It means
21
2, -
that v; must be less than %. We can set v; = % By the continuity of such ways, we can
consider the following reflexive sequences:
1 3 Up1Vp1 t+ 1

Ug = =, Vo ==, Uy =
79 79 g 2

VU, +1
and v, = —

which satisfy (I), (II) and (III) (see Figure 1). Moreover, #, — 1 and v, — 1 and A(1,1) = 1.

4 Application
The following result is given by Zhang [6] and is obtained by our main result.

Corollary 4.1 Let P be a normal cone of E, let S be a completely ordered closed subset of
E with Sy = S\{0} C intP and let AS C S for all A € [0,1]. Let ugy, vy € So, A: P x P— E be
a mixed monotone operator with A(([0,vo] NS) x ([0,vo] NS)) C S and A(ug, vo) <K uy K
vo K A(vo, uo). Assume that there exists a function ¢ : (0,1) x ([ug,vo] N'S) x ([¢0,v0] N
S) — (0, +00) such that A(tx,y) < ¢(t,x,y)A(x, ty), where 0 < ¢(t,x,x) < t for all (t,x,y) €
(0,1) x ([tt0,vo] N S) x ([te0,v0] N S). Suppose that
(D) for u,v € [ug,vo] NS with A(u,v) K u K v, there exists u’ € S such that
u <A ,v) < u K v;similarly, for u,v € [ug,vo] NS with u K v K A(v, u), there
exists V' € S such that u K v <K AWV, u) <v.
(1) there exists an element wy € [ug,vo] N S such that ¢(t, x,x) < ¢ (¢, wo, wo) for all
(£,x) € (0,1) x ([uo,vo] NS), and lim,_, .- ¢ (s, wo, wp) < t forall t € (0,1).
Then A has at least one fixed point x™ € [ug,vo] N S.

Proof Set W(t,x,7,z) = (1 — ¢(t,x,y))z. Then W is an L”-function, and we have
A(tx,y) < d(6,%,y)Alx, ty) = Alx, ty) — W (t,%,5, Alx, 1y)).

Thus, by Theorem 2.1 the desired result is obtained. O
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