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Abstract
In this paper, we deal with the Halpern iterative scheme for a strongly
quasinonexpansive mapping in the setting of a complete geodesic space with
curvature bounded above by one. Our result can be applied to the image recovery
problem. We also consider the approximation of a fixed point of a nonexpansive
mapping and obtain convergence theorems, one of which is a supplement of the
result by Pia̧tek with an additional sufficient condition.
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1 Introduction
Halpern’s iterative method [] is one of the most effective methods to find a fixed point
of a nonexpansive mapping, which guarantees strong convergence of the approximating
sequence. A remarkable result for nonlinear mappings was obtained by Wittmann [] in
the setting of Hilbert spaces. Since then, it has been investigated by a large number of
researchers, and they have obtained different types of strong convergence theorems for
nonexpansive mappings and their variations.
On the other hand, the notion of a strongly nonexpansivemappingwas first proposed by

Bruck and Reich [] as a generalization of firmly nonexpansive mappings. This mapping
was later generalized to a strongly quasinonexpansive mapping by Bruck []. We propose
a new definition of this mapping in the framework of CAT() space by imposing a natural
bound on the diameter of the space.
The first result of convergence of the Halpern iteration on a complete CAT() space was

obtained by Saejung [] for nonexpansive mappings, and a similar result in the setting
of a complete CAT() space was proposed by Pia̧tek []. The combination of the Halpern
iteration and strongly quasinonexpansive mappings was made recently. See [, ] and oth-
ers.
In this paper, we dealwith theHalpern iterative scheme for a strongly quasinonexpansive

mapping in the setting of a complete CAT() space. Then we show that themain result can
be applied to the problemof image recovery.We also consider the approximation of a fixed
point of a nonexpansive mapping.We point out that the proof of the result by Pia̧tek is not
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sufficient andwe supplement it with an additional sufficient condition for the convergence
of the iterative sequence.

2 Preliminaries
Let X be ametric space. An element z of X is said to be an asymptotic center of a sequence
{xn} in X if

lim sup
n→∞

d(xn, z) = inf
x∈X lim sup

n→∞
d(xn,x).

Moreover, {xn} is said to be �-convergent and z is said to be its �-limit if z is the unique
asymptotic center of any subsequences of {xn}.
A geodesic with endpoints x, y ∈ X is defined as an isometric mapping from the closed

segment [, l] of real numbers to X whose image connects x and y. If a geodesic exists for
every x, y ∈ X, then X is called a geodesic space.
For a triangle �(x, y, z) in a geodesic space X satisfying d(y, z) + d(z,x) + d(x, y) < π , we

can find the comparison triangle �(x, y, z) in S, that is, each corresponding edge has the
same length as that of the original triangle. If every two points p, q on the edges of any
�(x, y, z) and their corresponding points p, q satisfy that

d(p,q) ≤ dS (p,q),

we call X a CAT() space, where dS is the spherical metric on S.
In this paper, we deal with only CAT() spaces; however, we remark that all the results

can be easily generalized to CAT(κ) spaces with positive κ by changing the scale of the
space.
For two points x, y in a CAT() space X with d(x, y) < π and t ∈ [, ], we denote by

tx⊕ ( – t)y the point z on a geodesic segment between x and y such that d(y, z) = td(x, y)
and d(x, z) = ( – t)d(x, y). A subset C of X is said to be π-convex if tx⊕ ( – t)y belongs to
C for every x, y ∈ C with d(x, y) < π and t ∈ [, ].
We refer to [] for more details on geodesic spaces including CAT() spaces.
For three points x, y, z in aCAT() spaceX with d(y, z)+d(z,x)+d(x, y) < π and t ∈ [, ],

we know that the following inequality holds []:

cosd(x, v) sind(y, z) ≥ cosd(x, y) sin
(
td(y, z)

)
+ cosd(x, z) sin

(
( – t)d(y, z)

)
,

where v = ty⊕ ( – t)z. This simple inequality plays a very important role in this paper.
Let X be a complete CAT() space, C a nonempty closed π-convex subset of X and

suppose that d(x,C) = infy∈C d(x, y) < π/ for every x ∈ X. Then we can define the metric
projection PC fromX ontoC; that is, for every x ∈ X, PCx ∈ C is the unique point satisfying

d(x,PCx) = inf
y∈C d(x, y).

Let X be a CAT() space. Let T : X → X and suppose that the set F(T) = {x ∈ X : x = Tx}
of fixed points is not empty. ThenT is said to be quasinonexpansive if d(Tx,p) ≤ d(x,p) for
every x ∈ X and p ∈ F(T).T is said to be strongly quasinonexpansive if it is quasinonexpan-
sive, and for every p ∈ F(T) and every sequence {xn} in X satisfying that supn∈N d(xn,p) <
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π/ and limn→∞(cosd(xn,p)/ cosd(Txn,p)) = , it follows that limn→∞ d(xn,Txn) = . T is
said to be �-demiclosed if for any �-convergent sequence {xn} in X, its �-limit belongs
to F(T) whenever limn→∞ d(xn,Txn) = .
The following lemmas are important for our main result.

Lemma . (Xu []) Let {sn}, {tn} and {un} be sequences of real numbers such that sn ≥ 
and un ≥  for every n ∈ N, lim supn→∞ tn ≤ , and

∑∞
n= un < ∞. Let {γn} be a sequence

in [, ] such that
∑∞

n= γn = ∞. If sn+ ≤ ( – γn)sn + γntn + un for every n ∈ N, then
limn→∞ sn = .

Lemma . (Saejung-Yotkaew []) Let {sn} and {tn} be sequences of real numbers such
that sn ≥  for every n ∈N. Let {βn} be a sequence in ], [ such that

∑∞
n= βn = ∞. Suppose

that sn+ ≤ ( – βn)sn + βntn for every n ∈ N. If lim supk→∞ tnk ≤  for every subsequence
{nk} of N satisfying lim infk→∞(snk+ – snk ) ≥ , then limn→∞ sn = .

Lemma . (He-Fang-Lopez-Li []) Let X be a complete CAT() space and p ∈ X. If a
sequence {xn} in X satisfies that lim supn→∞ d(xn,p) < π/ and that {xn} is �-convergent to
x ∈ X, then d(x,p)≤ lim infn→∞ d(xn,p).

3 Main result
As the main theorem of this paper, we prove strong convergence of the iterative sequence
to a fixed point of a strongly quasinonexpansive mapping. We adopt the Halpern iterative
scheme to generate the sequence. We begin with the following basic lemma, which is one
of the main tools for our results.

Lemma . Let X be a CAT() space such that d(v, v′) < π for every v, v′ ∈ X. Let α ∈ [, ]
and u, y, z ∈ X. Then

 – cosd
(
αu⊕ ( – α)y, z

)

≤ ( – β)
(
 – cosd(y, z)

)
+ β

(
 –

cosd(u, z)
sind(u, y) tan( α

d(u, y)) + cosd(u, y)

)
,

where

β =

⎧⎨
⎩
 – sin((–α)d(u,y))

sind(u,y) (u 
= y),

α (u = y).

Proof It is obvious if u = y. Otherwise, from the inequality

cosd
(
αu⊕ ( – α)y, z

) ≥ sin(αd(u, y))
sind(u, y)

cosd(u, z) + ( – β) cosd(y, z),

we have that

 – cosd
(
αu⊕ ( – α)y, z

)

≤ ( – β)
(
 – cosd(y, z)

)
+ β

(
 –

sin(αd(u, y))
β sind(u, y)

cosd(u, z)
)
.
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We also have that

sin(αd(u, y))
β sind(u, y)

=
sin(αd(u, y))

sind(u, y) – sin(( – α)d(u, y))

=
sin(αd(u, y))

sind(u, y)( – cos(αd(u, y))) + cosd(u, y) sin(αd(u, y))

=


sind(u, y) tan( α
d(u, y)) + cosd(u, y)

and hence we obtain the desired result. �

Remark On the same assumption, we have

cosd
(
αu⊕ ( – α)y, z

) ≥ α cosd(u, z) + ( – α) cosd(y, z).

Indeed, it holds from the first inequality of the proof above together with

sin(αd(u, y))
sind(u, y)

≥ α and
sin(( – α)d(u, y))

sind(u, y)
≥  – α.

Now, we show the main theorem.

Theorem . Let X be a complete CAT() space such that d(v, v′) < π/ for every v, v′ ∈ X.
Let T : X → X be a strongly quasinonexpansive and �-demiclosed mapping, and suppose
that F(T) 
= ∅. Let {αn} be a real sequence in ], [ such that limn→∞ αn =  and

∑∞
n= αn =

∞. For given points u,x ∈ X, let {xn} be the sequence in X generated by

xn+ = αnu⊕ ( – αn)Txn

for n ∈N. Suppose that one of the following conditions holds:
(a) supv,v′∈X d(v, v′) < π/;
(b) d(u,PF(T)u) < π/ and d(u,PF(T)u) + d(x,PF(T)u) < π/;
(c)

∑∞
n= α

n = ∞.
Then {xn} converges to PF(T)u.

Proof Let p = PF(T)u and let

sn =  – cosd(xn,p),

tn =  –
cosd(u,p)

sind(u,Txn) tan( αn
 d(u,Txn)) + cosd(u,Txn)

,

βn =

⎧⎨
⎩
 – sin((–αn)d(u,Txn))

sind(u,Txn) (u 
= Txn),

αn (u = Txn)

for n ∈N. Then, since T is quasinonexpansive, it follows from Lemma . that

sn+ ≤ ( – βn)
(
 – cosd(Txn,p)

)
+ βntn ≤ ( – βn)sn + βntn

http://www.fixedpointtheoryandapplications.com/content/2013/1/7
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for every n ∈N. We also have that

cosd(xn+,p) = cosd
(
αnu⊕ ( – αn)Txn,p

)
≥ αn cosd(u,p) + ( – αn) cosd(Txn,p)

≥ αn cosd(u,p) + ( – αn) cosd(xn,p)

≥ min
{
cosd(u,p), cosd(xn,p)

}

for all n ∈N. Thus we obtain that

cosd(xn,p) ≥ min
{
cosd(u,p), cosd(x,p)

}
= cosmax

{
d(u,p),d(x,p)

}
> 

for all n ∈N and hence supn∈N d(xn,p) ≤ max{d(u,p),d(x,p)} < π/.
Now, we see that each of the conditions (a), (b) and (c) implies that

∑∞
n= βn = ∞. For

the cases of (a) and (b), letM = supn∈N d(u,Txn). Then we show thatM < π/. For (a), it is
trivial. For (b), since supn∈N d(xn,p) ≤ max{d(u,p),d(x,p)}, we have that

M ≤ sup
n∈N

(
d(u,p) + d(Txn,p)

)

≤ sup
n∈N

(
d(u,p) + d(xn,p)

)

≤ max
{
d(u,p),d(u,p) + d(x,p)

}

<
π


.

So, in each case of (a) and (b), we have

βn ≥  –
sin(( – αn)M)

sinM

=


sinM
sin

(
αn


M

)
cos

((
 –

αn



)
M

)

≥ αn cosM.

Since
∑∞

n= αn = ∞, it follows that
∑∞

n= βn = ∞. For the case of (c), we have that

βn ≥  – sin
( – αn)π


=  – cos

αnπ


≥ α

nπ




for every n ∈N. Therefore, from the condition (c) we have that
∑∞

n= βn = ∞.
For any subsequence {snj} of {sn} satisfying that lim infj→∞(snj+ – snj ) ≥ , we have that

 ≤ lim inf
j→∞ (snj+ – snj )

= lim inf
j→∞

(
cosd(xnj ,p) – cosd(xnj+,p)

)

≤ lim inf
j→∞

(
cosd(xnj ,p) –

(
αnj cosd(u,p) + ( – αnj ) cosd(Txnj ,p)

))

= lim inf
j→∞

(
cosd(xnj ,p) – cosd(Txnj ,p)

)

http://www.fixedpointtheoryandapplications.com/content/2013/1/7
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≤ lim sup
j→∞

(
cosd(xnj ,p) – cosd(Txnj ,p)

)

≤ .

Thus we have that limj→∞(cosd(xnj ,p) – cosd(Txnj ,p)) = . Using the inequality
supn∈N d(Txn,p) < π/, we also have limj→∞(cosd(xnj ,p)/ cosd(Txnj ,p)) = . Since T is
strongly quasinonexpansive, it follows that limj→∞ d(xnj ,Txnj ) = . Let {vk} be a �-
convergent subsequence of {xnj} such that limk→∞ d(u, vk) = lim infj→∞ d(u,xnj ). Then,
since T is �-demiclosed and limk→∞ d(vk ,Tvk) = , the �-limit z of {vk} belongs to F(T).
Using Lemma . and the definitions of the �-limit and the metric projection, we have
that

lim inf
j→∞ d(u,Txnj ) = lim inf

j→∞ d(u,xnj ) = lim
k
d(u, vk) ≥ d(u, z) ≥ d(u,p).

Therefore, we obtain that

lim sup
j→∞

tnj = lim sup
j→∞

(
 –

cosd(u,p)
sind(u,Txnj ) tan(

αnj
 d(u,Txnj )) + cosd(u,Txnj )

)

= lim sup
j→∞

(
 –

cosd(u,p)
 + cosd(u,Txnj )

)

≤ .

By Lemma ., we have that limn→∞ sn = , that is, {xn} converges to p = PF(T)u, and we
finish the proof. �

4 Application to the image recovery problem
In the setting of Hilbert spaces, the image recovery problem can be formulated as to find
the nearest point in the intersection of a family of closed convex subsets from a given point
by using the metric projection of each subset. In this section, we consider this problem
in the setting of complete CAT() spaces. As the simplest case, we deal with only two
closed convex subsets C and C such that C ∩C 
= ∅ and generate an iterative sequence
converging to the nearest point in C ∩C from a given point.
First, we observe some properties of the metric projection defined on a CAT()

space. Let X be a complete CAT() space, C a nonempty closed π-convex subset
of X and suppose that d(x,C) = infy∈C d(x, y) < π/ for every x ∈ X. Then we can
prove that the metric projection P : X → C is a strongly quasinonexpansive and �-
demiclosed mapping such that F(PC) = C. Indeed, it is known that PC is quasinonexpan-
sive; see []. Let {xn} be a sequence in X and p ∈ C such that supn∈N d(xn,p) < π/ and
limn→∞(cosd(xn,p)/ cosd(PCxn,p)) = . Then, from the property of metric projection, we
have that

cosd(xn,PCxn) cosd(PCxn,p) ≥ cosd(xn,p)

for every n ∈N. Therefore, we have

 ≥ cosd(xn,PCxn) ≥ cosd(xn,p)
cosd(PCxn,p)

http://www.fixedpointtheoryandapplications.com/content/2013/1/7
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and thus limn→∞ cosd(xn,PCxn) = , that is, limn→∞ d(xn,PCxn) = . Hence, PC is strongly
quasinonexpansive.
On the other hand, let {xn} be such that limn→∞ d(xn,PCxn) =  and assume that {xn}

is �-convergent to x∞ ∈ X. Then {PCxn} is also �-convergent to x∞. Since {PCxn} is a
sequence in a closed π-convex subset C, we have that its �-limit x∞ belongs to C, that is,
x∞ ∈ F(PC) []. It shows that PC is �-demiclosed.
For two strongly quasinonexpansive and�-demiclosedmappings having common fixed

points, we can create a new strongly quasinonexpansive and �-demiclosed mapping
whose fixed points are common fixed points of given two mappings. For example, as we
have seen above, metric projections to closed and convex sets are strongly quasinonex-
pansive and �-demiclosed. Thus, for given two metric projections to closed convex sets
whose intersection is nonempty, the following method is applicable. It is useful to solve
the image recovery problem.

Lemma . Let X be a CAT() space and y, y and y elements of X such that d(y, y) +
d(y, y) + d(y, y) < π . Then

cosd
(


y ⊕ 


y, y

)
cos

d(y, y)


≥ min
{
cosd(y, y), cosd(y, y)

}
.

Proof It is obvious if y = y. Otherwise, we have that

cosd
(


y ⊕ 


y, y

)
sind(y, y) ≥

(
cosd(y, y) + cosd(y, y)

)
sin

d(y, y)


≥ min
{
cosd(y, y), cosd(y, y)

}
sin

d(y, y)


.

Dividing above by  sin(d(y, y)/), we get the conclusion. �

Corollary . Let T and T be quasinonexpansive mappings from X to X, x and x ele-
ments of X, and p an element of F(T)∩ F(T). Then

cosd
(


Tx⊕ 


Tx,p

)
cos

d(Tx,Tx)


≥ cosd(x,p).

Lemma. Let X be a completeCAT() space such that d(v, v′) < π/ for arbitrary v and v′

of X, and T and T quasinonexpansive mappings from X to X such that F(T)∩F(T) 
= ∅.
Then

F
(


T ⊕ 


T

)
= F(T)∩ F(T).

Proof It is obvious that F( T ⊕ 
T) ⊃ F(T) ∩ F(T). We will show the opposite inclu-

sion. We denote T = 
T ⊕ 

T. Let z ∈ F(T). Then, for arbitrary p ∈ F(T)∩ F(T), from
Corollary ., we have that

cosd(z,p) sin
d(Tz,Tz)


= cosd(Tz,p) sin

d(Tz,Tz)


≥ cosd(z,p),

that is, Tz = Tz. Hence, z = Tz = Tz = Tz, which means z ∈ F(T)∩ F(T). �

http://www.fixedpointtheoryandapplications.com/content/2013/1/7
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Lemma . Let X be a CAT() space such that d(v, v′) < π/ for arbitrary v and v′ of X.
Let T and T be mappings from X to X such that F(T)∩ F(T) 
= ∅. If both T and T are
strongly quasinonexpansive, then so is 

T ⊕ 
T.

Proof We denote T = 
T ⊕ 

T. By Corollary ., for x ∈ X and p ∈ F(T) ∩ F(T), we
have

cosd(Tx,p) ≥ cosd(Tx,p) cos
d(Tx,Tx)


≥ cosd(x,p),

that is, d(Tx,p) ≤ d(x,p) and hence T is quasinonexpansive. Moreover, for a sequence
{xn} in X and a point p in F(T) such that supn∈N d(xn,p) < π/ and limn→∞(cosd(xn,p)/
cosd(Txn,p)) = , by Lemma ., we have

cosd(Txn,p) ≥ cosd(Txn,p) cos
d(Txn,Txn)



≥ min
{
cosd(Txn,p), cosd(Txn,p)

}
.

So, there exist two disjoint subsets {mi} and {ni} of N such that N = {mi} ∪ {ni} and

d(Txmi ,p) ≤ d(Txmi ,p) for allmi and

d(Txni ,p) ≤ d(Txni ,p) for all ni.

We may assume that both {mi} and {ni} are infinite sets without loss of generality. From
Lemma ., p is in F(T) and thus

 ≥ cosd(xmi ,p)
cosd(Txmi ,p)

≥ cosd(xmi ,p)
cosd(Txmi ,p)

→ ,

which means limi→∞(cosd(xmi ,p)/ cosd(Txmi ,p)) = . Since T is strongly quasinonex-
pansive, we have that limi→∞ d(Txmi ,xmi ) = . By Corollary ., we have

cos
d(Txmi ,Txmi )


≥ cosd(xmi ,p)

cosd(Txmi ,p)
→ ,

that is, limi→∞ d(Txmi ,Txmi ) = . Then it follows that limi→∞ d(Txmi ,xmi ) = . Sim-
ilarly, we have that limi→∞ d(Txni ,xni ) =  and limi→∞ d(Txni ,xni ) = . Consequently,
we have that limn→∞ d(Txn,xn) =  and limn→∞ d(Txn,xn) = . Hence, we obtain that
limn→∞ d(Txn,xn) = , which is the desired result. �

Lemma . Let X be a CAT() space such that d(v, v′) < π/ for arbitrary v and v′ of X.
Let T and T be mappings from X to X such that F(T)∩ F(T) 
= ∅. If both T and T are
�-demiclosed, then so is 

T ⊕ 
T.

Proof Wedenote T = 
T ⊕ 

T. Let {xn} be a sequence in X and x∞ an element of X such
that d(Txn,xn) →  and suppose that {xn} is �-convergent to x∞. Then, by Corollary .,
we have

cos
d(Txn,Txn)


≥ cosd(xn,p)

cosd(Txn,p)
→ ,
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that is, limn→∞ d(Txn,Txn) = . Thus we have

d(Txn,Txn) ≤ d(Txn,Txn)


→ .

Since T is �-demiclosed, we have that Tx∞ = x∞. In a similar fashion, we have that
Tx∞ = x∞. Hence Tx∞ = x∞, that is, T is �-demiclosed. �

Let X be a complete CAT() space such that d(v, v′) < π/ for every v, v′ ∈ X, and let C

and C be closed convex subsets of X having the nonempty intersection. Then, for the
metric projections PC and PC , the mapping 

PC ⊕ 
PC is strongly quasinonexpansive

and �-demiclosed. Moreover, the set of its fixed points is C ∩ C. Applying these facts
to Theorem ., we obtain the following result for the image recovery problem for two
convex subsets.

Theorem . Let X be a complete CAT() space such that d(v, v′) < π/ for every v, v′ ∈ X.
Let C andC be closed convex subsets of X such that C∩C 
= ∅. Let {αn} be a real sequence
in ], [ such that limn→∞ αn =  and

∑∞
n= αn = ∞. For given points u,x ∈ X, let {xn} be

the sequence in X generated by

xn+ = αnu⊕ ( – αn)
(


PCxn ⊕ 


PCxn

)

for n ∈N. Suppose that one of the following conditions holds:
(a) supv,v′∈X d(v, v′) < π/;
(b) d(u,PC∩Cu) < π/ and d(u,PC∩Cu) + d(x,PC∩Cu) < π/;
(c)

∑∞
n= α

n = ∞.
Then {xn} converges to PC∩Cu.

5 Approximation to a fixed point of nonexpansive mappings
At the end of this paper, we prove two convergence theorems of iterative schemes which
approximate a fixed point of a nonexpansive mapping. Firstly, we apply the main result
Theorem . to this problem. We begin with the following lemmas.

Lemma . A nonexpansive mapping defined on a CAT() space is �-demiclosed.

Proof Let S : X → X be a nonexpansive mapping. Let {xn} be a �-convergent sequence
in X with the �-limit x∞ ∈ X and suppose that limn→∞ d(xn,Sxn) = . We will prove that
x∞ = Sx∞. If x∞ 
= Sx∞, then, by the uniqueness of the asymptotic center, we have that

lim sup
n→∞

d(xn,x∞) < lim sup
n→∞

d(xn,Sx∞)

≤ lim sup
n→∞

(
d(xn,Sxn) + d(Sxn,Sx∞)

)

≤ lim sup
n→∞

(
d(xn,Sxn) + d(xn,x∞)

)

= lim sup
n→∞

d(xn,x∞),

a contradiction. Hence, we have that S is �-demiclosed. �
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Lemma . Let X be a CAT() space such that d(v′, v′′) + d(v′′, v) + d(v, v′) < π for ev-
ery v, v′, v′′ ∈ X. Let S : X → X be a nonexpansive mapping with a nonempty set of fixed
points F(S). Then the mapping T : X → X defined by

Tx =


x⊕ 


Sx

for x ∈ X is a strongly quasinonexpansive and �-demiclosed mapping such that F(T) =
F(S).

Proof It is obvious that F(T) = F(S) by definition and, since both the identity mapping I
and S are quasinonexpansive, for x ∈ X and p ∈ F(T) = F(S), we have that

cosd(Tx,p) ≥ 

cosd(x,p) +



cosd(Sx,p)≥ cosd(x,p).

Thus T is quasinonexpansive. Let {xn} be a sequence in X such that supn∈N d(xn,p) < π/,
and suppose that limn→∞(cosd(xn,p)/ cosd(Txn,p)) = . Then we have

cosd(Txn,p) sind(xn,Sxn) ≥ sin
d(xn,Sxn)


(
cosd(xn,p) + cosd(Sxn,p)

)

≥  sin
d(xn,Sxn)


cosd(xn,p)

for every n ∈N. It follows that

cosd(Txn,p) cos
d(xn,Sxn)


≥ cosd(xn,p)

and since supn∈N d(Txn,p) ≤ supn∈N d(xn,p) < π/, we have

 ≥ lim sup
n→∞

cosd(xn,Txn)

≥ lim inf
n→∞ cosd(xn,Txn)

= lim inf
n→∞ cos

d(xn,Sxn)


≥ lim
n→∞

cosd(xn,p)
cosd(Txn,p)

= .

It implies that limn→∞ d(xn,Txn) =  and hence T is strongly quasinonexpansive.
For the �-demiclosedness of T , use Lemmas . and . with the fact that the identity

mapping is also �-demiclosed. �

Applying this lemma and the results in the previous section to Theorem ., we obtain
the following convergence theorem of an iterative scheme approximating a fixed point of
a nonexpansive mapping.

Theorem . Let X be a complete CAT() space such that d(v, v′) < π/ for every v, v′ ∈ X.
Let S : X → X be a nonexpansive mapping and suppose that F(S) 
= ∅. Let {αn} be a real

http://www.fixedpointtheoryandapplications.com/content/2013/1/7


Kimura and Satô Fixed Point Theory and Applications 2013, 2013:7 Page 11 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/7

sequence in ], [ such that limn→∞ αn =  and
∑∞

n= αn = ∞. For given points u,x ∈ X, let
{xn} be the sequence in X generated by

xn+ = αnu⊕ ( – αn)
(


xn ⊕ 


Sxn

)

for n ∈N. Suppose that one of the following conditions holds:
(a) supv,v′∈X d(v, v′) < π/;
(b) d(u,PF(S)u) < π/ and d(u,PF(S)u) + d(x,PF(S)u) < π/;
(c)

∑∞
n= α

n = ∞.
Then {xn} converges to PF(S)u.

The next convergence theorem of an iterative scheme on CAT() spaces was first pro-
posed by Pia̧tek []. The theorem deals with the Halpern-type iterative sequence. Al-
though the result itself is correct, a part of the proof does not seem to be exact. Precisely, in
the proof of the convergence theorem for the explicit iteration process, the author makes
use of Xu’s lemma, Lemma . in this paper. However, the conditions required for this
lemma are not verified.We attempt to prove the following theorem as a supplement of the
aforementioned result, and moreover, we find another coefficient condition which guar-
antees convergence of the iterative scheme.
Before showing the result, we need the following lemma which is analogous to [,

Lemma .]. The assumption for the length of the edges of the triangle is improved.

Lemma. Let X be aCAT() space. ForM ∈ ],π [, let u, v,w ∈ X be such that d(u, v)≤ M
and d(u,w) ≤ M. For a given α ∈ ], [, let v′ = αu ⊕ ( – α)v and w′ = αu ⊕ ( – α)w. If
d(v,w) + d(w,u) + d(u, v) < π and sin(( – α)M) ≤ sinM, then

d
(
v′,w′) ≤ sin(( – α)M)

sinM
d(v,w).

Proof Consider the comparison triangle �(u, v,w) of �(u, v,w) on S
 and let v′ and w′ be

the comparison points of v′ and w′, respectively. Let

U = dS (v,w), V = dS (w,u), W = dS (u, v),

and U ′ = dS (v′,w′). Then, letting α′ =  – α, we have that

sinV sinW
(
sin α′M
sinM

( – cosU) –
(
 – cosU ′))

= sinV sinW
(
sin α′M
sinM

( – cosU) – 
)

+ (cosU – cosV cosW ) sinα′V sinα′W + sinV sinW cosα′V cosα′W

= ( – cosU)
(
sinV sinW

sin α′M
sinM

– sinα′V sinα′W
)

+
(
( – cosV cosW ) sinα′V sinα′W – sinV sinW

(
 – cosα′V cosα′W

))
.
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Since the functions fV (t) = sin tV / sin tM, fW (t) = sin tW / sin tM, and g(t) = ( – cos tV ×
cos tW )/(sin tV sin tW ) are all increasing on [, ], it follows that

sinV sinW
sin α′M
sinM

– sinα′V sinα′W ≥ ,

and

( – cosV cosW ) sinα′V sinα′W – sinV sinW
(
 – cosα′V cosα′W

) ≥ .

Therefore, we have that

sinV sinW
(
sin α′M
sinM

( – cosU) –
(
 – cosU ′)) ≥ .

Using the assumption that sinα′M ≤ sinM, we obtain that

sin
U ′


=

√
 – cosU ′


≤ sinα′M

sinM

√
 – cosU



=
sinα′M
sinM

sin
U


≤ sin

(
sinα′M
sinM

U


)

and, by the CAT() inequality, it follows that

d
(
v′,w′) ≤ dS

(
v′,w′) =U ′ ≤ sin(( – α)M)

sinM
U =

sin(( – α)M)
sinM

d(v,w),

which is the desired result. �

Theorem . Let X be a complete CAT() space such that d(v, v′) < π/ for every v, v′ ∈ X.
Let T : X → X be a nonexpansive mapping and suppose that F(T) 
= ∅. Let {αn} be a real
sequence in [, ] such that limn→∞ αn = ,

∑∞
n= αn = ∞, and

∑∞
n= |αn+ – αn| < ∞. For

given points u,x ∈ X, let {xn} be the sequence in X generated by

xn+ = αnu⊕ ( – αn)Txn

for n ∈N. Suppose that one of the following conditions holds:
(a) supv,v′∈X d(v, v′) < π/;
(b) d(u,PF(T)u) < π/ and d(u,PF(T)u) + d(x,PF(T)u) < π/;
(c)

∑∞
n= α

n = ∞.
Then {xn} converges to PF(T)u.

We employ the method used in [] for some parts of the proof.

Proof From the definition of {xn}, using Lemma ., we have that

d(xn,xn+) ≤ d
(
xn,αnu⊕ ( – αn)Txn–

)
+ d

(
αnu⊕ ( – αn)Txn–,xn+

)
= |αn – αn–|d(u,Txn–) + d

(
αnu⊕ ( – αn)Txn–,xn+

)
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≤ |αn – αn–|d(u,Txn–) + sin(( – αn)Mn)
sinMn

d(Txn–,Txn)

≤ |αn – αn–|d(u,Txn–) + sin(( – αn)Mn)
sinMn

d(xn–,xn),

whereMn =max{d(u,Txn),d(u,Txn–)} for each n ∈N. Let

γn =

⎧⎨
⎩
 – sin((–αn)Mn)

sinMn
(Mn 
= ),

αn (Mn = )

for all n ∈ N. Then, as in the proof of Theorem ., we have that each of the conditions
(a), (b) and (c) implies that

∑∞
n= γn = ∞. In particular, in cases of (a) and (b), for M =

supv,v′∈X d(v, v′) and M = max{d(u,p),d(u,p) + d(x,p)} with p = PF(T)u, respectively, it
holds that

γn ≥ αn cosMn ≥ αn cosM,

and in case of (c), it holds that

γn ≥ α
nπ




.

Then, by using Lemma . with the condition
∑∞

n= |αn+ – αn| < ∞, we have that
limn→∞ d(xn,xn+) = . It follows that

 ≤ d(xn,Txn) ≤ d(xn,xn+) + d(xn+,Txn) = d(xn,xn+) + αnd(u,Txn)

and thus limn→∞ d(xn,Txn) = . Let p, {sn}, {tn}, {βn} be as in the proof of Theorem .
again. Then by Lemma ., we have that

sn+ ≤ ( – βn)sn + βntn

for every n ∈N. Since every nonexpansive mapping is �-demiclosed, we can use the same
technique as the proof of Theorem . and then we obtain that

lim sup
n→∞

tn = lim sup
n→∞

(
 –

cosd(u,p)
sind(u,Txn) tan( αn

 d(u,Txn)) + cosd(u,Txn)

)

≤ .

Consequently, we have that limn→∞ sn =  by Lemma .. Hence, {xn} converges to p =
PF(T)u, which is the desired result. �
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