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Abstract

In this paper, we deal with the Halpern iterative scheme for a strongly
quasinonexpansive mapping in the setting of a complete geodesic space with
curvature bounded above by one. Our result can be applied to the image recovery
problem. We also consider the approximation of a fixed point of a nonexpansive
mapping and obtain convergence theorems, one of which is a supplement of the
result by Piatek with an additional sufficient condition.
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1 Introduction

Halpern’s iterative method [1] is one of the most effective methods to find a fixed point
of a nonexpansive mapping, which guarantees strong convergence of the approximating
sequence. A remarkable result for nonlinear mappings was obtained by Wittmann [2] in
the setting of Hilbert spaces. Since then, it has been investigated by a large number of
researchers, and they have obtained different types of strong convergence theorems for
nonexpansive mappings and their variations.

On the other hand, the notion of a strongly nonexpansive mapping was first proposed by
Bruck and Reich [3] as a generalization of firmly nonexpansive mappings. This mapping
was later generalized to a strongly quasinonexpansive mapping by Bruck [4]. We propose
a new definition of this mapping in the framework of CAT(1) space by imposing a natural
bound on the diameter of the space.

The first result of convergence of the Halpern iteration on a complete CAT(0) space was
obtained by Saejung [5] for nonexpansive mappings, and a similar result in the setting
of a complete CAT(1) space was proposed by Pigtek [6]. The combination of the Halpern
iteration and strongly quasinonexpansive mappings was made recently. See [7, 8] and oth-
ers.

In this paper, we deal with the Halpern iterative scheme for a strongly quasinonexpansive
mapping in the setting of a complete CAT(1) space. Then we show that the main result can
be applied to the problem of image recovery. We also consider the approximation of a fixed
point of a nonexpansive mapping. We point out that the proof of the result by Pigtek is not
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sufficient and we supplement it with an additional sufficient condition for the convergence
of the iterative sequence.

2 Preliminaries
Let X be a metric space. An element z of X is said to be an asymptotic center of a sequence
{x,} in X if

lim sup d(x,, z) = inf lim sup d(x,,, x).
n—00 x*€X psoo
Moreover, {x,} is said to be A-convergent and z is said to be its A-limit if z is the unique
asymptotic center of any subsequences of {x,}.

A geodesic with endpoints x,y € X is defined as an isometric mapping from the closed
segment [0, /] of real numbers to X whose image connects x and y. If a geodesic exists for
every x,y € X, then X is called a geodesic space.

For a triangle A(x,y,z) in a geodesic space X satisfying d(y, z) + d(z,x) + d(x,y) < 27, we
can find the comparison triangle A(x,7,Zz) in S?, that is, each corresponding edge has the
same length as that of the original triangle. If every two points p, g on the edges of any
A(x,9,7) and their corresponding points p, g satisfy that

dlp,q) <ds({,9),

we call X a CAT(1) space, where dg2 is the spherical metric on S

In this paper, we deal with only CAT(1) spaces; however, we remark that all the results
can be easily generalized to CAT(«) spaces with positive ¥ by changing the scale of the
space.

For two points «x, ¥ in a CAT(1) space X with d(x,y) < 7 and t € [0,1], we denote by
tx @ (1 - t)y the point z on a geodesic segment between x and y such that d(y, z) = td(x, y)
and d(x,z) = (1 - t)d(x,y). A subset C of X is said to be 7 -convex if tx @ (1 — £)y belongs to
C for every x,y € C with d(x,y) < and £ € [0, 1].

We refer to [9] for more details on geodesic spaces including CAT(1) spaces.

For three points x, y, z in a CAT(1) space X with d(y, z) + d(z,x) +d(x,y) < 27 and ¢ € [0,1],
we know that the following inequality holds [10]:

cosd(x,v)sind(y,z) > cosd(x,y) sin(td(y,z)) + cos d(x,z) sin((1 - )d(y, 2)),

where v =ty @ (1 — £)z. This simple inequality plays a very important role in this paper.
Let X be a complete CAT(1) space, C a nonempty closed m-convex subset of X and

suppose that d(x, C) = inf,ec d(x,y) < w/2 for every x € X. Then we can define the metric

projection P¢ from X onto C; that is, for every x € X, Pcx € C is the unique point satisfying

d(x,Pcx) = inf d(x, y).
yeC

Let X be a CAT(1) space. Let T : X — X and suppose that the set F(T) = {x € X : x = Tx}
of fixed points is not empty. Then T is said to be quasinonexpansive if d(Tx, p) < d(x, p) for
everyx € X andp € F(T). T is said to be strongly quasinonexpansive if it is quasinonexpan-
sive, and for every p € F(T) and every sequence {x,} in X satisfying that sup,, . d(x,, p) <
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/2 and lim,,_, o (cos d(x,,, p)/ cos d(Tx,, p)) = 1, it follows that lim,,_, o d(x,, Tx,) = 0. T is
said to be A-demiclosed if for any A-convergent sequence {x,} in X, its A-limit belongs
to F(T) whenever lim,,_, o, d(x,, Tx,) = 0.

The following lemmas are important for our main result.

Lemma 2.1 (Xu [11]) Let {s,}, {t.} and {u,} be sequences of real numbers such that s, > 0
and u, > 0 for every n € N, limsup,,_, .. t, <0, and Z;io u, < 0o. Let {y,} be a sequence
in [0,1] such that Z;io Vu = 00. If Sys1 < (L = Yu)Sy + Vulu + uy for every n € N, then

lim,_ o0 S, = 0.

Lemma 2.2 (Saejung-Yotkaew [12]) Let {s,} and {t,} be sequences of real numbers such
thats, > 0 for every n € N. Let {B,,} be a sequence in 10,1 such that ., B, = 0. Suppose
that s,.1 < (1 = Bu)Su + Butn for every n € N. If limsup,_, . t,, < O for every subsequence
{ni} of N satisfying liminfy_, oo (S, 41 — S, ) > 0, then lim,,_, o s, = 0.

Lemma 2.3 (He-Fang-Lopez-Li [13]) Let X be a complete CAT(1) space and p € X. If a
sequence {x,} in X satisfies that limsup,_, . d(x,,p) < w/2 and that {x,} is A-convergent to
x € X, then d(x,p) < liminf,_, o, d(x,, p).

3 Main result

As the main theorem of this paper, we prove strong convergence of the iterative sequence
to a fixed point of a strongly quasinonexpansive mapping. We adopt the Halpern iterative
scheme to generate the sequence. We begin with the following basic lemma, which is one
of the main tools for our results.

Lemma 3.1 Let X be a CAT(1) space such that d(v,V') < 7w for every v,v' € X. Let « € [0,1]
and u,y,z € X. Then

1-cosd(au® (1-a)y,z)

cosd(u,z)
~ sind(u,y) tan(2d(u, y)) + cos d(u, y))’

<1 -B)(1-cosd(y,z)) + ﬁ(l
where

sin((1-a)d(u,y))
13 _ 1- ~sind(y) (bt 7{)’),

o (e =y).
Proof It is obvious if u = y. Otherwise, from the inequality

- sin(ad(u,y))

cosd(au® (1-a)y,z) = sind(u, y)

cosd(u,z) + (1 - B)cosd(y,z),
we have that

1-cosd(au@® (1-a)y,z)

1 sin(ad(u,y))

<1-B)(1-cosd(y,2)) + ﬁ( B sind(u,y)

cosd(u, z)).
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We also have that
sin(ad(u,)) ~ sin(ad(u,))
Bsind(u,y)  sind(u,y) — sin((1 — o)d(u, 7))

sin(ad(u,y))

sind(u, y)(1 — cos(ad(u, y))) + cosd(u, y) sin(ad(u, y))
1
sind(u, y) tan(5d(u,y)) + cos d(u, y)

and hence we obtain the desired result. O

Remark On the same assumption, we have
cos d(om d01- a)y,z) > acosd(u,z) + (1 —a)cosd(y, z).

Indeed, it holds from the first inequality of the proof above together with

sin(ad(u,)) - and sin((1 — a)d(u,y))

>1-—
sind(u,y) — sind(u, y) =1

Now, we show the main theorem.

Theorem 3.2 Let X be a complete CAT(1) space such that d(v,v') < /2 for every v,V € X.
Let T : X — X be a strongly quasinonexpansive and A-demiclosed mapping, and suppose
that F(T) # . Let {a,,} be a real sequence in 10,1[ such that lim,_, s 0, =0 and Y oo oy =
00. For given points u,xo € X, let {x,} be the sequence in X generated by

Xpe1 = Oyl D (1 - an)Txn

for n € N. Suppose that one of the following conditions holds:
(@) sup, exdv,V) <m/2;
(b) d(u, Pr(ryu) < /4 and d(u, Prryu) + d(xo, Priryu) < /2;
(© Yoryo2=o0.

Then {x,} converges to Pr(r)u.

Proof Let p = Preryu and let

Sy =1—cosd(x,,p),

p 1 cosd(u,p)

" sind(u, Tx,) tan(% d(u, Tx,)) + cos d(u, Tx,) ’
I

=

oy (u = Tx,)
for n € N. Then, since T is quasinonexpansive, it follows from Lemma 3.1 that

Sue1 < (1= lgn)(l — Cos d(Tme)) + Butn < (1= Bu)sn + Butu

Page 4 of 14


http://www.fixedpointtheoryandapplications.com/content/2013/1/7

Kimura and Sato Fixed Point Theory and Applications 2013, 2013:7
http://www.fixedpointtheoryandapplications.com/content/2013/1/7

for every n € N. We also have that

cosd(x,,1,p) = Ccos d(a,,u ®0- a,,)Txn,p)
> aycosd(u,p) + (1 - ay) cosd(Tx,, p)
> a, cosd(u, p) + (1 - a,) cosd(x,, p)

> min{cos d(u,p),cos d(xn,p)}
for all # € N. Thus we obtain that
cosd(x,,p) > min{cos d(u,p),cos d(xo,p)} =Cos max{d(u,p),d(xo,p)} >0

for all n € N and hence sup,,. d(x,,, p) < max{d(u, p), d(xo,p)} < 7 /2.

Now, we see that each of the conditions (a), (b) and (c) implies that ) o, B, = oo. For
the cases of (a) and (b), let M = sup,,.y d(u, Tx,). Then we show that M < /2. For (a), it is
trivial. For (b), since sup,,.x d (%, p) < max{d(u, p), d(xo,p)}, we have that

M < sup(d(u, p) + d(Tx,, p))

neN

< sup(d(u, p) + d(x,, p))

neN

< max{2d(u,p),d(u,p) + d(xo,p)}

T
< —.

2

So, in each case of (a) and (b), we have

=1 sin((1 — a,,)M)
"= sin M

2 . oy oy
= — sin| —M Jcos{|1-— |M
sin M ( 2 > (( 2 ) )

> o, cos M.

Since Y, o, = 00, it follows that ).~ B, = cc. For the case of (c), we have that

1-a,)m o,T
ﬁnzl—sin%zl—cos u

for every n € N. Therefore, from the condition (c) we have that > -, B, = cc.
For any subsequence {sn/.} of {s,} satisfying that liminfjﬁoo(s,,jﬂ - s,,/.) > 0, we have that

0 < liminf(s,;.,1 — $,;)
j—o0 U U

= liminf(cos d(x,,, p) — cos d(x,;.1, p))

J—> 00

< liminf(cos d(x,;, p) - (a”i cosd(u,p) + (1 - &) cos d(Txnj,p)))

j—00

=lim inf(cos d (%, p) — cos d( Txnjfp))

J—> 00
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< limsup (cos d(xy,l.,p) —cos d(Txn,,P))

j—oo

<0.

Thus we have that limj,o(cosd(xy,p) — cosd(Txy,p)) = 0. Using the inequality
Sup,eny 4(Tx, p) < /2, we also have lim/_,oo(cosd(xnj,p)/cos d(Txnj,p)) = 1. Since T is
strongly quasinonexpansive, it follows that lim;_, d(x,,l,, Tx,,].) = 0. Let {v} be a A-
convergent subsequence of {%n;} such that limi_ o d(u, vi) = liminf;_, d(u,xnl.). Then,
since T is A-demiclosed and limy_, o d(vk, Tvk) = 0, the A-limit z of {v} belongs to F(T).
Using Lemma 2.3 and the definitions of the A-limit and the metric projection, we have
that

liminfd(u, Txn].) = liminfd(u,x,,j) = lilgnd(u, vi) > d(u,z) > d(u, p).

j—00 j—00

Therefore, we obtain that

. . cosd(u,p)
limsupt, =limsup|1- o
j=00 Jj—>00 sind(u, Txn,.) tan(—-d(u, Txn,)) + cosd(u, Txn,)

. ( cosd(u, p) )
=limsup|{1- ————
=00 0 + cosd(u, Txn/.)

<0.

By Lemma 2.2, we have that lim,_, s, = 0, that is, {x,} converges to p = Pr(r)u, and we
finish the proof. O

4 Application to the image recovery problem

In the setting of Hilbert spaces, the image recovery problem can be formulated as to find
the nearest point in the intersection of a family of closed convex subsets from a given point
by using the metric projection of each subset. In this section, we consider this problem
in the setting of complete CAT(1) spaces. As the simplest case, we deal with only two
closed convex subsets C; and C, such that C; N C, # ¥ and generate an iterative sequence
converging to the nearest point in C; N C; from a given point.

First, we observe some properties of the metric projection defined on a CAT(1)
space. Let X be a complete CAT(1) space, C a nonempty closed m-convex subset
of X and suppose that d(x,C) = infecd(x,y) < /2 for every x € X. Then we can
prove that the metric projection P: X — C is a strongly quasinonexpansive and A-
demiclosed mapping such that F(P¢) = C. Indeed, it is known that P¢ is quasinonexpan-
sive; see [14]. Let {x,} be a sequence in X and p € C such that sup, .y d(x,,p) < 7/2 and
lim,,, oo (cos d(x,,, p)/ cos d(Pcxy, p)) = 1. Then, from the property of metric projection, we
have that

cos d(x,, Pcx,) cos d(Pcxy, p) > cos d(x,, p)

for every n € N. Therefore, we have

cosd(x,,p)

1> d mP n) Z —— o~
> COS (x cx ) CcoS d(Panrp)
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and thus lim,,_, o cos d(x,, Pcx,) = 1, that is, lim,,_, oo d(x,, Pcx,) = 0. Hence, P¢ is strongly
quasinonexpansive.

On the other hand, let {x,} be such that lim,_, o, d(x,, Pcx,) = 0 and assume that {x,}
is A-convergent to X, € X. Then {Pcx,} is also A-convergent to x... Since {Pcx,} is a
sequence in a closed w-convex subset C, we have that its A-limit x, belongs to C, that is,
X0 € F(Pc) [14]. It shows that P¢ is A-demiclosed.

For two strongly quasinonexpansive and A-demiclosed mappings having common fixed
points, we can create a new strongly quasinonexpansive and A-demiclosed mapping
whose fixed points are common fixed points of given two mappings. For example, as we
have seen above, metric projections to closed and convex sets are strongly quasinonex-
pansive and A-demiclosed. Thus, for given two metric projections to closed convex sets
whose intersection is nonempty, the following method is applicable. It is useful to solve
the image recovery problem.

Lemma 4.1 Let X be a CAT(1) space and yy, y1 and y elements of X such that d(yy,y) +
d(y1,y) + do,n) < 2m. Then

d()/oyyl)
2

1 1
cos d<§yo ) iyl,y) cos > min{cos d(yo,y),cos d(yl,y)}.

Proof 1Tt is obvious if yy = ;. Otherwise, we have that

d(yo,yl)
2

d(yo,y1)
9 .

1 1
cos d(EyO &) Eyl,y) sind(y0,y1) = (cosd(yo,y) + cosd(y,y)) sin

> 2min{cos d(yo,y),cos d(yl,y)} sin
Dividing above by 2 sin(d(yo, y1)/2), we get the conclusion. O

Corollary 4.2 Let Ty and T\ be quasinonexpansive mappings from X to X, xo and x; ele-
ments of X, and p an element of F(Ty) N F(T1). Then

1 1 d(Tox, T
cos d<§ Tox ® ETpc,p) cos y > cosd(x, p).

Lemma 4.3 Let X be a complete CAT(1) space such that d(v,V') < /2 for arbitrary v and v
of X, and Ty and T quasinonexpansive mappings from X to X such that F(To) NF(T1) # 9.
Then

F(%To @ %Tl) = F(To) N E(TY).

Proof 1t is obvious that F (% Ty & %Tl) D F(Ty) N F(T1). We will show the opposite inclu-
sion. We denote T = %To &) %Tl. Let z € F(T). Then, for arbitrary p € F(T,) N F(T1), from
Corollary 4.2, we have that

d(T()Z, le) d(ToZ, le)

cosd(z,p) sin 5 =cosd(Tz, p) sin —a > cosd(z,p),

that is, Toz = T1z. Hence, z = Tz = Toz = T1z, which means z € F(Ty) N F(T}). a
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Lemma 4.4 Let X be a CAT(1) space such that d(v,v') < /2 for arbitrary v and v’ of X.
Let Ty and Ty be mappings from X to X such that F(Ty) N F(Ty) # 0. If both Ty and T; are
strongly quasinonexpansive, then so is %To &) %Tl.

Proof We denote T = %To ) %Tl. By Corollary 4.2, for x € X and p € F(T,) N F(T1), we
have

d(Tox, T
cosd(Tx,p) > cosd(Tx,p)cos w > cosd(x,p),

that is, d(Tx,p) < d(x,p) and hence T is quasinonexpansive. Moreover, for a sequence
{x,} in X and a point p in F(T) such that sup,, . d(x,, p) < 7/2 and lim,_, (cos d(x,, p)/
cosd(Tx,,p)) =1, by Lemma 4.1, we have

d( TOxru Tlxn)

cosd(Tx,, p) > cosd(Tx,, p) cos 5

> min{cos d(Tox,, p),cos d(Tlx,,,p)}.
So, there exist two disjoint subsets {1} and {n;} of N such that N = {m,} U {n;} and

ATk, p) < A(ToXm,,p) forallm; and
d(Txy,, p) <d(Tix,,p) foralln,.

We may assume that both {m;} and {»;} are infinite sets without loss of generality. From
Lemma 4.3, p is in F(T,) and thus

cos d (%, p) - cos d(Xm;, p) 1

= cosd(ToXm,p) — cosd(Tx,;,p)

which means lim;_, o (cos d(x,,;, p)/ cos d(Tox,;, p)) = 1. Since T is strongly quasinonex-
pansive, we have that lim;_, oo d(T0%,,, %) = 0. By Corollary 4.2, we have
d( TOxm,-; Tlxm,-) Cos d(xm,:p)

> 1,
o8 2 = cosd(Tx,, p) -

that is, lim;_, oo d(To%m;» T1%m;) = 0. Then it follows that lim;_, o d(T1%,;,%;) = 0. Sim-
ilarly, we have that lim;_, oo d(T1%y,,%,;) = 0 and lim,_, o d(Tox,,,%,,) = 0. Consequently,
we have that lim,,_, o, d(Tox,,%,) = 0 and lim,,_, o, d(T1x,,x,) = 0. Hence, we obtain that
lim,,_, oo d(Tx,;, x,,) = 0, which is the desired result. a

Lemma 4.5 Let X be a CAT(1) space such that d(v,v') < 7 /2 for arbitrary v and v' of X.
Let Ty and Ty be mappings from X to X such that F(To) N F(T1) # 9. If both Ty and T; are
A-demiclosed, then so is %To ® %Tl.

Proof Wedenote T = %TO @ %Tl‘ Let {x,} be a sequence in X and x, an element of X such
that d(Tx,,x,) — 0 and suppose that {x,} is A-convergent to x. Then, by Corollary 4.2,
we have

d(Tox, Tixn) _ cosd(xy,p)

cos > — 1,
2 ~ cosd(Tx,,p)
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that is, lim,_, o d(Tox,, T1%,) = 0. Thus we have

d(Tox,, Tix
d(Tox,, T,) < W — 0.
Since T, is A-demiclosed, we have that Tox. = Xs. In a similar fashion, we have that

T1%00 = Xoo. Hence Tx, = X, that is, T is A-demiclosed. O

Let X be a complete CAT(1) space such that d(v,v') < /2 for every v,V € X, and let Cy
and C; be closed convex subsets of X having the nonempty intersection. Then, for the
metric projections P¢, and Pc,, the mapping %Pco &) %PC1 is strongly quasinonexpansive
and A-demiclosed. Moreover, the set of its fixed points is Cy N C;. Applying these facts
to Theorem 3.2, we obtain the following result for the image recovery problem for two

convex subsets.

Theorem 4.6 Let X be a complete CAT(1) space such that d(v,v') < 7 /2 for every v,v € X.
Let Cy and C be closed convex subsets of X such that CoNCy # 0. Let {«,} be a real sequence
in 10,1[ such that lim,_.oc o, = 0 and Y - o, = 00. For given points u,xo € X, let {x,} be
the sequence in X generated by

1 1
X1 = ytt © (1 — ) EPCOxn @ Epclxn

for n € N. Suppose that one of the following conditions holds:
(@) sup, exd(v, V) <m/2;
(b) d(u,Pcync,u) < /4 and d(u, Pcync, u) + d(xo, Pcync, ) < /2;
(€ Yopepo =00.

Then {x,} converges to Pc,nc, u.

5 Approximation to a fixed point of nonexpansive mappings

At the end of this paper, we prove two convergence theorems of iterative schemes which
approximate a fixed point of a nonexpansive mapping. Firstly, we apply the main result
Theorem 3.2 to this problem. We begin with the following lemmas.

Lemma 5.1 A nonexpansive mapping defined on a CAT(1) space is A-demiclosed.

Proof Let S: X — X be a nonexpansive mapping. Let {x,} be a A-convergent sequence
in X with the A-limit x,, € X and suppose that lim,,_, » d(x;, Sx;) = 0. We will prove that
Koo = Skoo- If X0 # Sxo, then, by the uniqueness of the asymptotic center, we have that

limsup d(x,, Xx0) < limsup d(x,, Sxso)

n—0oQ0 n—00

<Ilim sup(d(xn,Sx,,) + d(an,Sxoo))

n—00

< limsup(d(x,, Sxn) + A, %o0))

n—00

= limsup d(x,, Xx0 ),
n— o0

a contradiction. Hence, we have that S is A-demiclosed. O
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Lemma 5.2 Let X be a CAT(1) space such that d(v',v") + d(v",v) + d(v,V') < 27 for ev-
eryv,v,v' € X. Let S : X — X be a nonexpansive mapping with a nonempty set of fixed
points F(S). Then the mapping T : X — X defined by

T—1 @15
k=ox® 5%

for x € X is a strongly quasinonexpansive and A-demiclosed mapping such that F(T) =
F(S).

Proof 1t is obvious that F(T) = F(S) by definition and, since both the identity mapping /
and S are quasinonexpansive, for x € X and p € F(T) = F(S), we have that

1 1
cosd(Tx,p) > 5 cosd(x,p) + 2 cosd(Sx, p) > cosd(x,p).

Thus T is quasinonexpansive. Let {x,} be a sequence in X such that sup, . d(x,, p) < 7/2,
and suppose that lim,,_, o (cos d(x,, p)/ cos d(Tx,, p)) = 1. Then we have

d (%, Sx4)
—

cosd(Tx,, p) sind(x,, Sx,) > sin cosd(x,, p) + cos d(an,p))

A%, Sxn)
n -

> 2si cos d(x,, p)

for every n € N. It follows that

A(%x, Sxy
cosd(Tx,, p) cos % > cosd(x,, p)

and since sup,,. d(T%y,, p) < sup,cy d(*,,p) < /2, we have

1 > limsup cos d(x,, Tx;)

n—00

> liminf cos d(x,, Tx,)

n— 00

. (%, Sx)

=liminfcos ——

n—0Q

= lim cosd(x,, p)
n—co cos d(Txy, p)

=1

It implies that lim,,_, o d(x,, Tx,) = 0 and hence T is strongly quasinonexpansive.
For the A-demiclosedness of T, use Lemmas 4.5 and 5.1 with the fact that the identity
mapping is also A-demiclosed. O

Applying this lemma and the results in the previous section to Theorem 3.2, we obtain
the following convergence theorem of an iterative scheme approximating a fixed point of
a nonexpansive mapping.

Theorem 5.3 Let X be a complete CAT(1) space such that d(v,v') < /2 for every v,V € X.
Let S : X — X be a nonexpansive mapping and suppose that F(S) # 0. Let {o,} be a real
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sequence in 0, 1[ such that lim,_ooa, =0 and y .- a, = 00. For given points u,x € X, let

{x,} be the sequence in X generated by
= @1 ) L @ ! S
Xn+l = Ould oy zxn 2 Xn

for n € N. Suppose that one of the following conditions holds:
(@) sup, exd(v,V)<m/2;
(b) d(u,Ppsyu) < /4 and d(u, Prsyu) + d(xo, Prsyu) < w/2;
(€ Yorepo =o0.

Then {x,} converges to Prs)u.

The next convergence theorem of an iterative scheme on CAT(1) spaces was first pro-
posed by Piatek [6]. The theorem deals with the Halpern-type iterative sequence. Al-
though the result itselfis correct, a part of the proof does not seem to be exact. Precisely, in
the proof of the convergence theorem for the explicit iteration process, the author makes
use of Xu’s lemma, Lemma 2.1 in this paper. However, the conditions required for this
lemma are not verified. We attempt to prove the following theorem as a supplement of the
aforementioned result, and moreover, we find another coefficient condition which guar-
antees convergence of the iterative scheme.

Before showing the result, we need the following lemma which is analogous to [6,

Lemma 3.3]. The assumption for the length of the edges of the triangle is improved.

Lemma 5.4 Let X bea CAT(1) space. For M €10, 7 [, let u,v,w € X be such that d(u,v) <M
and d(u,w) < M. For a given a« €]0,1[, let V =au ® 1 -a)vand w =au ® (1 — a)w. If
dw,w) +dw,u) + d(u,v) < 27 and sin((1 — «)M) < sin M, then

- sin((1 — @) M)

d(v', w’) < Y dv,w).

Proof Consider the comparison triangle A(#, v, w) of A(u, v, w) on S? and let V' and W' be

the comparison points of v' and w/, respectively. Let
U=dg,w), V =dg(w,u), W =dg (u,v),

and U’ = dg (V/,W'). Then, letting o’ = 1 — o, we have that

. . sin? o’M ,
sinVsin W ————(@1 - cos U) - (1-cosU’)
sin“ M
o sin® o’ M
=sinVsinW| ————(1~-cosl) -1
sin“ M

+ (cosU —cos Vcos W)sina'Vsina’ W + sin Vsin W cosa’V cosa’ W

s 2 7
sin“ o' M

=(1-cosl) (sin V sin WTM - sina’Vsina'W)
sin

+ (@ = cos Vcos W) sina'Vsine’ W —sin V sin W(1 - cosa’V cosa’ W)).
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Since the functions fi/(¢) = sintV/sintM, fw (¢) = sintW/sintM, and g(¢) = (1 — costV x
costW)/(sintV sintW) are all increasing on [0, 1], it follows that

. sinfa'M
sinVsin W———

—sine/Vsina'W > 0,
2
sin“ M

and
(1—cos Vcos W)sina'Vsina’ W —sin V sin W(l — oS o/Vcosa’W/) > 0.

Therefore, we have that
s 02
. . sin“ o' M ,
sin V' sin W(T(l —cosl) — (1 —cosl )) > 0.
sin”“ M
Using the assumption that sino’M < sin M, we obtain that

su l1-cosl’ sina’M [1-cosU
sin — =,/ < = /
2 2 — sinM 2

sina’ M u . (sinaM U
sin —
- sinM 2

and, by the CAT(1) inequality, it follows that

- sin((1 — a)M) U< sin((1 — a)M)

/o) — =\ _ 7
d(V’W)SdSZ(V’W)_U - sin M sin M

d(v,w),
which is the desired result. O

Theorem 5.5 Let X be a complete CAT(1) space such that d(v,v') < 7 /2 for every v,v € X.
Let T : X — X be a nonexpansive mapping and suppose that F(T) # (. Let {a,} be a real
sequence in [0,1] such that lim, o0, =0, Y ogay = 00, and Y o) [0ty — oty < 00. For

given points u,xo € X, let {x,} be the sequence in X generated by
Xyl = 0y D (1 - an) Txn
for n € N. Suppose that one of the following conditions holds:
(@) sup,exd(v, V) <m/2;
(b) d(u, Pr(ryu) < /4 and d(u, Peryu) + d(xo, Priryut) < /2;
(©) Yo, =00
Then {x,} converges to Pr(r)u.

We employ the method used in [6] for some parts of the proof.

Proof From the definition of {x,}, using Lemma 5.4, we have that

d(xn)xnﬂ) < d(xm oy @ (1 - an)Txn—l) + d(anu 69 (1 - an)Txn—l:an)

= |an - an—1|d(u: Txn—l) + d(O(nM ©® (1 - an)Txn—b xn+1)

Page 12 of 14
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sin((1 - a,,)M,,)
in M,
sin((1 - a,,)M,,)
sin M,

<oy — ap-1ld(u, T, ) + A(Txy-1, Tx,)

<oy - Otn,1|d(l/l, Txn—l) + d(xn—b xn)¢

where M,, = max{d(u, Tx,), d(u, Tx,_1)} for each n € N. Let

, e (M 70)
=

oy (Mn = 0)

for all # € N. Then, as in the proof of Theorem 3.2, we have that each of the conditions
(a), (b) and (c) implies that > -, ¥, = co. In particular, in cases of (a) and (b), for M =
sup, yex d(v,v') and M = max{2d(u, p), d(u, p) + d(xo,p)} with p = Pr(ryu, respectively, it
holds that

Vn = ot cOSM,, > o, cos M,

and in case of (c), it holds that

2.2
n

8

o

Vn =

Then, by using Lemma 2.1 with the condition ZZ‘;I |otpe1 — o] < 00, we have that

lim,,_, o0 d(%,,%,41) = 0. It follows that
0 =< d(xnr Txn) =< d(xm xn+1) + d(xn+1: Txn) = d(xnr xn+1) + and(u: Txn)

and thus lim,,_, » d(x,, Tx,) = 0. Let p, {s,}, {t,}, {Bx} be as in the proof of Theorem 3.2
again. Then by Lemma 3.1, we have that

Sl < (L= Bu)sy + Butn

for every n € N. Since every nonexpansive mapping is A-demiclosed, we can use the same

technique as the proof of Theorem 3.2 and then we obtain that

cosd(u,p) )

li t, =i 1-—
P o sup( sind(u, Tx,) tan(%d(u, Tx,)) + cos d(u, Tx,)

n—00 n—00

<0.

Consequently, we have that lim,_,» s, = 0 by Lemma 2.1. Hence, {x,} converges to p =

Pr(ryu, which is the desired result. O
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