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Abstract

We introduce the theory of asymptotical nonexpansiveness of mappings defined in
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1 Introduction and preliminaries
In the past years, many researchers have proved various results on the theory of nonex-
pansive mappings (or contractions). The mean ergodic theorem for contractions in uni-
formly convex Banach spaces was proved in [1], while the authors in [2] introduced the
convex approximation property of a space, proved that contractions satisfy an inequality
analogue to the Zarantonello inequality (see [3]) and then studied the asymptotic behavior
of contractions.

Given a nonempty subset D of a real linear normed space E, a self-mapping 7': D — D
is said to be nonexpansive if the following inequality holds for all x,y € D:

T - Tyl < llx =yl

Many more general classes of mappings have been considered, including the class of
asymptotically nonexpansive mappings introduced by Goebel and Kirk [4], defined by the
relation

|T7% - T"y|| < kullx =yl ¥n>1,Vx,y €D,

where the sequence {k,} C [1,+00) converges to 1 as n — +00. They proved that a self
asymptotically nonexpansive map of a nonempty closed convex bounded subset of a real
uniformly convex Banach space has a fixed point. Then Chang et al. [5] established some
convergence theorems for this class of mappings without the assumption of boundedness
of the subset D.

Recently, the concept of coupled fixed points was introduced and developed by some
authors (see [6—8]). A coupled fixed point of a map F : E x E — E is defined as an element
(x,y) € E x E such that x = F(x,y) and y = F(y,x). One could be interested in extending
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nonexpansiveness to maps defined on a product space (the algebraic product) and study
the existence of their coupled fixed points. This is the main purpose of this paper.

We now introduce the definitions of nonexpansive maps, asymptotically nonexpansive
maps, Lipschitzian and uniformly Lipschitzian maps defined in product spaces.

Definition 1.1 Let D be a nonempty subset of a real normed linear space E. A mapping
F:D x D — D is said to be nonexpansive if

1
|E@,y) = F(u,v)|| < 3 [llx=ull +ly-vI] VxyuveX. 11)
Definition 1.2 F is said to be asymptotically nonexpansive if there exists a sequence
{k,} C [1,+00) with lim,,_, ., k;, = 1 such that

ki,
”F"(x,y) - F"(u, V)H < E[Hx —ull + |y - v||] Vn>1,Vx,y,u,veX, 1.2)
where the sequence {F"} is defined (see [7]) as follows:

Fox,y) = x,

Fn+1(x _ n n (13)
,y) = F(F"(x%,9), F" (%)), n=0.

Definition 1.3 F is said to be uniformly L-Lipschitzian (where L is a positive constant) if

L
||F”(x,y) — F(u, V)H < 5 [||x —ull + |y - v||] Vn>1,Vx,y,u,veX. (1.4)
When the equality is verified for n =1, i.e., when

L
|Ex,y) - F(u,v)| < E[le —ull+lly-vll] VxyuveX, (15)

F is said to be Lipschitz with the constant L (or L-Lipschitzian).

Remark 1.4

1. Itis easy to see that if F: D x D — D is a nonexpansive mapping, then F is an
asymptotically nonexpansive mapping with a constant sequence {1}.

2. If T: D x D — D is an asymptotically nonexpansive mapping with a sequence
{k,} € [1, +00) such that k,, — 1, then it must be uniformly L-Lipschitzian with
L =sup,.;{ku}.

3. The sequence {F"(x,y)} can be written as the sequence {x,} defined (see [6]) as
follows:

X0 =X, Yo=Y
Xne1 = F®n,y0), n=>0, (1.6)

Yne1 = F(yn;xn)r n=>0.
In [5], Chang et al. defined demi-closed maps at the origin as follows.

Definition 1.5 [5] Let E be a real Banach space and D be a closed subset of E. A map-
ping T : D — D is said to be demi-closed at the origin if, for any sequence {x,} in D, the
conditions x,, — g weakly and Tx,, — 0 strongly imply Tg = 0.
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We extend this definition to maps defined in D x D as follows.

Definition 1.6 Let E be a real Banach space and D be a closed subset of E. A mapping
F:D x D — D is said to be demi-closed at the origin if, for any sequence {(x,,7,)} in
D x D, the conditions x,, — q1, ¥, — g2 weakly and F(x,,y,) — 0, F(y,,x,) — 0 strongly
imply F(q1,92) = F(q2,q1) = 0.

Lemma 1.7 Let E be a uniformly convex Banach space, C be a nonempty bounded closed
convex subset of E. Then there exists a strictly increasing continuous convex function
f:10,+00) — [0, +00) with f(0) = O such that for any Lipschitzian mapping T : C x C — E
with the Lipschitz constant L > 1, any finite many elements {(x;,y;)}\, in C x C and
any finite many nonnegative numbers {t;}, with Y . t; = 1, the following inequality
holds:

T(Z t,'(xi,yi)) - Z T (xi, 9:)
i=1 i=1

1
=< %f‘l{ max <||xi =il + Ily: = 1l - (g) |7 e i) - T(x/,y/)||) } (L.7)

1<ij<n
Proof Let us prove by induction. For n =1, (1.7) is trivial.
Let us prove for n = 2: Let § be the modulus of uniform convexity of E and define d :

R* — R* by

dt) = %f()ta(s)ds, 0<t<?2,
| d@+ 352)E-2), t>2.

It is well known (e.g., see [1, 9]) that d is strictly increasing, continuous, convex, satisfying
d(0) =0 and

2titad(u—vl) <1- |lfu+ v (1.8)

forall #,t, > 0 such that ¢; + £, =1 and u,v € E such that ||u|| <1and ||v| <1.

2
T (x1,91) — T<Z ti(xi,yi)> H
i1

= | T@1, 1) = T(t121 + 2%, 1131 + 125) |

IA
|

NI~ NI NI o~

{I|x1 —tx1 — bxo |l + Iy — iy — t2y2||}

{0 = a)as = ool + 111 = t1)y1 — 22|}

{Itax1 = o2 || + [l 231 — 22|l }

B[ lx =%l + lly1 = y21]. (L9)
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Similarly,

T (x2,92) - (Z ti(x:,y:) > H | T(%2,52) — T(t11 + taxa, iy + t232) |

L
=5 {ll%2 = i1 = tao || + [ly2 — tay1 =t I}
L
=3 {1@=t)xs -tz | + || (@ = 22)y2 — e ||}
L
E{llhxz -t || + 161y2 — anll}
L
=34 11l =22l + [1y1 = y211]- (1.10)

Hence, if u = (xz 2Tl 660D oy - Z’ 10T o from (1.9) and (1.10),

t1[IIx1 =x2ll+ly1-y21 Ez[llxl —x2 [l +lly1-y2ll]

lull <1, vl <1,

_ _T2.92)-T(x1,1)
hu+ by = —==——==
1T 20 Tlm—sa 4yl (1.11)
1 T(xpy1)+t2 T (xo J’z)*T(Z?:l ti(xiyi)

Lutylllx—x2ll+lly1-y2 1]

u-v=

Putting (1.11) in (1.8), we have

9ft d( 1T (1, 31) + £2 T(%2,¥2) — T(Zizﬂ ti(xhyi))”) <1 1T (%2, ¥2) = T (1, y1)
142 - )
st [l — 22| + [ly1 = y211] lloer = 22l + [ly1 = 2111

I T (er,y1) + 8 T2, ) — T(X oy i, y) )

ttoL| 1 = %2l + lly1 = y2 |l d(
[ ] Etiio[llxn — 2]l + lly1 = y21]

NIN

< [l =2l + Iy = 220l] = | T2, 92) = Tlea, ) |-

Q

Since t — is strictly increasing, t1t, < l and [|x; — 23] + |ly1 — y21l < 2D, where D :=

diam C, we have

Lo, ( 8T (e 91) + 62T (w2, 92) = T, ti(xi,y,«))n>
2 tp

I T Ger 1) + 82 T (2, 30) = T(X 0 (i, )
<t L[ |lx — %20 + [0 —y2||]d( Cahe {1 2= )2 Lia Y
shtalller —xall + [ly1 = y21l]

NIN

[l =22l + lyn = 22ll] = | T2, 32) = T2, 31) |-

Let f» : R* — R* be defined as f»(f) = Dd(%); then

L. (2
5f2<z

L
< §[||x1 — x|l + 1 = y2ll] = || T2, y2) = T, 31) |-

2
BT (x1,01) + 2T (%2, 72) — T(Z £ y,~>> H)
i=1

Page 4 of 15
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Hence,

2
hT(x1,91) + 6T (%2, 92) — T(Z ti(xi:yz’)) H
i=1

L 2
< gfgl(nxl —xll -yl - 7 [ T(x2,52) T(xl,yl)ll). (1.12)

Thus (1.7) is true for n = 2.
Now suppose that

T(Z ti(xixyi)) - Z t:T (x5, i)
i=1 i=1

L L\
<ot max (b=t e i-yi= (5) 17 -esml) . a1
1<ij<n 2

Define a strictly increasing continuous convex function f;,,; satisfying f,,,1(0) = 0 and
LLO =510 + £+ 2570).

For example, if * defines the inf-convolution, / the identity function on R and the functions

in the functions f, are extended to be +00 on (-00,0), then one could take (see [2])

fui1 = %(1 *ﬁ)o(%(fz *f,,)).

Definealso A" = {¢t=(t1,...,t,): ; > 0,> 1 t; =1}.
Fixt € A" and let (x1,91), ..., (®4+1,Yns1) € C X C. The case ¢,,1 = 1 is trivial and therefore
omitted. For the rest of the proof, we let the subscript i range through 1 <i < n + 1, while

j ranges through 1 <j < n. Put
<uj> = (1 - tn+1) (xl> + sl (xnﬂ) ’
7 Yj Yn+l
[ _ T(xiryi)
; T(yix))’
/ J J
) ==t () + b ()
Vj yj Vn+1

j
1- L1

W=

We have that u € A”! and after computation

n+l X n u n+l X n u
1\ j=1 Vi 1 Vi j=1 Vi
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T

n+l n+l
T<Zti(x,-,y, > th
i=1

n
Z 1ty Vi)) -
j=1 =1

T(Z 1452t V/)) - > wTwv)
1 j=1

n
+ ) il T, v) = . (1.14)
j=1

The induction hypothesis (1.13) can also be written

e |

T(Z 152t V;)) - > wTwv)
j=1 J=1

= max (nu, — gl + vy = wall = = || T(wj,v)) - T(uk,vk)n)
<1 <
= max (nu, — gl + vy = vl - H T(vj,w) = T (v, ug) ||)

1
= 122§n<llu,~ il + v = viell - 7 17w, v)) = T, i) |
1
I 1T w) - T w)] )- (1.15)
We also have, by the triangle inequality,

1
ll2tj — u |l - 7 || T(uj,v)) - T(uk,vk)”

1 1
§||u,»—uk||—ZHu uk”+ Huk T(uk,vk)”+zHu]/.—T(u,»,v,»), (1.16)
1
lvj — vill = I 1T, ) = T i wi) |
<= vell = V= e + Ve = T + = |V, - T )| (117)
— k FLN k L k ko Uk 7Y i» Uj) || - .

From (1.12) we have

f <_ ” T( u}' V} U; H) ( ” T( u}: V}) (1- n+1)x1/‘ - tn+1x/n+1 H)
2
=f (Z |7 @ v)) = = ) T (%5 9)) = b1 T Koists Y1) ||)
2
:f2 (Z ” T((l - tn+1)xj + b1 X1, (1 — tn+1)yj + tn+1yn+1)
- (1 - tn+l)T(xj)yj) — tn+l T(xn+1:yn+l) H)

2
< ”x/ — Xl + ”y} _yn+1|| - Z ” T(x/’;yj) - T(xn+1;yn+1)H

2 / /
= ||x} =Xl + “y} _yn+1|| - Z ||x} ~ X1 ” (1~18)

Page 6 of 15
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Similarly,

2 2
fz(z | T () - V,’”) < % = xpaall + 195 = Yuaall = I ||y} V|- (L.19)
We also have
1 ! ! 1 ! /
ey =il = 7 o6 — i || = [ Q= ) (5 = 0) | - I 1= ) (%) - x7) |

1
- 1=ty 5l - 7 b -5
1 / /
<l —xell - I Hx] —ka. (1.20)
Similarly,
1 / / 1 / 7
vy = vell = 21 = vie < Wy =l = 1= 94 (1.21)
Put
20 .
t:= max{ lx; — x|l + Nlyi = vell — I ||xl —ka 1<i,k<n+ 1}
20, .
- max{uxi =l =l = -kl st < ik < m 1}
1 / / 1 / / .
= max{ llx —xll + lly: = yxll = lexi - | - leyi -yill:1<ik<n+1f.
Then, by (1.18) and (1.19),
2|7 <57 d 2T <57 1.22
Z” (u/,v/)—ul.” <fy, (t) an Z” (v/,uj)—vj|| <fy (). (1.22)
Using (1.20) and (1.22) in (1.16) and also (1.21) and (1.22) in (1.17), we have
1 1 / / -1
I = ) = 7 |70t v) = TCuivi) | < llxy =20l = 7 o =i | +£57)
and
1 1,, 3
v = vill = 21Ty 2) = T | < 19y = el = 7 |7 = 0| +.457 0
by summing,
1 1
Iz = el + vy = vidl = N T (s, v)) = T (i, va) || - I | T u) = T(vio i) |

1 1
< g =l + Ny = el = 7 o =i = 7 =9 + 257 @)

<t+2f;7\(¢). (1.23)

Page 7 of 15
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Using (1.23) in (1.15) yields

< gfn_l (t+25®). (1.24)

T(Z 1451, V/)) - > 1T (w,v)
j=1 J=1

Finally, when (1.22) and (1.24) are used in (1.14), we obtain

I t~

=

£+ 2670) Z,,L, ()

N

n+l n+l
T(Z ti(xi,yi)) - Z 5T (%, 1)
i=1 i=1

< gfn‘l (t+2610) + Efz'l(t)

L
=S+ 257 0) + 57 0]
< gf,;ll(t) by the definition of f;,,;.

Therefore

n+l n+l
T(Z Ifi(xi,yi)) - Z T (xi,:)
i=1 i=1

L 2
< 5}2111 (133)2“{ e = 2eell + lyi =yl = 7 | T Geinyi) = T yi) | })

To complete the proof, we show in the sequel that the dependence of f,, on # can actually
be omitted.

Since E is uniformly convex, E is B-convex (see [2]) and since the product of B-convex
spaces is also B-convex (see [10]), E3 is B-convex, hence has the convex approximation

property (C.A.P.) (see [2]), i.e., for each € > 0, there exists a positive integer p such that

coM Cco, M+ S 0,i xS 0,i xS €
3L 3L 3L

where S(0,r) is the open sphere centered at the origin and with r as radius, coM is the

convex hall of M and

p
co, M = {Zt,-X,';t eANP L X, eMforallie(l,...,p)p ﬁxed}
i=1

foreveryM C C x C x C.
Put y =f,(2). Suppose &1,..., %4, )1,-..,yn € C satisfy

2 .
i = 1+ llyi = 31 = | T @iy = T@p)| <y foralli,j.

Consider M = {(x;,y;, T(x:,y:)) € C®:i =1,2,...,n}. Thus, for each t € A", there exist

Page 8 of 15
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we AP andi,..., i, €{1,...,n} such that

n p
E Lixi — Z i,
i=1 j=1

n p
Z Liyi — Z WY
i=1 j=1

n )4
Z 6T (i yi) — Z wi T (i i)
i-1 j=1
Now

H T(Z L‘,»(x,-,yi)> - Z 6T (x5, 1)

<[ () - (E wtosp) |
* H T<Z “/(x"/’yi/)) =D T y;)
+ H Z wiT (%3, y;) = Z 6T (%, y:)

Since

” T(Y" b ) -3 i) “
[HZ“‘ D H Doty w;

€| €
3L 3] 3

IA

]

L
2
L
“2

and

H T(Z /Lj(?Cij;yij)) = T, )

we have that

” T(Z ti(xi,yl')> - Z 5T (%, 1)

<Lo= g (fp(ﬁ—Z)) -5

€ €
<-+-+-=€
3 3 3

whenever lx; — x| + ||y — ¥l — %|| T(x;,9:) — T(x5, )|l < y. One can easily construct f such
that € < %f‘l(y), i.e., such that f(z) 5]}(%), which guarantees (1.7) with f independent

of n.

2 Existence of coupled fixed points

Let p1 : E x E — E denote the projection of the first coordinate, i.e., p1(x,y) = x for all
%,y € X. Note that if F: D x D — D is a mapping, we have that p; — F is demi-closed at the

origin if the existence of a sequence {(x,,¥,)} in D x D such that

x, = q1 weakly,
Yn — q2 weakly,

— F(xy,y,) > 0 strongly,
Yu — F(yn,4) — 0 strongly

Page 9 of 15
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implies that

(1 - F)q1,92) = (p1 — F)(q2,q1) = 0,

Flquq2)=q1 and gy =F(q2,q1),

i.e., the existence of a coupled fixed point (g1,¢>) of F.
Now we prove our main theorem.

Theorem 2.1 Let D be a nonempty closed convex subset of a uniformly convex Banach
space E and F : D x D — D be an asymptotically nonexpansive map with the sequence
{k.} as defined in (1.2). Then p, — F satisfies the demi-closedness at the origin property. In
other terms, if any sequence {(x,,y,)} in D x D is such that x, — q1 weakly, y, — q2 weakly,

—F(x,y4) — O strongly and y,, — F(y,,%,,) — O strongly, then F has a coupled fixed point
(q1,q2).

Proof Since {(x,,y,)} converges weakly to g = (q1,42) € D x D, {x,} and {y,} are bounded
in D. Therefore, there exists » > 0 such that {x,}, {y,} C C =: DN BJ[0, r], where B[O, ] is the
ball of E of radius r centered in 0. Hence C is a nonempty bounded closed convex subset
in D.

Next, we prove that as n — +00, F"q — ¢ and F"q — ¢, where q = (q1,42) and q =
(2, q1)-

Since {x,} and {y,} converge weakly to ¢; and ¢, respectively, by Mazur’s theorem (see,
e.g., [4]), for all # > 1, there exist sequences {A4,} and {B,,} such that 4,, = ZZ(I") t"x;., and

1

B, =Y 7" 1"y, where £ > 0, Y7 £ = 1and | A, — qull < L, 1By — ol < L.

1

Since the sequences {x, — F(x,,y,)} and {y, — F(y,,«,)} converge strongly to O respec-

tively, for any given € > 0 and positive integer j > 1, there is an integer N = N (¢, j) such that

1
~ <€and

}’I_F nJn VI_F nr»vvn — ’ EN'
b Fel ¢ o= O] = [ <o

Since F is asymptotically nonexpansive,

||Fj(xn:yn) - Fj+1(xn:yn)|| = ||Fj(xmyn) - Fj(F(xn:yn)rF(yn,xn)) ||
= 2 [~ Flan )| + [~ om0 ]
and

”F/(y;«uxn) - Fj+1()’nrxn)|| = ”Fj(ynrxn) - Fj(F(yxryn),F(xmyn)) H

EJ[”JC,, F(xn’yn)” ”yn _F(ymxn)”]'
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Hence, for any n > N,

”xn _Fj(xmyn)” =< Hxn _F(xn’yn)” + ” (F _Fz)(xmyn)” +e

| (F = Py
j-1
< (1 + Zk[/z) [Hxn _F(xnyyn)H + ”yn _F(ynrxn)”]
I=1
<E€. (2.1)
Similarly,

||yn _Fj(ymxn)n <E€E. (22)
Since F : D x D — D is asymptotically nonexpansive, F : C x C — D is also asymptotically

nonexpansive, hence F/ : C x C — D isa Lipschitzian mapping with the Lipschitz constant
ki > 1. We have the following inequality:

||Fj(Aann) - An || =

m(n)
Fj(An’Bn) - Z tl(n)Fj(meyi-*—n)
i=1

m(n) m(n)
+ Yt e Yian) = Y i
i=1 i=1
m(n)
< | F(An B =Yt F (kiem Yisn)
i=1
m(n)
+ Z t,(n) ||Fj(xi+n:yi+n) —Xitn “ (2.3)
i=1
By (2.1), we know that
m(n)
Z tlgn) ||Fj(xi+n:yi+n) — Xitn H <€ Vnx=N. (24)
i=1

By Lemma 1.7, (2.1) and (2.2), we have

m(n)

Fj(An»Bn) - Z tﬁn)Fj(xi+n:yi+n)
i=1

< /2y | max (Wion = il + 1i0n =i
- (/(]/2)—1 ||Fj(xi+myi+n) - Fj(xk+n)yk+n) ||)}
= U2 max [ = P i) | + [in = P s )|
1<ik<m(n)

+ ||Fj(xi+n;yi+n) - Fj(xk+n:yk+n) ” + ”Fj()/iwu Xien) — Fj(yk+nr Xiean) ”

+ ||Fj(xk+myk+n) — Xk+n H + ||Fj(yk+n) xk+n) = Yk+n “]
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= (12 | Pt yin) = P i)
< (/<;/2)J"1{1<ir§g;; (n)[4e + (1= k) ki (I1%ien = Kol + 1ien —yk+nll)]}
< (k/2)f ' (4e +2r(1-k)k;), n=N. (2.5)
Inequalities (2.4) and (2.5) into (2.3) yield

|F/(An By) = Au| < (i12)f ' [4e + 2rk;(2 - k1) ] + €.

Taking the limit superior as # — +00 in the above inequality and noting that € > 0 is arbi-

trary, we have
limsup || F/(A,,, By) = Au || < (kj/2)f " [2rk;(2 - k7). (2.6)
Also, by the definition of the sequences {A4,} and {B,}, we have that for all j > 1,

IF(@) - a1| < |Fa1,92) — F(AwBy)| + |F/ (A, By) = Au|| + 1An — a1l

< (kG + D[I4x = q1ll + 1B = qall] + | F/(An, B) — A
< %(k, +1) + |F/(An,By) — Au.
Taking the limit superior in the above inequality, from (2.6) we have
|F@) - ar]| = (277 (2rk(2 - ;7))
Finally, the limit superior in the above inequality yields limsup; , , ., [|[F/(q) —q1 ]| <f~'(0) =

0, which implies that ||F/(q) — q1|| — 0 as j — +o0.

Similar computations yield that ||F/(7) — q2|| — 0 as j — +o0c. Hence,

F(q1j, q2)) = 1,
F(qz,», qu) — q2.

Since F is continuous, we have

q1 = liInj—>+oo F(q1j+1;q2]'+1) = lin’1j—>+c>o F(F(qu: qzj),F(%,-, qu)) = F(q1yq2):
q2 = limj_,+oo F(qsz, Q1j+1) = limj—>+oo F(F(@,-, QIj))F(qu’ qu)) = F(qZ’ql)'

Hence q = (q1,92) is a coupled fixed point of F, which completes the proof. O

The conclusion of demi-closedness in the previous theorem states that if sequences {x,}
and {y,} in D are such that x,, — ¢1, y, — q» weaklyand x,, — F(x,,, ¥,) = 0, ¥, — F(y, 1) —
0 strongly, then (g1, ¢45) is a coupled fixed point of F. A more direct conclusion about the
existence of a coupled fixed point of F can be obtained by adding the property bounded-

ness of the subset D. This fact is expressed in the following theorem.
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Theorem 2.2 Let D be a nonempty convex closed and bounded subset of a uniformly con-
vex Banach space E. Then any asymptotically nonexpansive mapping T : D x D — D has
a coupled fixed point.

Proof Let u,v € D be fixed. Define the set R(u, v) as follows:

R(u,v) = i,o eR/3k, eN:DN (ﬂ S(Fi(u,v) +Fi(v,u),p)> 7’@},

i=k,

where S(x, ) is the open sphere in E of center x and radius r. D is bounded, so if d := diam D
(diameter of D), d € R(u,v), hence R(u,v) # 3. Let p” be the g.Lb. of R(u,v). For each € > 0,
define the set

Ac:= U(m S(Fi(u, V) + Fl(v,u),p” + e))

k=1 \i=k

A.NDis
nonempty. Now, for any x,7 € A and 5 > 0, there exists N € N such that i > N implies
that [lx — F'(u,v)|| + |y = F'(v,u)|| < p" + 1.

Let us show that there exist x, y € A such that the sequences {F"(x, y)} and {F"(y,x)} con-

The sets A N D are nonempty and convex. Since E is reflexive, A := (..,

verge to x and y respectively. Suppose that for all x,y € A such sequences do not converge.

Then Je > 0 and a strictly increasing sequence of integers {#;} is such that
”F”i(x,y) —xH + ”F”f(y,x) —y” >e, i=12,....
For m > n,

|E" (%) = F" (3, %) | = | F"(x,9) = F*(E™ " (x,9), F™ " (3,%)) |

<k, Il = F" " (x, ) ;r Iy —F"" @2l

|E" @, %) = F" (3, %)|| = | F" (%) = F"(F" " (3,%), F" " (3, %)) |

e —E" (@, p)| + ly — F™ " (y,2)|
. .

’

< ky

Hence

HF”(y,x) - F"(y,x) H + ”F"(y,x) —F’"(y,x)”
<ka[|x=F"" )| + [y - F""0r )] ]-

Let 8 be the modulus of convexity of the space E. Assume p’ >0 and o > 0 so that (1 -
§(=-))(p" + @) < p’, and select n so that |x — F*(x,9)|| + ||y — F"(y,x)| > € and so that

P +a )
ki(p +5)<p +a.

If N > n is sufficiently large, then m > N implies that

o
a7

||x—Fm’”(u,v) || + ”y—F’”’”(v,u)H <p + 5
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and also

||F”(x,y) — F"(u, v)|| + ||F”(y,x) —F’”(V,u)” §k,,[||x—F”""(u, V)H

+ [y

=
Skn(p + E)

<p +a.

Now, by the uniform convexity of E,

X+Y € € .
=|1-8{ = — for I X[LIIYII<p +o,IX-Y] >e.
2 p+a)|p +a

Since ||x — F™(u,v)|| + |y = F"(v,u)| < p" + 5, letting X = x — F"(u,v) + y — F"(v,u) and
Y = F*(x,y) + F"(y,x) — F"(u,v) — F"(v,u), we have if m > N

x+ F"(x,y) +y + F"(y,%)

: —(F”’(u,v)+Fm(v,u))H5(1—5( € ))(p"+a)<p*.

ot a

This contradicts the definition of p’, the g.Lb. of R(u, v), since

p*>(1—5( *6 ))(p*+a)eR(u,v).
o ra

Hence, p” = 0 and so x = F(x,y) and y = F(x,y). The fact that p" = 0 implies that the se-

quences {F"(u,v)} and {F"(v,u)} are Cauchy, hence F"(u,v) — x = F(x,y) and F*(v,u) —
y = F(y,x). This completes the proof. d

Since nonexpansive maps are asymptotically nonexpansive, we have the following corol-

lary.

Corollary 2.3 Let D be a nonempty convex closed and bounded subset of a uniformly con-
vex Banach space. Then any nonexpansive mapping T : D x D — D has a coupled fixed
point.

Remark 2.4 Theorem 2.1 is an extension of Theorem 1 of [5] to nonexpansive maps de-
fined in a product space. The proof of Theorem 2.2 follows the methodology in [4], ex-
tending the result therein to product spaces. Our results are, to the best of our knowledge,
first of their kind in the theory of nonexpansiveness in product spaces dealing with the

existence of a coupled fixed point.
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