Saewan et al. Fixed Point Theory and Applications 2013, 2013:63 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2013/1/63 a SpringerOpen Journal

RESEARCH Open Access

The modified Mann type iterative algorithm
for a countable family of totally
quasi-g-asymptotically nonexpansive
mappings by the hybrid generalized
f-projection method

Siwaporn Saewan'", Preedaporn Kanjanasamranwong'”, Poom Kumam?™ and Yeol Je Cho®*

“Correspondence:
si_wa_pon@hotmail.com; Abstract
reedaporn@tsu.ac.th;

poom kum@kmuttac.th; The purpose of this article is to introduce the modified Mann type iterative sequence,

yjcho@gnu.ac kr using a new technique, by the hybrid generalized f-projection operator for a
'Department of Mathematics and countable family of totally quasi-@-asymptotically nonexpansive mappings in a

y yq ymp Yy p pping
Statistics, Faculty of Science, Thaksin . . .
University (TSU), Pa Phayom, uniform smooth and strictly convex Banach space with the Kadec-Klee property. Then
Phatthalung, 93110, Thailand we prove that the modified Mann type iterative scheme converges strongly to a
“Department of Mathematics, common element of the sets of fixed points of the given mappings. Our result
Faculty of Science, King Mongkut's . .
University of Technology Thonburi, extends and improves the results of Li et al. (Comput. Math. Appl. 60:1322-1331, 2010),
KMUTT, Bangmod, Bangkok, 10140, Takahashi et al. (J. Math. Anal. Appl. 341:276-286, 2008) and many other authors.
Thailand , - MSC: 47H05; 47H09; 47H10
Full list of author information is
available at the end of the article Keywords: generalized f-projection operator; modified Mann type iterative

sequence; totally quasi-¢-asymptotically nonexpansive mapping

1 Introduction

Let E be a real Banach space and C be a nonempty closed and convex subset of E. A map-
ping T : C — C is said to be totally asymptotically nonexpansive [1] if there exist non-
negative real sequences vy, u, with v, — 0, u, — 0 as n — oo and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that

|77 = T"y| < llx = yll + pu¥ (lx = yll) + vy Vxy€Con=1.

A pointx € C is a fixed point of T provided Tx = x. Denote by F(T) the fixed point set of
T,thatis, F(T) = {x € C: Tx = x}. A point p € C is called an asymptotic fixed point of T [2]
if C contains a sequence {x,} which converges weakly to p such that lim,,_, o ||, — Tx,| = 0.
The asymptotic fixed point set of T is denoted by E(T).

Let E” be a dual space of the Banach space E. We recall that for allx € E and x € E, we
denote the value of x” at x by (x,x"). Then the normalized duality mapping J : E — 2£ is
defined by

*

J@) = {x € E s (xx") = 2] ||»

= I}, VxeE.
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If E is a Hilbert space, then J = I, where [ is the identity mapping. Next, consider the
functional ¢ : E x E — R* U {0} defined by

¢(,y) = %1 = 2(x.Jy) + 1%, Vx,y €E, (11)

where J is the normalized duality mapping and (-, -) denotes the duality pairing of Eand E".
If E is a Hilbert space, then ¢(x, y) = [x — y|?. It is obvious from the definition of ¢ that

(Il = y)* < d.y) < (Ixll + Iy)°, Yxy €E. (12)
T is said to be relatively nonexpansive 3, 4] if ?(T) = F(T) and
o, Tx) < p(p,x), VxeC,peF(T).

T is said to be relatively asymptotically nonexpansive [5, 6] if /I-:( T) = F(T) # ¥ and there
exists a sequence {k,} C [1, 00) with k, — 1 as # — 0o such that

¢(p, T"x) <kup(p,x), VxeC,peF(T),n>1

T is said to be ¢-nonexpansive (7, 8] if
o(Tx, Ty) < d(x,9), Vx,y€C.

T is said to be quasi-¢-nonexpansive [7, 8] if F(T) # # and
o(p, Tx) < ¢p(p,x), Vxe C,peF(T).

T is said to be asymptotically ¢p-nonexpansive [8] if there exists a sequence {k,} C [0, 00)
with k, — 1 as n — oo such that

o(T"x, T"y) < kud(x,y), Vx,y€C.

T is said to be quasi-¢-asymptotically nonexpansive [8] if F(T) # ¢ and there exists a
sequence {k,} C [1,00) with k,, — 1 as n — oo such that

¢(p, T"x) <kup(p,x), Vx€C,peF(T),n>1.
T is said to be totally quasi-¢-asymptotically nonexpansive if F(T) # # and there exist

nonnegative real sequences v, i, with v, — 0, u, — 0 as n — oo and a strictly increasing

continuous function ¢ : R* — R* with ¢(0) = 0 such that

¢(p, T"x) < 90, %) + v (d (P X)) + 1y VxeC,p e F(T),n>1.

Remark 1.1 (1) Every relatively nonexpansive mapping implies a relatively quasi-nonex-

pansive mapping, a quasi-¢-nonexpansive mapping implies a quasi-¢-asymptotically non-
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expansive mapping and a quasi-¢-asymptotically nonexpansive mapping implies a totally
quasi-¢-asymptotically nonexpansive mapping, but the converses are not true.

(2) A relatively quasi-nonexpansive mapping is sometimes called hemi-relatively non-
expansive mapping. The class of relatively quasi-nonexpansive mappings is more general
than the class of relatively nonexpansive mappings (see [4, 9-13]), which requires the
strong restriction F(T) = f( T).

(3) For other examples of relatively quasi-nonexpansive mappings such as the general-
ized projections and others, see [7, Examples 2.3 and 2.4].

On the other hand, Alber [14] introduced that the generalized projection Tl : E — C is
a mapping that assigns to an arbitrary point x € E the minimum point of the functional
¢(x,y), that is, [Tcx = X, where % is a solution of the minimization problem

¢ (%, x) = inf P(y, x). (1.3)
yeC

In 2006, Wu and Huang [15] introduced a new generalized f-projection operator in
Banach spaces. They extended the definition of generalized projection operators intro-
duced by Abler [16] and proved the properties of the generalized f-projection operator.

Now, we recall the concept of the generalized f-projection operator. Let G: C x E' —
R U {+00} be a functional defined by

GO, @) = yl* =20, @) + @ |I* + 20 (), (1.4)

where y € C, w € E', p is a positive number and f : C — R U {+00} is proper, convex and
lower semicontinuous. From the definition of G, Wu and Huang [15] studied the following
properties:

(1) G(y,w) is convex and continuous with respect to @ when y is fixed;

(2) G(y, ) is convex and lower semicontinuous with respect to y when @ is fixed.

Definition 1.2 Let E be a real Banach space with the dual space E” and C be a nonempty
closed and convex subset of E. We say that JT’; : E" — 2C€ is a generalized f-projection op-

erator if
o = {u eC:Gu,w) =yiggG(y,w),Vw eE*}.

In 1953, Mann [17] introduced the following iteration process, which is now well known

as Mann’s iteration:
Xpsl = OpXy + (1 - Ol,,) Txm Vn=>1, (15)

where the initial guess element x; € C is arbitrary and {«,} is a sequence in [0,1]. Mann’s
iteration has been extensively investigated for nonexpansive mappings and some map-
pings. In an infinite-dimensional Hilbert space, Mann’s iteration can conclude only weak
convergence (see [18, 19]). Bauschke and Combettes [20] introduced a modified Mann it-
eration method (1.5) in a Hilbert space and proved, under appropriate conditions, some

strong convergence.
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Recently, Takahashi et al. [21] studied the strong convergence theorem by the new hybrid
method {x,} for a family of nonexpansive mappings in Hilbert spaces: xo € H, C; = C,

X1 = Pclxo and

Yn = QuXy + (1 - an)Tnxn:
Cun={zeC:llyn—zll < lIxx —zll} (1.6)

X1 = Pc,%0, Yr>1,

where 0 <@, <a <1 for all »>1 and {T,} is a sequence of nonexpansive mappings of
C into itself such that (2, F(T,,) #¥. They proved that if {T,} satisfies some appropriate
conditions, then {x,} converges strongly to P r(r,)%o-

The ideas to generalize the process (1.5) from Hilbert spaces to Banach spaces have re-
cently been made. Especially, Matsushita and Takahashi [11] proposed the following hy-
brid iteration method with the generalized projection for a relatively nonexpansive map-

ping T in a Banach space E:

x0 € C chosen arbitrarily,

Y =T ey + (1 — @,)] Txy),

Ci={z€ C:9(z,y1) < ¢z, x4)}, 1.7)
Qn={z€ C: (xy —2z,Jx0 — Jxu) = 0},

X1 = lc,nQx0, Yn>0.

They proved that {x,} converges strongly to a point I1r¢xo. Many authors studied meth-
ods for approximating fixed points of a countable family of (relatively quasi-) nonexpansive
mappings (see [22-26]).

In 2008, Alber et al. [27] proved a new strong convergence result of the regularized
successive approximation method for a total asymptotically nonexpansive mapping in a
Hilbert spaces. In 2010, Li et al. [28] introduced the following hybrid iterative scheme {x,,}
for approximation fixed points of a relatively nonexpansive mapping using the generalized
f-projection operator in a uniformly smooth real Banach space which is also uniformly

convex: xo € C and

Yn = jil(an]xn + (1 - an)]Txn);
C;’1+1 = {W € Cn : G(Wr]yn) =< G(erxn)}: (18)

S
Kyl = l'lcmxo, Vn>0.

They proved strong convergence theorems for finding an element in the fixed point set
of T.

One question is raised naturally as follows:

Are the results of Alber et al. [27], Li et al. (28] and Takahashi et al. [21] true in the
framework of strictly convex Banach spaces for totally quasi-¢-asymptotically nonexpan-
sive mappings?

Motivated and inspired by the works mentioned above, in this article we aim to intro-

duce a new hybrid projection algorithm of the generalized f-projection operator for a
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countable family of totally quasi-¢-asymptotically nonexpansive mappings in a uniformly
smooth and strictly convex Banach space with the Kadec-Klee property. Our result ex-
tends and improves the results of Li et al. [28], Takahashi et al. [21] and many other au-
thors.

2 Preliminaries

A Banach space E with the norm || - || is called strictly convex if || ’% | <1forallx,yeE
with [|lx|| = |ly|l =1and x #y. Let U = {x € E : ||x|| = 1} be a unit sphere of E. A Banach space
E is called smooth if the limit

. X+ ty|| —[|x
i 1+ 0= D

t—0 t
exists for each %,y € U. It is also called uniformly smooth if the limit exists uniformly for

all x,y € U. The modulus of smoothness of E is the function pg : [0,00) — [0, 00) defined
by

%+ Il + llx -yl

—-1:||x|| =1, <tyg.
5 ll]l ||J/||_}

pE(t) = SUP{
The modulus of convexity of E (see [29]) is the function g : [0,2] — [0,1] defined by

8e(e) = inf{l - H xzﬂ

Xy €E xll =yl =1 llx -yl = 8}.

In this paper, we denote the strong convergence and weak convergence of a sequence

{x,} by x, — x and x,, — x, respectively.

Remark 2.1 The basic properties of E, E', J and /™! are as follows (see [30]):

(1) If E is an arbitrary Banach space, then J is monotone and bounded;

(2) If E is strictly convex, then J is strictly monotone;

(3) If E is smooth, then ] is single-valued and semi-continuous;

(4) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E;

(5) If E is reflexive smooth and strictly convex, then the normalized duality mapping J is
single-valued, one-to-one and onto;

(6) If E is a reflexive strictly convex and smooth Banach space and J is the duality
mapping from E into E, then /7! is also single-valued, bijective and is also the
duality mapping from E” into E and thus JJ ™} = I» and J7Y] = If;

(7) If E is uniformly smooth, then E is smooth and reflexive;

(8) E is uniformly smooth if and only if E” is uniformly convex;

(9) If E is a reflexive and strictly convex Banach space, then /7! is

norm—weak* -continuous.

Remark 2.2 If E is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) =0
if and only if x = y. It is sufficient to show that if ¢(x,y) = O then x = y. From (1.1) we have
llx[l = l¥]l. This implies that (x, Jy) = ||x]|> = | Jy||>. From the definition of J, one has Jx = Jy.
Therefore, we have x = y (see [30—32] for more details).
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Recall that a Banach space E has the Kadec-Klee property [30, 31, 33] if, for any sequence
{x,} C Eand x € E with x,, — x and ||, || — [|x]l, [|x, —x] — 0 as n — oo. It is well known
that if E is a uniformly convex Banach space, then E has the Kadec-Klee property.

The generalized projection [14] from E into C is defined by

¢ (x) = argmin ¢ (y, x).
yeC

The existence and uniqueness of the operator Il¢ follows from the properties of the
functional ¢(y,x) and the strict monotonicity of the mapping J (see, for example, [14, 30,
31, 34, 35]). If E is a Hilbert space, then ¢(x,7) = |lx — y||> and II¢ becomes the metric
projection Pc : H — C. If C is a nonempty closed and convex subset of a Hilbert space H,
then P¢ is nonexpansive. This fact actually characterizes Hilbert spaces and, consequently,
it is not available in more general Banach spaces.

We also need the following lemmas for the proof of our main results.

Let T be a nonlinear mapping, T is said to be uniformly asymptotically regular on C if

lim <sup|| T - T”xH) =0.
H—0Q xeC

A mapping T from C into itself is said to be closed if, for any sequence {x,} C C such that

lim,,— 00 %, = X0 and lim,,_, o Tx,, = yo, we have Txy = yp.

Lemma 2.3 (Chang et al. [36]) Let C be a nonempty closed and convex subset of a uni-
formly smooth and strictly convex Banach space E with the Kadec-Klee property. Let
T :C — C be a closed and total quasi-p-asymptotically nonexpansive mapping with the
sequences v, and [, of nonnegative real numbers with v, — 0, 1, — 0 as n — 0o and a
strictly increasing continuous function ¥ : R* — R* with ¥/(0) = 0. If uy = 0, then the fixed

point set F(T) is a closed convex subset of C.

Lemma 2.4 (Wuand Hung [15]) Let E be a real reflexive Banach space with the dual space
E" and C be a nonempty closed and convex subset of E. The following statements hold:

1) nJéw is a nonempty, closed and convex subset of C for all w € E';

(2) IfE is smooth, then for all w € E', x € rréw ifand only if

-y, —Jx)+ pf(y) —pfx) >0, VyeC;

(3) IfE isstrictly convex and f : C — RU {+00} is positive homogeneous (i.e., f (tx) = tf (x)
for all t > 0 such that tx € C, where x € C), then njéw is a single-valued mapping.

In the following lemma, Fan et al.[37] showed that Lemma 2.1(iii) in [37] can be removed.

Lemma 2.5 (Fan et al. [37]) Let E be a real reflexive Banach space with its dual space E'
and C be a nonempty closed and convex subset of E. If E is strictly convex, then rréw is

single-valued.

Note that ] is a single-valued mapping when E is a smooth Banach space. There exists a
unique element w € E" such that @ = Jx, where x € E. This substitution in (1.4) gives the
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following:

Gy, Jx) = lIylI* = 2(.J) + x> + 20 (). 21

Now, we consider the second generalized f-projection operator in Banach spaces (see
(28]).

Definition 2.6 Let E be a real smooth Banach space and C be a nonempty, closed and
convex subset of E. We say that l'lfC : E — 2C is the generalized f-projection operator if

chx = {u € C:G(u,Jx) =y1£1£ G(y,Jx),Vx € E}.

Lemma 2.7 (Deimling [38]) Let E be a Banach space and f : E — R U {+o00} be a lower
semicontinuous convex function. Then there exist x € E and o € R such that

f@®) = (xx)+a, VxeE.

Lemma 2.8 (Liet al. [28]) Let E be a reflexive smooth Banach space and C be a nonempty,
closed and convex subset of E. The following statements hold:

1) l'lfcx is nonempty, closed and convex subset of C for all x € E;

(2) Forallx€E,x € l'Ifo if and only if

&=y Jx-Jx) + pf ) - of (%) 20, Vye G
(3) IfE is strictly convex, then l'IfC is a single-valued mapping.

Lemma 2.9 (Li et al. [28]) Let E be a real reflexive smooth Banach space and C be a
nonempty closed and convex subset of E. If x € l'lfcx for all x € E, then

o(y,%) + G, Jx) < G(y,Jx), VyeC.

Remark 2.10 Let E be a uniformly convex and uniformly smooth Banach space and f(x) =
0 for all x € E. Then Lemma 2.9 reduces to the property of the generalized projection
operator considered by Alber [14].

Iff(y) > 0 forall y € C and f(0) = 0, then the definition of totally quasi-¢-asymptotically
nonexpansive T is equivalent to the following:

If F(T) # ¥ and there exist nonnegative real sequences vy, i, with v, - 0, u, — 0 as
n — o0 and a strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that

G(p,]T”x) <Gp,Jx) +v, G, Jx) + n,, Vxe€eC,peF(T),n>1.

3 Main results

Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let {T;}°, be a countable
family of closed and uniformly totally quasi-¢-asymptotically nonexpansive mappings with
the sequences vy, |, of nonnegative real numbers with v, — 0, u, — 0 as n — oo and a
strictly increasing continuous function ¢ : R* — R* with ¥(0) = 0. Let f : E — R be a
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convex and lower semicontinuous function with C C int(D(f)) such that f(x) > 0 for all
x € C and f(0) = 0. Assume that T; is uniformly asymptotically regular for all i > 1 and
F =5, E(T;) # . For an initial point x, € E, let Cy; = C for each i > 1 and C, = (-, C1,;
and define the sequence {x,} by

Ini =T ity + (1= ) T %),
Cn+1,i = {Z € Cn : G(Zr]yn,i) =< G(Z’]xn) + ﬁn}’
Cn+1 = mlozol Cn+1,i¢

S
Xp+l = Hcmlxl: Yn=>1,

where {,} is a sequence in (0,1) and 8, = v, SUp e r Y G(q, Jx,) + iy Ifliminf, ., oo (1 - ;) >
0, then {x,} converges strongly to a point HJ;_-xl.

Proof We split the proof into four steps.

Step 1. We first show that C,,; is closed and convex for all # > 1. From the definition,
C = ﬂf:ol Cy,; = C for all i > 1 is closed and convex. Suppose that C,; is closed and convex
for some #n > 1. For any z € C,;, we know that G(z, Jy,;) < G(z,Jx,) + B, is equivalent to
the following:

2(z,Jn = i) < 1%ull® = 1yl + B Vi>1.

Therefore, C,,1; is closed and convex. Hence C,;; = ﬂffl Cy41, is closed and convex for all
n>1.

Step 2. We show, by induction, that F = ﬂfzol F(T;) #0 C C, for all n > 1. It is obvious
that F C C; = C. Suppose that F C C, for some n > 1. Let g € F. Since {T;} is a totally
quasi-¢ asymptotically nonexpansive mapping, for each i > 1, we have

G(q,Jyn,)
= G(q, oty + (1 — 0,)J V%)
= lq1? = 2(q, i + (1= T TP %) + @iy + (1 — 0, )T, + 201 (@)
< llgll” = 20, (g, /%) = 201 = )@, T T/ ) + €l + (L= ) [T T7 5| + 20 (0)
= nG(q, Jxn) + (1= )G (4, T{'%,)
< a,G(q,Jxn) + (1= ) (G(q, Jxn) + v (G(q,J%)) + fin)
< G(q,J%n) + vusup ¥ (G(q, Jxn)) + [in
= G(q, Jxn) + Bn- (3.2)
This shows that g € C,,,1, which implies that 7 C C,,;. Hence F C C,, forall n > 1.
Step 3. We show that x,, — p as n — 0. Since f : E — R is a convex and lower semicon-

tinuous function, from Lemma 2.7, it follows that there exist ¥ € E* and « € R such that
f(x) > (x,x") + a for all x € E. Since x,, € E, it follows that

G J1) = (121 = 22 1) + 211 + 20f (x,)

*

> [l = 2(, J1) + 1]1% + 2(x0, %) + 2 pcx
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= loall? = 2(s, 1 = px) + 21]1% + 2002

2
[

> [l = 2, | [ Jer = o | + [l ) + 2

= (Iall = 1 = o) + % = 1 = o) + 2. (3.3)
For any g € F, since x,, = chnxl, we have
Glg,Jx1) = G 1) = (I1xall = |1 = px )7 + 1 = [[Joer = o || + 2.

This implies that {x,,} is bounded and so are {G(x,,, Jx;)} and {y,,;}. From the fact that x,,,; =
Hmelxl €Cp1CCyrandwx, = I'Ifcnxl, it follows from Lemma 2.9 that

0= (”xnﬂ - xn”)2 < (i1, %) < Gni1, Jr) — Gy, Jovr). (3.4)

This implies that {G(x,, Jx;)} is nondecreasing. Hence we know that lim,,_, o, G(x,,Jx1) ex-
ists. Taking n — oo, we obtain

lim ¢(xn+lrxn) =0. (35)
n—00

Since {x,} is bounded, E is reflexive and C, is closed and convex for all # > 1, we can
assume that x, — p € C,. From the fact that x,, = Hj;nxl and p € C,,, we get

G, Jx1) < G(p,Jx1), VYn=1 (3.6)
Since f is convex and lower semicontinuous, we have

liminf G(x,,, /1) = liminf{ [la, 1> = 2, Jv1) + [l61]1> + 20f (%)}

n—00

> |Ipl* = 2(p, 1) + llx1]1* + 20f (p)
= G, Jxy). (3.7)

By (3.6) and (3.7), we get

G(p, Jx1) < liminf G(x,, Jx;) < limsup G(x,,Jx;) < G(p, Jx1).

n—00

That is, lim,_, o G(x4,Jx1) = G(p,x1), which implies that ||x, || — ||p|| and so, by virtue of
the Kadec-Klee property of E, it follows that

lim x, = p. (3.8)
n— o0

We also have
lim %, = p. (3.9)
n—00

Since {x,} is bounded (we denote M = sup,.o{llx4 ||} < 00), it follows that

lim B, = lim (vn sup ¥ (G(g, %)) + u) - 0. (3.10)
n—0oQ n—oQ qE]:
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From (3.8) and (3.9), we have lim,,_, » ||%, — ;41| = 0. Since J is uniformly norm-to-norm
continuous, it follows that

lim ||/x, — Jxull = 0. (3.11)
n—0o0
Since x,,,1 = l'IfCMxl € Cy41 C C,, and by the definition of C,,,1, it follows that

GXps1, Vi) < G(Xpa1, ) + By Vix1
= l® = 201, ) + [ymill> + 20f (6041)
< 9t 1 = 200001, ) + [16all> + 20f (enat) + By Vi1
= P, Vni) = 1%t 1 = 20X, Vi) + Iynill?
< N1 1* = 2(Xn11, ) + 1901 + Ba

= (X1, %0) + By Vix1,

that is, we get

S(ns1s Yni) < X1, %) + By Vi1
From (3.5) and (3.10), it follows that for each i > 1,

im0, y0) = 0. (3.12)
Also, from (1.2), it follows that for each i > 1,

Ynill = lpll - (n— o0). (3.13)
Since J is uniformly norm-to-norm continuous, it follows that for each i > 1,

Wynill = Wpll (n— o0). (3.14)
That is, {||/y,,;]|} bounded in E for all i > 1. Since E is reflexive and E is also reflexive,

we can assume that Jy,; — y € E for all i > 1. Since E is reflexive, we see that J(E) = E".
Hence there exists y € E such that Jy = y*. It follows that for each i > 1,

d)(xwrl:yn,i) = ||xn+1”2 - 2<xn+1:]yn,i) + ”yn,i”Z = ”xwrl”2 - 2<xn+1’]yn,i> + ”]yn,i”2~

Taking liminf,_, - on the both sides of the equality above and the property of weak lower
semicontinuity of the norm || - ||, it follows that

0= oI -2lpy) + [y
= lpli* = 2{p.Jy) + Iy I1?
= lpl* = 2@.Jy) + Iy1?
= 9®9).
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That is, p = y, which implies that y* = Jp. It follows that for each i > 1, Jy,,; — Jp € E'. From
(3.14) and the Kadec-Klee property of E', we have Jy,.; — Jp as n — oo for all i > 1. Since
J1: E" — E is norm-weak’-continuous, that is, Yni — p, it follows from (3.13) and the
Kadec-Klee property of E that
lim y,;=p, Vi>1. (3.15)
n— 00
From (3.9), (3.15) and the triangle inequality, we have
lim x4 _yn,i” =0, Vi>L (3-16)
n—00
Since J is uniformly norm-to-norm continuous, we obtain
Hm ([fser - fynill = 0, Vi 1. (317)
n—0o0

From the definition of y,,;, it follows that

”]xn+1 _]yn,i” = H]xrﬁ-l - an]xn - (1 - an)]T,'nxn H
= || (1 - an)]xnﬂ - (1 - an)]T,‘nxn + X — aJxy H

= (1 - an) ||]xn+1 _]Tl‘nxn ” — Uy ”]xn _]xn+1 ”1 (318)
and so
. 1
[ner =TT %0 || < =y (IVnsr = Pymill + 0l = Jotman ) (3.19)
—Un
Since liminf,_, (1 — ;) > 0, it follows from (3.11) and (3.17) that, for each i > 1,
im |1 —JT}%| = 0. (3.20)
n—00
Since J 1 is uniformly norm-to-norm continuous, for each i > 1, we obtain
lim || %1 — Tf'%| = 0. (3.21)
n—0oQ
By using the triangle inequality, for each i > 1, we have
|77 %0 = p| < | T7%n = %paa || + %01 = pII.
From (3.21) and x,,,; — p as n — 00, it follows that for each i > 1,
lim | /%, - p| = 0. (3.22)
n— 00
For each i > 1, we have

|70 pl = |70~ T + | T3 =],
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Since T; is uniformly asymptotically regular for all i > 1, it follows from (3.22) that
|| T;Hlxn _p” =0. (323)

That is, Ti""lxn = T;T'x, — p as n — oo. From T}'x,, — p as n — oo and the closedness
of T;, we have T;p = p for all i > 1. We see that p € F(T;) for all i > 1, which implies that
p e NG E(T).

Step 4. We show that p = Hffxl. Since F is a closed and convex set, it follows from
Lemma 2.8 that Hffxl is single-valued, which is denoted by v. By the definition x,, = Hjén x1
and v e F C C,, we also have

G(xy, Jx1) < G(v, Jx1), Vm=>1

By the definition of G and f, we know that, for any x € E, G(§,Jx) is convex and lower
semicontinuous with respect to & and so

G(p,Jx1) < liminf G(x,, Jx1) < limsup G(x,,Jx1) < G(v, Jx1).
n—0oQ

n—00

From the definition of Hffxl, since p € F, we conclude that v=p = I'Iffxl and x, — p as
n — 00. This completes the proof. g

Setting v, = 0 and u,, = 0 in Theorem 3.1, we have the following.

Corollary 3.2 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let {T;}32, be a countable
family of closed and uniformly quasi-¢-asymptotically nonexpansive mappings. Letf : E —
R be a convex and lower semicontinuous function with C C int(D(f)) such that f(x) > 0 for
all x € C and f(0) = 0. Assume that T; is uniformly asymptotically regular for all i > 1 and
F = N5 F(T;) # 9. For an initial point x, € E, let C; = C, C; = (5, C1,; and define the
sequence {x,} by

Yn,i = ]_1 (an]xn + (1 - an)]T,'nxn))
Cn+1,i = {Z € Cn : G(Z)]yn,i) =< G(z:]xn)})
Cn+l = 0?51 Cn+1,i:

S
Xptl = ch+1x11 Vn>1,

(3.24)

where {,} is a sequence in (0,1). If liminf,_, (1 — «,) > 0, then {x,} converges strongly to
a point l'lffxl.

Setting i =1 and T; = T in Theorem 3.1, we have the following.

Corollary 3.3 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let T be a closed totally
quasi-¢-asymptotically nonexpansive mapping with the sequences vy, |1, of nonnegative
real numbers with v, — 0, i, — 0 as n — 0o and a strictly increasing continuous func-
tion ¢ : R* — R* with ¥(0) = 0. Let f : E — R be a convex and lower semicontinuous
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Sfunction with C C int(D(f)) such that f(x) > 0 for all x € C and f(0) = 0. Assume that T is
a uniformly asymptotically regular and F = F(T) # ). For an initial point x; € E,let C; = C
and define the sequence {x,} by

Yn :]_1 (an]xn + (1 - an)]Tnxn):
Cur1 =1{z € Cy: Gz, Jyni) < G(z,Jx,) + Bu}, (3.25)

S
KXn+l = Hcmlxl: Yn=>1,

where {a,} is a sequence in (0,1) and B, = v, sup ¥ G(p,x,,) + py. If liminf,, (1 —a,) > 0,
then {x,} converges strongly to a point l'If]_-xl.

Taking f(x) = 0 for all x € C, we have G(§,Jx) = ¢(§,x) and chx = IT¢x. Thus, from
Theorem 3.1, we obtain the following.

Corollary 3.4 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let {T;}{°, be a countable
family of closed and uniformly totally quasi-p-asymptotically nonexpansive mappings with
the sequences vy, [, of nonnegative real numbers with v, — 0, u, — 0 as n — oo and
a strictly increasing continuous function  : R* — R* with ¥(0) = 0. Assume that T; is
uniformly asymptotically regular for all i > 1 and F = (2, F(T;) # . For an initial point
x €E letC;=C,C = ﬂlofl Cy,; and define the sequence {x,} by

Vni = ]71 (an]xn + (1 - an)]TL'nxn)y
Cui={ze Cy: ({b(z!_yn,i) < ¢z, %) + Bu}s
Cn+1 = ﬂ;ﬁ Cn+1,i,

Xn+l = Hlexl’ Vn=>1,

(3.26)

where {«,} is a sequence in (0,1) and B, = v, sup ¥ (¢(p,x,)) + . Ifliminf,_, (1 - ;) > 0,
then {x,} converges strongly to a point I1 rx;.

Corollary 3.5 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let {T;}{°, be a countable
family of closed and uniformly quasi-¢-asymptotically nonexpansive mappings. Assume
that T; is uniformly asymptotically regular for all i > 1 and F = (5, F(T;) # . For an
initial point x; € E, let Cy; = C, C; = ﬂffl C,,; and define the sequence {x,} by

Ini = T onfan + (1- an)]Tinxn),
Cui={z€ Cy: 9(2,yn) < d(2,%,)},
Cr1 = ﬂfl Cn+1,i;

Xn+l = HC,H.lxlv Vn > 1)

(3.27)

where {,} is a sequence in (0,1). Ifliminf,_, (1 — «,) > 0, then {x,} converges strongly to
a point Il rx;.

Corollary 3.6 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let T be a closed totally
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quasi-¢-asymptotically nonexpansive mapping with the sequences vy, |1, of nonnegative
real numbers with v, — 0, i, — 0 as n — oo and a strictly increasing continuous func-
tion ¥ : R* — R* with y(0) = 0. Assume that T is uniformly asymptotically regular and
F = F(T) # . For an initial point x; € E, let Cy = C and define the sequence {x,} by

Yn = jil(an]xn + (1 - an)]Tnxn):
Cu1=1{z€Cy: ¢(zryn) < ¢(z,%,) + Bu), (3:28)

xXn41 = g, Yr2>1,

where {a,} is a sequence in (0,1) and B, = v, sup ¥ (¢(p, %)) + Ly If liminf,_, o1 -a,) > 0,
then {x,} converges strongly to a point Tl rx;.

Remark 3.7 (1) Corollary 3.3 extends and improves the results of Li et al. [28] from a rel-
atively nonexpansive mapping to a totally quasi-¢-asymptotically nonexpansive mapping.

(2) Corollary 3.6 extends and generalizes the result of Takahashi et al. [21] from a Hilbert
space to a Banach space and from a nonexpansive mapping to a totally quasi-¢ asymptot-
ically nonexpansive mapping.

(3) In the case of spaces, we extend Banach spaces from a uniformly smooth and
uniformly convex Banach to a uniformly smooth and strictly convex Banach with the
Kadec-Klee property, which can be found in the literature works by many authors (see
[12, 21, 22, 28]).
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