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Abstract

We prove weak and strong convergence theorems and the demiclosedness property
for classes of multivalued mappings T such that Pr is not nonexpansive, where
Prx={u e Tx:|x—u| = dx Tx)}. Thus our results extend and improve the results on
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1 Introduction
Let E be a normed space. A subset K of E is called proximinal if for each x € E there exists
k € K such that

lx — k|| = inf{[lx - y|| : y € K} = d(x, K).

It is known that every closed convex subset of a uniformly convex Banach space is prox-
iminal. In fact, if K is a closed and convex subset of a uniformly convex Banach space X,
then for any x € X there exists a unique point u, € K such that (see, e.g, [1, 2])

lx — uy || = inf{ lx=yll:y eK} =d(x,K).

We will denote the family of all nonempty proximinal subsets of X by P(X), the family of all
nonempty closed, convex and bounded subsets of X by CVB(X), the family of all nonempty
closed and bounded subsets of X by CB(X) and the family of all nonempty subsets of X
by 2% for a nonempty set X. Let CB(E) be the family of all nonempty closed and bounded
subsets of a normed space E. Let H be the Hausdorff metric induced by the metric d on
E, that is, for every A, B € 2F,

H(A,B) = max{sup d(aB),sup d(b,A)}.
acA €B

If A,B € CB(E), then

H(A,B) = inf{€ >0:A C N(¢,B) and BC N(e,A)},
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where N(¢,C) = | cc{x € E: d(x,¢) < €}. Let E be a normed space. Let T: D(T) CE — 2F
be a multivalued mapping on E. A point x € D(T') is called a fixed point of T if x € Tx. The
set F(T) = {x € D(T) : x € Tx} is called a fixed point set of T. A point x € D(T) is called
a strict fixed point of T if Tx = {x}. The set F(T) = {x € D(T) : Tx = {x}} is called a strict
fixed point set of T. A multivalued mapping T : D(T) € E — 2F is called L-Lipschitzian if
there exists L > 0 such that, for any pair x,y € D(T),

H(Tx, Ty) < Lllx - yl|. @)

In (1) if L € [0,1), T is said to be a contraction, while T is nonexpansive if L = 1. T is called
quasi-nonexpansive if F(T) = {x € D(T) :x € Tx} # ¥ and, for all p € F(T),

H(Tx, Tp) < |lx - pll. (2)

Clearly, every nonexpansive mapping with nonempty fixed point set is quasi-nonexpan-
sive.

In recent years, several works have been done on the approximation of fixed points of
multivalued nonexpansive mappings by many authors (see, for example, [3—5] and ref-
erences therein). Different iterative schemes have been introduced by several authors to
approximate the fixed points of nonexpansive mappings (see, for example, [3-5]). Among
the iterative schemes, Sastry and Babu [3] introduced Mann and Ishikawa iteration as fol-
lows.

Let T: X — P(X) and p be a fixed point of 7. The sequence of Mann iterates is given for
x9 € X by

Xn+l = (1 - O(n)xn + 0yYn Vn > 0; (3)

where y, € Tx, is such that ||y, —p|| = d(Tx,, p) and @, is a real sequence in (0,1) Y0, o, =
0.

The sequence of Ishikawa iterates is given by

Yn = (1= Bu)xy + Buzns
a1 = (1 — )%y + Qulty,

(4)

where z,, € Tx,, u, € Ty, are such ||z, — p|l = d(p, Tx,), llu, — pll = d(Ty,, p) and {a,}, {B4}

are real sequences satisfying: (i) 0 < a,,, B, < 1; (ii) lim,— o0 B, = 0; (iii) Y-, @B = 00.
Using the above iterative schemes, Panyanak [4] generalized the result proved by [3].

Nadler [6] made the following useful remark.

Lemmal Let A,Be CB(X)andac A.If y >0, then there exists b € B such that
d(a,b) <H(A,B) +y. (5)

Using Lemma 1, Song and Wang [5] modified the iteration process due to Panyanak [4]
and improved the results therein. They made the important observation that generating
the Mann and Ishikawa sequences in [3] is in some sense dependent on the knowledge of
the fixed point. They gave their iteration scheme as follows.
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Let K be a nonempty convex subset of X, let o, 8, € [0,1] and y, € (0,00) such that
lim,,_ o ¥, = 0. Choose x1 € K, z; € Tx;. Let

y1= (1= Bxr + Bizi.

Choose u; € Ty; such that ||z; — 11| < H(Tx;, Ty1) + 1 and
%y = (1 — o)y + aqig.

Choose z; € Tx; such that ||zy — 11| < H(Txy, Ty1) + v» and
y2 = (1= Ba)xz + Baza.

Choose u; € Ty, such that ||zy — uy || < H(Tx,, Ty,) + y2 and
x3 = (1 — o)y + 01 Uhs.

Inductively, we have

Yn = (1 - ﬂn)xn + /Snzm (6)
Xn+l = (1 - an)xn + Uy,
where z,, € Txy,, uy € Tyy satisty ||z, — unll < H(Txn, Tyn) + Vo 201 — thn || < H(Txp11, Tyn) +
v and {a,,}, {B,} are real sequences in [0, 1) satisfying lim, o By = 0, D ey &ufBy = 00.
Using the above iteration, they then proved the following theorem.

Theorem 1 (Theorem 1, [5]) Let K be a nonempty compact convex subset of a uniformly
convex Banach space X. Suppose that T : K — CB(K) is a multivalued nonexpansive map-
ping such that F(T) # Y and T (p) = {p} for all p € F(T). Then the Ishikawa sequence defined
as above converges strongly to a fixed point of T .

Shahzad and Zegeye [7] observed that if X is a normed space and T : D(T) € E — P(X)
is any multivalued mapping, then the mapping Pr : D(T) — P(X) defined for each x by

Pr(x) = {y € Tx:d(x, Tx) = ||x—y||}

has the property that Pr(q) = {q} for all g € F(T'). Using this idea, they removed the strong
condition ‘T'(p) = {p} for all p € F(T)’ introduced by Song and Wang [5].

Recently, Khan and Yildirim [8] introduced a new iteration scheme for multivalued
nonexpansive mappings using the idea of the iteration scheme for a single-valued nearly
asymptotically nonexpansive mapping introduced by Agarwal et al. [9] as follows:

X1 € K,
X1 = (L= A)vy + Ay, (7)
Yu=1-n)x,+nv, VneN,

where v, € Pr(x,), u, € Pr(y,) and A € [0,1). Also, using a lemma in Schu [10], the idea of
removal of the condition ‘T'(p) = {p} for all p € F(T) introduced by Shahzad and Zegeye
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[7] and the method of direct construction of a Cauchy sequence as indicated by Song and
Cho [11], they stated the following theorem:s.

Theorem 2 (Theorem 1, [8]) Let X be a uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of X. Let T : K — P(K) be a mul-
tivalued mapping such that F(T) # ) and Pr is a nonexpansive mapping. Let {x,} be the
sequence as defined in (7). Let (I — Pr) be demiclosed with respect to zero. Then {x,} con-
verges weakly to a point of F(T).

However, we observe that there are many multivalued mappings T for which neither
T nor Pr is nonexpansive. Based on the above observation, it is our purpose in this
paper to firstly introduce the new classes of multivalued nonexpansive-type, k-strictly
pseudocontractive-type and pseudocontractive-type mappings which are more general
than the class of multivalued nonexpansive mappings. Secondly, we prove that if H is a
real Hilbert space and K is a nonempty weakly closed subset of H, T: K € H — P(H) is a
multivalued mapping from K into the family of all nonempty proximinal subsets of H. Sup-
pose that Pr is a k-strictly pseudocontractive-type mapping. Then (I — Pr) is demiclosed
at zero (i.e., the graph of I — Py is closed at zero in o (E,E’) x (E, | - ||) or weakly demi-
closed at zero), where I denotes the identity on E, o (E,E’) the weak topology, (E, || - ||)
the norm (or strong) topology and Prx = {u € Tx : ||x — u| = d(x, Tx)}. Lastly, we prove
weak and strong convergence theorems for these classes of multivalued mappings with-
out the compactness condition on the domain of the mappings using Mann and Ishikawa
iteration schemes. Thus our results extend and improve the results on single-valued and
multivalued mappings in the contemporary literature.

In the sequel, we will need the following definitions and lemmas.

Definition 1 (See, e.g., [12]) Let E be a Banach space. Let T': D(T) C E — 2F be a mul-
tivalued mapping. I — T is said to be strongly demiclosed at zero if for any sequence
{x,}001 € D(T) such that x,, converges strongly to p and a sequence {y,} with y, € Tx,
for all n € N such that {x, — y,,} converges strongly to zero, then p € Tp (i.e., F(T) # ?).

Observe that if T is a multivalued Lipschitzian mapping, then I — T is strongly demi-
closed.

Definition 2 (See, e.g., [12, 13]) Let E be a Banach space. Let T: D(T) € E — 2 be a
multivalued mapping. I — T is said to be weakly demiclosed at zero if for any sequence
{x,}001 € D(T) such that {x,} converges weakly to p and a sequence {y,} with y, € Tx, for
all n € N such that {x, — y,,} converges strongly to zero, then p € Tp (i.e., 0 € (I — T)p).

Definition 3 Let E be a Banach space. Let T : D(T) C E — 2F be a multivalued mapping.
A point p € E is called an asymptotic fixed point of T if there exists a sequence {x,}°; €
D(T) such that {x,} converges weakly to p and a sequence {y,} with y, € Tx, forallm e N
such that {x, —y,} converges strongly to zero. We denote the set of asymptotic fixed points
of T by F(T).

Definition 4 (See, e.g., [12, 13]) Let E be a Banach space. Let T : D(T) C E — 2 be a
multivalued mapping. The graph of I — T is said to be closed in o(E,E’) x (E, || - ||) (i.e.,
I-T is weakly demiclosed or demiclosed) if for any sequence {x,}°2; € D(T) such that {x,}

n=1
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converges weakly to p and a sequence {y,} with y, € Tx, for all n € N such that {x, — y,}
converges strongly to y, then y € (I - T)p (i.e., y = p — v for some v € Tp).

Definition 5 ([14]) Let H be a real Hilbert space. Let T : H — CB(H) be a multivalued
mapping. T is said to be monotone if given x,y € H and u € Tx, there exists v € Ty such
that

(u—v,x—y) >0,

d(x, Tx) zf(d(x,F(T)) Vx e K.

Definition 6 ([5]) A multivalued mapping 7 : K — P(K) is said to satisfy condition (1)
(see, for example, [5]) if there exists a nondecreasing function f : [0,00) — [0, 00) with
f(0) =0 and f(r) > 0 for all » € (0, 00) such that

d(x, Tx) Zf(d(x,F(T)) Vx € K.

Definition 7 Let E be a real Banach space. Let T : E — 2F be a multivalued mapping. I - T
is said to be monotone in the sense of [14] if given any pair x,y € E and u € Tx, there exists
v € Ty such that

(x—u—(y—v),x—y)zO.

Lemma2 ([15]) Let{a,}, {B.} and {y,} be sequences of nonnegative real numbers satisfying
the following relation:

Apyl = (1 + ,Bn)ﬂn +VYuw» KN =N,
where ng is a nonnegative integer. If Y B, < 00, > Y < 00, then lim,,_.  a, exists.

Lemma 3 ([11]) Let K be a normed space. Let T : K — P(K) be a multivalued mapping
and Pp(x) = {y € Tx : ||x — y|| = d(x, Tx)}. Then the following are equivalent:

1) x € Tx;

(2) Prx = {x};

(3) x € F(Pr).
Moreover, F(T) = F(Pr).

Lemma 4 Let H be a real Hilbert space. Then the following well-known result holds: if

(%), is a sequence in H which converges weakly to z € H, then

lim sup [|x, — y|* =1im sup [lx, —z|* + lz=y|* VyeH. ®)

n—00 n—00

2 Main results
Definition 8 Let X be a normed space. A multivalued mapping 7 : D(T) € X — 2% is said
to be k-strictly pseudocontractive-type in the sense of Browder and Petryshyn [16] if there
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exists k € [0,1) such that given any x,y € D(T) and u € Tx, there exists v € Ty satisfying
llu - v|| < H(Tx, Ty) and

H*(Tx, Ty) < ||x—y||2+k||x—u—(y—v)||2. 9)

If k=1in(9), T is said to be a pseudocontractive-type mapping. T is called nonexpansive-
type if k = 0. Clearly, every multivalued nonexpansive mapping is a nonexpansive-type

mapping.

From the definitions, it is clear that every multivalued nonexpansive-type mapping is
k-strictly pseudocontractive-type and every k-strictly pseudocontractive-type mapping is
pseudocontractive-type. The following examples show that the class of nonexpansive-type
mappings is properly contained in the class of k-strictly pseudocontractive-type mappings
and the class of k-strictly pseudocontractive-type mappings is properly contained in the

class of pseudocontractive-type mappings.

Example 1 Let X = R (the reals with usual metric). Define T : [0, 00) — 2F by

RZP%FM} (10)

Then Prx = {-2x} for all x € [0, 00), hence it is not nonexpansive.
|
25 ) , 21 )
=—lx—y|"=|x—y"+ —|x—y|"
4Iyll bl 4|ﬂ

H*(Tx, Ty) = max{|2(x—y) 2, ‘%(x—y)

Also, foreachu e Tx, u = —ax,2 <a < %, choose v = —ay. Then

5
lu—v|=|-ax - (-ay)| =alx -yl < 51— = H(Tx, Ty)
and

’x—u—(y—v)’z = ‘x—(—ax)— (y—(—oty))‘2

= ‘(1 +a)r—(1+ oz)y|2 =(1+a)lx—y%
Hence
21
H (T, Ty) = s =" + =yl

21
= |x—y|2 + m(l+a)2|x—y|

21 2
= |x—y|2+m|x—u—(y—v)|

21 2
< |x—y|2+m|x—u—0’—1’)|

7
= |x—y|2+E’x—u—(y—v)’2.
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Consequently, T is k-strictly pseudocontractive-type with k = % It then follows that T
is pseudocontractive-type. Observe that T is not nonexpansive-type so that the class of
multivalued nonexpansive-type mappings is properly contained in the class of multival-
ued k-strictly pseudocontractive-type mappings. Next, we show that the class of multi-
valued pseudocontractive-type mappings properly contains the class of multivalued k-

strictly pseudocontractive-type mappings.

Example 2 Let X = R (the reals with usual metric). Define T : [0, 00) — 2% by
Tx = [-v/10x, —2x]. (11)

Then Prx = {—2x} which is not nonexpansive. Also,

2

H*(Tx, Ty) = max{|«/ﬁ(x—y) 2, {2(x—y)|2} =10lx—y|* = |x —y|* + 9lx — y|%.

Furthermore, for each u € Tx, u = —ax, 2 < a < +/10, choose v = —ay. Then

lu—v| = ‘—ax— (—ozy)‘ = alx—y| < V10|x — y| = H(Tx, Ty)
and

|x— u—(y- 1/)|2 = |x— (—ax) - (y— (—cfy))|2 = |(1 +a)x—(1 +oe)y|2 = (1+a)x -y~
It then follows that

HX(Tx, Ty) = lx = y> + 9lx - yI?
= lx—y* + (1+2)*x —y|?
< =y + L+ a)lx -y
= lx—y*+ \x—u—(y—v)|2.
Now, for any pair x,0 € [0,00), T0 = {0}. It then follows that for any u € Tx the corre-
sponding v = 0. In particular, for u = —2x,
H*(Tx, TO) = 10|x — 0|?
=|x—0]>+9x-0)?
=|x-0]>+ |x— (—2x)|2
=|x-0]>+ |x—u—(y—v)|2
>la-yP+klx—u-@-v|° Vke(0,1).

It then follows that T is a pseudocontractive-type mapping but not a k-strictly pseudocon-

tractive-type mapping.

Using the multivalued version of the method of the proof used in [17], we then prove the

following.
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Proposition 1 Let E be a real Banach space. Suppose T : D(T) C E — 2F is a pseudocon-

tractive-type mapping. Then I — T is monotone.

Proof Since T is pseudocontractive-type, for any pair x,y € D(T) and u € Tx, there exists
v € Ty such that

lu—v|? < H*(Tx, Ty) < |x - y||* + ||x— u—(y- v)||2.
Now,

lu=vI? = o=yl + |x—u— (@ =v)|* 20— u—(y-v),x-y)

<llx—=yI?+ |x—u—-v)|.

Hence, (x —u — (y —v),x —y) > 0. Hence, I — T is monotone. O

Proposition 2 Let E be a normed space. And let T : D(T) C E — 2F be a k-strictly
pseudocontractive-type mapping. Then T is a L-Lipschitzian mapping.

Proof Let T be a k-strictly pseudocontractive-type mapping. Then there exists k € [0,1)
such that, for all x,y € D(T) and u € Tx, there exists v € Ty satisfying ||u — v|| < H(Tx, T¥)

and
HX(Tx, Ty) < |2 - g1 + k|x —u— (y = )| .
We then have that

H*(Tx, Ty) < |lx—9y* +k||x—u— (y—v)”2
< [le=yll + V&|x-u-G-v|]".

It then follows that

H(Tx, Ty) < lx = yll + VE[llx =yl + llu—v|]

< e =yl + Vk[llx - yll + H(Tx, Ty)].

Hence

A + k)

H(Tx, Ty) < m”x—y”- 0

Proposition 3 Let H be a real Hilbert space. Let K be a nonempty weakly closed sub-
setof H. Let T : K € H — P(H) be a multivalued mapping from K into the family of all
nonempty proximinal subsets of H. Suppose that Py is a k-strictly pseudocontractive-type
mapping. Then (I - Pr) is demiclosed at zero (i.e., the graph of I — Pr is closed at zero in
o (E,E") x (E, || - ) or weakly demiclosed at zero).
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Proof Let {x,}52, € K be such that {x,} converges weakly to p and a sequence {y,} with
yu € Prx, for all n € N such that {x, — y,} converges strongly to 0. We prove that 0 €
(I = Pr)p (i.e., p=v for some v € Prp). Since {x,}°, converges weakly, it is bounded. Let
q € Prp be arbitrary. From the definition of k-strictly pseudocontractive-type, for each
n € N, there exists v,, € Prx,, such that

”VVI - 61” = H(PTmeTp): (12)
and
2
H*(Prs,, Prp) < 1%, = pII* + k|| %, — v = (0 - 9| (13)
for all n € N. Also, since v,,, ¥, € Prxy, |y — Vil = 1% — 4|l Thus we have
lim |, — v, = lim [lx, — y,ll = 0.
For each x € X, define f : E — [0, 00) by
f(x):=limsup %, —x|%
Then, from Lemma 4, we obtain
f&) =limsup [lx, —plI* + lp - x[|> Vx€E.
n—0oQ
Thus
f@)=f@) +lp-xI*> VxeE.
Therefore,
fl@)=f)+lp-ql* (14)
Observe also that
f(q) =limsup ||x, — q|*
n— 00
=lim sup”x,, -V, + (v —q)H2
n— 00
= limsup ||v, — g
n— 00
< limsup H*(Prx,,, Prp)
n—0o0
. 2
<limsup[ ||, - plI* + k|| xu = v = (0 - @)||"]
. 2
= limsup ||x, - p|I> + k|| (p - q) |
=f(p) +klp - ql*. (15)

Hence it follows from (14) and (15) that (1 — k)||p — gl|> = 0. Therefore p = q € Tp. (|
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Theorem 3 Let K be a nonempty closed and convex subset of a real Hilbert space H. Sup-
pose that T : K — P(K) is a k-strictly pseudocontractive-type mapping from K into the
family of all proximinal subsets of K with k € (0,1) such that F(T) # ¥ and T (p) = {p} for
all p € F(T). Suppose (I-T) is weakly demiclosed at zero. Then the Mann type sequence
defined by

KXntl = (1 - Oln)xn + 0yYn

converges weakly to q € F(T), where y, € Tx, with ||x, — y,|| = d(x,, Tx,) and «,, is a real
n=1

sequence in (0,1) satisfying: (i) o, > o <1 —k; (i) @ > 0; (iii) > -, (1 — @) = 00.

Proof Using the well-known identity
e+ =2y = tllxll? + @ - DIy )1® — 0 - O)llx —y11%,
which holds for all x,y € H and for all ¢ € [0, 1], we obtain

1 =PI = || (L = ) + ety - p||”
= | = @) (n = ) + @y = )|

= (L=l = 1% + ctullyn = PI* = (1 = 00) %0 — >
<@ =an)lxn —plI* + uH* (T, Tp) — (1 = o) 560 = yull?
< (=) l%n = pI* + etul 0 = plI* + kd* (%, Tc,)]

— oy (1= o) — yull?
< |l — pII* + ctukl|x, = )

— (L= aty) o6 = yull®

= ||, —19||2 _an(l — (o + k))”xn _yn”z-

It then follows that lim,,_, « [|%,, — p| exists, hence {x,} is bounded. Also,

oo

D an(1=(otn +40) llxn = yull® < o = pII* < 0.

n=1

Since « > 0, from (ii), we have that lim,,_, » ||%, — ¥, | = 0. Also, since K is closed and {x,,} C
K with {x,} bounded, there exists a subsequence {x,,} < {x,} such that {x,,} converges
weakly to some g € K. Also, lim,_. [[x, — 4| = 0 implies that lim,,_, « ||%,, — ¥, 1| = 0.
Since (I — T) is weakly demiclosed at zero, we have that g € Tg. Since H satisfies Opial’s
condition [18], we have that {x,} converges weakly to g € F(T). O

Corollary 1 Let H be a real Hilbert space and K be a nonempty closed and convex subset
of H.Let T : K — P(K) be a multivalued mapping from K into the family of all proximinal
subsets of K with F(T) # 9. Suppose Pr is a k-strictly pseudocontractive-type mapping with
k € (0,1). Then the Mann sequence {x,} defined in Theorem 3 converges weakly to a point
of F(T).
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Proof The proof follows easily from Lemma 3, Proposition 3 and Theorem 3. O

Remark 1 It is easy to see that Examples 1 and 2 satisfy the condition ‘given any pair
x,y € D(T) and u € Tx with ||x — u| = d(x, Tx), there exists v € Ty with |ly — v|| = d(y, Ty)
satisfying the conditions of Definition 8’ Also, if T is a multivalued mapping such that Pr
is a pseudocontractive-type mapping, then given any pair x,y € D(T) and u € Prx with the
corresponding v € Pry satisfying the conditions of Definition 8, it is the case that ||x— u|| =
d(x, Prx) and ||y - v|| = d(y, Pry).

Based on Lemma 3 and Remark 1 above, we will first prove weak and strong conver-
gence for the new class of pseudocontractive-type mappings with the following two con-
ditions: (i) given any pair x,y € D(T) and u € Tx with |x — u| = d(x, Tx), there exists
v € Ty with ||y — v|| = d(y, Ty) satisfying the conditions of Definition 8; (ii) T'(p) = {p} for
all p € F(T), then obtain the case for an arbitrary multivalued mapping T such that Py is
a pseudocontractive-type mapping without the two conditions on Pr as corollary.

Theorem 4 Let K be a nonempty closed and convex subset of a real Hilbert space X. Sup-
pose that T : K — P(K) is an L-Lipschitzian pseudocontractive-type mapping from K into
the family of all proximinal subsets of K such that F(T) # ¥ and T (p) = {p} for all p € F(T).
Suppose, for any pair x,y € K and u € Tx with ||x — u|| = d(x, Tx), there exists v € Ty with
lly — vl = d(y, Ty) satisfying the conditions of Definition 8. Suppose T satisfies condition (1).
Then the Ishikawa sequence defined by

:yn = (1= Bu)%xn + Buttn, (16)

Xn+l = (1 - an)xn + oWy

converges strongly to p € F(T), where u, € Tx, with |x, — u,| = d(x,, Tx,), w, € Ty, with
vy = wull = d(yn, Tyy) satisfying the conditions in Definition 8 and {«,} and {B,} are real

sequences satisfying: (i) 0 < o, < B, < 1; (ii) liminf,, o &, = & > 0; (iii) sup,>, B, < B <
1
V1+L241°

Proof

s =PI = | (1 = @) + s -
= | = o)X — p) + ulwn — p)|°
= (1= )l — P> + ctullwy - pl®
— ot (1 = aty) |6 — |
<@ -an)lxn - pl* + ouH*(Tyy, Tp)
— (1= ) % — wil®
< (1= an)l%n = pI* + @[ llyn - pII?
+ d* s Tyn) | — (1 = ) 1% — wi|1®
= (1= &) %0 = pI* + ctullyn =PI + ud?® (v T)
= t(1 = ) % — wia1>. (17)
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Also,

AW Tyn) < 19n = wall®
= = Bt + Bt — wa”
= = B Con = W) + Bt — wi) |
= (1= B) %0 = wull> + Bulltn — wall?

_ﬂn(l_ﬂn)”xn _unHZ- (18)
(17) and (18) imply that

%041 = PI* < (L= ) s = pII* + llyn — pII?

+ O[,,[(l = Bu)llxn — Wn||2 + Bullun — Wn”2
- IBn(l - ﬂn)”xn - unHZ]
- an(l - an)”xn — Whn ”2’ (19)

1y =PI = | (L = Bl + Buttn — p|°

= |~ B n ~ ) + Buln — )|

= (1= B) I = pII* + Bulla - pII?
= Bu(1 = B) I — 1]l

< (1= Bu)llxn = plI* + BuH* (T, Tp)
= Bu = Bu) 1% = 1l

< (= B 1w =PI + B[l — pI® + d (6, T
= Bl = Bl — 4]

< (=B 1w =PI + Balltn =PI + Bl — 0,2
= Bu(1 = B) I — 1]l

= 1% = pII* + Brllxn — ). (20)
(19) and (20) imply that

lm1 = pI* < (1= )% — plI?
+ [ loen = P11 + Boll%n — 1all*]
+ [ = B % = wull® + Bullttn — wal|?
= Bu(L = Bl — 1 *]
— ot (1 — aty) | — Wil
= (L= a) % — plI* + culltn — P> + nB) 6n — a1

2 2
+a,(l- Bl — wull™ + ctn Bl by — will
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— B = Bl — 11> — et (1 = )|, — wi|*
< lltn =PI + 0B 06n — thn|* + et B> (T, Tyn)
— (B — o) 0 — wi?
= Bl = Bu) ot — un1?
< 11w = PI* + 0B N0 — tnll® + ctu BIL* |2 — 14,1
— Bl = Bu) 16 — 1]
— (B — ) 1% = Wi
= 1% = PI* = ctuBa[1 = 2B, — L2 B2 16 — 1)
= (B — o) 1% — wi®
= 1%, = plI* = ctuBu[1 = 2B — L B2 ]l — 1. (21)

It then follows from Lemma 2 that lim,,_, o, [|%,, — p|| exists. Hence {x,} is bounded, so are
{u,} and {w,}. We then have from (21), (ii) and (iii) that

o0
> P [1-28 - LB 10— tall® <Y w1 = 2B — L2B2] 1 — 14
n=0

=<

e 1D

(1%, = pII> = 11 = pII°]

=
1
(=}

< ll%o = plI* + D < 00

It then follows that lim,,_, o ||, — #,|| = 0. Since u,, € Tx,,, we have that d(x,,, Tx,) < ||x, —
u,|| — 0 as n — oo. Since T satisfies condition (1), lim,,_, o d(x,,, F(T)) = 0. Thus there
exists a subsequence {x,, } of {x,} such that |x,, — p«|l < 2ik for some {px} € F(T). From
(21)

1% = Picll < 1%, — Pl

We now show that {p} is a Cauchy sequence in F(T).

121 = Prll < 1Pxer = Xy |+ 1%y, = Pkl

1 1 1

Therefore {px} is a Cauchy sequence and converges to some g € K because K is closed.
Now,

1% — qll < 10 — picll + 1l P& — 4l
Hence x,, — q as k — oo,

d(q, 1q) < g — pll + llpx — %n, | + Ay, ) + H(T,, 1q)

= g = picll + lpx = %y | + A Tty + L, — 4.

Page 13 of 14
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Hence, g € Tg and {x,, } converges strongly to g. Since lim ||x, — g|| exists, we have that x,
converges strongly to g € F(T). O

Corollary 2 Let H be a real Hilbert space and K be a nonempty closed and convex subset
of H.Let T : K — P(K) be a multivalued mapping from K into the family of all proximinal
subsets of K such that F(T) # (. Suppose Pr is an L-Lipschitzian pseudocontractive-type
mapping. If T satisfies condition (1), then the Ishikawa sequence {x,} defined in (16) con-
verges strongly to p € F(T).

Proof The proof follows easily from Lemma 3, Remark 1 and Theorem 4. g
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