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1 Introduction
Throughout this paper, we assume that H is a real Hilbert space with zero vector 6, whose
inner product and norm are denoted by (-,-) and || - ||, respectively. Let C be a nonempty
subset of H and T : C — H be a mapping. Denote by F(T) the set of fixed points of 7.
The symbols N and R are used to denote the sets of positive integers and real numbers,
respectively.

Let H be a Hilbert space and C be a closed convex subset of H. Let f: C x C — R be a
bi-function. The classical equilibrium problem (EP for short) is defined as follows.

Find p € Csuch that f(p,y) >0, VyeC. (EP)
The symbol EP(f) is used to denote the set of all solutions of the problem (EP), that is,
EDP(f) = {u eK:f(u,v)>0,Yv EK}.

It is known that the problem (EP) contains optimization problems, complementary prob-
lems, variational inequalities problems, saddle point problems, fixed point problems,
bilevel problems, semi-infinite problems and others as special cases and have many ap-
plications in physics and economics problems; for detail, one can refer to [1-3] and refer-
ences therein.

In last ten years or so, the problem (EP) has been generalized and improved to find a
common element of the set of fixed points of a nonlinear operator and the set of solutions
of the problem (EP). More precisely, many authors have studied the following problem
(FTEP) (see, for instance, [4-9]):

Find p € C such that Tp =p and f(p,y) >0, VyeC(C, (FTEP)
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where C is a closed convex subset of a Hilbert space H, f : C x C — R is a bi-function and
T :C — Cis anonlinear operator.

In this paper, motivated by the problems (EP) and (FTEP), we study the following math-
ematical model about a hybrid split problem for equilibrium problems and fixed point
problems of nonlinear operators (HSP for short).

Let E; and E; be two real Banach spaces. Let C be a closed convex subset of E; and
K be a closed convex subset of E,. Let f: C x C — R and g: K x K — R be two bi-
functions, A : E; — E; be a bounded linear operator. Let T: C — C and S: K — K be two
nonlinear operators with F(7) # # and F(S) # . The mathematical model about a hybrid
split problem for equilibrium problems and fixed point problems of nonlinear operators
(HSP for short) is defined as follows:

Find p € C such that Tp =p,f(p,y) >0, Vye C, and
(HSP)
u:=Ap satisfying Su =u € K,g(u,v) >0, Vvek.

In fact, (HSP) contains several important problems as special cases. We give some ex-
amples to explain about it.

Example A If T is an identity operator on C, then (HSP) will reduce to the following

problem (P;):

(Py) Find p € Csuchthatf(p,y) > 0,Vy € C, and u := Ap satisfying Su = u € K, g(u,v) > 0,
VveKk.

Example B If S is an identity operator on K, then (HSP) will reduce to the following prob-

lem (P,):

(P2) Findp € Csuchthat Tp=p,f(p,y) > 0,Vy € C, and u := Ap € K satisfying g(u,v) > 0,
YveK.

Example C If T, S are all identity operators, then (HSP) will reduce to the following split

equilibrium problem (P3) which has been considered in [10]:

(P3) Findp € Csuchthatf(p,y) > 0,Vy € C,and u := Ap € K satisfying g(u,v) > 0,Vv e K.

Example D If S is an identity operator and f(x,y) = 0 for all (x,y) € C x C, then (HSP)

will reduce to the following problem (P4) which has been studied in [11]:

(P4) Find p € C such that Tp = p and u := Ap € K satistying g(u,v) > 0, Vv € K.

In this paper, we introduce some new iterative algorithms for (HSP) and some strong
and weak convergence theorems for (HSP) will be established.

2 Preliminaries

In what follows, the symbols — and — will symbolize weak convergence and strong con-
vergence as usual, respectively. A Banach space (X, || - ||) is said to satisfy Opial’s condition
if for each sequence {x,} in X which converges weakly to a point x € X, we have

liminf ||x, — x| <liminf|x, —y|, VyeX,y#x.
n— 00 n— 00
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It is well known that any Hilbert space satisfies Opial’s condition. Let K be a nonempty
subset of real Hilbert spaces H. Recall that a mapping 7 : K — K is said to be nonexpansive
if | Tx — Ty|| < |lx —y|| for all x,y € K.

Let H; and H, be two Hilbert spaces. Let A : H; — H; and B : H, — H; be two bounded
linear operators. B is called the adjoint operator (or adjoint) of A if for all z € Hy, w € Hj,
B satisfies (Az, w) = (z, Bw). It is known that the adjoint operator of a bounded linear op-
erator on a Hilbert space always exists and is bounded linear and unique. Moreover, it is
not hard to show that if B is an adjoint operator of A, then ||A|| = || B]|.

Example 2.1 ([10]) Let H, = R with the standard norm | - | and H; = R? with the norm
la| = (a2 + a%)% for some o = (a1,a,) € R2. (x,9) = xy denotes the inner product of H,
for some x,y € H and (o, 8) = Zil a;b; denotes the inner product of H; for some o =
(a1,a2), B = (b1, by) € Hy. Let Aa = ay — a; for o = (a1,a;) € Hy and Bx = (—«,x) for x € H,,

then B is an adjoint operator of A.

Example 2.2 ([10]) Let H; = R? with the norm ||| = (a7 + u%)% for some & = (a;,a,) € R?
and H; = R? with the norm ||y || = (¢} + ¢3 + c%)% for some y = (c1,¢s,¢3) € R3. Let (o, B) =
ZiZ:l a;b; and (y,n) = Z?:l c;d; denote the inner product of H; and H», respectively, where
a = (a1,a2), B = (b1,b2) € Hy, y = (c1,¢2,¢3),m = (d1,da, d3) € Hy. Let Aa = (ap,a1,a1 — a3)
for o = (a1,a3) € H; and By = (¢ + c3,¢1 — ¢3) for y = (c1,¢2,¢3) € Hy. Obviously, B is an

adjoint operator of A.

Let K be a closed convex subset of a real Hilbert space H. For each point x € H, there
exists a unique nearest point in K, denoted by Pxx, such that ||x — Pxx|| < ||x —y| Vy € K.
The mapping Px is called the metric projection from H onto K. It is well known that Py
has the following characteristics:

(i) (x—y,Pxx — Pxy) > ||Pxx — Pxy|? for every x,y € H;
(ii) forx e Handz€ K, z = Px(x) & (x—z,z-y) > 0,Vy € K;

(iii) forx € Handy €K,

ly = Pc@)|| + |« - Px@)|* < 2 - y11%. 1)

Lemma 2.1 (see [1]) Let K be a nonempty closed convex subset of H and F be a bi-function
of K x K into R satisfying the following conditions:

(Al) F(x,x) =0 forall x € K;

(A2) F is monotone, that is, F(x,y) + F(y,x) <0 forall x,y € K;

(A3) foreach x,y,z € K, limsup, o F(tz + (1 - )x,y) < F(x,9);

(A4) foreachx € K, y— F(x,y) is convex and lower semi-continuous.
Let r > 0 and x € H. Then there exists z € K such that F(z,y) + %(y -z,z—x) > 0 for all
yekK.

Lemma 2.2 (see [12]) Let K be a nonempty closed convex subset of H and let F be a bi-
Sfunction of K x K into R satisfying (A1)-(A4). For r > 0, define a mapping TF : H — K as
follows:

Tf(x)z{zeK:F(z,y)+%(y—z,z—x)zO,VyeK} (2.2)
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for all x € H. Then the following hold:
(i) TF is single-valued and F(TF) = EP(F) for Vr > 0 and EP(F) is closed and convex;
(i) TF is firmly non-expansive, that is, for any x,y € H,
1T x— TEyI> < (TFx— Ty, x - y).

Lemma 2.3 (see, e.g., [6]) Let H be a real Hilbert space. Then the following hold:
@ llx+ylI1> < IylI* +2(x,x +y);
(b) llx =1 = x> + lyI* = 2(x, y) for all x,y € H;
© lax+Q-a)yl? =alxl®+ 1 -a)ylI* -« - )|lx - y|* for all x,y € H and
a € [0,1].

Lemma 2.4 Let Ff be the same as in Lemma 2.2. If F(TF) = EP(F) # ), then for any x € H
and 5" € F(TF), | TFx - < lx - |* = | TFx - 5|1

Proof By (ii) of Lemma 2.2 and (b) of Lemma 2.3,
T TN 1 VS LY I O VSN
which shows that || Tfx — x[|> < |lx — &' ||> = || TEx — &7 ||%. O

Lemma 2.5 ([10, 11]) Let the mapping T be defined as in Lemma 2.2. Then, for r,s > 0
and x,y € H,

|77 @) - TS0 < =yl + 'S;—’"'HTf(y)—yH-

In particular, | TE (x) - TE(y)|| < |lx—y|| forany r >0 and x,y € H, that is, TT is nonexpan-
sive for any r > 0.

Remark 2.1 In fact, Lemma 2.5 is motivated by a proof of [5, Theorem 3.2]. In order to
the sake of convenience for proving, we restated the fact and gave its proof in Lemma 2.5
10, 11].

Lemma 2.6 ([13]) Let {a,} be a nonnegative real sequence satisfying the following condi-
tion:

an1 < (1= Ay)a, + A,b,,  Yn > ng,

where ny is some nonnegative integer, {A,} is a sequence in (0,1) and {b,} is a sequence in R
such that

(1) Zzio Ap = 00;

(ii) limsup,_, o by <0 o0r > oo Auby is convergent. Then lim,,_, o ay, = 0.

Lemma 2.7 ([14]) Let {x,} and {y,} be bounded sequences in a Banach space E and let {8}
be a sequencein [0,1] with 0 < liminf 8, <limsup 8, < 1. Suppose x,,1 = Byyn+ (1 - B,)x, for

all integersn > 0 and limsup,,_, . (||¥+1 = Ynll = 1%n1 =% |]) <O, then lim,,_, o |y, — %l = 0.
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3 Weak convergence iterative algorithms for (HSP)
In this section, we will introduce some weak convergence iterative algorithms for the hy-

brid split problem.

Theorem 3.1 Let Hy and H, be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let T : C — C and S : K — K be non-expansive mappings
andf:Cx C— Randg:K x K — R be bi-functions satisfying the conditions (A1)-(A4).
Let A : Hy — H, be a bounded linear operator with its adjoint B. Let x; € C, {x,} and {u,}

be sequences generated by

of
Uy = Trnxm

w =1 —-o)u, + oaTu,,
Yn=(1-0a) (3.1)
w, =TS Ay,

Xne1 = Pc(yn + EB(Sw, — Ay,)), Vmel,

where o € (0,1), & € (0, W) and {r,} C (0, +00) with liminf,_, .o r, > 0, Pc is a projection
operator from H; into C. Suppose that Q = {p € F(T) N EP(f) : Ap € F(S) N EP(g)} # 9,
then x,,u, — q € Q and w, — Aq € F(S) N EP(g).
Proof Let p € ©, the following several inequalities can be proved easily:

s =PIl < llun = pll < %0 = pl» lwn — Apll < | Ay, — Apll. (32)
By Lemma 2.4, || 75, Ay, — Ay,|1> < || Ay, — Ap||? - || T5, Ay, — Ap||*, hence

2_ ||lgTE 2 g 2
ISw, = Apll* = ||STE Ay, — Ap|” < | 7%, Ay, - Ap||

< Ay, — Apll> - | T8 Ay, — Ay, |”. (3.3)

n

By (b) of Lemma 2.3 and (3.3), for each #n € N, we have

2$<y,, —p,B(STfn - I)Ay,,)
=2E(A(yn —p) + (STE — 1) Ay, — (STE, — 1) Ay, (STE —1)Ayy)

-2 (515785, - Al + 3155 - D
— WAy AplP — | (STS, ~1)Ay, ||2>
<26 (=31 T8 A -+ 1T, - D - 1675, - D7
= | (STE - D) Ay, |” - & T8 Ay, - Ay |- (3.4)
On the other hand, ||B(STy, — )Ay,|1> < || BI*||(ST¢, — 1) Ay, ||?, so from (3.1)-(3.4), we have

%1 = pI> = |Pc(yu + EB(STE, ~1)Ay,) - p|” < ||yn + EB(STE — 1) Ay, - p|”
= Ny - pI* + |EB(STE, — 1) Ay, |* + 26y, — p, B(STE —1)Ay,)
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< llyn - pI? + EXBIP | (STE, ~ 1) Ay ||* — £[| (STE, - 1) Ay |”
&) (75, - D’
= llyu - pI* - £~ £1BI) | (ST, - D) Ay, |* - £[| (T, - 1) Aya|*
< Il —pl* — £ (L= £1BIP) | (ST, — D) Ay |* - £ (T8, - DAy |*.  (35)

Since & € (0, W), £(1-£|BJ1?) > 0, by (3.2) and (3.5), we have

%01 =PIl < N1yn = Pl < Nt = pIl < |l — Pl (3.6)
and

(1-&1BI)|(STE, - DAy, | + €] (TS, = DAy | < lw = pI? = %01 — P2 (87)
The inequality (3.6) implies lim,,_,  ||x, — p|| exists. Further, from (3.6) and (3.7), we get

lim |lx, —p|l = lim [y, —pll = lim [u, - pl,
n—00 n—>00 n—00

(3.8)
Jim [[(STE, = D)Ayu| = tim [[(75, = 1) Ay, | = lim llw, = Ay, = 0.
The inequality (3.8) also implies that
lim ||Sw, —w,]| = 0. (3.9)
n—00
Using Lemma 2.4 and (3.8), we have
2 2
ttn = 21> = || T 0 = 20|~ < 20 = pI* = | T 200 = |
= |2, = plI* = | — plI* > 0. (3.10)
Notice that
2 _ 2 2 2
lyn = plI” = A =a)lluy = plI* + &l Tuy = pl|I* — a1 — )| Ty — wy|
< litw = pII* = (1 = @) | Tty — 1%,
hence,
lim || T, — th,]| = O. (3.11)
n—0oQ
From (3.10) and (3.11), we also have
lyn = %ull < 1y — tnll + |ty — 2|l
=al||Tu, — u,|| + |4y —x,4|| = 0 asn— oo. (3.12)

The existence of lim,_,  ||x, — p| implies that {x,} is bounded, hence {x,} has a weak

convergence subsequence {x,,}. Assume that x,, — ¢ for some g € C, then Yy = G Ay —
- 78 N

Ag € K and Wy, = Trn/AJ’n,- Agq by (3.12) and (3.8).
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We say g € 2, in other words, g € F(T) N EP(f) and Ag € F(S) N EP(g). By (3.10), we
also obtain u,; — g. If 77 # g, then, by Opial’s condition and (3.11), we get

liminf |, — gl| < liminf |, - Tg]
j—o00 j—o00
< liminf||u,; — Ty, + Tu,, — 19|
j—o0
< liminf [|u,, - 4],
J—> 00
which is a contradiction. Hence Tg = q or g € F(T). On the other hand, from Lemma 2.2,
we know EP(f) = F( /) for any r > 0. Hence, if T{q # q for r > 0, then by Opial’s condition
and (3.10) and Lemma 2.5, we have
lim inf ||, — g|| < liminf |, — T/q|
J—> 00 J—> 00
= lijrgglf”x,,j - Tfnix,,j + Tjr;,x"/ - T{q”
= h}gg}f{ s - T{n,x"j |+ 17a- T{n]'x”f I}

|r

< limgf{ [ = T4, | + s~ +

= Iyl
: ” T{;qlx”/ = Xn; ”
j— Ty j

= liminf ||x,, —
iminf x,, ~qll,

which is also a contradiction. So, for each r > 0, T{ q = q, namely g € EP(f). Thus, we have

proved g € F(T) N EP(f). Similarly, we can also prove Ag € F(S) N EP(g). Hence, g € Q2.
Finally, we prove {x,} converges weakly to g € Q. Otherwise, if there exists another sub-

sequence of {x,}, which is denoted by {x,,}, such that x,, — x € Q with x # g, then by

Opial’s condition,
liminf ||x,, — x|| < liminf ||x,, — g|| = liminf||x,, — gl < liminf ||x,, —x||.
l—o00 I—o00 j—o00 U [—00

This is a contradiction. Hence {x,,} converges weakly to an element g € Q. Together with
llet,, — x4 ]| — O (see (3.10)), we also get u,, — q.

Finally, we prove {w, = T, Ay, } converges weakly to Aq € F(S) N EP(g). From (3.12), we
have y, — ¢, so Ay, — Aq. Thus, from (3.8) we have w, = T¢ Ay, — Aq € F(S) N EP(g).
The proof is completed. O

If T =1or S =1, where I denotes an identity operator, then the following corollaries

follow from Theorem 3.1.

Corollary 3.1 Let Hy and Hy be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let S : K — K be a non-expansive mappingandf : Cx C — R
and g : K x K — R be bi-functions satisfying the conditions (A1)-(A4). Let A : H — H, bea

bounded linear operator with its adjoint B. Let x, € C, {x,} and {u,} be sequences generated
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by
Up = T{nxm
Wy, = Tanu,,,

X1 = Pc(u, + EB(Sw, — Auy,)), VneN,

where & € (0, W) and {r,} C (0, +00) with liminf,_, . r, > 0, Pc is a projection operator
from H; into C. Suppose that Q = {p € EP(f): Ap € F(S)NEP(g)} # 0, then x,,u,, — q € Q
and w, — Aq € F(S) N EP(g).

Corollary 3.2 Let Hy and H, be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let T : C — C be a non-expansive mapping and f : C x C —
Rand g: K x K — R be bi-functions satisfying the conditions (Al)-(A4). Let A : Hl — H,
be a bounded linear operator with its adjoint B. Let x; € C, {x,} and {u,} be sequences
generated by

thn = Th o,

V=1 -)u, +aTuy,,

Wy, = T7, Ay,

%pi1 = Pc(yn + EB(wy — Ayy)), VneN,

where o € (0,1), & € (0, W) and {r,} C (0, +00) with liminf,_, .o 1, > 0, Pc is a projec-
tion operator from H, into C. Suppose that Q = {p € F(T) NEP(f) : Ap € EP(g)} # ), then
Xy, Uy — q € Q2 and w, —~ Aq € EP(g).

Corollary 3.3 Let C C Hy and K C H, be two nonempty closed convex sets. Letf : Cx C —
Rand g: K x K — R be bi-functions satisfying the conditions (Al)-(A4). Let A : H, — H,
be a bounded linear operator with its adjoint B. Let x; € C, {x,} and {u,} be sequences
generated by

f

Uy = Ty, %y,
=T%A

Wy = 1y, Ally,

Xn1 = Pc(u, + EB(w, — Auy)), VneN,

where & € (0, W) and {r,} C (0,+00) with liminf,_, .. r, > 0, Pc is a projection operator
from H, into C. Suppose that Q = {p € EP(f) : Ap € EP(g)} # 0, then x,,u, — q € Q and
w, —~ Aq € EP(g).

4 Strong convergence iterative algorithms for (HSP)
In this section, we introduce two strong convergence algorithms for (HSP); see Theo-
rem 4.1 and Theorem 4.2.

Theorem 4.1 Let H; and H, be two real Hilbert spaces. Let C C Hy and K C H, be two

nonempty closed convex sets. Let T : C — C and S : K — K be non-expansive mappings
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andf:Cx C— Randg:K x K — R be bi-functions satisfying the conditions (A1)-(A4).
Let A : Hy — H, be a bounded linear operator with its adjoint B. Let x; € C; := C, {x,,} and

{u,} be sequences generated by

Uy = Tfnxn,

V=1 -)u, +aTuy,,

Wy, = T7, Ay,

2z = Pc(yn + EB(Swy — Ayu)),

Coi={veCyillzy—vl < llyn—vI < llxn = v}

(4.1)

X1 =Pc,, (x1), neN,

where o € (0,1), & € (0, W) and {r,} C (0, +00) with liminf,_, o r, > 0, Pc is a projection

operator from H; into C. Suppose that Q = {p € F(T) N EP(f) : Ap € F(S) N EP(g)} # 9,
then x,,u, — q € Q and w,, - Aq € F(S) N EP(g).

Proof We claim that C, is a nonempty closed convex set for n € N. In fact, let p € Q, it
follows from (3.4) that

28 (v, — p, B(SW, — Ay,)) < —&|| (TS, = 1) A%, ||* = £ 11w, — Ayl (4.2)
By (3.2), (4.1) and (4.2), we obtain

I2n = pI? < 9 + EB(Sw, - Ay,) - p|*
= 1l —pI> + | EBSw, — Ay) |* + 28y — p, B(Sw,s — Ay))
< 19— I + E21BIP1Sws — Ayl — £ (TS, ~ 1) Ay, ||* ~ € 1Swy, — Ayl
= = pI* — £ (1~ £IBI2) | (STE, - 1) Ay, |* ~ &[ (TS, - 1) Ay, |
<ty = pI? ~ (1~ @)er |y, — Tuty*
~5(L-£1IBI°) |(STE, - DAy |* - £ (T2, - 1) Ay
< Il —pI? (L~ & IBIP) | (STE, ~ 1) Ay, |

— (T8 - D) Ay,|)* - (1 - el — T, |- (4.3)

Notice £ € (0, W), &(1-&|BJ1?) > 0. It follows from (4.3) that

2 = pll < llyn = pll < lun = pll < llxn —pll  forallneN,

hence p € C,, which yields that @ € C,, and C,, # ¥ for n € N.
It is not hard to verify that C, is closed for n € N, so it suffices to verify C, is convex for
n € N. Indeed, let wy, w, € Cy41 and y € [0,1], we have

|20 = (yw1 + (L= y)ws) |*

= |y @ —w1) + A=)z —w2) |
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=yllze = wil® + L= p)llzy = w2 > =y (L= ) w1 = ws|?

<Ylyn=will* + A= Y)lyn — wall* = y A = ) w1 — wa||?
2

’

= |yu = (yw1 + (L= y)wa)

namely ||z, — (yw1 + (1 = y)wa)|l < llyn — (yw1 + (1 = y)wy)||. Similarly, ||y, — (yw1 + (1 -
yIwa)ll < llxn — (ywi + (1 = y)wa)|l, which implies ywy + (1 — y)wz € Cyiq and Cyip is a
convex set, n € N.

Notice that C,,; C C,, and x4 = Pc,,, (x1) C Cy, then ||x,41 — X1 || < %, — x1|| for n > 1.
It follows that lim,,_, « [|%, — %1 exists. Hence {x,} is bounded, which yields that {z,} and
{yn} are bounded. For some k,n € N with k > #n > 1, from x; = Pc, (x1) C C, and (2.1), we
have

2 2
llo6n = xicl® + llxer = ill> = |2 = P () || + |1 = Py (1) |
< llxn =]l (44)
By lim,,, » [|%, — %1 exists and (4.4), we have lim,_, » ||x, — x|l = 0, so {x,} is a Cauchy
sequence.

Let x, — ¢, then g € Q. Firstly, by x,,,1 = Pc,,, (%1) € Cyy1 C Cy, from (4.1) we have

1zn = %ull < Nzn = Xnerll + %01 = X ll < 2|1%041 — %] = O,

(4.5)
lyn = %ull < 11Yn = Xnatll + %01 = % |l < 20%41 — 24 ]| = O.
Setting p = £(1 — £||B||%), by (4.3) again, we have
2 2
p||(STE —I)Ay,|” + & | (T2 —1)Ayu||” + (1 - @)erllsty — T
< llxn = pII* = 20 — P11 < 0 = 2ull {120 =PIl + 20 = pll} > 0. (4.6)
So,
lim || Tu, — u,|| =0, lim [lw, — Ay,|l = lim | (T¢ - 1)Ay,| =0,
n—00 n—0o0 n—o0
(4.7)
lim [|Swy, — Ay, |l = lim |[(ST? —I)Ay,| =0, lim ||Sw,, — w,|| = 0.
Notice that lim,_, « || Tts,, — 14| = 0 and ||y, — u,, || = || Teay, — 14,]], SO
lim Ily, — ]l = 0. (4.8)
Further, from (4.5) and (4.8),
lim ||x, — u,|| = 0. (4.9)

Since x, — ¢, we have u,, — g by (4.9). Thus

1Tg — qll = 1 Tq — Tunl| + || Tuen — | + l|tew — g1l = O,
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namely 7g = q and g € F(T). On the other hand, for r > 0, by Lemma 2.5, we have

” T{q—q” < H qu— T{nx,, + T{nx,, — Xy + Xy —qH

< |l% — qll + M||
Ty

T/ 2y — | + | T 20— 2| + 120 — qll = O,

which yields g € ]-'(Tj;) = EP(f). We have verified g € F(T) N EP(f).
Next, we prove Aqg € F(S) N EP(g). Since x, — g and x,, — y,, — 0 by (4.8) and (4.9) and
wy, — Ay, — 0 by (4.7), we have y, — ¢ and Ay, — Aq and w,, — Agq. So,

SAg — Aql| < |SAG — Swal + [[SWy — wull + lWn — Aqll = O,

namely SAg = Aq and Ag € F(S). On the other hand, for r > 0, by Lemma 2.5 again, we
have

| 78Aq - Aq|| < | T$Aq - TS Ayn + TS, Ayn — Ay + Ayn - Aq|
|7y — 7] g
< 1Ay, - Agqll + ——— |78 Ay, — Ay,
+ (|75 Ay = Ayu | + 114y, - Aqll — 0,
which implies that Aq € F(T¢) = EP(g). We have verified Aq € F(S) N EP(g).
So, we have obtained g € 2 and x,,, u, — q and w,, — Agq, the proof is completed. =~ [J

If T =1or S =1, where I denotes an identity operator, then the following corollaries
follow from Theorem 4.1.

Corollary 4.1 Let Hy and H, be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let f : C x C — Rand g : K x K — R be bi-functions satisfy-
ing the conditions (A1)-(A4) and S : K — K be a non-expansive mapping. Let A : H; — H,
be a bounded linear operator with its adjoint B. Let x; € C; := C, {x,} and {u,} be sequences

generated by
Uy = T{nxm
Wy = T;’gnAMn;

Zn = PC(un + éB(SWn _Aun))’
Cunn={veCy:llzy—vl < lun—vll < llx, = I},

X1 =P, (x1), neN,

where & € (0, W) and {r,} C (0, +00) with liminf,_, .o r, > 0, Pc is a projection operator
from H, into C. Suppose that Q = {p € EP(f) : Ap € F(S)NEP(g)} # 0, then x,,u, — q € Q
and w, — Aq € F(S) N EP(g).

Corollary 4.2 Let H, and H, be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let T : C — C be a non-expansive mapping and f : C x C —
R and g : K x K — R be bi-functions satisfying the conditions (Al)-(A4). Let A : H — H,
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be a bounded linear operator with its adjoint B. Let x; € C; := C, {x,} and {u,} be sequences
generated by

tn = Thy o

Y =1 -)u, +aTuy,,

Wy = 15, Ay,

zu = Pc(yn + EB(wy — Ayy)),

Cn+l = {V € Cn : ||Zn - V” = ”yn - V” = ”xn - V”},

Xna1 = Pc,,, (%1), meN,

where, o € (0,1), € € (0, W) and {r,} C (0, +00) with liminf,_, o1, > 0, P¢ is a projec-
tion operator from H, into C. Suppose that Q = {p € F(T) NEP(f) : Ap € EP(g)} # ), then

Xp, Uy — q € Q and w, — Aq € EP(g).

Corollary 4.3 Let Hy and H be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let f : C x C = Rand g: K x K — R be bi-functions sat-
isfying the conditions (A1)-(A4). Let A : Hi — Hy be a bounded linear operator with its
adjoint B. Let x; € C; := C, {x,,} and {u,} be sequences generated by

Uy = T{y,xn: Wy = T;gy,Auny
zy = Pc(yn + EB(w, — Auy)),
Cunn={veCy:lzy—vl < lluy—vll < llx, —VvI},

xn+l = PCn+1 (xl)r ne Ny

where & € (0, W) and {r,} C (0, +00) with liminf,_, .. r, > 0, Pc is a projection operator
from H, into C. Suppose that Q = {p € EP(f) : Ap € EP(g)} # 0, then x,,u,, — q € Q and
w, — Aq € EP(g).

It is well known that the viscosity iterative method is always applied to study the iterative
solution for the fixed point problem of nonlinear operators, for example, [5, 6, 8, 15, 16].
Similarly, the viscosity iterative method can also be used to study the hybrid split prob-
lem (HSP). So, at the end of this paper, we introduce a viscosity iterative algorithm which
can converge strongly to a solution of (HSP).

Theorem 4.2 Let H, and H, be two real Hilbert spaces. Let C C Hy and K C H, be two
nonempty closed convex sets. Let h: C — C be a a-contraction mapping, T : C — C and
S : K — K be non-expansive mappings and f : C x C — R and g: K x K — R be bi-
functions satisfying the conditions (Al)-(A4). Let A : Hy — H, be a bounded linear operator
with its adjoint B. Let x, € C, {x,} and {u,} be sequences generated by

Uy = T{nxm
Wy = Ts Auy,
Yn = Pc(u, + EB(Sw, — Auy,)), (4.10)

zy = (L =r)x, + rTy,,

K1 = 0h(x,) + (1 —a,)z,, neN,
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wherer € (0,1), & € (0, W) and {r,} C (0, +00), P¢ is a projection operator from H; into C,

and the coefficients {«,} and {r,} satisfy the following conditions:

1) {en} C(0,1), lim, oo 0ty = 0, Z:.il ay = 00;

(2) liminf,_, ;o0 7, >0, limy,_, o0 |Fye1 — 1| = 0.

Suppose that Q = {p € F(T) NEP(f) : Ap € F(S) N EP(g)} # 0, then x,,u,, — q € Q2 and
w, — Aq € F(S) N EP(g), where q = Poh(q).

Proof Let p € Q2. The following inequalities are easily verified:
ln —pll < ll%n = plI, lwn — Apll < |Au, - Apl|. (4.11)
By Lemma 2.4,

Nt = P11 < 120 =PI = || TS 0 = 2 |* = N0 = DI = l1t = 2]1%
|Sw. - Ap| = || STE Au, - Ap|® < | T¢ Au, - Ap|® (4.12)

< |Au, - Apll® - || T Auy — Au,|*.
From (4.10) and (4.12), we have

2“§<u,, - p, B(Sw,, —Au,,))

= ZS(A(un -p) +Sw, — Au,, — (Sw,, — Au,,), Sw,, — Aun)

26 (S — Apll? + 2 (1Swy — At = S| Ats, — Ap|l® — Sy — Aty |2

=25\ SISwn = ApI™ + S 1SWn = Auy|” = Ay = AplI” ~ [|Swy — Auty|
1, ) 1 )

<2¢ —§|| TS Au, — Au, | —EllSwn—Au,,H

= —€1Sw, — Au | - €| TS Au, - Au,|)?

= —&[1Swy — Au||* = & | Wy, — Au,||* (4.13)
and

Iy = plI> = | Pty + EB(Sw, — Aw,) - Pep||”
< |t - p + EB(Sw, — Auy,)|?
= Nl = pII? + | EB(Swy — Ausy) | + 28w — p, B(Sw,, — Ausy,))
< [l - plI* = € (L= £ 1BI?) Sy — Auy|1? = £ | TS Au, — Au||®
< n = pII> = (1 = EIIBIP) | Swn — Auty | — £ | TS Atty — Auy |

= |lw = pI* = (L= EIBI?) 1 Swy — Aty |1 = &l Wy, — Aus, || (4.14)
So, from (4.10)-(4.11) and (4.14), we have

yn =Pl < llun - pll < ll%, - plls 20 =PIl < ll%n = pll. (4.15)

Page 13 of 20
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We say {x,} is bounded. In fact, from (4.10) and (4.15), we have

%51 =PIl = [len(Fxn) = p) + (L= ) zn = P)|| < A = n)llzn — Pl + o[ f(x0) = p||

< A= ap)lan = pll +anallx, - pll + o |f () - p|

| Il
= (1- (1 - )l — pll + 2u(1 - ) /) ap ,
which implies that
||xn—p||smax{||x1 -1, V2 ””} vneN, (416)

so {x,} is bounded. Further, {u,}, {w,} and {y,} are also bounded by (4.11).
By Lemma 2.5, from (4.10) we have

21 — unHZ = ” T/ Xn+l — T Xn ”

Tn+l
|7 = Tuarl Vi >
=\ oonr =l + == T, %0 = 5
n

2 |rn_rn+1|
< ®n1 = Xnll” + ————

My,
n

) (4.17)
1Waer = wull* = | T3, Athesr = T5, Auy |

2
< <||Aun+1 ~ A+ 7 A A, ||)
n

2 |rn - rn+1|
< [[Aup1 — Auyl|” + ——————M;

n

and

11 = Yull> < [thns + EB(SWirs1 — Athsr) — hn — EB(Swys — Auy)|*

= [ ttuer = th + EB(SWpa1 = Attysr — (Swy = Auy)) |

= Nttmer = s> + | EB(SWns1 — Aths — (Swy — Au)) |*
+ 28 (tpar — U, B(SWis1 — Atinyr — (Swy — Auy)))

< Nttner = thal® + E21BI || W1 — At — (Sw — Auty) ||
+ 28(A(Uys1 — thn), Wit — Aty — (SWy — Ausy))

= lttor — thn? + E2|BI | SWinsr — Attar — (Swy — Auy) |
+ 28 (A1 — ) + Wyt — Athyer — (SWy — Atty), Wyt
= Aty — (Swy — Auy))
= 28(SWpi1 — Attnir — (SWy — Atty), Wit — Attnir — (Swy — Ausy))

= Nttmer — s> + E2BI | Swis1 — Attyys1 — (Swy, — Auy) |
+ 28(SWni1 — SWp, SWni1 — Athnir — (Swy — Auy))

- 2%- HSW}’I+1 _Aun+1 - (Swn —AM,,) HZ
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= Nlttwor — thall® + E2BI | SWina1 — Attyr — (Swy — Auy) |
26 {15y~ W0+ W01~ At — (S, — Auey)|
~ 1 Attyr — Auy |}
= 28 || SWpi1 — Atk — (Swy — Awy)|
= et — thall® + E21BI | SWinir — Attr — (Swy — Auy) |
+ E{ISWn1 = Swall® = |Athner — Auty|?)
— E[[ W1 = bty — (Sw,, — Auy)|
< Nttsr = tnll? = & (L= EBI) | Swis1 — Attner — (S — Au)|*
+ E{ W = Wil = |Attys1 — Ay ||*}

< ttpar = sl = & (1= EIBI?) | SWiser = Athy1 — (Sw, — Awy)||*

2 |70 = Tl 2
+ g { ”Aun+l _Aun” + riMl - ”Aun+l _Aun”

n
= Netws1 =t = E(L= EIBI?) | SWs1 — Athir — (Swy — Auy)|?

ry—T,
+€__|n n+1|1\41

T'n
< s = %l = & (1= EIBI?) | SWoner — Athyir — (Sw — Awy) |

|rr1 _rn+1|
—(

i:Ml +M1), (418)

T'n
where M is a constant satisfying

T'n

—r:mﬂ ” T{nxn —x,

sup{lexm =l | T, 20— | + | ?
neN

’

2 Attss — Aty || TS Ay — A | + 'r”_r#“' | 72 Au, - Au, HZ} <M,
n

X1 =%n+BnXn
’

Proving ||x,41 — %,|| = 0 as n — oo. Setting 8, =1-(1-«a,)1-r)and v, = »
namely v, = M%m Let M, be a constant satisfying sup,, .y {[£52L ), ||ff;‘—:)||,

ﬁn+1
I Ty,|l} < M, for all n € N. Then

an+]f(xn+1) + (1 - an+1)rTyn+l _ anf(xn) + (1 - Oln)rTyn

”Vn _Vn” =
" :3n+1 ,Bn
f(xn+1) f(xn) ” (1 - an+1)Tyn+l (1 - an)Tyn
= Oyl n r -
IB;HI ﬁn ﬂn+1 ﬂn
1— ) (Tpes — Ty
= (an+1 + an)MZ t+r ( a H)( Il % )
,3n+1
+ (1 - an+1)Tyn _ (1 _an)Tyn
lgn+1 ,Bn
1- n+ n+l — Jn 1- n+ 1- n
s(an+1+an)M2+r( 1) Y1 )/||+‘( ani1) Ol)M2
lgn+1 ,3n+1 ,Bn
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= (otpe1 + )My + 1

(1 - O5;’1-*—1) ||yn+1 _yn ”

ﬂn+1
(1 - r)(an - an+1) + 13n+1an - ﬂnam—l
+ M2
ﬂnlgnﬂ
1- - +
S (ar[+1 + Oln)Mz + T‘( an+1)||yn+1 yn” oy an+1M2
ﬂn+1 ﬂn,BnJrl
1— _
= oy + }"( 1) 1Y = yull ) (4.19)
IBn+l
From (4.18) and (4.19), we have
1- B 2
Vet — Vn”Z < <,On + r( O‘n+1)||yn+1 yn”)
ﬂnﬂ
_ ,03 + 2,0n7'(1 — Olpy1) 1yne1 = yall 72 (1- an+1)2 !ynd —Yn ”2 )
IBn+1 n+1
-« - 1—op)?
< ,OZ + 2,0,47'( n+l)||yn+1 yn” 2( 2n+1) ||xn+1 —xn”Z
ﬁn+1 n+1
1- 2, =
7‘2( (;ln+1) |rn rn+1|(1+%_)M1' (420)
n+l Tn
By the conditions (1) and (2) and (4.20), we obtain
lmsup{[|vs1 = vull = Il =24 )°} < 0. (4.21)
n—00
Notice [|v,41 — Vn||2 — %041 _xnllz = (Va1 = Vaull = %1 = %0 D UVis1 = Vall + %01 = 1),
hence from (4.21) we have
limsup{[1vs1 = Vull = 1 = %411} < 0. (4.22)
n—00
By Lemma 2.7 and (4.22), we have lim,,_, « ||V — %4l = 0, which implies that
lim %1 —x4) =0 (4.23)
Hn—0Q
by the definition of v,. Since ||x,,,1 — z,|| — 0, together with (4.23), we have
lim ||x, —z,| = 0. (4.24)
n—00
Using (4.10), (4.12) and (4.15),
2
[1%241 —P||2 = ”an (f(xn) —17) + (1= an)(z, —p) “
2
<A -ay)llz, —P||2 + oy “f(xn) —P”
2
< (@ =7)llxw = pI* + rllu, = plI* + @, | (%) - p
2
< ll2n = pII* = rllaty = 2,11 + et f (%) = P, (4.25)
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which yields
Plltt = 2% < 1% = pI* = 1n1 — 212 + | f ) - p|
= (196 = pll + 1%0e1 = pII) (1% = 21l = 1 = 211) + [ f Gx) = 2|
< (11 =PIl + %01 =PI 1% = it | + | f @) = || (4.26)
From (4.26) we have
lim | T/ %, — x| = lim [, — x4l = 0. (4.27)

Again, applying (4.25), (4.15) and (4.14), we have

%1 = pI% < (1= a)llzn — pII* + & | f @) - p||°
< (L= P)x = plI? + rllyn = pI* + @[ f ) - p||”
< |1y — pII2 = rE (1= €| BI) | Swy — Auty |

— 1|y — Atk + [ f () ~ p (4.28)
which implies that
r€ (1= €|1BI%) |Swn — At |* + 7€ | Wy — Auy|1*
< {10 = 21+ Wt =PI = Zost ||+ [ f () = | (4.29)
From (4.29) we have
Tim | T8 Auy — Auy || = lim [lw, — Au, | =0, lim [|Sw,, — Auy || = 0 (4.30)
and
nlLrI;o ISw,, — wy]|| = 0. (4.31)
Notice y, = Pc(u, + EB(Sw,, — Au,,)) and u, € C for all n € N, so
lyn = teull = | Pc(ten + EB(Swy, — Auy)) = Pcuy | < |EB(Swy, — Auy) |
< &IBIIISwy — Auyll,
SO
lim ||y, — un] = 0. (4.32)
700

Further, from (4.27), (4.32) and (4.24), we have

lim |y, =%, =0, lim [y, —zull =0 (4.33)
n—00 n—00
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and
lim [y, — Tyl =0 by (4.10), (4.24) and (4.33). (4.34)
n— o0
Let g = Pof(q). Choose a subsequence {x,, } such that

lim sup(f(g) - 4, - ) = lim f(q) - q,%», - q) (4.35)

n—0o0

Since {x,} is bounded, {{f(q) — ¢,x, — q)} is bounded. Hence limsup,_, .. {(f(q) — ¢, %, — q)
is a constant, namely lim,—. o {f(q) — g, %4, — q) exists, which implies (4.35) is well defined.
Because {x,} is bounded, {x,, } has a weak convergence subsequence which is still denoted
by {#,,}. Suppose x,, — &', we say x € . When x,, — &', from (4.30), (4.32) and (4.33),

we have
Uy — x, Vi — X, Zpy — x, Au, — Ax', Wiy — Ax’. (4.36)
If Tx" #x', then by (4.34) and (4.36) and Opial’s condition, we have

fiminly, | < liminy, - 7+ |

< timinf{ e = Tl + | T = T |

< timinf{lly = Tym |l + [, = | } = Timinf |y, — 7], (4.37)

which is a contradiction, so Tx = x” and x € F(T). Since for each r > 0, EP(f) = F () by
Lemma 2.2, we have x” € F (Tf ). Otherwise, if there exists 7 > 0 such that T/« #x", then
by (4.27) and Lemma 2.5 and Opial’s condition, we have

liminf|x,, — | < liminf]|x,, - T/«

)

< timinf{ 2, — T), 2 | + | T s0m, = Tl

= liminf| T, %, - T/

- 1=l

< timint{ =+ P T ]

= limianx,,k —x*| , (4.38)
k— o0

which is also a contradiction, so TZx" = " and " € F(T)) = EP(f). Up to now, we have
proved x” € F(T) N EP(f). Similarly, we can also prove Ax” € F(S) N EP(g). Hence x" € ,

because of this, we can also obtain

lim suplf(q) - g%, - q) = lim {/(q) -, — )

n—o0

=(f(@) - q,x —q) <0, whereq="Pcf(q). (4.39)
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Finally, we prove the conclusion of this theorem is right. For g = Pqf(q), from (4.10) we
have

I =gl = [lu () = 4) + (1 = €)@ = @)
<(1- Ol,,)2||Zn - 61||2 + 20[,,(]’1(96,,) — @ Xn+1 — q)
< (1= an)’ 0 — qlI* + 200{B(x) = h(q) + h(q) — @ %1 — q)
<(1- an)2||xn - q||2 + 20,0 || %y — gl 1%ns1 — gl + 2an<h(q) — @ Xns1 — Q)
<(1- an)2||xn - q||2 + ool xy — q”2 + 00| K41 — q”2

+ 20ln<h(61) — ) Xns1 — q)
= (1 —20,) 1%, — q||2 + OIZHxn - q||2 + oo, - 61||2 + 0| X1 — 61||2

+ 2a,,(h(q) —qy Xps1 — q). (4.40)

From (4.4.0) we have

2 -2« o?
lne1 = ql* < (1= tw——— )ll%n — qlI* + —2— %, — ql>
1-a,a 1-o,0

n

oy
+ 21—(h(q) — G, Xps1 — q), (4.41)
— oo
by (4.41) and Lemma 2.6, we have x, — g € Q. Again, from (4.27) and (4.30), we have
u, — q € Q and w, — Aq € F(S) N EP(f), respectively. The proof is completed. O

Remark

(1) In this paper, the iterative coefficient & or r can be replaced with the sequence {¢,} if
{¢,} satisfies {¢,} C [0, ], where g,? € (0,1);

(2) Obviously, if H; = H, in this paper, these weak and strong convergence theorems are
also true;

(3) In this paper, if T is a nonexpansive mapping from H; into H; and f(x,y) is a
bi-function from H; x H; into R with the conditions (A1)-(A4), S is a nonexpansive
mapping from H, into H; and g(u, v) is a bi-function from H, x H, into R with the
conditions (Al)-(A4), then we may obtain a series of similar algorithms.
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