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Abstract
In this paper, fixed point theorems for one mapping and common fixed point
theorems for two mappings satisfying generalized expansive conditions are obtained.
The mappings are not necessarily continuous and the cone is not normal. These
results improve and generalize several well-known comparable results in (Aage and
Salunke, in Acta Mathematica Sinica, English Series 27(6):1101-1106, 2011). Moreover,
examples are given to support our new results.
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1 Introduction and preliminaries
Recently, Huang and Zhang [] introduced the concept of a cone metric space as a gener-
alization of a metric space. They proved the properties of sequences in conemetric spaces
and obtained various fixed point theorems for contractive mappings. Afterwords, Abbas
and Jungck [] established the common fixed points for two mappings without exploiting
the notion of continuity. Since then, common fixed point theorems in cone metric spaces
have beenproved formappings satisfying different contractive conditions bymany authors
(see [–]). But there are few results about expanding mappings. Chintaman and Jagan-
nath [] introduced several meaningful fixed point theorems for one expanding mapping.
However, the mapping depended strongly on continuity. In this paper, we delete the con-
tinuity of themappings and obtain some fixed point theorems for one expandingmapping
and introduce common fixed point theorems for two expanding mappings, which satisfy
generalized expansive conditions in nonnormal conemetric spaces. These results improve
and generalize some important known results in [, ].
We recall some definitions of cone metric spaces and some of their properties []. Let E

be a real Banach space and P be a subset of E. θ denotes the zero element of E and intP
denotes the interior of P. The subset P is called a cone if and only if:

(i) P is closed, nonempty and P �= {θ},
(ii) a,b ∈R, a,b≥ , x, y ∈ P ⇒ ax + by ∈ P,
(iii) x ∈ P and –x ∈ P ⇒ x = θ .
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x≤ y if and only

if y – x ∈ P. We will write x < y if x ≤ y and x �= y, while x � y will stand for y – x ∈ intP.
A cone P is called normal if there is a number K >  such that for all x, y ∈ P,

θ ≤ x ≤ y implies ‖x‖ ≤ K‖y‖.
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The least positive number satisfying the above inequality is called the normal constant
of P.

Definition . ([]) Let X be a nonempty set. Suppose that the mapping d : X × X → E
satisfies the following:
(d) θ ≤ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;
(d) d(x, y) = d(y,x) for all x, y ∈ X ;
(d) d(x, y)≤ d(x, z) + d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X,d) is called a cone metric space. It is clear

that the cone metric space is more general than a metric space.

Definition . ([]) Let (X,d) be a cone metric space. Then we say that {xn} is
(i) a Cauchy sequence if for every c ∈ E with c � θ , there is N such that for all

n,m >N , d(xn,xm) � c;
(ii) a convergent sequence if for every c ∈ E with c� θ , there is N such that for all

m >N , d(xm,x)� c for some fixed x in X .
Aconemetric spaceX is said to be complete if every Cauchy sequence inX is convergent

in X.

Lemma . ([]) The limit of a convergent sequence in a cone metric space is unique.

2 Main results
In this section, we prove some fixed point theorems for expandingmappings without con-
tinuity in the following theorems.

Theorem . Let (X,d) be a complete cone metric space. Suppose the mapping f : X → X
is onto and satisfies

d(fx, fy) ≥ ad(x, y) + ad(x, fx) + ad(y, fy) + ad(x, fy) + ad(y, fx) (.)

for all x, y ∈ X, where ai (i = , , , , ) satisfies a + a + a >  and a ≤  + a. Then f has
a fixed point.

Proof Since f is an onto mapping, for each x ∈ X, there exists fx = x. Continuing this
process, we can define {xn} by xn = fxn+, n = , , , . . . . Without loss of generality, we sup-
pose that xn– �= xn for all n≥ . According to (.), we have

d(xn,xn–) = d(fxn+, fxn)

≥ ad(xn+,xn) + ad(xn+, fxn+) + ad(xn, fxn)

+ ad(xn+, fxn) + ad(xn, fxn+)

= ad(xn+,xn) + ad(xn+,xn) + ad(xn,xn–) + ad(xn+,xn–) + ad(xn,xn).

By d(xn+,xn–) ≥ d(xn+,xn) – d(xn–,xn), the above inequality implies that

d(xn+,xn) ≤  – a + a
a + a + a

d(xn,xn–).
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Let h = –a+a
a+a+a

. By a ≤ +a and a +a +a > , we know a +a +a > –a +a ≥ 
and h ∈ [, ). Hence, we get

d(xn+,xn) ≤ hd(xn,xn–).

So, by the triangle inequality, for any n >m, we see

d(xn,xm)≤ d(xn,xn–) + d(xn–,xn–) + · · · + d(xm+,xm)

≤ (
hn– + hn– + · · · + hm

)
d(x,x)

≤ hm

 – h
d(x,x).

Thus, as h ∈ [, ), we can choose a natural number N such that hm
–hd(x,x) � c for each

c� θ andm >N. Hence, we see

d(xn,xm)� c for all n >m >N.

Therefore, {xn} is a Cauchy sequence in (X,d).
SinceX is complete, there exists q ∈ X such that fxn+ = xn → q as n → ∞. Consequently,

we can find a p ∈ X such that fp = q. Now, we show that p = q. Substituting x = p, y = xn+
in (.), we get

d(q,xn) = d(fp, fxn+)

≥ ad(p,xn+) + ad(p, fp) + ad(xn+, fxn+) + ad(p, fxn+) + ad(xn+, fp).

For the second and fourth term on the right-hand side, we have d(p,q) ≥ d(p,xn+) –
d(q,xn+) and d(p,xn)≥ d(p,xn+)–d(xn,xn+). For the left-hand side, d(q,xn) ≤ d(q,xn+)+
d(xn+,xn). It follows that

(a + a + a)d(p,xn+) ≤ ( + a – a)d(q,xn+) + ( – a + a)d(xn+,xn).

Now, we have

d(p,xn+) ≤  + a – a
a + a + a

d(q,xn+) +
 – a + a
a + a + a

d(xn+,xn)

≤  + a – a
a + a + a

d(q,xn+) + d(xn+,xn).

If  + a – a >  for each c � θ , we can choose a natural number N such that
d(xn+,xn) � c

 and d(q,xn+) � (a+a+a)c
(+a–a)

for n≥ N. Thus, we obtain

d(p,xn+) � c

+
c

= c.

If  + a – a ≤  for n ≥ N,

d(p,xn+) ≤ d(xn+,xn) � c


� c.

Therefore, xn+ → p. From Lemma ., we see p = q. The conclusion is true. �
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Taking some particular value of ai (i = , , , , ) in Theorem ., we obtain several new
results in the following.

Corollary . Let (X,d) be a complete cone metric space. Suppose the mapping f : X → X
is onto and satisfies

d(fx, fy) ≥ kd(x, y) + ld(x, fx) + pd(y, fy)

for all x, y ∈ X, where p ≤  and k + l + p > . Then f has a fixed point.

Corollary . Let (X,d) be a complete cone metric space. Suppose the mapping f : X → X
is onto and satisfies

d(fx, fy) ≥ kd(x, y) + ld(fx, y)

for all x, y ∈ X, where k, l are constants and k > . Then f has a fixed point.

Remark . Obviously, in our theorem and its corollaries above, we delete the continuity
of the mappings which is essential in the results of []. Moreover, in Corollary . we
delete k ≥ –, l > , which is essential in Theorem . in []. In Corollary . we delete
l ≥ , which is essential in Theorem . in []. Theorem . in [] is a special case of
Theorem . with a = a = a = , a = a = K , and f is continuous.

Now, we introduce some common fixed point theorems for two expanding mappings
which satisfy generalized expansive conditions without continuity of the mappings.

Theorem . Let (X,d) be a complete cone metric space. Suppose mappings f , g : X → X
are onto and satisfy

d(fx, gy) ≥ ad(x, y) + ad(x, fx) + ad(y, gy) + ad(x, gy) + ad(y, fx) (.)

for all x, y ∈ X, where ai (i = , , , , ) satisfies a +a +a >  and a ≤  +a, a ≤  +a.
Then f and g have a common fixed point.

Proof Suppose x is an arbitrary point in X. Since f , g are onto, there exist x,x ∈ X such
that x = gx, x = fx. Continuing this process, we can define {xn} by xn = gxn+, xn+ =
fxn+, n = , , , . . . . By (.), we have

d(xn+,xn) = d(fxn+, gxn+)

≥ ad(xn+,xn+) + ad(xn+, fxn+) + ad(xn+, gxn+)

+ ad(xn+, gxn+) + ad(xn+, fxn+)

= ad(xn+,xn+) + ad(xn+,xn+) + ad(xn+,xn)

+ ad(xn+,xn) + ad(xn+,xn+).

Since d(xn+,xn) ≥ d(xn+,xn+) – d(xn,xn+), the above inequality implies that

( – a + a)d(xn,xn+) ≥ (a + a + a)d(xn+,xn+).
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Similarly, it can be shown that

d(xn–,xn) = d(fxn, gxn+)

≥ ad(xn,xn+) + ad(xn, fxn) + ad(xn+, gxn+)

+ ad(xn, gxn+) + ad(xn+, fxn)

= ad(xn,xn+) + ad(xn,xn–) + ad(xn+,xn)

+ ad(xn,xn) + ad(xn+,xn–),

which also implies that

( – a + a)d(xn–,xn) ≥ (a + a + a)d(xn,xn+).

LetM = –a+a
a+a+a

, N = –a+a
a+a+a

. From a + a + a >  and a ≤  + a, a ≤  + a, we see
a +a +a >  –a +a ≥  and a +a +a >  –a +a ≥ . Thus, h =MN ∈ [, ). Now,
by induction we have

d(xn+,xn+) ≤ Md(xn+,xn) ≤ MNd(xn,xn–)

≤ MNd(xn–,xn–) ≤ · · · ≤Mhnd(x,x)

and

d(xn+,xn)≤ Nd(xn,xn–) ≤ · · · ≤ hnd(x,x).

Hence, for any n >m, we deduce

d(xn+,xm+) ≤ d(xn+,xn) + d(xn,xn–) + · · · + d(xm+,xm+)

≤
( n∑
i=m+

hi +M
n–∑
i=m

hi
)
d(x,x)

≤
(
hm+

 – h
+
Mhm

 – h

)
d(x,x)

= (N + )
Mhm

 – h
d(x,x).

In an analogous way, we gain

d(xn,xm+) ≤ (N + )
Mhm

 – h
d(x,x),

d(xn,xm) ≤ (M + )
hm

 – h
d(x,x)

and

d(xn+,xm) ≤ (M + )
hm

 – h
d(x,x).
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Thus, for n >m > ,

d(xn,xm)≤ max

{
(N + )

Mhm

 – h
, (M + )

hm

 – h

}
d(x,x) = λmd(x,x),

where λm →  asm → ∞.
For each c � θ , choose δ >  such that c – x ∈ intP, where ‖x‖ < δ, i.e., x� c. For this δ,

we can choose a natural number N such that ‖λmd(x,x)‖ < δ form >N. Thus, we get

d(xn,xm)≤ λmd(x,x) � c for all n >m >N.

Therefore, {xn} is a Cauchy sequence in (X,d).
As X is complete, there exists q ∈ X such that xn → q as n → ∞. It is equivalent to

xn = gxn+ → q, xn+ = fxn+ → q as n → ∞. Since f , g are onto, there exist u,p ∈ X
such that fu = gp = q. Now, we show that u = p = q. By (.), we have

d(fxn+, gp) ≥ ad(xn+,p) + ad(xn+, fxn+) + ad(p, gp)

+ ad(xn+, gp) + ad(p, fxn+),

that is,

d(xn+,q) ≥ ad(xn+,p) + ad(xn+,xn+) + ad(p,q) + ad(xn+,q) + ad(p,xn+).

From the fact that d(p,q) ≥ d(p,xn+)–d(q,xn+), d(p,xn+) ≥ d(p,xn+)–d(xn+,xn+)
and d(xn+,q) ≤ d(xn+,xn+) + d(xn+,q), we get

(a + a + a)d(p,xn+) ≤ ( + a – a)d(xn+,q) + ( – a + a)d(xn+,xn+).

Now, we have

d(p,xn+)≤  + a – a
a + a + a

d(xn+,q) +
 – a + a
a + a + a

d(xn+,xn+)

≤ 
a + a + a

d(xn+,q) + d(xn+,xn+).

For each c � θ , we can choose a natural number N such that d(xn+,xn+) � c
 and

d(xn+,q) � (a+a+a)c
 for n≥ N. Hence, we obtain d(p,xn+) � c

 +
c
 = c, i.e., xn+ → p.

By Lemma ., we know p = q, gq = q. Similarly, we also have

d(fu, gxn+) ≥ ad(u,xn+) + ad(u, fu) + ad(xn+, gxn+)

+ ad(u, gxn+) + ad(xn+, fu).

As in the previous proof, it is not difficult to get q = u, i.e., fq = q. Therefore, fq = gq = q.
�

Corollary . Let (X,d) be a complete cone metric space. Suppose mappings f , g : X → X
are onto and satisfy

d(fx, gy) ≥ αd(x, y) + β
[
d(x, fx) + d(y, gy)

]
+ γ

[
d(x, gy) + d(y, fx)

]
for all x, y ∈ X, where β ≤  + γ and α + β > . Then f and g have a common fixed point.

http://www.fixedpointtheoryandapplications.com/content/2013/1/3
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Corollary . Let (X,d) be a complete cone metric space. Suppose mappings f , g : X → X
are onto and satisfy

d(fx, gy) ≥ kd(x, y)

for all x, y ∈ X, where k >  is a constant. Then f and g have a unique common fixed point.

Corollary . Let (X,d) be a complete cone metric space. Suppose the mapping f : X → X
is onto and satisfies

d
(
f px, f qy

) ≥ kd(x, y)

for all x, y ∈ X, where p, q are positive integers and k >  is a constant. Then f has a unique
fixed point.

Proof Let f = f p, g = f q. Since f is an onto mapping, f = f p, g = f q are onto mappings, the
conditions of Corollary . are satisfied. �

Remark . In Corollary ., we obtain Corollary . in [] when we take p = q.

Now, we present the following examples. In Example , we gain a fixed point for one
expandingmapping of the situation when Corollary . can be applied, while the results in
[] cannot. In Example , we obtain the common fixed point for two expanding mappings
in a cone metric space.

Example  Let X = [, +∞), E = C
R
([, ]) with ‖x‖ = ‖x‖∞ +‖x′‖∞ and P = {x ∈ E : x(t)≥

, t ∈ [, ]} (this cone is not normal). Define d : X × X → E by d(x, y) = |x – y|ϕ, where
ϕ : [, ] →R such that ϕ(t) = et . Consider the mapping

f (x) =

⎧⎨
⎩x – x,  ≤ x < ;


x, x≥ ,

which implies that f is onto inX. Taking k = , l = 
 , p = – 

 , for  ≤ x < , all the conditions
of Corollary . are fulfilled. Indeed, since  < 

x +

y +


 < x + y – , we have

d(fx, fy) =
∣∣x – x –

(
y – y

)∣∣et
=

∣∣(x – y)(x + y – )
∣∣et

≥ |x – y|
(


x +



y +




)
et

= |x – y|et + 

∣∣(x – y)(x + y – )

∣∣et
≥ |x – y|et + 


∣∣x – x

∣∣et – 


∣∣y – y
∣∣et .

For x ≥ , since f (x) is increasing in x, we have

d(fx, fy) =
∣∣∣∣x – 


y
∣∣∣∣et ≥ |x – y|et + 



∣∣∣∣x – 

x
∣∣∣∣et – 



∣∣∣∣y – 

y
∣∣∣∣et .
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Therefore, we can apply Corollary . and conclude that f has a (unique) fixed point 
in X. Since f is not continuous in X and l < , Theorem . in [] is not applicable. Hence,
our theorems have improved and generalized the main results in [].

Example  Let X = {, , } and d : X ×X →R
 be defined by d(x, y) = (, ) for x = y and

d(, ) = d(, ) = (, ), d(, ) = d(, ) = (, ), d(, ) = d(, ) = (, ).

Then (X,d) is a complete cone metric space. Further, define mappings f , g : X → X as
follows:

f (x) =

⎧⎪⎪⎨
⎪⎪⎩
, x = ,

, x = ,

, x = ;

g(x) =

⎧⎪⎪⎨
⎪⎪⎩
, x = ,

, x = ,

, x = ,

which implies that f , g are onto in X. Note that

d(fx, gy) ≥ ad(x, y) + ad(x, fx) + ad(y, gy) + ad(x, gy) + ad(y, fx)

for all x, y ∈ X by taking a = – 
 , a = –

 , a =

 , a =


 , a =


 . Thus, all the conditions

of Theorem . are fulfilled. Then f and g have a unique common fixed point  in X.

Remark . Obviously, in the above two examples, we obtain the (common) fixed point
which essentially needs the structure of a cone metric and not an ordinary metric on X.
Then the results in a metric space in [] cannot be applied to these examples.
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