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1 Introduction and preliminaries

Recently, Huang and Zhang [1] introduced the concept of a cone metric space as a gener-
alization of a metric space. They proved the properties of sequences in cone metric spaces
and obtained various fixed point theorems for contractive mappings. Afterwords, Abbas
and Jungck [2] established the common fixed points for two mappings without exploiting
the notion of continuity. Since then, common fixed point theorems in cone metric spaces
have been proved for mappings satisfying different contractive conditions by many authors
(see [3—-8]). But there are few results about expanding mappings. Chintaman and Jagan-
nath [9] introduced several meaningful fixed point theorems for one expanding mapping.
However, the mapping depended strongly on continuity. In this paper, we delete the con-
tinuity of the mappings and obtain some fixed point theorems for one expanding mapping
and introduce common fixed point theorems for two expanding mappings, which satisfy
generalized expansive conditions in nonnormal cone metric spaces. These results improve
and generalize some important known results in [9, 10].

We recall some definitions of cone metric spaces and some of their properties [1]. Let E
be a real Banach space and P be a subset of E. 6 denotes the zero element of E and int P
denotes the interior of P. The subset P is called a cone if and only if:

(i) Pisclosed, nonempty and P # {6},
(i) a,beR,a,b>0,x,ye P=ax+ by e P,

(iii) xe Pand -~x e P= x = 6.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if and only
if y—x € P. We will write x < y if x < y and x # y, while x <« y will stand for y — x € int P.
A cone P is called normal if there is a number K > 0 such that for all x,y € P,

6 <x<y implies [x|| <K]|yl.
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The least positive number satisfying the above inequality is called the normal constant
of P.

Definition 1.1 ([1]) Let X be a nonempty set. Suppose that the mapping d: X x X — E
satisfies the following:

(d1) 6 <d(x,y) for all x,y € X and d(x,y) = 0 if and only if x = y;

(d2) d(x,y) =d(y,x) for all x,y € X;

(d3) d(x,y) <d(x,2) +d(z,y) for all x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space. It is clear
that the cone metric space is more general than a metric space.

Definition 1.2 ([1]) Let (X, d) be a cone metric space. Then we say that {x,} is
(i) a Cauchy sequence if for every ¢ € E with ¢ > 0, there is N such that for all
n,m>N, d(x,,x,) <
(i) a convergent sequence if for every c € E with ¢ > 0, there is N such that for all
m >N, d(x,,,x) < ¢ for some fixed x in X.
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent
in X.

Lemma 1.3 ([11]) The limit of a convergent sequence in a cone metric space is unique.

2 Main results
In this section, we prove some fixed point theorems for expanding mappings without con-
tinuity in the following theorems.

Theorem 2.1 Let (X, d) be a complete cone metric space. Suppose the mapping f : X — X
is onto and satisfies

d(fx,fy) = ard(x,y) + axd(x, fx) + asd(y,fy) + asd(x, fy) + asd(y, fx) (2.1)

forallx,y € X, where a; (i =1,2,3,4,5) satisfies a; + a + as > 1 and a3 <1+ ay. Then f has
a fixed point.

Proof Since f is an onto mapping, for each xy € X, there exists fx; = x. Continuing this
process, we can define {x,} by x,, = fx,,1, 1 =0,1,2,.... Without loss of generality, we sup-
pose that x,,_; # x,, for all n > 1. According to (2.1), we have

d(xnrxn—l) = d(fxn+l;fxn)
> ﬂld(xrﬁl: xn) + ﬂ2d(xn+l:fxn+l) + asd(xn;fxn)

+ ﬂ4d(xn+1rfxn) + ﬂSd(xmfan)

= ﬂld(xrﬁl: xn) + ﬂ2d(xn+lx xn) + ﬂSd(xnr xn—l) + a4d(x,,+1, xn—l) + ﬂSd(xn; xn)'

By d(x11,%1-1) > d(Xy41, %) — d(x,,-1,%,), the above inequality implies that

1- as + dy
d(xn+lr xn) = d(xrnxn—l)-
ay +ady + dy
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1_
Leth = ﬁ.Bya3§1+a4 anda; +as +as >1,weknowa; +as +as >1—as+as >0

and % € [0,1). Hence, we get
d(xnﬂr xn) = hd(xm xn—l)~
So, by the triangle inequality, for any n > m, we see

d(xnrxm) =< d(xmxn—l) + d(xn—l:xn—Z) L d(xm+1vxm)

< (hn—l e N h’”)d(xl,xo)

m

1-h

=< d(x1,%0).

Thus, as & € [0,1), we can choose a natural number Nj such that %d (x1,%0) < c for each
¢ > 0 and m > Ny. Hence, we see

d(x,, %) < ¢ forall m>m>Np.

Therefore, {x,} is a Cauchy sequence in (X, d).

Since X is complete, there exists g € X such that fx,,,; = x, — gasn — oo. Consequently,
we can find a p € X such that fp = g. Now, we show that p = g. Substituting x = p, ¥ = x,,.1
in (2.1), we get

d(q; xn) = d(fprfxnﬂ)
> ﬂld(P, xn+1) + ﬂzd(p»fp) + aBd(xn+lrfxn+l) + ﬂ4d(prfxn+1) + ﬂSd(an;fp)'
For the second and fourth term on the right-hand side, we have d(p,q) > d(p,x,.1) —

d(q,x,41) and d(p, x,,) > d(p, x,41) — A%, %,41). For the left-hand side, d(q, x,,) < d(q,%,+1) +
d(x,+1,%,). It follows that

(a1 + az + as)d(p, %) < A+ ag — as)d(q, %) + (1 — az + aa)d(Xy.1, %)

Now, we have

1+ay—as 1—613+tl4
A, xp11) < —————d(q,%p1) + —————d (%11, %)
ay +ady + dy ay +ady + ady
1+ay—as
= (g, %ns1) + AKX 1, %)

_ﬂ1+a2+(l4

If 1 +a; —as >0 for each ¢ > 6, we can choose a natural number Nj such that

d(%n41,%,) <K 5 and d(g, %,41) < % for n > Nj. Thus, we obtain

c c
d(p,xml) < E + 5 =C.
If1+ay—as <0forn>Nj,

Cc
d(p;xnﬂ) < d(anrl,xn) < 5 < c.

Therefore, x,,,1 — p. From Lemma 1.3, we see p = g. The conclusion is true. g
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Taking some particular value of 4; (i = 1,2, 3,4,5) in Theorem 2.1, we obtain several new
results in the following.

Corollary 2.2 Let (X, d) be a complete cone metric space. Suppose the mapping f : X — X
is onto and satisfies

d(fx,fy) > kd(x, y) + ld(x, fx) + pd(y,fy)
forallx,ye X, wherep <land k +1+p >1. Then f has a fixed point.

Corollary 2.3 Let (X, d) be a complete cone metric space. Suppose the mapping f : X — X
is onto and satisfies

d(fx, fy) > kd(x,y) + ld(fx, )
forall x,y € X, where k, | are constants and k > 1. Then [ has a fixed point.

Remark 2.4 Obviously, in our theorem and its corollaries above, we delete the continuity
of the mappings which is essential in the results of [9]. Moreover, in Corollary 2.2 we
delete k > -1, [/ > 1, which is essential in Theorem 2.6 in [9]. In Corollary 2.3 we delete
[ > 0, which is essential in Theorem 2.5 in [9]. Theorem 2.3 in [9] is a special case of
Theorem 2.1 with a1 =a4 = a5 = 0, a; = as = K, and f is continuous.

Now, we introduce some common fixed point theorems for two expanding mappings
which satisfy generalized expansive conditions without continuity of the mappings.

Theorem 2.5 Let (X,d) be a complete cone metric space. Suppose mappings f,g: X — X
are onto and satisfy

d(fx,gy) > ard(x,y) + ad(x, fx) + asd(y,gy) + asd(x,gy) + asd(y, fx) (2.2)

forallx,y € X, wherea; (i =1,2,3,4,5) satisfiesa, + as +as >l and ay <1+as, a3 <1+as.
Then f and g have a common fixed point.

Proof Suppose xy is an arbitrary point in X. Since f, g are onto, there exist x;,% € X such
that xp = gy, %1 = fx,. Continuing this process, we can define {x,} by %2, = g%2,41, X241 =
frons2, n=0,1,2,.... By (2.2), we have
d(x2n+1’x2n) = d(fx2n+2’gx2n+1)
> ald(x2n+2vx2n+l) + ﬂZd(x2n+2)fx2n+2) + an(x2n+1’gx2n+1)
+ a4d(x2n+27gx2n+l) + ﬂSd(x2n+1:fx2n+2)
= ﬂld(x2n+2vx2n+l) + ﬂZd(x2n+2) x2n+1) + an(xZnJrl: x2n)

+ Aad (X242, %20) + A5A (X241, X2041)-
Since d(x242, %21) > d(X2112, X2n+1) — A(X2, X2441), the above inequality implies that

(1 - a3 + aa)d(X2n, X2p41) = (a1 + A + aa)d (X241, X2042).
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Similarly, it can be shown that

A(Xon-1,%0n) = A(fX2,gX2041)

> ard (%o Xoni1) + A2 d(Xon, fXon) + asd(Xoui1, €X2n41)
+ ﬂ4d(x2nrgx2n+l) + ﬂSd(x2n+1:fx2n)
= a1 d(Xo, Xons1) + Ao d (X2, Xon_1) + A3A (X241, %211)

+ "Z4d(x2nr x2n) + an(xZnH’ x2n—1);

which also implies that

(1 —ay + as)d(xon_1,%2,) = (a1 + az + as5)d (X2, X241)-

_ 1-
Let M = =@+as Ap_ Lotatds om0 v gy +as>1and ay <1+as, az <1+ ay, we see
aj+al+aq ayt+as+as

ar+ar+ag>l—az+as>0anda; +az +as >1—a, +as > 0. Thus, 7= MN € [0,1). Now,
by induction we have
A(Xons2s X2n41) < Md (X411, %20) < MNA(X21,%20-1)
< MPNd (%31, %20-2) < - -+ < Mh"d(x1,%0)

and

A(Xoni1,%0n) < Nd (Ko, X2p-1) < -+ < H"d (1, %0).

Hence, for any n > m, we deduce

d(x2n+1’x2m+l) =< d(x2n+lr x2n) + d(me x2n—1) +---t d(x2m+2;x2m+l)

n n-1
< (Z W +MZhi)d(x1,x0)
i=m+1 i=m
hm+l Mhm
(m + m)d(xhxo)

Mh
=(N+ 1)md(x1»xo)‘

=

In an analogous way, we gain

Mh™
A(Xon Xome) < (N + 1)md(x1,xo),

m

h
A%, Xom) < (M + 1)ﬁd(x1,xo)

and

hm
AXops1, Xom) < (M + 1)Ed(9€1,x0).

Page 5 of 9
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Thus, for n>m >0,

m m

M,
A%, %) < max{ (N + 1)%, (M + l)lh—h }d(xl,xo) = And(x1,%0),

where A, —> 0 as m — oo.
For each ¢ >> 0, choose § > 0 such that ¢ — x € int P, where ||x|| < §, i.e., x < c. For this §,
we can choose a natural number N, such that ||, d(x1,%0)|| < & for m > Ny. Thus, we get

A%, %) < Amd(x1,20) < ¢ foralln>m>Ns.

Therefore, {x,} is a Cauchy sequence in (X, d).

As X is complete, there exists g € X such that x, — g as n — oo. It is equivalent to
Xon = @Xons1 —> > Xons1 = fXous2 — g @s 1 — 00. Since f, g are onto, there exist u,p € X
such that fu = gp = q. Now, we show that u = p = q. By (2.2), we have

A(fXons2,8P) = a1d (X242, p) + A2d (X242, fX2n42) + a3d(p; gp)
+ ﬂ4d(x2n+2;gp) + ﬂsd(P,foiHZ)y

that is,
A(Xoni1,q) = a1d(Xop42, P) + A2d (X212, X2n41) + 34D, @) + A4d (X242, 9) + asd (P, X241).

From the fact that d(p, q) > d([?, x2n+2) - d(% x2n+2)¢ d(p¢x2n+l) = d(pr x2n+2) - d(x2n+17x2n+2)
and d(x211,q) < d(X2n41,%2142) + A(X2n12, 9), We get

(a1 + az + as5)d(p, Xons2) < 1+ a3 — aa)d(Xoni2,q) + (L — as + as)d(®on.1, Xons2).

Now, we have

l+as—ay l1-ay+as
d(p; x2n+2) < —d(x2n+2: q) + 761(952;“1, x2n+2)
ay +ads +ads ay +as +as
2

=< 461(962;,”.2, q) + d(x2n+1: x2n+2)'
ay +as +das

For each ¢ > 6, we can choose a natural number N3 such that d(xy,1,%2412) < 5 and

A(%92,q) K W for n > N3. Hence, we obtain d(p, %y,42) < 5§+ § = ¢, i.., Xpu42 —> P.

By Lemma 1.3, we know p = g, gg = q. Similarly, we also have

d(ﬁ/l;ng;Hl) = ﬂld(u1x2n+1) + ﬂzd(u,fbt) + a3d(x2n+1;gx2n+l)

+ asd(u, gxop) + asd(Xopi1,f10).

As in the previous proof, it is not difficult to get g = u, i.e., fg = q. Therefore, fq = gg = q.
O

Corollary 2.6 Let (X,d) be a complete cone metric space. Suppose mappings f,g: X — X
are onto and satisfy

d(fr,gy) = ad(x,y) + B[d(x. fx) + d(y.gy)] + v [d(x.gy) + (9, fx)]

forallx,y e X, where 8 <1+y and « +28 > 1. Then f and g have a common fixed point.
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Corollary 2.7 Let (X,d) be a complete cone metric space. Suppose mappings f,g: X — X
are onto and satisfy

d(fx,gy) = kd(x,y)
forall x,y € X, where k > 1 is a constant. Then f and g have a unique common fixed point.

Corollary 2.8 Let (X, d) be a complete cone metric space. Suppose the mapping f : X — X
is onto and satisfies

d(f”x,fqy) > kd(x,y)

forall x,y € X, where p, q are positive integers and k > 1 is a constant. Then f has a unique
fixed point.

Proof Let f =fF, g = f1. Since f is an onto mapping, f = f?, g = f? are onto mappings, the
conditions of Corollary 2.7 are satisfied. O

Remark 2.9 In Corollary 2.8, we obtain Corollary 2.2 in [9] when we take p = q.

Now, we present the following examples. In Example 1, we gain a fixed point for one
expanding mapping of the situation when Corollary 2.2 can be applied, while the results in
[9] cannot. In Example 2, we obtain the common fixed point for two expanding mappings
in a cone metric space.

Example1 Let X = [1, +00), E = C2([0,1]) with |lx[| = |¥]loo + |¥[lcc and P = {x € E : x(¢) >
0,t € [0,1]} (this cone is not normal). Define d : X x X — E by d(x,y) = |x — y|¢, where
¢ :[0,1] — R such that ¢(¢) = ¢’. Consider the mapping

2% —x, 1<x<2;

fx) =

5

ix’ X Z 2’

which implies that f is onto in X. Taking k = 2,/ = i,p = —i, for1 < x < 2, all the conditions
of Corollary 2.2 are fulfilled. Indeed, since 0 < %x + %y + % <2x+2y—1, we have

d(fx,fy) = |26> —x = (2y* = y) ¢’
:|(x—y)(2x+2y—1)|et
ST E U S A WP
x—y|l =x+=y+ = |e
= y ¥tV tyg
t ]' t
=2lx—yle +§|(x—y)(x+y—1)|e
p 1 21t L 2|t
>2lx —yle +—|2x—2x {e ——|2y—2y |e.
4 4
For x > 2, since f(x) is increasing in x, we have
: ;1 5
e>2x-—yle+ —|x—=x
4 2

5 5
d(fx,fy) = Ex - EJ’
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Therefore, we can apply Corollary 2.2 and conclude that f has a (unique) fixed point 0
in X. Since f is not continuous in X and / < 1, Theorem 2.6 in [9] is not applicable. Hence,
our theorems have improved and generalized the main results in [9].

Example 2 Let X = {1,2,3} and d: X x X — R? be defined by d(x,7) = (0,0) for x = y and
d(2,3)=d(3,2) = (0,0, d(2,1)=d1,2)=0,1), dQ1,3)=d(3,1)=(11).

Then (X,d) is a complete cone metric space. Further, define mappings f,g: X — X as

follows:
1, X = 1, 1y X = 1’
fx)=13, x=2, gx) =12, x=2,
2, x=3; 3, x=23,

which implies that f, g are onto in X. Note that

d(fx,gy) > ard(x,y) + ard(x, fx) + asd(y, gy) + asd(x,gy) + asd(y, fx)

—%, ay = —%, as = %, ag = %, as = % Thus, all the conditions

of Theorem 2.5 are fulfilled. Then f and g have a unique common fixed point 1 in X.

for all x,y € X by taking a; =

Remark 2.10 Obviously, in the above two examples, we obtain the (common) fixed point
which essentially needs the structure of a cone metric and not an ordinary metric on X.
Then the results in a metric space in [10] cannot be applied to these examples.
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