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Abstract

The purpose of this paper is to introduce and analyze Mann's type extragradient for
finding a common solution set I' of the split feasibility problem and the set Fix(T) of
fixed points of Lipschitz asymptotically quasi-nonexpansive mappings T in the setting
of infinite-dimensional Hilbert spaces. Consequently, we prove that the sequence
generated by the proposed algorithm converges weakly to an element of Fix(T) N T"
under mild assumption. The result presented in the paper also improves and extends
some result of Xu (Inverse Probl. 26:105018, 2010; Inverse Probl. 22:2021-2034, 2006)
and some others.
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1 Introduction

The split feasibility problem (SFP) in finite dimensional spaces was first introduced by
Censor and Elfving [1] for modeling inverse problems which arise from phase retrievals
and in medical image reconstruction [2]. Recently, it has been found that the SFP can
also be used in various disciplines such as image restoration, computer tomograph and
radiation therapy treatment planning [3-5]. The split feasibility problem in an infinite-
dimensional Hilbert space can be found in [2, 4, 6—10] and references therein.

Throughout this paper, we always assume that H;, H; are real Hilbert spaces, ‘—, ‘—’
denote strong and weak convergence, respectively, and F(7T) is the fixed point set of a
mapping T.

Let C and Q be nonempty closed convex subsets of infinite-dimensional real Hilbert
spaces H; and Hs, respectively, and let A € B(H,, H,), where B(H;, H,) denotes the class of
all bounded linear operators from H; to H,. The split feasibility problem (SFP) is finding
a point & with the property

xeC, Ax € Q. (1.1)
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In the sequel, we use I' to denote the set of solutions of SFP (1.1), i.e.,
F={xeC:4x€Q}.

Assuming that the SFP is consistent (i.e., (1.1) has a solution), it is not hard to see that
x € C solves (1.1) if and only if it solves the fixed-point equation

x=Pc(I-yA*(I-Pg)A)x, x€C, 1.2)

where P¢ and P are the (orthogonal) projections onto C and Q, respectively, y > 0 is any
positive constant, and A* denotes the adjoint of A.

To solve (1.2), Byrne [2] proposed his CQ algorithm, which generates a sequence (xx) by
X1 =Pc(l - yA*(I - Po)A)xr, k€N, 1.3)

where y € (0,2/), and again A is the spectral radius of the operator A*A.
The CQ algorithm (1.3) is a special case of the Krasnonsel’skii-Mann (K-M) algorithm.
The K-M algorithm generates a sequence {x,} according to the recursive formula

K1 = (L — ), + 0, Ty,

where {«,} is a sequence in the interval (0, 1) and the initial guess x, € C is chosen arbitrar-
ily. Due to the fixed point for formulation (1.2) of the SFP, we can apply the K-M algorithm
to the operator Pc(I — yA*(I — Pg)A) to obtain a sequence given by

xia1 = (L— o )x + axPc(I — yA*(I - Po)A)xx, k€N, 1.4)

where y € (0,2/), and again A is the spectral radius of the operator A*A.

Then, as long as (xx) satisfies the condition ) -, (1 — ax) = +00, we have weak conver-
gence of the sequence generated by (1.4).

Very recently, Xu [8] gave a continuation of the study on the CQ algorithm and its con-
vergence. He applied Mann’s algorithm to the SFP and proposed an averaged CQ algorithm
which was proved to be weakly convergent to a solution of the SFP. He derived a weak con-
vergence result, which shows that for suitable choices of iterative parameters (including
the regularization), the sequence of iterative solutions can converge weakly to an exact
solution of the SFP. He also established the strong convergence result, which shows that
the minimum-norm solution can be obtained.

On the other hand, Korpelevich [11] introduced an iterative method, the so-called ex-
tragradient method, for finding the solution of a saddle point problem. He proved that the
sequences generated by the proposed iterative algorithm converge to a solution of a saddle
point problem.

Motivated by the idea of an extragradient method in [12], Ceng [13] introduced and
analyzed an extragradient method with regularization for finding a common element of
the solution set I' of the split feasibility problem and the set Fix(T) of a nonexpansive
mapping T in the setting of infinite-dimensional Hilbert spaces. Chang [14] introduced
an algorithm for solving the split feasibility problems for total quasi-asymptotically non-
expansive mappings in infinite-dimensional Hilbert spaces.
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The purpose of this paper is to study and analyze a Mann’s type extragradient method for
finding a common element of the solution set I" of the SFP and the set Fix(T') of asymptot-
ically quasi-nonexpansive mappings and Lipshitz continuous mappings in a real Hilbert
space. We prove that the sequence generated by the proposed method converges weakly
to an element ¥ in Fix(T) N T.

2 Preliminaries
We first recall some definitions, notations and conclusions which will be needed in proving
our main results.

Let H be a real Hilbert space with the inner product (-,-) and | - ||, and let C be a
nonempty closed and convex subset of H.

Let E be a Banach space. A mapping T : E — E is said to be demi-closed at origin if for
any sequence {x,} C E with x, — x* and ||({ — T)x,|| — 0, then x™ = Tx*.

A Banach space E is said to have the Opial property if for any sequence {x,,} with x,, — x*,
then

liminf”x,, —x* || <liminf|lx, —y|l, Vye€Ewithy#x".
n—00 n—oo
Remark 2.1 It is well known that each Hilbert space possesses the Opial property.
Proposition 2.2 For givenx € H and z € C:
(i) z=Pcxifand only if (x —z,y—z) <0 forall y € C.
(i) z=Pcx ifand only if ||x —z||> < |lx —y||> = ||y — z||> forally € C.

(iii) Forall x,y € H, (Pcx — Pcy,x —y) > ||Pcx — Pcy||?.

Definition 2.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
We denote by F(T) the set of fixed points of T, thatis, F(T) = {x € C:x = Tx}. Then T is
said to be

(1) nonexpansive if | Tx — Ty|| < |lx —y| for all x,y € C;

(2) asymptotically nonexpansive if there exists a sequence &, > 1, lim,,_, o, k, =1 and

| 77 = T"|| < kall =y (2.1)
forallw,ye Cand n >1;
(3) asymptotically quasi-nonexpansive if there exists a sequence k,, > 1, lim, oo k, = 1
and

| 77— p|| < kullx - pli (2.2)

forallxe C,pe F(T)and n > 1;
(4) uniformly L-Lipschitzian if there exists a constant L > 0 such that

| 77— T"y| < Lilx -yl (2.3)
forallx,y e Cand n > 1.

Remark 2.4 By the above definitions, it is clear that:
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(i) a nonexpansive mapping is an asymptotically quasi-nonexpansive mapping;
(ii) a quasi-nonexpansive mapping is an asymptotically-quasi nonexpansive mapping;
(ili) an asymptotically nonexpansive mapping is an asymptotically quasi-nonexpansive
mapping.

Proposition 2.5 (see [15]) We have the following assertions.
. L. . L1
(1) T is nonexpansive if and only if the complement I — T is 5-ism.
(2) If Tisv-ismandy >0, then yT is %—ism.
. . . . . 1
(3) T is averaged if and only if the complement I — T is v-ism for some v > 3.
Indeed, for « € (0,1), T is a-averaged if and only if I — T is ﬁ—ism.

Proposition 2.6 (see [15,16]) LetS, T,V : H — H be given operators. We have the follow-
ing assertions.

(1) fT=(01-0a)S+aV forsomea € (0,1), S is averaged and V is nonexpansive, then T
is averaged.

(2) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

3) f T=(01-a)S+aV forsome o €(0,1), S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(4) The composite of finite many averaged mappings is averaged. That is, if each of the
mappings {T;}L, is averaged, then so is the composite Ty o Ty o - - - o Ty. In particular,
if Ty is ay-averaged and T, is ay-averaged, where oy, oy € (0,1), then the composite
T: o T is a-averaged, where a = o1 + 0ty — 10tp.

(5) If the mappings {T;}!, are averaged and have a common fixed point, then

ﬂFix(n) =Fix(Ty -+ Ty).

i=1

The notation Fix(T) denotes the set of all fixed points of the mapping T, that is, Fix(T) =
{xe H:Tx=x}.

Lemma 2.7 (see [17], demiclosedness principle) Let C be a nonempty closed and con-
vex subset of a real Hilbert space H, and let T : C — C be a nonexpansive mapping with
Fix(S) # 0. If the sequence {x,} C C converges weakly to x and the sequence {(I — S)x,} con-
verges strongly to y, then (I — S)x = y; in particular, if y = 0, then x € Fix(S).

Lemma 2.8 (see [18]) Let {a,}52, and {b,}32, be two sequences of nonnegative numbers
satisfying the inequality

Api) < an+ by, V1 =0,
if Yo, by converges, then lim,,_, o, a, exists.

The following lemma gives some characterizations and useful properties of the metric
projection Pc in a Hilbert space.

For every point x € H, there exists a unique nearest point in C, denoted by Pcx, such
that

lx—Pexll < llx-yll, VyeC, (2.4)
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where P¢ is called the metric projection of H onto C. We know that P is a nonexpansive
mapping of H onto C.

Lemma 2.9 (see [19]) Let C be a nonempty closed and convex subset of a real Hilbert space
H, and let Pc be the metric projection from H onto C. Givenx € H and z € C, then z = Pcx
if and only if the following holds:

(x—z,y—-2)<0, VyeC. (2.5)
Lemma 2.10 (see [20]) Let C be a nonempty, closed and convex subset of a real Hilbert
space H, and let Pc : H — C be the metric projection from H onto C. Then the following
inequality holds:

ly = Pexl|* + |lx - Pex||* < & - ylI*>, VxeH,VyeC. (2.6)
Lemma 2.11 (see [19]) Let H be a real Hilbert space. Then the following equations hold:

(i) Il =12 = %1% = Y112 - 2(x = 3,9) for all %,y € H;
(i) [ltx+ @ =t)y)% =tlxl2 + A= O|yl? =t = O)|lx — y||? for all t € [0,1] and x,y € H.
Throughout this paper, we assume that the SFP is consistent, that is, the solution set

I' of the SFP is nonempty. Let f : H; — R be a continuous differentiable function. The
minimization problem

. 1 2
1;1€1é1f(x) =5 |Ax — PoAx|| (2.7)
is ill-posed. Therefore (see [8]) consider the following Tikhonov regularized problem:
inf () = SllAx — PoAsl® + a2 28)
I;lelélfa x):= 2|| x — PoAx||” + 2otIIacII , .

where « > 0 is the regularization parameter.
We observe that the gradient

Vie=Vf+al =A"(I-Pg)A +al (2.9)
is (a + ||A||?)-Lipschitz continuous and a-strongly monotone.

Let C be a nonempty closed convex subset of a real Hilbert space H, andlet F: C — H
be a monotone mapping. The variational inequality problem (VIP) is to find x € C such
that

(Fx,y—x)>0, VyeC.

The solution set of the VIP is denoted by VIP(C, F). It is well known that

xeVI(C,F) <& x=Pclx—AFx), VYr>O0.
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A set-valued mapping T : H — 2/ is called monotone if forallx,y € H,f € Txand g € Ty
imply

(x=y.f-g =0.

A monotone mapping T : H — 2 is called maximal if its graph G(T) is not properly
contained in the graph of any other monotone mapping. It is known that a monotone
mapping T is maximal if and only if, for (x,f) € H x H, (x —y,f — g) > 0 for every (y,g) €
G(T) implies f € Tx. Let F : C — H be a monotone and k-Lipschitz continuous mapping,
and let N¢cv be the normal cone to C at v € C, that is,

Nev={weH:(v-uw)>0,Yue C}.
Define

_JFv+Ncev ifveC,
| ifveC.

Tv

Then T is maximal monotone and 0 € 7v if and only if v € VI(C, F); see [18] for more
details.

We can use fixed point algorithms to solve the SFP on the basis of the following obser-
vation.

Let A > 0 and assume that x* € I". Then Ax* € Q, which implies that (I - Po)Ax* = 0, and
thus AA*(I—Pg)Ax* = 0. Hence, we have the fixed point equation (I - AA*(I — Pg)A)x™ = x*.
Requiring that x* € C, we consider the fixed point equation

Pc(I = AVf)x* = Pc(I - MA*(I — Po)A)x™ = x*. (2.10)

It is proved in [8, Proposition 3.2] that the solutions of fixed point equation (2.10) are
exactly the solutions of the SEP; namely, for given x* € Hj, x* solves the SFP if and only if
x* solves fixed point equation (2.10).

Proposition 2.12 (see [13]) Given x* € Hy, the following statements are equivalent.
(i) x* solves the SFP;
(i) x* solves fixed point equation (2.10);
(iii) x* solves the variational inequality problem (VIP) of finding x* € C such that

(Vf(x*),x - x*) >0, VxeC(C, (2.11)
where Vf = A*(I — Po)A and A* is the adjoint of A.

Proof (i) < (ii). See the proof in ([8], Proposition 3.2).
(ii) < (iii). Observe that

Pc(I - AA*(I - Po)A)x* = x*

& ((I-24*"I -Pg)A)x* —x*,x—x")<0, VxeC

Page 6 of 19
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& —MA*(I-Po)Ax*,x-x*)<0, VxeC

& (Vf(x"),x-x*)>0, VxeC,
where Vf = A*(I — Pg)A. O
Remark 2.13 It is clear from Proposition 2.12 that
I =Fix(Pc(I - 1Vf)) = VI(C, Vf),

for any A > 0, where Fix(Pc(I - AVf)) and VI(C, Vf) denote the set of fixed points of Pc(f —
AVf) and the solution set of VIP.

Proposition 2.14 (see [13]) There hold the following statements:
(i) the gradient

Vfy = Vf +al = A*(I - PQ)A + al

is (o + |A||?)-Lipschitz continuous and a-strongly monotone;
(i) the mapping Pc(I — AVfy) is a contraction with coefficient

\/1 — 120 - A(IAIP? +a)?) (5 Vi—ar<1- %ak),

where 0 < A < m;
(iii) if the SFP is consistent, then the strong limy_, o x, exists and is the minimum norm
solution of the SFP.

3 Main result

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H,
and let T : C — C be an uniformly L-Lipschitzian and asymptotically quasi-nonexpansive
mapping with Fix(T) N T # @ and {k,} C [1,00) for all n € N such that lim,_, o k, = 1. Let
{xn}, {yu} and {u,} be the sequences in C generated by the following algorithm:

x9g=x € C chosen arbitrarily,
Yn = Pcn = 1nVfa,%n),

up = Pc(%n = 2 Vfe,In)s

Xni1 = Buttn + (1= B) Ty,

where Vfy, = Vf + a,l = A*(I - Pg)A + a1, and the sequences {a,}, {r,} and {B,} satisfy
the following conditions:
(i) 0<liminf, .~ B, <limsup,_ . B. <1,
(i) {A,) € (0, W) and Y 2% Ay < 00,
(i) Y02y < 00.

Then the sequence {x,} converges weakly to an element x € Fix(T) N T.
Proof We first show that Pc(I — AVf,) is ¢ -averaged for each 1, € (0, m), where

2+ Mo+ [JA]P)
=

Page 7 of 19
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Indeed, it is easy to see that Vf = A"(I — Pg)A is AT -ism, that is,

IIA\

(V@) - VFO)x =) = —— | Vf(x) - V)|

IIAII2

Observe that

(e + AIP) (V&) = Va3, - )
= (o + [AI?) [ellx = 1> + (V%) = VA, - )]
= o[l = y11* + & Vf (%) - Vf (), x - )
+al| Al -yl + 1AIX(Vf (@) - V() x - y)
> o?|lx -y + 26(V/ () - V), x—9) + | Vf () - VI O)
= o - 5) + V@) - VFO) [
= [ 9@ - vr0)| .

Hence, it follows that Vf, = ol + A"(I - Pg)A is \AII2 -ism. Thus, AV is + -ism. By

0t+HAII )

1

(a+[|A]%)
Proposition 2.5(iii) the composite (I — AVf,) is -averaged. Therefore, noting that
Pc is E—averaged and utilizing Proposition 2.6(iv), we know that for each 2 € (0,

Pc(I - AVfy) is ¢ -averaged with

)
PRIVIEE

1 Ma+ AP 1 A+ IAID) 2+ A+ 1417

C==+

= € (0,1).
2 2 2 2 4

This shows that Pc(I — AVf,) is nonexpansive. Furthermore, for {A,} € [4,b] with a,b €

(o, W), utilizing the fact that lim,,_, » W, we may assume that

—1 =
an+llA]?
1

O<a<li,<b< 2:lim > Vn >
Al|*  n—>o0ay + [|A]l

Without loss of generality, we may assume that

1
0<a§kn§h<72, Vn=>0
a, + Al

Consequently, it follows that for each integer n > 0, Pc(I — A, Vf,,) is ¢,-averaged with

l + Ao, + ||A||2) _ 1 Ao, + ||A||2) _ 2+ Ay, + ”A”2)

) = €(0,1).
2 2 2 2 4

Cn=

This immediately implies that Pc(I — A, Vf,,) is nonexpansive for all n > 0.
We divide the remainder of the proof into several steps.
Step 1. We will prove that {x,} is bounded. Indeed, we take fixed p € Fix(T) N " arbi-

trarily. Then we get Pc(I — A, Vf)p = p for 1, € (0, HAII2) Since P¢ and (I — A, Vf,,) are
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nonexpansive mappings, then we have

Iyn =2l = |Pcl = % Ve, %0 = Pc = 1, Vf)p |

< [Pl = 1V fa,)2n = PcT = 2nVfo, ) |
+||Pcll = 21V fo, ) = Pl = 2,V )p ||

< ll%w=pll + [ = 2 Vfo, Jp = U= 2,V )p |

= |lxw = pll + |2 = 2 Voo = (0 = 20 VD) |

= %0 =P + 12 Vfp = A Vo, p

= %, = pll + 2l Vfp = Vo2l

= % = pll + Al Vifp = Vo - apl|

= [l%n = pll + Ancallpll (3.2)

and

lttw =PIl = |Pc(n = AaVfir,n) - P|
= || Pc(n = 21 Vfor,ym) = Pl = 2, VS )p |
< | @n = 2 Vo, 3m) = (0 = 2 V||
= [ @ —p) + Mu Vi = 1 Ve, 70|
= |G = p) + 2n(Vfy = Vo) |
= ||Gew = p) + 2V fp = Voo + Voo = Vurndn) |
= || @n =) + 2u(Vip = (Vfo + @up)) + 2n(Varp = Vo3|
< 1160 = 2l + At 1P+ A | Vs () = Vi, )|

< [l = pll + Auetnl|pll + Ao (s + 1AI?) I =yl (3.3)

Substituting (3.2) into (3.3) and simplifying, we have

litw =PIl < 1% =PIl + Antullp ] + At + IAI?) 12 = yull
= 16 =l + At llpll + 2on (0t + AN 160 — 2l + Anctullpl ]
= [ty = Pl + AntullPll + A (ot + IAI) 120 = Pl + 2200 (o + IAI2) Il
= (% — Pl + Anu Pl + Antt s =PIl + Aall AP 2 — pll + 22621|pl
+ 2 2e Al pl

= (1 + Anlly + }\n”AHZ) llcn = pll + Anousllpll (1 + ApQly + )»n||A||2)~ (3.4)
Since uy, = Pc(%, — A, Vfy,yx) for each n > 0, then by Proposition 2.2(ii) we have

it =PI < |20 = 2 Voo 0) = 2| = %0 = 2 Vfoon 0) = 0]

= llotn = pII* = 1% = t|* + 22V for, /), 2 — 1)

Page 9 of 19
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= ll2n =PI = 120 = s * + 22 (Voo ) = Vo, (0), 0 = 9}
+ (Voo )2 = V) + (Voo On)s Y — 1)
< %0 =PI = 16 = ttall® + 2200 (Voo (0), 2 = 9) + (Ve O), 90 = 1)
= 110 =PI = 1% — |l + 20 [((@nd + V)PP = V) + (Vo 0o ¥ — 1)
< o = pII* = 1% = a1 + 22 [0t (B, = 1) + (Vo O)s Y — )]
= [ln =PI = 10 = Y + Y = ull® + 220 [ 0t (£, = ) + (Voo O)s Y — 14)]
= 1190 =PI = 1% = Yl = 208 = Vs Y = th) = 1y = 10l
+ 20 (P, 0 = thn) + (Vo )y Y — )|
= 1120 =PI = 11960 = 3l = 1y = 1> + 2{%n = A Vfory ) = Vs ths = Y}
+ 240 (P, = th).

Furthermore, by Proposition 2.2(i) we have

(% = 2uVforn ) = Yous to = V)
= (060 = An Vo (6) = Yt — V)
+ (n Vo (o) = 2n Voo, ), th = Vi)
< (Mn Voow @) = 2V oy On), th = Yn)
< | Voo @) = Voo 0) | 128 =y

< Mt + IAIP) 1% = Yull |24 =yl

So, we obtain

4 = pI* < 1% =PI = 160 = Yull® = 19 = 4 l® + 20 (0t + IAN?) 1% = 128 = 9

+ 2Annllpllllp — - 3.5)

Consider

[on(otn + IANZ) 6 = yll = Nt = 9]
= 32 (o + A1) 1% —

= 2 (e + IAN) 1% = Yl 1280 = Yl + 26 = yull?
it follows that
2hn (an + ||A||2) %6 = yullllhn = Yl
2
= (o + 1AIP) 1% = ull® + N2t = yall®

~ [ (et + NAT) 1 = 9l = et = 3]

2
<22 (ctn + IAIP) Nlotn = yull® + Nt = yull>. (3.6)

Page 10 of 19
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Substituting (3.6) into (3.5) and simplifying, we have

et =PI < 1960 =PI = 16 = Yall? = 17 = t0l® + 32 (et + 1AN2)* 60 = 31
+ttn = yall* + 200t P 1P = 1
= 1% =PI = 1 = 9al® + 22 + 1AN2) 00 = 31
+ 20PNl |p = tha|

2
= o = pI* + (A (et + IAI®)" = 1) I = gall® + 22n0allpllllp = . (3.7)
Substituting (3.4) into (3.7) and simplifying, we have

et = I < 120 = I + (2 (@ + A1) = 1) 6 =y
+ 200 |PN [ (14 Aont + AullAI) 12 =
+ An P (1 + Dontn + Aul|AJI) ]
= ln = P12 + (A2 (et + IAI2)” = 1) 16 — ll®
+ 20 PN (L + At + A1) 1 =

+ 20011 (L + Auet + AallAI1). (3.8)
Consequently, utilizing Lemma 2.11(ii) and the last relations, we conclude that

nes =PI = [ Battn + (1= B) Tt = (B + (1= B)p|*
= || Buttn = Bup + (1= B) Tt — (1= Bo)p|
= || Bun = p) + @ = B)(T"un - p) |*
= Balltw —pI* + (1= B) | Tt~ p|* = BuQ~ B 1 — T
< Bullttn = pI* + U= BIK2 1t =PI = Bl = o) |t — Tt |
= (Bu+ A= B2 1t — pI> = Bul = ) |t — Tt
= (Ba+ (= B2 {1 = I + (A2 (et + 1AI2)* = 1) 0 — 3>
+ 2000 [P (L + At + Al AL [ —
+ 2262 11pIP (L + At + AallAI?)} = Bl = ) |t — T"t |
= (B + (L= BK2) 120 — pII
4 (Bu+ (U= BKZ) (32 (@t + A1) = 1) 6 = 2
+ 200t (B + (1= B)KZ) (1 + Aets + et |AI) Il 1 — >
+2(Bn+ (L= BKD) 22PN (1 + Anttn + AallAL)
— BuL = Bo) ||t = T"u |
= (K2 = (K2 =1)) % — pI?
(K2 = (k2 = 1)) (A2 (e + IA1%)* = 1) 1260 — yull?
+ 200t (K7, = Bu(kyy = 1)) (1 + Aty + cull A1) Ipll 1% = pII?
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+2(k2 = Bu(ky = 1)) A2l (1 + Anot + AnllA]%)

— a1 = B |t — T ||*. (3.9)
Since lim,_, o ki, = 1, (i)-(iii) and by Corollary 2.8, we deduce that
nlgglo ||z, — pl| exists for each p € Fix(T)N T, (3.10)
and the sequences {x,}, {#,} and {y,} are bounded. It follows that
| T"%, — p|| < knllxn =Pl

Hence {T"x,, — p} is bounded.
Step 2. We will prove that

lim ||u, — Tu,| = 0.
H—0Q
From (3.9) we have

%1 = pII* < (K2 = Bu(K: = 1)) 1w — pII>
+ (k2 = Bu(k2 = 1)) (32 (en + IAIP)* = 1) 6, = yull®
+ 200 (K2 = Bu(k2 = 1)) (1 + Anttn + et | A2 11l 120 — 11
+2(ky = Bu(ky = 1)) 252 P (1+ Auet + AullAJ%)
— Bl = B)|t4n = T
= (ky = Ba(ky = 1)) llx - pII?
+ (K2 = B (k2 = 1)) (A2 (e + I1AI2)* = 1) s — >
+ ot (K, = Bk = 1)) My + 0t (5, = Bu (K, = 1)) Mo
— Bul = B[t = T" |
= (k2 = Bu(k2 = 1)) llxu - pII?
= (k2 = Bu(R2 = 1)) (1= 22 (et + A1) ot = 3l

+ an(kyzl - ,Bn(kz - 1))(M1 +My) - Bu(1- lgn)”un -T"uy, 2

’

where M; = sup,_ o {24, (1 + Auaty + o [ A?) Pl 1%, — plI*} < 00 and
My = sup{222a,llp > (1 + Anotw + 1a AN} < 00.
n>0
So,

(kﬁ - ,Bn (ki - 1))(1 - )\%,(an + ||A||2)2) ”xn _yn”z + ,Bn(l - ,Bn) ”un - Tnun ||2

< (k2 = Bulk? = 1)) 120 = pII* = 19601 =PI + 0t (K2 = Bu(ky = 1)) (M + Mp).
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Since lim,,_, o k;, = 1, o, — 0, (i) and from (3.10), we have
lim [l = yull = lim || s, — T, | = 0. (3.11)
n—0 n—0

Furthermore, we obtain

lyn = ttull = | Pe(6n = Au Vo @) = Pe (% = 2 Vi, 0)) |
<[ (0 = 2 Voo ) = (30 = 2 Vo, 0) |
= || Voo 6) = Vo, )|
< b + IAIP) 1960 =yl

This together with (3.11) implies that

Tim [, — 2] = 0. (312)
Also,

1% = wnll < 11%n = yull + lyn — wnll
together with (3.11) and (3.12) implies that

ii_f)f(l) 1%, — unll = 0. (3.13)

We can rewrite (3.11) from (3.13) by

lim || %, — T"u,|| = 0. (3.14)
n—0

Consider
”xn+1 _xn” = ”,Bnun + (1 - ﬂn)Tnun —Xn ”

< Bullttn =l + U= B) | T"ttn — 00 .
From (3.13) and (3.14), we obtain
%41 — %4l = 0 (as m — 00). (3.15)
Next, we will show that (3.11) implies that
ii_l)% |2ty — Ty, || = 0. (3.16)
We compute that

lyns1 = yull = ”PC(anrl - )\n+lvfan+1xn+l) — Pc(%y = A Ve, %) ”

= | Pl = Mnir Vifap,)%mir = Pel = AV fo, )i |
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< ||PC(1 = X1 Vo )%ns1 — Pl = A1 Vi, )%n ||
+ | Pcl = A w1 Vap )%n = Pel = hnVfe )% |
< e = 2l + | (T = X1 Ve )20 = (= 2 Ve, )|
= (91 = Xull + %0 = X1 Veops %n = O = An Vo 0)
= 16er = %l + [ 2n V%1 = A1 Vo % |
= [9ner = %ull + | An(Vf + 0w = A1 (VS + 1) |
= o1 = %l + | AnVfoon + An0tndon = M1 Vi + A1 01 ) |
= (1901 = Xll + || = Ane1) VI + A — A1 G X |
= ne1 = %l + || (n = Ans1) Vo + 2@ — 1%
+ A1 = Aps1 s X |
= %1 = %l + | = A1) Vi + (0 = @a1)n + (g = A1 )1 |
< oensr = 2l + 120 = At [V | + Al — |12l

+ ety = Apat |1l
From conditions (ii), (iii) and (3.15), we obtain that
1¥ne1 = yull = 0 (asm— 00) (3.17)

and

61 = tnll = | Pc@nst = st Vo Y1) = Pen = 2n Vv |

< |1 = 2wt Ve Yne1) = ®n = 2 Voo, ) |

= | Gner = %) + Mu VoI = 2 Vg 19me1) |

< et = %l + 14 Ve, n = 21 Ve Ynall

= %1 = Full + [An(Vf + )y = i1 (VS + @ity |

= %1 = %l + | 2n VI + 2ntn¥n = Mons1 VfYmar + A1 @a1dnst) |

= %1 = %l + | VI = i1 VIne1) + Andn = A1 @1V |

S e = %l + 1AV = Mt VIl + 12n@nyn = At a1 Yna

= %1 = %ull + | eV = 2V Si1) + ConVfni1 = Anid Vi) |
+ | ety = At Yns1) + @Yt = A1 @1y |

< it = ®ull + 2ull VI = V]l + 1 = Asa IV

+ )‘nan”yn _yn+1” + |Apo, — }\n+1an+1|”yn+l||'
From conditions (ii), (iii), (3.15) and (3.17), we obtain that

|t4y41 — un]| = 0 (as m — o0). (3.18)
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Since T is uniformly L-Lipschitzian continuous, then

”un - Tun” = ”un - un+1|| + ” Upyl — Tn+1un+1 H + || Tn+1un+1 - Tnﬂun ||
+ || ", — Tu, ”

< N — tpnll + ” Uns1 — Tn+1un+1 H + Lty — thpaa |l + L” T"u, - uy, ”
Since lim,,_, oo ||#y41 — U]l = 0 and lim,,_, o ||tt,, — T"uy,|| = 0, it follows that
lim ||u, — Tu,|| = 0. (3.19)
n— o0

Step 3. We will show that x € Fix(T) N T.
We have from (3.11)

1% = yull = 0 (as m — 00). (3.20)
Since Vf = A*(I — Pgp)A is Lipschitz continuous and from (3.11), we have
lim || Vf(x,) = V()| = 0.
n—oQ
Since {x,} is bounded, there is a subsequence {x,,} of {x,} that converges weakly to some %.
First, we show that X € T. Since ||x,, — y,|| — 0, it is known that y,, — %.

Put

| Vfw+Ncw ifweC,
Rl ifwé C,

Aw

where Ncw ={z € H; : (w—v,z) > 0,Vv € C}. Then A is maximal monotone and 0 € Aw if
and only if w € VI(C, Vf); see [21] for more details. Let (w,z) € G(A), we have

z€ Aw=Vfw+ Ncw,
and hence
z—Vfwe Ncw.
So, we have
(w—v,z—Vfw) >0, VveC.
On the other hand, from
Uy =Pc(xy — 2, Vfy,y,) and weC,
we have

(xn - )\nvf;ﬁtnyn — Up, Uy — W) 2 0,

Page 15 0f 19
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and hence

<w — Uy, g + Vﬁx”y,,> > 0.

n

Therefore from z — Vfw € Ncw and {u,,} € C it follows that
(W - l/lni,Z) = (W - uni; VfW)

Uy — Xy
> (W =y, Vw) —<W—uni,7"’k ot vﬁxnl.yni>
143

i

Uy — Xy,
= (W=, Viw) — <w — Uy, % + nyni> = O (W = Uy ;)
n

= (W—uty;, VW — Vi) + (W—t,, Vi, — Viy,)

i

uni_xn,'
- W_u}’liﬁ— _an,'(W_unl‘vynl‘)
on

=Xy
=< (W_ un,w Vfun,- - ny;«,) - <W_ uni; %>
ni

— 0y W = Uy Vi)
Hence, we obtain
(w—2%,2z) >0 asi— oo.

Since A is maximal monotone, we have & € Ay', and hence & € VI(C, Vf). Thus it is clear
thatx e .

Next, we show that X € Fix(T). Indeed, since y,, — % and ||u,,, — Tu,, || — 0, by (3.16) and
Lemma 2.7, we get & € Fix(T). Therefore, we have ¥ € Fix(T) N T.

Now we prove that x, — % and y,, — &.

Suppose the contrary and let {x,, } be another subsequences of {x, } such that {x,, } — x*.
Then x* € Fix(T) N T. Let us show that X = x*. Assume that ¥ # x*. From the Opial condi-

tion [22], we have
lim |lx, — X[l = lim inf||x,, —X||
n—00 k—o00

< klirgloinf||xnk —x* ”

lim Hx,, -x* H
n—0o0

lim inf|x,, —x*
i infl, -]
< lim inf ||, —X||
k— 00
= lim ||x, — X||.
n— 00
This is a contradiction. Thus, we have % = x*. This implies

x, =~ x€Fix(T)NT.
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Further, from |x, — y,|| — O it follows that y,, — x. This shows that both sequences {y,}
and {u,} converge weakly to x € Fix(T) N T'. This completes the proof. O

Utilising Theorem 3.1, we have the following new results in the setting of real Hilbert
spaces.
Take 7" = T in Theorem 3.1. Therefore the conclusion follows.

Corollary 3.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H,
and let T : C — C be an uniformly L-Lipschitzian and quasi-nonexpansive mapping with
Fix(T) N T #@. Let {x,}, {y.} and {u,} be the sequences in C generated by the following
algorithm:

xo =x € C chosen arbitrarily,
Vn = Pc(Fn = hnVa,Xn)s

u, = Pcx, - }leﬁlnyn)’

X1 = Buthy + (L= Bu) T"thys

(3.21)

where Vfy, = Vf + a,l = A*(I - Pg)A + a1, and the sequences {a,}, {r,} and {B,} satisfy
the following conditions:
(i) 0<liminfy,_ s By <limsup,_, ., Bx <1,
(i) {r,) € (0, W) and Y 2% Ay < 00,
(i) Y02 oy < 00.

Then the sequence {x,} converges weakly to an element x € Fix(T) N T.
Take T" = I (identity mappings) in Theorem 3.1. Therefore the conclusion follows.

Corollary 3.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H,
and let T : C — C be an uniformly L-Lipschitzian with Fix(T) N T #@. Let {x,}, {y,} and
{u,} be the sequences in C generated by the following algorithm:

xo=x € C chosen arbitrarily,
Yn = Pc(xn — AuVfa,%n),

Up = Pc(®n = 2uVia,yn),

Xns1 = Puthn + (L= Bu) T"ty,

(3.22)

where Vfy, = Vf + a,] = A*(I — Pg)A + a1, and the sequences {o,}, {r,} and {B,} satisfy
the following conditions:
(i) 0<liminf,_ ~ B, <limsup,_, . B. <1,
(ii) {Ar.} € (0, W),
(i) Y07 ap < 00.

Then the sequence {x,} converges weakly to an element x € Fix(T) N T.

Remark 3.4 Theorem 3.1 improves and extends [8, Theorem 5.7] in the following re-
spects:
(a) The iterative algorithm [8, Theorem 5.7] is extended for developing our Mann’s type

extragradient algorithm in Theorem 3.1.

Page 17 of 19


http://www.fixedpointtheoryandapplications.com/content/2013/1/349

Deepho and Kumam

Fixed Point Theory and Applications 2013, 2013:349

http://www.fixedpointtheoryandapplications.com/content/2013/1/349

(b) The technique of proving weak convergence in Theorem 3.1 is different from that in
[8, Theorem 5.7] because our technique uses asymptotically quasi-nonexpansive
mappings and the property of maximal monotone mappings.

(c) The problem of finding a common element of Fix(T) N T for asymptotically
quasi-nonexpansive mappings is more general than that for nonexpansive mappings
and the problem of finding a solution of the (SFP) in [8, Theorem 5.7].
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