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1 Introduction

In this paper, we are concerned with the problem of finding zero points of accretive oper-
ators. Interest in accretive operators stems mainly from their firm connection with equa-
tions of evolution, and this is an important class of nonlinear operators. It is known that
many physically significant problems can be modelled by initial value problems of the

form
x'(t) + Ax(t) = 0, x(0) = xo, (1.1)

where A is an accretive operator in an appropriate Banach space. Typical examples where
such evolution equations occur can be found in the heat, wave or Schrédinger equations.
If x(t) is dependent of £, then (1.1) is reduced to

Au =0, (1.2)

whose solutions correspond to the equilibrium points of (1.1). An early fundamental result
in the theory of accretive operators, due to Browder [1], states that the initial value prob-
lem (1.1) is solvable if A is locally Lipschitz and accretive on E. One of the most popular
techniques for solving zero points of accretive operators goes back to the work of Browder
[2]. One of the basic ideas in the case of a Hilbert space H is reducing the above equation
(1.2) to a fixed point problem of the operator R : H — 2/ defined by R4 = (I + A)~}, which
is called the classical resolvent of A.

The paper is organized in the following way. In Section 2, we present the preliminaries
that are needed in our work. In Section 3, a modified Mann iteration with computational
errors is presented. A strong convergence theorem for zero points of an m-accretive op-
erator is established in a Banach space. In Section 4, applications of the main results are
discussed.
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2 Preliminaries
Let E be a real Banach space E and let E* be the dual space of E. Let (-, -) denote the pairing
between E and E*. The normalized duality mapping J : E — 2F" is defined by

J@) = {f € E*: (x,f) = IxlI* = If1I”}

forallx € E. Let Ug = {x € E : ||x|| =1}. E is said to be smooth or is said to have a Gateaux

differentiable norm if the limit lim,_,¢ Mﬂ—\\x\\

exists for each x,y € Ug. E is said to have
a uniformly Géateaux differentiable norm if for each y € U, the limit is attained uniformly
for all x € Ug. E is said to be uniformly smooth or is said to have a uniformly Fréchet
differentiable norm if the limit is attained uniformly for x,y € Ug. In the sequel, we use
j to denote the single-valued normalized duality mapping. It is known that if the norm
of E is uniformly Géteaux differentiable, then the duality mapping J is single-valued and
uniformly norm to weak* continuous on each bounded subset of E.

Recall that a closed convex subset C of a Banach space E is said to have the normal
structure if for each bounded closed convex subset K of C which contains at least two
points, there exists an element x of K which is not a diametral point of K, i.e., sup{||x — y|| :
y € K} < d(K), where d(K) is the diameter of K. It is well known that a closed convex subset
of a uniformly convex Banach space has the normal structure and a compact convex subset
of a Banach space has the normal structure; see [3] for more details.

Let T: C — C be a mapping. Recall that T is said to be contractive if there exits a con-

stant @ € (0,1) such that
ITx - Tyl <allx-yl, Vx,yeC.

For such a case, we also call T an «-contraction. T is said to be nonexpansive if
ITx - Tyl < llx-yll, Vx,yeC.

Let D be a nonempty subset of C. Let Q: C — D. Q is said to be contraction if Q* = Q;
sunny if for each x € C and ¢ € (0,1), we have Q(¢x + (1 — £)Qx) = Qx; sunny nonexpansive
retraction if Q is sunny, nonexpansive, and contraction. K is said to be a nonexpansive
retract of C if there exists a nonexpansive retraction from C onto D.

The following result, which was established in [4], describes a characterization of sunny
nonexpansive retractions on a smooth Banach space.

Let E be a smooth Banach space and C be a nonempty subset of E. Let Q: E — C be a
retraction and j be the normalized duality mapping on E. Then the following are equiva-
lent:

(1) Q issunny and nonexpansive;

(2) 1Qx—Qyl* < (x ~,j(Qx — Qy)), ¥x,y € E;

(3) (x—Qx,jly—Qx)) <0,VxeE,yeC.

Krasnoselski-Mann iteration generates a sequence {x,} in the following manner:

% €C, xp=0a,Tx,+1A-a,)x, VYn=>0. (2.1)

It is known that the Krasnoselski-Mann iteration only has weak convergence even for
nonexpansive mappings in infinite-dimensional Hilbert spaces; for more details, see [5]
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and the references therein. In many disciplines, including economics, image recovery,
quantum physics, and control theory, problems arise in infinite dimension spaces. In such
problems, strong convergence (norm convergence) is often much more desirable than
weak convergence, for it translates the physically tangible property that the energy ||x, —x||
of the error between the iterate x,, and the solution x eventually becomes arbitrarily small.
To improve the weak convergence of Krasnoselski-Mann iterative process, different mod-
ified Mann iterations have been considered; see [6—30] and the references therein.

Let I denote the identity operator on E. An operator A C E x E with domain D(A) = {z €
E: Az # 0} and range R(A) = | J{Az : z € D(A)} is said to be accretive if for each x; € D(A)
and y; € Ax;, i = 1,2, there exists j(x; — x3) € J(x1 —x7) such that (y; — 2, /(%1 —x3)) > 0. An
accretive operator A is said to be m-accretive if R(I + rA) = E for all » > 0. In a real Hilbert
space, an operator A is m-accretive if and only if A is maximal monotone. In this paper,
we use A~1(0) to denote the set of zeros of A.

For an accretive operator A, we can define a nonexpansive single-valued mapping J; :
R(I + rA) — D(A) by ], = (I + rA)™! for each r > 0, which is called the resolvent of A.

One of classical methods of studying the problem 0 € Ax, where A C E x E is an accretive
operator, is the following:

X0 € E, Xn+l :]r,,xm Vn >0, (2'2)

where J,, = (I +r,A)™" and {r,} is a sequence of positive real numbers.
The following iteration also has been extensively investigated:

K1 =ttt + (1 - O‘n)]r,,xm Vn >0, (2.3)

where {@,} is a real number sequence in (0,1), {r,} is a positive real number sequence,
and J,, = (I + r,A)™". It is known that the sequence {x,} generated in the above iteration
converges strongly to a zero point of A in a Banach space under some restrictions imposed
on {a,} and {r,}.

Chen et al. [29] investigated the following iteration:

Yn = ,ann + (1 - /Sn)]rnxn;
Xn+l = ar(f(xn) + (1 - an) n Vn > 0,

(2.4)

where {«,} and {8,} are real number sequences in (0,1), {r,} is a positive real number
sequence, and J,, = (I +r,A)™L. They proved that the sequence {x,} generated in the above
iteration converges strongly to a zero point of A in a Banach space; for more details, see
[29] and the references therein.

We also remark that the viscosity approximation method was first introduced by
Moudafi [31] in the framework of Hilbert spaces. Moudafi proved that the desired so-
lution is not only a fixed point of nonlinear mappings but a solution to some variational
inequality; for more details, see [31] and the references therein.

Recently, Qin et al. [20] investigated the iteration (2.4) with double computational er-
rors and established a strong convergence theorem in a real reflexive Banach space with
the uniformly Gateaux differentiable norm; for more details, see [20] and the references
therein. Different regularization methods recently have been investigated for treating zero
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points of accretive operators. In this paper, a modified Mann iteration with computational
errors is investigated. A strong convergence theorem for zero points of an m-accretive
operator is established in a Banach space. The results mainly improve the corresponding
results in Qin and Su [6], Hao [15], Qin et al. [20] and Chen et al. [29].

In order to state our main results, we also need the following lemmas.

Lemma 2.1 [20] Let E be a real reflexive Banach space with the uniformly Gédteaux differ-
entiable norm and the normal structure, and C be a nonempty closed convex subset of E.
Let S : C — C be a nonexpansive mapping with a fixed point, and f : C — C be a fixed
contraction with the coefficient o € (0,1). Let {x;} be a sequence generated by the following
x; = tf (x;) + (1 —£)Sx;, where t € (0,1). Then {x,} converges strongly as t — 0 to a fixed point
x* of T, which is the unique solution in F(T) to the following variational inequality

[f (x*) =% j(x* = p)) =0, VpeF(S).

Lemma 2.2 [32] Let {x,} and {y,} be bounded sequences in a Banach space E, and {8}
be a sequence in (0,1) with 0 < liminf,,_, B, < limsup,_, ., B, < 1. Suppose that x,., =
(1= Bn)yu + Bnxn, Vu>1and

limsup(||yn+1 =Yl = %041 _xn”) <0.

n—00

Then lim,_, o ||y — %4l = 0.
Lemma 2.3 [33] Let {a,}, {b,}, and {c,} be three nonnegative real sequences satisfying
sl = (1 - tn)ﬂn + bn +¢y,, Yn=>0,

where {t,} is a sequence in (0,1). Assume that the following conditions are satisfied:
(@) Y02ty =00 and b, = o(t,);
(b) D02 cu < 00.

Then lim,,_, o a, = 0.

Lemma 2.4 [34] Let E be a Banach space and let A be an m-accretive operator. For ). > 0,
w>0,andx € E, we have J,x =], (5x+ (11— %)],x), where J, = (I + 2A) " and ], = (I + pA)™.

3 Main results

Theorem 3.1 Let E be a real reflexive Banach space with the uniformly Gdateaux differen-
tiable norm. Let A be an m-accretive operator in E such that C := D(A) is convex and has
the normal structure. Let f : C — C be an a-contraction. Let {x,} be a sequence generated
in the following manner: xy € C and

IYn = ﬂnxn + (1 - lgn)]rn (xn + €n+1),
X1 = f (X0) + A=)y, Ym >0,

where {a,} and {B,} are real number sequences in (0,1), {e,} is a sequence in E, {r,} is a
positive real number sequence, and J,, = (I + r,A)™\. Assume that A71(0) is not empty and
the above control sequences satisfy the following restrictions:
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(a) limyoo ey =0andy oo o, = 00;
(b) 0 <liminf,_, B, <limsup,_ . B. <1
© Yoy lleall < oc;
(d) ry=rforeachn>1andlim, o |ty — 11| =0
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality {f(x) - %,j(p — X)) <0, ¥p € A71(0).

Proof First, we prove that {x,} is bounded. Fixing p € A~1(0), we see that

lyn =Pl < Bullxn —pll + (1 _,Bn)|]rn(xn + €41) _P”

< ll%n = pll + llensll.

It follows that

%41 =PIl < ot |[f () = p|| + @ = ct)llyn - P
< (1= au(l - )%y = pll + ot [ f(p) = p|| + llewsl
Ilf(p) pn }

=< maX{ l%n = pll, + llenall

+ [lenll + llenll

M}
l-«o

= maX{ [%n1 =Pl

SmaX{on ~pll, ”f(” ’””} Zn el < oo.

This proves that the sequence {x,} is bounded. If r, > r,,1, we see from Lemma 2.4 that

”]rn (o + €ns1) = Ty (i1 + €442) “

T v,
= - (xn + en+1) + (1 -2 )]le (xn + en+1) - (xn+1 + en+2)
Tn+l n+l
r, Fosl =T,
= | = (o + €ns1) = Wna1 + €ns2)) + —— (T (B + €141) = (Fne1 + €142)) H
T+l Tn+l
M,
< n = Xnarll + llensll + llensall + T(rn — Tel)s (3.1)

where M, is an appropriate constant such that My > sup,.{ll/;,,, %u + €s41) = (Xns1 +
ens2)||}. Put z,, = Z21=br¥n; that i,

1-Bn
X1 = (1= Bu)zy + Buxn, n=>0. (3.2)
Note that
Zpil —Zn = U tf 1) + (1= 1)Vt = Bra¥nt

1- :3n+1
anf (%0) + (L — p)yn — Bun
1- :3;1

Page50of 11
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= 1 fig;ﬂ (f(anrl) _}/n+1) + (41 + €n42) — li[—nﬂn (f(xn) _yn)

—]rn (% + ens1)-

It follows that

e A R ol e OB

+ ||]rn+1 (%ns1 + €nsa) = Jr, (X0 + en+1)”' 3.3)

Substituting (3.1) into (3.3), we arrive at

Ayl o
121 = Zall = 1% = Fa | < —2— |[f@ns1) = Yr | + = [[f ) = 3|
1- ﬂn+1 1- ﬁn
M,
+ llenstll + llensall + T(Fn — Fps1)-

In view of restrictions (a), (b) and (c), we find that

lim Sup(||zn+l =zl = ll%n _xn+1||) <O0.
n—>00

By virtue of Lemma 2.2, one obtains that
lim ||z, — x| = 0. (3.4)
Hn— 00

It follows from (3.1) that x,,,; —x, = (1 - B,.)(z, —x,). In view of restriction (c), we find from
(3.4) that

lim ”xnﬂ - xn” =0. (35)
n— o0
If r, < ry41, we can prove that (3.5) still holds. On the other hand, we have

“xn _]rn (xn + en+1)H
=< ”xn _xn+1|| + ||xn+1 _yn” + Hyn _]ry,(xn + en+1)||

< N1t = 2t |+ e [ fGon) = | + B[ = T, (0 + €0) .
It follows that
(L= B) [0 = Ty @ + €m1) || < 1% = Fnar || + ][ Gen) = ¥ |-
In view of restriction (b), one finds that
Jim [l Ty, (6 + €na1) | = 0. (3.6)
Notice that

”xn _]rnxn” = ”xn _]rn (xn + en+1)|| + ”]r,, (xn + en+1) _]rnxn H

= ”xn — T (0 + €n+1)” + [legsll-
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Since Y o7, |le, |l < 0o, from (3.6) we obtain that lim,,_, o ||, — J;,.%,|| = 0. Taking a fixed

number k such that » > k > 0, we arrive at

k k
”]rnxn_]kxn” = ]k —Xp t+ 1-— ]ann —/'kx,,

7y 7y
k

= 1- _‘“(]r,,,xn _xn)”
'n

< % — %]l (3.7)

Since

”xn _]kxn” < ”xn _]rnxn” + ”]rnxn _]kxn” < 2”96,, _]rnxn”r

we therefore find that
lim (|x, — Jix,| = 0. (38)
n—00

Now, we are in a position to prove that limsup,_, . (¥ — f(x),j(x, — X)) < 0, where x =
lim;_, ¢ z;, and z; solves the fixed point equation

ze = tf (ze) + 1 = rzs, VE€(0,1).
Therefore, we see that

lze = xall> = = 6){Jxze = %nsj(ze — %)) + H{f (22) = s (22 — %4))
= (- 0)({Jkze = Jckns (2t = %)) + (Jin — %, j (2 — %))
Ff(2) - 20,z — 2)) + tlze — K21 — )
< @ =) (llze = xall® + Wixn = %l 2e = % ll)
+ 8{f (2) — 24, (2 — %)) + tll 2t — %>

< llze = %ull® + i — Xullllze — %ull + £{f (2¢) — 2, j(2e — %)), VE € (0,1).

This implies that
. 1
(Zt —f(z), j(z _xn)> = E”]kxn —xpllllze = xul, VE€(0,1).
It follows from (3.8) that
limsup(z, — f(z:),j(z: — %4)) < 0. (3.9)

n—00

Since z; — x as t — 0 and from the fact that j is strong to weak* uniformly continuous on
bounded subsets of E, we find that

(2 = £ (22), (22 = %)) = (fR) = &, j (2 — X))
< (@) = %60 — %)) ~ (f&) %6 — 22))|

Page 7 of 11
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+ () - %, j(%n — 20)) — (20 = f (20), j(ze — x0))|
< |(f®) =&, j(xn — %) — j(xn — 20))| + |[f ) = % + 2 — f(20), ] (%0 — 20))|
< |F@) = &|| [j(en = %) = jn — 20) | + |[fE) = & + 20 = £ ()| 1960 — 2eI.

It follows that
lim|(z, = f(z.),j(z = %)) = f &) - %, j(@u - 9))| = 0.

For any € > 0, there exists « > 0 such that V¢ € (0, ) the following inequality holds
{f(a_c) —%,j(x, — :)_C)> < <zt —f(ze), j(ze — xn)> +€.

This implies that

lim sup(f(o'c) —%,j(x, — 5c)) <lim sup(zt —f(ze), j(ze — xn)) + €.

n—0oQ0 n—00

Note that € is arbitrary. In view of (3.9), we see that limsup,,_, . (f(X) — %,j(x,, — X)) < 0.
This implies that

limsup(f (%) — %, j(x41 — %)) < 0. (3.10)

n—00

Finally, we show that x, — ¥ as n — oo. Notice that

%01 = %1% < @nlf (o) = X, jGonia = 2)) + (1= ) 1y = Xl 1001 — %]

l1-o,

< lf (%) = X, j(X1 — X)) + (Ilyn = ZII* + l%ss1 = X[%).

It follows that
”xn+1 _9_6”2 = (l - an)”xn _9_6”2 + 20[,,(]((96,,) _‘;C!j(xzﬁl _9_C)> + dn:

where d, = ||le,.1||(2]|x, — X|| + |leqs1]]). In view of restrictions (a) and (c), we know that
Zflozl d, < 00. Put a, = ||x, — %||%, t, = &y, and ¢, = d,,. In view of Lemma 2.3, we find the
desired conclusion. O

If f(x) = u, where u is a fixed element in C, for any x € C, we find the following result.

Corollary 3.2 Let E be a real reflexive Banach space with the uniformly Gédteaux differen-

tiable norm. Let A be an m-accretive operator in E such that C := D(A) is convex and has
the normal structure. Let {x,} be a sequence generated in the following manner: x, € C and

Yn = Buxn + (1- ﬁn)]rnxm

Xn+l = Oplh + (1 - Oln)ynr Vn > 0,

where {o,} and {B,} are real number sequences in (0,1), {r,} is a positive real number
sequence, and J,, = (I + r,A)™". Assume that A~1(0) is not empty and the above control
sequences satisfy the following restrictions:

Page 8 of 11
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(a) limyoo 0y =0andy oo a, = 00;
(b) 0 <liminf, . B, <limsup,_ . B. <1
(c) rn =7 foreach n>1andlim, |7y — Fuy1l = 0.

Then the sequence {x,} converges strongly to x = Q-1()u.

4 Applications

In this section, we consider solutions of variational inequalities. Let C be a nonempty,
closed, and convex subset of a Banach space E. Let A : C — E* be a single-valued mono-
tone operator which is hemicontinuous; that is, continuous along each line segment in C
with respect to the weak™ topology of E*. Consider the following variational inequality
problem of finding a point x € C such that

(y—x,Ax) >0, VyeC.

In this section, we use VI(C,A) to denote the solution set of the variational inequality
involving A. The symbol N¢(x) stands for the normal cone for C at a point x € C; that is,

Nc(x) = {x* e€E*: (y—x,x*) <0,Vye C}.

Theorem 4.1 Let E be a real reflexive Banach space with the uniformly Gateaux differ-
entiable norm. Let C be a nonempty, closed, and convex subset of E. Let A: C — E* be a
single-valued, monotone, and hemicontinuous operator. Assume that VI(C, A) is not empty
and C has the normal structure. Let f : C — C be an a-contraction. Let {x,} be a sequence
generated in the following manner: xy € C and

Yn = Buxn + (1 - ﬁn)VI(C:A + i(l _xn));
X1 = f (%) + L= )y, YH >0,

where {«,} and {B,} are real number sequences in (0,1), {e,} is a sequence in E, {r,} is a
positive real number sequence, and J,, = (I + r,A)™. Assume that A7 (0) is not empty and
the above control sequences satisfy the following restrictions:

() limy ooy =0andy oo a, = 00;

(b) 0<liminf,_ B, <limsup,_, ., B <1;

(c) ry>rforeach n>1andlim, .o |Fy — rus1| = 0.
Then the sequence {x,} converges strongly to x, which is the unique solution to the following
variational inequality (f(x) - %,j(p — X)) <0, ¥p € A7(0).

Proof Define a mapping T C E x E* by

Ax+Ncx, x€C,
0, x ¢ C.

Tx =

By Rockafellar [35], we know that T is maximal monotone, and T7}(0) = VI(C, A). For each
r, > 0 and x,, € E, we see that there exists a unique x,, € D(T) such that x, € x, + r, T(x;,, ),
where x,, = (I + r,T)x,. Notice that

1
Y = VI<C,A + —(I—xn)>,

T'n
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which is equivalent to
1
Y=Y AYn + r_()/n -x,)} >0, VyeC,
n

thatis, —Ay, + i (%, —¥n) € Nc(y,,). This implies that y, = (I + 7, T)x,,. Following the proof
of Theorem 3.1, we can immediately conclude the desired conclusion. O

If f(x) = u, where u is a fixed element in C, for any x € C, we find the following result.

Corollary 4.2 Let E be a real reflexive Banach space with the uniformly Gateaux differ-
entiable norm. Let C be a nonempty, closed, and convex subset of E. Let A: C — E* be a
single-valued, monotone, and hemicontinuous operator. Assume that VI(C, A) is not empty
and C has the normal structure. Let {x,} be a sequence generated in the following manner:
xo € C and

Y = BuXn + (1-B)VIC, A+ i(l — %)),

X1 =uth + (L — o)y, Vn>0,

where {«,} and {B,} are real number sequences in (0,1), {e,} is a sequence in E, {r,} is a
positive real number sequence, and J,, = (I + r,A)™'. Assume that A71(0) is not empty and
the above control sequences satisfy the following restrictions:

(@) limy ooy =0andy o) a, = 00;

(b) 0<liminf,_, B, <limsup,_, . B.<1;

(c) ry=rforeach n>1andlim, |1y, — ry1] = 0.

Then the sequence {x,} converges strongly to x = Qq-1()u.
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