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Abstract

In this note, we first introduce the concept of Caristi-type cyclic map and present a
new convergence theorem and a best proximity point theorem for Caristi-type cyclic
maps. It should be mentioned that in our results, the dominated functions need not
possess the lower semicontinuity property. Some best proximity point results and
convergence theorems in the literature have been derived from our main results.
Consequently, the presented results improve, extend and generalize some of the
existence results on the topic.
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1 Introduction and preliminaries
Cyclic maps were introduced by Kirk, Srinavasan and Veeramani [1] in 2003 to extend
the celebrated Banach contraction principle [2]: In a complete metric space (X, d), every
contraction T : X — X has a unique fixed point. In this principle, the mapping T is neces-
sarily continuous. In the context of cyclic mapping, the authors [1] observed the analog of
Banach contraction principle for discontinuous mapping. Cyclic maps and related fixed
point theorems have been investigated densely by a number of authors who have been
interested in nonlinear analysis.

Let A and B be nonempty subsets of a nonemptyset S. Amap 7: AUB — AUB s called
a cyclic map if T(A) C Band T(B) C A. Let (X, d) be a metric spaceand T:AUB— AUB
be a cyclic map. We denote the distance of the nonempty subsets A and B of X by

dist(A, B) = inf{d(x,y) :x€A Y€ B}.

A point x € A U B is said to be a best proximity point for 7T if d(x, Tx) = dist(4, B). A map
T:AUB— AUBis called a cyclic contraction if the following conditions hold:
(i) T(A) CBand T(B) C A;

(ii) There exists k € (0,1) such that d(Tx, Ty) < kd(x,y) + (1 — k) dist(A, B) for all

x€A,y€B.

In the last decade, a number of generalizations in various directions on the existence
and uniqueness of a best proximity point were investigated by several authors (see, e.g,
[1, 3-13] and references therein). In particular, Eldred and Veeramani [3] obtained the
following interesting best proximity point result.
©2013 Du and Karapinar; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2013/1/344
mailto:wsdu@nknucc.nknu.edu.tw
http://creativecommons.org/licenses/by/2.0

Du and Karapinar Fixed Point Theory and Applications 2013, 2013:344 Page2of 13
http://www.fixedpointtheoryandapplications.com/content/2013/1/344

Theorem 1.1 ([3, Proposition 3.2]) Let A and B be nonempty closed subsets of a complete
metric space X. Let T : AU B — A U B be a cyclic contraction map, x, € A and define
%n41 = Txy, n € N. Suppose that {x,,_1} has a convergent subsequence in A. Then there exists
x € A such that d(x, Tx) = dist(A, B).

In 1976, Caristi [14] proved the following remarkable result that is one of the most valu-
able and applicable generalizations of the Banach contraction principle.

Theorem 1.2 (Caristi’s fixed point theorem [14]) Let (X,d) be a complete metric space
and f : X — R be a lower semicontinuous and bounded below function. Suppose that T is

a Caristi-type map on X dominated by f; that is, T satisfies
d(x, Tx) <f(x) — f(Tx) foreachx e X.
Then T has a fixed point in X.

Caristi’s fixed point theorem has various applications in nonlinear sciences since it is an
important diversity and equivalence of Ekeland’s variational principle [15, 16] and Taka-
hashi’s nonconvex minimization theorem [17, 18]. Due to its application potential, Caristi’s
fixed point theorem has been investigated, extended, generalized and improved in vari-
ous ways by several authors; see, e.g., [17-26] and references therein. Very recently, in
[25], the first author established some new fixed point theorems for Caristi-type maps.
Indeed, the author [25] considered some suitable generalized distances without assuming
that the dominated functions possess the lower semicontinuity property. More precisely,
he utilized the new versions of Caristi-type fixed point theorem to deal with the existence
results for any map 7 satisfying

d(Tx, Ty) < a(d(x,y))d(x,y) forallx,y € X,

where o : [0,00) — [0,1) is a function satisfying limsup,_, ,+ «(s) <1 for all £ € [0, 00); for
more detail, one can refer to [25].

In this note, we first introduce the concept of Caristi-type cyclic map and present a new
convergence theorem to achieve a best proximity point theorem for Caristi-type cyclic
maps. It should be mentioned that in this paper we remove the lower semicontinuity prop-
erty of the dominated functions in Caristi-type cyclic maps. As interesting applications of
our results, we show that some results in the literature, such as [3, 12] and others, are con-
cluded from both the new convergence theorem and the best proximity point theorem.
The results of this paper extend, improve and generalize some well-known results on the
topic in the literature.

2 New results for Caristi-type cyclic maps

Throughout this paper, we denote by N and R the sets of positive integers and real
numbers, respectively. Let (X,d) be a metric space. An extended real-valued function
¢ : X — (—00, +00] is said to be lower semicontinuous (L.s.c. for short) at w € X if for any
sequence {x,} in X with x, — w as n — 0o, we have ¢(w) < liminf,_, , #(x,). The func-
tion ¢ is called to be L.s.c. on X if ¢ is Ls.c. at every point of X. The function ¢ is said to be
proper if ¢ = +o0.
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In this paper, we first introduce the concept of Caristi-type cyclic map.

Definition 2.1 Let A and B be nonempty subsets of a metric space (X,d) andf: AUB —
(—00,+00] and ¢ : R — (0, +00) be functions. A self-map 7: AUB — A UB is called a
Caristi-type cyclic map dominated by f and ¢ on A U B if the following conditions are
satisfied :

(CC1) T(A)CBand T(B) CA,

(CC2) d(x, Tx) — dist(A, B) < o(f (%)) (f (x) — f(Tx)) for allx € AU B.

In particular, if condition (CC2) is replaced with the following condition:

(CC3) d(x, Tx) —dist(A, B) < f(x) — f(Tx) for allx € AU B (that is, ¢(t) =1 for all £ € R in

(CC2)),

then T is called a Caristi-type cyclic map dominated by f on AU B.

Example 2.1 Let X = (-10,10) with the usual metric d(x, y) = |x—y|. Then (X, d) is a metric
space. Let A = [1,5] and B = [-5, —1] be nonempty subsets of (X, d). Clearly, dist(4, B) = 2.
Letf:AUB— Rand ¢ : R — (0, +00) be defined by

jx-12  ifxe(L,3),
50-8x ifxe[3,5],
x—-12  ifxe(-3,-1],
48 —15x ifx e [-5,-3],

flx) =

and
o(t)=10 forallteR,

respectively. Let 7: AU B — A U B be defined by
Tx=-x forallxe AUB.

Then T(A) € Band T(B) C A (i.e., (CC1) holds). We claim that T is a Caristi-type cyclic
map dominated by f and ¢, but not a Caristi-type cyclic map dominated by f. We consider
the following four possible cases.

Case 1. For x € [1, 3), we have

d(x, Tx) — dist(A,B) = 2x — 2
()
<10( =«
4
= o(f@) (f@) - £(Tx)).
Case 2. For x € [3,5], we have

d(x, Tx) — dist(A,B) = 2x — 2
<10(7x + 2)

= o(f@) (fx) - f(Ix)).
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Case 3. For x € (-3, -1], we have

d(x, Tx) — dist(A,B) = —2x — 2 < 10 (—ix)
= o(f®)) (f (%) - f(Tx)).
Case 4. For x € [-5,—-3], we have

d(x, Tx) — dist(A,B) = —2x — 2 < 10(-7x - 2)

= ¢(f@) (F ) —f ().
By Cases 1-4, we verify that
d(x, Tx) — dist(A, B) < ¢(f (%)) (f(x) - f(Tx)) forallxe AUB,
that is, (CC2) holds. So, T is a Caristi-type cyclic map dominated by f and ¢. Notice that
d(x, Tx) — dist(4,B) =2x - 2 > ix =f(x)-f(Tx) forallxe[2,3),

which means that (CC3) does not hold. Therefore T is not a Caristi-type cyclic map dom-
inated by f.

The following convergence theorem is one of the main results of this paper.

Theorem 2.1 Let A and B be nonempty subsets of a metric space (X,d). Assume that ¢
R — (0, +00) is a nondecreasing function and f : AU B — (—00, +00] is a proper function
which is bounded below. If T : AU B — A U B is a Caristi-type cyclic map dominated by
f and @, then for any u € A U B with f(u) < +00, the sequence {x,},cn in AU B defined by
x1 = u and x,,1 = Tx, for n € N satisfies the following conditions:

(@) fxn1) <f(x,) < +00 foreach n € N,

(b) d(xn, x411) — dist(A, B) < o(f (x:))(f (%) = f (X41)) for all n € N,
(¢) lim,,_, o0 d(x,,%,,41) = dist(A, B).

Proof LetS={xe AUB:f(x) < +00}. Since f is proper, S #{. Let u € S. Define x; = u and
%xp41 = Tx, = T"u for each n € N. Clearly, we have f(x;) < +00 for x; = u. Without loss of
generality, we may assume x; € A. By (CC1), we have x5, 1 € A and x5, € Bfor alln € N.
Clearly,

dist(A,B) < d(x,,x,,1) forallmeN. (2.1)
From (CC2) we have

d(x1,%2) — dist(A, B) = d(x1, Tx;) — dist(A4, B)
< o(f(x) (f(x1) - f(Txy))
= o(f () (f(x1) = f (x2)),
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which implies
S2) =f (1) < +o0.
Similarly, we have
d(x2,x3) — dist(A4, B) < ¢(f (%2)) (f (%2) — f (x3))
and
Se3) <f(x2) < f(x1) < +00.
Hence, by induction, we can obtain the following inequalities:
A% 2%11) — dist(A, B) < @(f (%)) (f () = f (11)) (2.2)
and
fxn) <f(x,) <+oo foreachneN. (2.3)

Consequently, we have that (a) and (b) hold. Finally, let us prove (c). Since f is bounded
below,

y:= lim f(x,) = inlgf(x,,) exists. (2.4)
n—0o0 ne
Since ¢ is nondecreasing, by (2.3), we have

o(fxn) <@(f(x)) forallmeN. (2.5)

Taking into account (2.1), (2.2), (2.4) and (2.5), we get
dist(A, B) < d(xy,%n11) < @(f(%1)) (f (%) — v) + dist(A, B).
Since lim,,_, » f () = ¥, the last inequality implies
lim d(x,,x,.1) = dist(A, B).
Hn—>0Q
So, we conclude that (c) holds. The proof is completed. d

Applying Theorem 2.1, we establish the following new best proximity point theorem for
Caristi-type cyclic maps.

Theorem 2.2 Let A and B be nonempty subsets of a metric space (X,d). Suppose that
¢ : R — (0, +00) is a nondecreasing function and f : AUB — (—00, +00] is a proper function
that is bounded below. Let u € A with f(u) < +00 and T : AU B — A U B be a Caristi-
type cyclic map dominated by f and ¢. Define a sequence {x,}ncn in AU B by x1 = u and
Xns1 = Tx, for n € N. Suppose that one of the following conditions is satisfied:

Page 5of 13
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(H1) T is continuous on A U B;

(H2) d(Tx, Ty) < d(x,y) for any x € A and y € B;

(H3) The map g: X — [0,00) defined by g(x) = d(x, Tx) is l.s.c.

Then the following statements hold.

(@) If {x2_1} has a convergent subsequence in A, then there exists v € A such that
d(v, Tv) = dist(A, B).

(b) If {x2,} has a convergent subsequence in B, then there exists v € B such that
d(v, Tv) = dist(A, B).

Proof Applying Theorem 2.1, we have

lim d(x,,x,.1) = dist(A, B). (2.6)

n—00

Since x; = u € A, we have x,, ;1 € A and x,, € B for all n € N. Let us prove the conclu-
sion (a). Assume that {x;,_1} has a convergent subsequence {x,,_1} in A. Hence there
exists v € A such that xy,,_; — vas k — oo or

klggo d(v, %3, -1) = 0. (2.7)
Clearly, we have

dist(4, B) < d(v,%x2,,) < d(v, %0, -1) + d(Xop—1,%24,) forallk e N. (2.8)
Taking into account (2.6), (2.7) and (2.8), we get

nlLrI;o d(v,x2,,) = dist(A, B). (2.9)

Now, we verify d(v, Tv) = dist(A4, B). Suppose that (H1) holds. By the continuity of T, we
derive

Kom, = Thoop1 — Tv ask — oo. (2.10)

By (2.9) and (2.10), we get d(v, Tv) = dist(4, B).
If (H2) holds, since

dist(A4, B) < d(Tv, %24 11) < d(v,%2,,) forallkeN

and (2.9), we find that d(v, Tv) = dist(4, B).
Finally, assume that (H3) holds. By the lower semicontinuity of g, x5, 1 — v as k — oo
and (2.6), we obtain
dist(A,B) < d(v, Tv)
=gv)
< liminf g (%o, 1)
k—00

= lim (xz,,k_l,xg,,k) =diSt(A,B),

k—00

which implies d(v, Tv) = dist(A, B).

Page 6 of 13
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Following a similar argument as in the proof of (a), one can also show the desired con-
clusion (b). O

Here, we give an example illustrating Theorem 2.2.

Example 2.2 Let X, A, B, f, ¢ and T be the same as in Example 2.1. Hence T is a Caristi-
type cyclic map dominated by f and ¢. Note that f is not lower semicontinuous at x = 3
and -3, so f is not lower semicontinuous on A U B. Since f(x) > -100 forallx e AUB, f is
a bounded below function on A U B. By the definition of T, we know that T is continuous
on A U B. Hence (H1) as in Theorem 2.2 holds. It is obvious that

d(1,T(1)) = d(-1, T(-1)) = 2 = dist(4, B).

On the other hand, let x; =1 € A and x,,,; = Tx, for n € N. Then we have x,,_.1=1€ A
and x;, = —1 € B for all n € N. So {xy,1} and {x,,} have convergent subsequences in A
and B, respectively. Therefore, all the assumptions of Theorem 2.2 are satisfied. Applying
Theorem 2.2, we also prove that there exist v € A and w € B (precisely speaking, v = 1 and
w = —1) such that d(v, Tv) = d(w, Tw) = dist(4, B).

3 Some applications
A function «: [0,00) — [0,1) is said to be an MT -function (or R-function) [12, 25-30]
if limsup,_, ,+ (s) < 1 for all ¢ € [0, 00). It is obvious that if «: [0,00) — [0,1) is a nonde-
creasing function or a nonincreasing function, then « is an M7 -function. So the set of
MT -functions is a rich class.

Recently, Du [28] first proved the following characterizations of M7 -functions which
are quite useful for proving our main results.

Theorem D ([28, Theorem 2.1]) Let « : [0,00) — [0,1) be a function. Then the following
statements are equivalent.
(a) «isan MT -function.
(b) Foreach t € [0,00), there exist ril) € [0,1) and egl) > 0 such that a(s) < ril) forall
se(tt+ sgl)).
(c) Foreach t € [0,00), there exist r? e [0,1) and e? > 0 such that a(s) < 12 for all
t t t
seftt+ 852)].
(d) Foreacht € [0,00), there exist r® e [0,1) and e 5 0 such that als) < S for all
t t t
se(tt+ 8,(3)].
(e) Foreach t € [0,00), there exist r e [0,1) and e® > 0 such that als) < ' for all
t t t
(4)
sett+e ).
(f) For any nonincreasing sequence {x,}nen in [0,00), we have 0 < sup, . @(x,,) < 1.
'y g neN
(g) « is a function of contractive factor; that is, for any strictly decreasing sequence
g y Y g

{%}nen in [0,00), we have 0 < sup,, .y o (x,) < 1.

Let us recall the concept of M T -cyclic contractions introduced first by Du and Lakzian
[12].

Definition 3.1 [12] Let A and B be nonempty subsets of a metric space (X, d). If a map
T:AUB — AU B satisfies
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(MT1) T(A) CBand T(B) C A;
(MT2) there exists an M7 -function a: [0,00) — [0,1) such that

d(Tx, Ty) < a(d(x,y))d(x,y) + (1 - a(d(x,y))) dist(4,B) foranyxe€AandyeB,
then T is called an MT -cyclic contraction with respect to o on A U B.

The following example shows that there exists an M7 -cyclic contraction which is not
a cyclic contraction.

Example 3.1 [12] Let X = {v1,vs,vs,...} be a countable set and {z,} be a strictly increasing
convergent sequence of positive real numbers. Denote by 7 := lim,_, o 7,,. Then 73 < 7o.
Letd: X x X — [0, 00) be defined by d(v,,v,) = 0 for all n € N and d(vy,, Vi) = AV, Vi) =
T, if m > n. Then d is a metric on X. Set A = {v1,v3,s,...}, B = {v3,v4,s,...}. Define a map
T:AUB— AUBby

1% ifn=1,
TV,, dif 2 .
Vyor ifm>1

for n € N and define « : [0,00) — [0,1) by

a(t)dif{r};—;l ift = 7, for some n € N with n > 2,

0 otherwise.

Then T is an MT -cyclic contraction with respect to «, but not a cyclic contraction on
AUB.

The following result tells us the relation between an MT -cyclic contraction and a
Caristi-type cyclic map.

Theorem 3.1 Let A and B be nonempty subsets of a metric space (X,d) and T : AU B —
A U B be an MT -cyclic contraction with respect to o. Then there exist a bounded below
function f : AU B — R and a nondecreasing function ¢ : R — (0,+00) such that T is a
Caristi-type cyclic map dominated by f and ¢.

Proof Denote T° = I (the identity mapping). Let x € A U B be given. Define a sequence
{Wp}nen in AU B by wy = x and w,, = Tw,, = T" L« for n € N. Clearly, the condition (MT2)
implies that T satisfies

d(Tx, Ty) <d(x,y) foranyxe€ Aandy e B.
So from the last inequality we deduce
AWpi1, Wna2) < d(Wp, W) forallmeN.

Hence the sequence {d(w;,, w,,1)} is nonincreasing in [0, 00). Since « is an MT -function,
by (g) of Theorem D, we obtain

0 < supa(d(Wy, W) <1.
neN
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Since x € A U B is arbitrary, we can define a new function 8 : AUB — [0,1) by

Bx):= supa(d(w,,, w,,+1)) = supa(d(T"’lx, T"x)) forx e AUB.

neN neN

Clearly, for each x € A U B, we have

B(Ix) < B(x) 3.1)
and

a(d(T”‘lx, T”x)) < B(x) forallmeN. (3.2)

Let x € A U B be given. Without loss of generality, we may assume x € A. Then Tx € B. By
(MT2), we get

d(Tx, T*x) - dist(A, B) < a(d(x, Tx)) (d(x, Tx) — dist(A, B))
and hence
d(x, Tx) — a(d(x, Tx)) (d(x, Tx) — dist(A, B)) < d(x, Tx) — d(Tx, T*x) + dist(4, B). (3.3)

By exploiting inequalities (3.1), (3.2) and (3.3), we obtain

. 1 1 2
d(x, Tx) - dlSt(A, B) < md(x, Tx) - md(Tx, T x)
1 1 ,
< Tﬂ(x)d(x, Tx) - md(Tx; T x).

Let ¢ : R — [0,+00) and f : AU B — R be defined by
p(t)=1 forteR

and

B 1
T 1-BW)

fx) d(x,Tx) forxe AUB,

respectively. Then ¢ is a nondecreasing function and f is a bounded below function.
Clearly, f(x) < +o0 for all x € A U B. From (3.3), we obtain

d(x, Tx) — dist(A4, B) < w(f(x)) (f(x) —f(Tx)) forallx € AUB,
which means that 7 is a Caristi-type cyclic map dominated by f and ¢. |

Theorem 3.2 [12] Let A and B be nonempty subsets of a metric space (X,d) and T : AU
B — A U B be an MT -cyclic contraction with respect to .. Then there exists a sequence
{%,,}nen such that

lim d(x,, Tx,) = inlgd(xn, Tx,) = dist(A, B).
n—00 ne
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Proof Applying Theorem 3.1, there exist a bounded below function f : AUB — R and a
nondecreasing function ¢ : R — (0, +00) such that 7T is a Caristi-type cyclic map domi-
nated by f and ¢. Let u € A U B be given. Let {x,},en C A U B be defined by x; = # and
%xu41 = Tx, for n € N. Applying Theorem 2.1, we have

lim d(x,,%,.1) = dist(4, B). (3.4)

n—00

Since the condition (MT2) implies that T satisfies
d(Tx, Ty) <d(x,y) foranyxe€ Aandye B,

we know that the sequence {d(x,,x,.1)} is nonincreasing in [0, 00). By (3.4), we get
dist(A, B) = Jim AXny K1) = iglg A%, %n41) > 0.

The proof is completed. O

Theorem 3.3 [12] Let A and B be nonempty subsets of a metric space (X,d) and T : AU
B — AU B be an MT -cyclic contraction with respect to «. For a given x, € A, define an
iterative sequence {x,}nen by X441 = Txy, for n € N. Suppose that {x,,_1} has a convergent
subsequence in A, then there exists v € A such that d(v, Tv) = dist(4, B).

Proof Applying Theorem 3.1, there exist a bounded below function f : AUB — R and a
nondecreasing function ¢ : R — (0, +00) such that T is a Caristi-type cyclic map domi-
nated by f and ¢. Let u = x; € A be given. Let {x,},cn C A U B be defined by x,,,; = Tx,
for n € N. Since the condition (MT2) implies the condition (H2) as in Theorem 2.2, all
the assumptions of Theorem 2.2 are satisfied. By applying (a) of Theorem 2.2, there exists
v € A such that d(v, Tv) = dist(4, B). O

Remark 3.1 ([3, Proposition 3.2]) (i.e., Theorem 1.1) is a special case of Theorem 3.3.

Finally, applying Theorem 2.1, we can establish a new Caristi-type fixed point theorem
without assuming that the dominated functions possess the lower semicontinuity prop-
erty.

Theorem 3.4 Let M be a nonempty subset of a metric space (X,d), f : M — (—o00, +00] be
a proper and bounded below function, ¢ : R — (0, +00) be a nondecreasing function and
T : M — M be a selfmap on X. Suppose that T is of Caristi type on M dominated by ¢
and f, that is,

d(x, Tx) < go(f(x)) (f(x) —f(Tx)) foreach x € M. (3.5)

Then there exists a sequence {x,}nen in M such that {x,}nen is Cauchy.

Moreover, if (X,d) is complete and M is closed in X, and one of the following conditions
is satisfied:

(D1) T is continuous on M;
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(D2) T is closed, that is, GrT = {(x,y) € M x M :y = Tx}, the graph of T, is closed in
M x M;
(D3) T he map g: X — [0,00) defined by g(x) = d(x, Tx) is [.s.c.
Then the mapping T admits a fixed point in X, and for any u € X with f(u) < +00, the

sequence {T"u},en converges to a fixed point of T .

Proof Let A=B=M.Then wehave AUB =M, T(A) C B, T(B) C A and dist(4, B) = 0. So
(3.5) implies

d(x, Tx) — dist(A, B) < <p(f(x)) (f(x) —f(Tx)) forallx € AUB=M.

Hence T a Caristi-type cyclic map dominated by f and ¢ on A U B. Since f is proper,
there exists u € M = A U B such that f () < +00. Let {x,,},en C M be defined by x; = u and
%xu41 = Tx, for n € N. By applying Theorem 2.1, we have

(@) fxn1) <f(x,) < +00 for each n e N,

(b) d(xmxwrl) =< w(f(xn))(f(xn) _f(anrl)) forallm e N,
(¢) 1imy,—s o0 A%y Xpi1) = 0.

Since ¢ is nondecreasing, by (a), we have

¢(f(xn) <@(f(x1)) forallmeN. (3.6)

Since f is bounded below and the sequence {f(x,)}.cy is nonincreasing in [0, +00),
y:= lim f(x,) = inlgf(x,,) exists. (3.7)
n—00 ne

For m > n with m, n € N, taking into account (3.5), (3.6) and (3.7), we get

m-1

A 2m) < dj,x70) < @(Fx0)) (Fxn) = 7).

Jj=n

Let A, = o(f (x1))(f(x,) — ¥), n € N. Then
sup{d(x,,,xm) > n} <M, foreachmeN. (3.8)
Since lim,,_, o f (%4) = ¥, lim,,—, oo A,, = 0. From (3.8) we obtain

nlig)lo sup{d(xn,xm) > n} =0,
which proves that {x,},cn is a Cauchy sequence in M.
Moreover, assume that (X, d) is complete and M is closed in X. So (M, d) is a complete
metric space. By the completeness of M, there exists v, € M such that x, — v, as n — oo.
We claim v, € F(T). If (D1) holds, since T is continuous on M, x,,,; = Tx, for each n € N

and x,, — v, as n — 00, we get

v, = lim %, = lim %,,, = lim T, = T( lim x) =Ty,

n—00 n—00 n—00
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If (D2) holds, since T is closed, x,,,1 = Tx,, for each n € N and x,, — v,, as 1 — 00, we have
Tv, = v,. Finally, assume that (D3) holds. Since lim,,_, » d(x,,, %,,1) = 0, we obtain

AWy, Tv,) = gv,)
<liminfg(x,)
n— 00

lim d(x,,%,.1) =0,

n—00

we obtain d(v,, Tv,) = 0 and hence Tv, = v,. This completes the proof. O
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