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1 Introduction

In 1922, Banach proved the following famous fixed point theorem [1]. Let (X, d) be a com-
plete metric space. Let T be a contractive mapping on X, that is, one for which exists
q € [0,1) satisfying

d(Tx, Ty) < q - d(x,y) 1.1)

for all x,y € X. Then there exists a unique fixed point xy € X of T. This theorem, called
the Banach contraction principle, is a forceful tool in nonlinear analysis. This principle
has many applications and has been extended by a great number of authors. For the con-
venience of the reader, let us recall the following results [2—4].

In 1969, Sehgal [4] proved the following interesting generalization of the contraction
mapping principle.

Theorem 1.1 ([4]) Let (X,d) be a complete metric space, q € [0,1) and T : X + X be a
continuous mapping. If for each x € X there exists a positive integer n = n(x) such that

d(T"x, T”y) <gq-dxy) (1.2)
forally € X, then T has a unique fixed point u € X. Moreover, for any x € X, u = lim,,, T"x.

In 1970, Guseman [3] (see also [5]) generalized the result of Sehgal to mappings which
are both necessarily continuous and which have a contractive iterate at each point in a
(possibly proper) subset of the space.

In 1983, Ciri¢ [2], among other things, proved the following interesting generalization
of Sehgal’s result.
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Theorem 1.2 ([2]) Let (X,d) be a complete metric space, q € [0,1) and T : X — X. If for
each x € X there exists a positive integer n = n(x) such that

d(T”x, T”y) <q- max{d(x,y), d(x, Ty),... ,d(x, T”y), d(x, T”x)} (1.3)

holds for all y € X, then T has a unique fixed point u € X. Moreover, for every x € X, u =
lim,, T"x.

Partial metric spaces were introduced in [6] by Matthews as part of the study of deno-
tational semantics of dataflow networks and served as a device to solve some difficulties
in domain theory of computer science (see also [7, 8]), in particular the ones which arose
in the modeling of a parallel computation program given in [9]. The concept has since
proved extremely useful in domain theory (see, e.g., [10-13]) and in constructing models
in the theory of computation (see, e.g., [14-17]).

On the other hand, fixed point theory of mappings defined on partial metric spaces
since the first results obtained in [6] has flourished in the meantime, a fact evidenced by
quite a number of papers dedicated to this subject (see, e.g., [18—47]). The task seems to
have been set forth of determining what known fixed point results from the usual metric
setting remain valid - after adequate modifications that should as much as possible reflect
the nature of the concept of partial metric - when formulated in the partial metric setting.

The potentially nonzero self-distance, built into Matthew’s definition of partial metrics,
was taken into account in [29] in an essential way by a rather mild variation of the classi-
cal Banach contractive condition, and in [30] further considerations in this direction were
carried out which were in turn generalized by Chi et al. in [27]. This paper represents a
continuation of the previous work by the authors. Now we study fixed point results of new
mappings with a contractive iterate at a point in partial metric spaces. Our results general-
ize and unify some results of Sehgal, Guseman and Ciri¢ for mappings with a generalized
contractive iterate at a point to partial metric spaces. We give some generalized versions
of the fixed point theorem of Matthews. The theory is illustrated by some examples.

2 Preliminaries
Throughout this paper the letters R and N will denote the set of real numbers and positive
integers, respectively.

Let us recall [7] that a nonnegative mapping p: X x X — R, where X is a nonempty set,
is said to be a partial metric on X if for any x,y,z € X the following four conditions hold
true:

(Pl) P(x,y) =p(y,x),

(P2) plx,x) < px,y),

(P3) if plx,x) = p(y,9) = p(x,), then x = y,

(P4) p(x,2) < plx,y) + p(y:2) = p(,y)-

The pair (X, p) is then called a partial metric space. A sequence {x,,}",_, of elements of X
is called p-Cauchy if the limit lim,,, , p(x,,, x,,) exists and is finite. The partial metric space
(X, p) is called complete if for each p-Cauchy sequence {x,,}rs_, there is some z € X such
that

p(z,2) =limp(z,x,) = lim p(x,,, x,,). (2.1)
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Observe that condition (P4) is a strengthening of the triangle inequality and that p(x, y) = 0
implies x = y as in the case of an ordinary metric.

It can be shown that if (X, p) is a partial metric space, then by p*(x,y) = 2p(x, y) — p(x, x) —
p»,9), for x,y € X, a metric p* is defined on the set X such that {x,},>; converges to z € X
with respect to p* if and only if (2.1) holds. Also (X, p) is a complete partial metric space if
and only if (X, p®) is a complete metric space. For proofs of these facts, see [7, 44].

A paradigm for partial metric spaces is the pair (X, p) where X = [0, +00) and p(x,) =
max{x, y} for x,y > 0. Below we give two more examples of partial metrics both of which

are taken from [7].

Example 2.1 If X := {[a,b] | a,b € R,a < b}, then p([a, ], [c,d]) = max{b,d} — min{a, b}

defines a partial metric p on X.

Example 2.2 Let X := RY U J,, RI®>"1, where Ny is the set of nonnegative integers.
By L(x) denote the set {0,1,...,n} if x € R} for some n € N, and the set Ny if
x € RN, Then a partial metric is defined on X by

plx,y) =inf{27 |i € L(x) N L(y) and Vj € Ny (j < i = x(j) = y()) }.

For applications of partial metrics to problems in theoretical computer science, the
reader is referred to [8, 11, 14, 16].

In [7] Matthews proved the following extension of the Banach contraction principle to
the setting of partial metric spaces.

Theorem 2.1 Let (X, p) be a complete partial metric space, « € [0,1) and T : X — X be a
given mapping. Suppose that for each x,y € X the following condition holds

p(Tx, Ty) < ap(x,y). (2.2)

Then there is a unique z € X such that Tz = z. Also p(z,z) = 0 and for each x € X the se-
quence {T"x},>1 converges with respect to the metric p* to z.

A variant of the result above concerning the so-called dualistic partial metric spaces was
later given in [44]. Altun et al. [23] further generalized the result of Matthews as well as
extended to partial metric spaces several other well-known results about fixed points of
mappings on metric spaces.

Taking a different approach to the way in which contractive condition (2.2) can be gen-
eralized for partial metrics, we [29, 30] have obtained other extensions of Theorem 2.1. To
state one of them, we will use the following notation. Given a partial metric space (X, p) set
ry = inf{p(x,y) : x,y € X} = inf{p(x,%) : x € X} and R, := {x € X : p(x,x) =1,}. Notice that R,
may be empty and that if p is a metric, then, clearly, r, = 0 and R, = X.

Theorem 2.2 (Theorem 3.1 0f [29]) Let (X, p) be a complete partial metric space, o € [0,1)
and T : X — X be a given mapping. Suppose that for each x,y € X the following condition
holds

p(Tx, Ty) < max{ap(x,y), p(x, %), p(5,)}. (2.3)
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Then the set R, is nonempty. There is a unique u € R, such that Tu = u. For each x € R,
the sequence {T"x},>1 converges with respect to the metric p° to u.

Remark 2.1 Although Theorem 2.2 does not imply uniqueness of the fixed point, it is
easy to see that, under the assumptions made, if # and v are both fixed points satisfying
pu,u)=p,v), thenu =v.

Remark 2.2 Completeness of a partial metric does not necessarily entail that R, is
nonempty. A (class of) counterexample(s) is easily constructed as follows.

Let (X, d) be a partial metric space, a > 0 and f : X — [0,4) be an arbitrary mapping. If
x,y € X are such that x # y, define p(x,y) = d(x,y) + a and p(x,x) = f(x). Then (X,p) is a
partial metric space, as is easily verified.

Now if b := sup f[X] < a, then, given a sequence {x,},>1, we have lim sup, p(x,,,x,) < b < a
and p(x,, x,,,) > a whenever x,, # x,,,. Thus there are no nonstationary p-Cauchy sequences.
Hence (X, p) is complete. But R, = ) whenever inff[X] ¢ f[X].

If condition (2.3) is replaced by the somewhat stronger condition below, then the
uniqueness of the fixed point is guaranteed.

Theorem 2.3 (Theorem 3.2 of [29]) Let (X, p) be a complete partial metric space, a € [0,1)
and T : X — X be a given mapping. Suppose that for each x,y € X the following condition
holds

(2.4)

px,x) +p(y,y) }
R

p(Tx, Ty) < maX{ap(x, )

Then there is a unique z € X such that Tz = z. Furthermore, z € R, and for each x € R, the
sequence {T"x},>1 converges with respect to the metric p* to z.

3 Auxiliary results

We now introduce the two types of contractive conditions that we shall be considering in
this paper. Let us remark that if 7 : X — X, then we write 7° = [ for the identity mapping
I: X— X, ie,I(x)=x,x€X.

Definition 3.1 Let (X, p) be a partial metric space, @ € (0,1) and T : X — X.
(i) We say that T is a C;-operator on X if for each x € X there is some n(x) € N such
that for each y € X there holds

p(Tn(x) x, T y)
< max{ap(x, T/y), ap(x, T”(x)x),p(x, x),p(T”(")_ly, T"(")_ly)} (3.1)
for some j € {0,1,...,n(x)}.
(ii) We say that T is a C-operator on X if for each x € X there is some n(x) € N such
that for each y € X there holds

p(T”(x)x, Tn(x)y) <« max{p(x’ ij),p(x, Tn(x)x)} (3.2)

for some j € {0,1,...,n(x)}.
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For a C;-operator T on a partial metric space (X,p) and x € X define the supporting
sequence at the point x as the sequence {si}x>0, where so = 0 and sg.1 = sk +n(T%x). Clearly,
this is a strictly increasing sequence. Also set R7(X) := {x € X | T"x = T"*'x for some m €
N}.

Lemma 3.1 Let T be a Cy-operator on a partial metric space (X, p), x € X \ Rr(X), {sk}i=0

be the supporting sequence at x and k > 1 and i > s; be given integers. Then we must have

p(T%x, T'x) < max{ap(T*x, T'x), p(T*1x, T*1x)}

for some j > si_;. (3.3)
Proof Case 1. Suppose i = si + 2. By (3.1) we know that if

p(T%x, T**x) > max{ap(T*x, T'x), p(T*'x, T*'x)}

forallj e {si_1,...,5¢ + 2}, (3.4)
then
p(Tx, T+ %) < p(T%*x, Tx). (3.5)
Likewise, if

p(T%x, T x) > max{oap(T*'x, T'x), p(T*'x, T 1x)}

forallj € {sg_1,...,s¢ +1}, (3.6)
then
p(Tskx, Tsk+1x) < p(Tskx, Tskx). (3.7)

Now if (3.4) were to hold, then (3.5) and (P2) would imply that (3.6) is true as well. So (3.7)
also holds and thus

p(TSkx, Tsk+2x) < p(TSka, Tsk+1x) Sp(TS"x, Tsk+1x)
< p(T%x, T*x) < p(T*x, Tsk+2x)
meaning (by (P3)) that T%x = T**.x. But this contradicts the assumption x ¢ R7(X), so
(3.4) must be true.
Case 2. Suppose i = s;. Since p(T*x, T*x) < p(T*x, T**2x), the assertion here follows

from the previous case.

Case 3. Suppose now i = s; + 1. Assume that

p(T*x, T x) > max{ap(T*x, Tx), p(T1x, T1x) }

forallj € {sk_1,...,5¢ +1}

Page 5 of 18
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since otherwise there is nothing to prove. Then by (3.1) we must have p(T%x, T%*lx) <

p(T*x, T*x). But then, by the previous case, there is some j > s;_; such that
p(T*x, T x) < p(T*x, T*x) < max{ap(T**1x, T'x), p(T*'x, T*1x)}

and we are done.

For i > s; + 2, the argument carries on by induction. Suppose that (3.3) holds for some
i > sg. If p(Tx, T*x) > {ap(T*1x, Tix), p(T**x, T*-1x)} for all j € {sx_1,...,i + 1}, then
we must have p(T*x, T*x) < p(T'x, T'x). By the induction hypothesis, there is some j >
Sk_1 such that

p(T%x, T'x) < {ap(T*1x, Tx), p(T%1x, T1x)}.

But since p(T*x, T"*1x) < p(T'x, T'x) < p(T%x, T'x), the last inequality clashes with our
assumption. |

To shorten the foregoing considerations, we introduce some auxiliary notions as follows.
Fix x € X \ R7(X). For integers k > 1 and i > s, use Lemma 3.1 repeatedly to fix integers
li>s;,0<j<kandt,...,t € {0,1} such that, putting /; := i, there holds

p(T9x, Thix) < o'ip(T51x, T x)
forall1 <j <k, where

£ = 1 iij_l < l/—li
a 0 iij_l = lj—l'

We shall refer to (lo,...,l-1) and (¢,..., %) as the (k,i)-descent and the (k, i)-signature at
x, respectively. Set 7 ; := {j € {L,..., k} | t; = 1}. We shall say that « is of type 1 if there are
sequences of positive integers {k;,} >0 and {i,,}m>0, the first one strictly increasing, such
that for all m > 0 we have i,, > s, and card(S} ; ) < card(SﬁmlJWl); here and henceforth,
for a finite set P, we denote by card(P) the number of its elements. We shall say that x is of
type 2 if x is not of type 1, i.e., if there are ko, D € N such that for all k > ko and all i > s;
there holds card(S; ;) < D.

To make the proof of our main result more transparent, we have extracted from it several

parts and presented them first in form of the next five lemmas.
Lemma 3.2 Let T be a Cy-operator on a partial metric space (X, p), x ¢ Ry (X), and let
{sk}k=0 be the supporting sequence at x. Then:

(@) If(lo,...,lk) is the (k,ip)-descent at x, then

p(Tskx, Tiox) E acard(siio )p(x, Tlox) K«an

p(T%x, Tx) < p(T%x, Thx) forall0<j<k,

where we set Iy = iy.


http://www.fixedpointtheoryandapplications.com/content/2013/1/335

Ili¢ et al. Fixed Point Theory and Applications 2013, 2013:335 Page 7 of 18
http://www.fixedpointtheoryandapplications.com/content/2013/1/335

(b) IfP<{0,...,k —1} is such that card(Si,io) < card(P), then for some jy € P there must
hold

p(Ts"x, Tiox) < p(TSfO x, TY0x).

Proof Regarding Lemma 3.1, we get p(T%x, T0x) < azf';f*l “ip(T¥x, T'ix) for all j such that
k >j > 0, recursively. Now (a) follows directly.

To prove (b) simply observe that card(Si,iO) < card(P) implies that the set {j +1|j € P} is
a subset of {1,...,k} with card(P) > card(Sz,io) elements so that there must be some jj € P

with £;,; = 0. Hence
p(T*x, Tiox) <p(T¥0"x, Tl/'0+1x) < oo p(TH0x, Tho x) = p(T%x, T¥0x),
where we used (a) and the fact that [;; = s,. O

Lemma 3.3 If T is a Cy-operator on a partial metric space (X, p) and x € X, then there is
some M, > 0 such that for all i > 0 we must have p(x, Tix) < M,.

Proof Ifx € Rp(X), then this is obvious. Thus suppose x ¢ Rr(X) and set M, := ﬁ max{p(x,
Tix) | 0 <j < n(x)} + p(x,x). If k = n(x), then it is certainly true that p(x, T%x) < M, for all
0 < i < k. Now suppose that the same is valid for some k > n(x).

If p(x, T**1x) < p(x, T'x) for some O < i < k, then by the induction hypothesis there holds
plx, TFx) < p(x, T'x) < M,. Otherwise, we must have

p(x, Tk”x) > max{p(x, Tix) |0<i< k}. (3.8)
Now using (3.1)

(% T”(")x) + p(T”(x)x, Tk”x)

r
< p(% T"¥x) + max{ap(x, T'x), p(x,x), p(T*x, T x), ap(x, T"¥x) }
for some k + 1 — n(x) <j < k + 1. Hence we either have

p(x T%) < p(x, T"@x) + p(x,x) < M,
or, using (3.8) and the fact that p(T*x, TXx) < p(x, T*x), it must be that

p(x, T%) < p(x, T"Px) + ap(x, T'x), e,

1

p(x’ Tk+lx) < -

p(x, T”(x)x) <M,.

By induction the desired conclusion follows. O

Lemma 3.4 Let T be a Cy-operator on a partial metric space (X, p) and x € X \ Rr(X). If
x is of type 1, then lim;; p(T'x, T'x) = 0.
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Proof Fixm > 0.1f (ly,..., lx,-1) is the (sk,,, im)-descent, then by (a) of Lemma 3.2 we have
p(Tmx, T x) < a4k p (%, Thx) < & Semin) M,

Since lim,, card(Sim,im) = 00, this implies lim,, p(T%mnx, Tx) = lim,,, p(T*mx, T*%m x) = 0.
Now given ¢ > 0 choose mg > 1 such that "M, < ¢ and such that for all m > my, it
holds p(T*mx, TSkmx) < €. Let i > Skomg be arbitrary.
Suppose first that card(Sim(),i) > my. Then

card(SE_ )
2mot" M, < "M, < €.

p(Tgkz’"O x, Tix) <u
Suppose now that card(SiMO,i) <my. For P :={ky, ..., komp-1} € 1{0,1,..., ko, — 1}, we
have card(P) > card(S’,ﬁmo'i), so by (b) of Lemma 3.2 there must be some my <j <2my—1
such that p(T™2m0 x, Tix) < p(T"x, T x) < €.
We have thus shown that p(T™*> x, T'x) < ¢ must hold for all i > Skym, - Lherefore if

I,] Z Sky,p,» then
p(Tix, zj) < p(TSkZ’”O X, Tix) + p(TSkZ’”O X, zj) <2e.
The previous analysis proves lim;; p(T"x, T/x) = 0. O

Lemma 3.5 Let T be a C;-operator on a partial metric space (X, p) and x € X \ Rr(X). If
x is of type 2, then the sequence {T'x};> is p-Cauchy.

Proof Let {si}ix>0 be the supporting sequence at x.

We first show liminf, p(T*"x, T*"x) = limsup,, p(T*"x, T*"x). Suppose that this is not
true and pick a real 6 with liminf,, p(T*"x, T*"x) < 6 < limsup,, p(T*"x, T*"x). Let k; <
ky <--- <kp <kps and i > kp,; be positive integers, where kp,; > ko, such that

p(Tgk/x, Tskix) <6 foralll<j<D and p(T%x T%x)> 0.

The fact that s; > si,,, implies that Sim is defined and since kp,; > ky, we have

1Si

caId(Stisi) < D. For P := {ky,...,kp} € {0,1,...,kps1 — 1}, we have card(P) = D >
card(SﬁD+1,si)| so, by (b) of Lemma 3.2, there is some j € {1,..., D} such that

0 < p(T¥x, T%ix) < p(T**on1x, Tx) < p(T™x, T x) <6,

a contradiction.

By the preceding part and since 0 < p(T*"x, T*"x) < 2M,, with M, as in Lemma 3.3, we
have ry := lim,, p(T*x, T*"x) € R.

Let us prove

Ve >03moVm =moVi=s, p(Tx, T'x) € (ry—&,15 +6). (3.9)

Given ¢ > 0, take m; > ko such that p(T*"x, T*"x) € (ry — &, + €) for all m > m;. Let
m > my +Dand i > s, bearbitrary. For P:= {my,...,m; + D-1} € {0,1,...,m—1}, we have
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card(P) = D > card(Sj, ), so for some m; <j < my + D —1 it must be
ry—e <p(T°"x, T"x) < p(T*"x, Tix) <p(T%x Tix) <rc+¢

and we are done.

From (3.9) it now immediately follows that
Ve>03kVij>k p(T'x T/x)<ry+e. (3.10)
Indeed, given ¢ > 0, consider m as in (3.9) and let i,j > s,,,, be arbitrary. Then

P(T ) = p(T%05,T'5) 1 [p((T03, ) — p(T0, T03)]

<ry+e+2e=ry+3e¢.
To prove

limp(T'x, T'x) = 1y, (3.11)
i

we now only need to show that
Ve>03kVij>k ro—e<p(T'x T'x). (3.12)

Let ¢ € (0, %) be arbitrary and let k € N be as in (3.10). We claim that r, — ¢ <
p(Tix, Tix) holds for all i > k. This would prove (3.12) since p(T%x, T'x) < p(T'x, T'x).

Suppose to the contrary that there is some iy > k with p(T%x, Tx) < r, — &. Put
z:= Tx. x ¢ Rr(X) implies z ¢ R7(X). If z is of type 1, then by Lemma 3.4 we have
0 = lim;; p(T'z, T'z) = lim;; p(T'x, T'x), so {T'x};>0 is p-Cauchy and we are finished. Sup-
pose now that z is of type 2, so that by what we have proved thus far we know that
r, = lim,, p(T*"z, T*"z) € R and also that (3.10) holds with z taken instead of x. It cannot
be p(T"Pz, T"?z) > r, — & because this would mean that p(z, z) < p(T"?z, T"?z), so using

Lemma 3.1, it would follow r,, — & < p(T"?Pz, T"?z) < ap(z, T'z) for some j € Ny, i.e., ry—& <
ry(1-a)
1+a

The argument actually shows that p(T%"z, T9"z) < r, — ¢ holds for every m > 0, where

ap(Tox, T0Yx) < a(r, + ¢), giving < &, a contradiction. So p(T"@z, T"Dz) < r, —¢.

{gm}m=0 is the supporting sequence at the point z. So r, = lim,, p(T%z, T z) < r, — ¢.
Fz+Vx

2
of course) to find j, € N such that

Now use the fact that r, < and (3.10) (with z taken instead of x and % instead of ¢

S T+

p(T'z,T'z) < % for all j > j,. (3.13)

As lim,, p(T*"x, T*"x) = r, and == < r,, there is some m > iy + jo with p(T*"x, T*"x) >
=2 Now, using s,, — ig > m — iy > jo, we obtain

Ty + 7y

2

<p(Ts”‘x, TS”’x) :p(TS"’_"Oz, TS'”’ioz) < EARL ; rx’

which is not possible. g
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Lemma3.6 LetT:X — Xandletp: X x X — R be any mapping satisfying (P3). Suppose
that x € X is such that T*x = x holds for some positive integer k, and that there exists y € X
such that

p,y) = lilmp(y, Tix) = liignp(Tix, zj). (3.14)
Then Tx = x.
Proof From TXx =x, i > 0, we have

pOy) =limp(y, T"%) = p(y,%) and  p(y,y) = limp(T"x, T"x) = p(x,),
hence y = x. But (3.14) now gives

ploa,x) = lilm p(x T %) = p(x, Tx) and p(x,x) = liZm p(T" s, TN x) = p(Tx, Tx)
so Ix = x. g

4 Main results

Having made the necessary preparations, we are now able to prove fixed point results for
C;-operators on complete partial metric spaces. But first we prove a proposition giving
some insight into the structure of this type of mappings.

Proposition 4.1 If T is a Ci-operator on a complete partial metric space (X, p), then
(1) for each x € X, the sequence {T'x};>q p°-converges to some vy € X;
(2) forall x,y € X, there holds p(v,vy) = max{p(vy, vx), p(vy, vy)}.

Proof The existence of such points v, is assured by Lemmas 3.4 and 3.5 and completeness
ifx € X \ R7(X), and is self-evident if x € Ry (X).

To prove (2), let x, y € X be arbitrary and suppose that p(vy, vi) > p(v,,v,). If p(vs, v,) = 0,
then v, = v, (by (P2) and (P3)) and we are done. Thus assume that p(v,, v,) > 0 and let & > 0
be arbitrary such that w < p(vx,vy). There is some mo € N such that for all i,j > mq

there holds

max{|p(T%y, T'y) = p(vy, vy)|, [p (v, T'y) = p(vy, 1) |} <&,

max{|p(T'%, T'x) = p(va, vi) |, |p (Vi T'%) = p(vi, vi) |} < 6.

For i,j > m we have
p(T'y, T'x) < p(T'y,vy) — p(vy, vy) + p(Vy, Vi) = PV, Vi) + (Vi T'x) < 26 + p(vy, V)
and, similarly,

Py, vy) < p(vy, T') = p(T', T') + p(T'y, T'x) — p(T'x, T'x) + p(T'x, vs)

< 4de +p(T'y, T'x).
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Fix any i; > mg and set i := n(T%x). By (3.1) there is some jg € {io, ..., i + i1} such that

Py, vy) - de
<p(T0 iy, T y)
= max{ap(Tx, T°y), ap(Tx, T %), p(T%, TO%),p(T°" 1y, TOly)}
< max{a[2¢ + p(vy, v.) ] [P, v2) + €], p,va) + £,p(vy,v,) + £}
= max{a[2¢ + p(v), v.) |, p(v2, v2) + €.

Now p(vy, vx) — 4e < a[2e + p(v), vi)] is just % > p(vy, vy), which is false by our choice
of . This leaves us with the only other possibility: p(v,, vx) —4e < p(vs, Vi) + &, i.e., p(vy, vy) <
P(Vy, vy) + 5e.

From the preceding analysis it follows that p(v), vx) < p(vs, vx), which by (P2) actually

means that p(vy, v,) = p(vy, v) = max{p(vy, vx), p(vy, v)}. O

Theorem 4.1 If T is a Ci-operator on a complete partial metric space (X, p), then there is
a fixed point z € X of T such that p(z,z) = infyex p(vy, Vi), Where v, are as in Proposition 4.1.

Proof For x € X put ry := p(vs, vx) (this is consistent with the notation of Lemma 3.5). Set
I:=infycx ry. For m > 1 pick x,, € X such that for all ,j > 0 it holds

p(Tixm, zjm) € ([ -1/m,I+1/m). (4.1)
(You can first pick %), € X such that lim;; p(T'x,,, T'x),) = vy €1+ %), then choose
k(m) € N such that for all i,j > k() there holds I — L < p(T"x,, T/x/,) <I + L and finally

put x,, := Tk(’”)xﬁﬂ.)
Notice that if i(m2) and j(m) are nonnegative integers for m € N, then we have

lim (T %, T %) = 0.
First we prove that lim,, ; p(x,,,, %) = 1.
For m, k > 2 let C,,,x > 0 be such that p(T"x,,,, T/xx) < C,.x holds for all i,j > 0.
Fix m, k > 2 and let {s;},en be the supporting sequence at x,,. Let / > 1 be any integer

such that «!/Cy < ﬁ We have

P %) < P (%> T ) — p(T %, T 1)
+p(T5’xm, Tslxk) +p(xk, Tslxk) —p(TSlxk, Tslxk).

Now
Sk :=p(xm, Ts’xm) —p(TSlxm, Ts’xm) <2/m
and

W = p (%0 T*xc) — p(T* %, T i) < 2/k.

Page 11 0of 18
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First suppose that p(T%x,,, T*xy) > p(T'xx, T'xx) for all i € {0,...,s;}, and p(T*x,,,
T5%i) > p(T' %, TVx,yy) for all g, € {0,...,s;}. Then, by repeated use of (3.1), we obtain

(T %, T xr) < ap(T* 1, TMx)  for some iy > s,

p(TSlxm, Tslxk) < aZp(TSI-me, Tizxk) for some iy > s;_9,
and continuing in this manner finally
p(Tslxm, Tslxk) < alp(xm, Ti’xk) for some i; > 0.

Thus p(T* %, Txx) < ' Coipe <

k+m*®

On the other hand, if p(T*!x,,, T*x;) < p(Tixy, T'xy) for some i € {0,...,s;}, or p(T*x,,,
%) < p(T'%,, T'x,,) for some i,j € {0,...,s;}, then by (4.1) we must have p(T*x,,,
Toix) <1 +max{%, 1}.

Therefore

PXms %) < S + [mc + P(T %, T %)

From the above considerations and from I — 1/m < p(x,,, %) < p(%X,, Xk), it is now clear
that lim,,, x p(x,,,, x¢) = 1.
So by completeness there is some u € X such that

I= 1ir1klp(xm,xk) = li;np(u,xk) = p(u, u). (4.2)
m,
Let {s;;}m>0 be the supporting sequence at u.
Let us show by induction on k that if f : N — Ny is such that f(m) > s, for all m € N,
then
I= lirnp(TSku, Tf('")xm) = p(u, u). (4.3)

Suppose first that k = 0.

pl,u) < p(u, TV %) < (%) + P (s TV %) = P (s 20m)

2
< p(tt, %) + —,
m

so the desired conclusion immediately follows. Now suppose that the assertion is true for
some k > 0, take any f : N — Ny such that f(m) > sg,1, m > 1, and proceed as follows.
We have

p(TSk u, T° u) < Zp(Tsk u, Tf(m)xm) —p(Tf(m)xm, Tf(”‘)xm) < Zp(Tsk U, Tf("‘)xm) I+ %

for all m € N, so that taking the limit above as m approaches infinity and using (4.3) (which
is justified since f(m) > sg.1 > i) it follows that p(T%u, Tk u) < 1.
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Now for each m € N, since f (1) — (k11 —Sk) > Sk, there must be some h(m) € {si, ..., f(m)}
such that

p(T%u, T/ x,,.) < max{ap(T*%u, T""x,,), p(T*u, T*u),

p(Tf('")_lxm, Tf(”’)_lxm), ap(T*u, T+ u)}.

Using p(T*u, T*+u) < p(T%u, T'™x,,) — p(T/ "x,,, T/ "x,) + p(T%1u, T/™x,,), we
proceed to obtain

p(Tf(m)xm, Tf(m)xm) < p(T**y, Tf(m)xm) < max{oep(Ts"u, Th<m)xm),1,1+ i,
m

—[p(Tsku, Tf(m)xm) —p(Tf(m)xm, Tf(m)xm)] }

l-«o

Now we have I — 1/m < p(T/"x,,, T/"x,) < I + 1/m and also h(m) > s and f(m) >
Sk+1 > Sk for all m > 1. Hence, in view of the induction hypothesis, we finally arrive at
lim,, p(T*+1u, T/ "y, = 1.

Using (4.3) it is straightforward to see that for all k1, k, > 0 there holds p(T* u, T*2 u) <
I = p(u, u): indeed this follows by letting m € N tend to infinity in

p(T*%u, T u) < p(T*u, T2 x,,) + p(T*2 1, T*2%,,) — p(T*2 %, T2 %,).

Thus r, < I. But by definition of I we must actually have I = r,,.

We now claim that there are positive integers k; < k, such that
p(THu, T*u) = p(T%u, T%u) = 1.

Assume this is not the case. Then p(T%u, T*u) = I can hold for at most one k € N. As
we have 0 < p(T*u, T*ku) < I for all k € N, our assumption implies in particular that
r, =1 >0. Thus we can take some ¢ > 0 such that r, — & > a(r, + €). The assumption also
allows us to find some m € N such that for all k with s; > mg we have p(T*u, T*u) < I,
and such that for all i,j > m1q it holds p(T'u, T'u) € (r, — &,7, + &) (remember that r, =
P, vy) = limy; p(T'u, TV u)).

Take any k with s; > m. Then L := max{p(T* u, T*u), p(T*+1u, T*1u)} <I = r,. Thereis
some positive &1 < € such that L < r,, — ;. Let i be the smallest integer with i > sx,; such that
p(T'u, T'u) > r,, — &1, and let m € N be the greatest integer such that s, <i.So m >k + 1.
By (3.1) there is some j > s,,_; such that

p(Tiu, Tiu) <p(T°"u, Tiu)

< max{op(T*u, T'u), p(T* " u, T ), p(T" ', T ur) }.

Clearly, we have s,,_1 > sx > mgy and i — 1 > s3,1 > mp. The minimality of i and m
and the fact that L < r, — & can now easily be used to deduce that p(T'u, T'u) >
max{p(T*"'u, T*"-1u), p(T"'u, T u)}. Therefore r, — ¢ < r, — & < p(T'u, T'u) <
ap(T*"'u, T'u) < a(r, + ¢) and this cannot be true by the choice of ¢.
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So we have proved that there are positive integers k; < ky such that p(T*u, T*y) =
p(T*u, T uy) = I. Since p(T**1 u, T*2u) < I, we must have T*hy = T*y (by (P2) and
(P3)), i.e., T* ™%z = z for z := T*u. As p(v,,v;) = lim; p(v,, T'z) = lim;; p(T'z, T/z) and
Sk, =Sk, € N, by Lemma 3.6 it follows 7z = z. Of course lim;; p(T"z, T'z) = lim;; p(T*u, T'u) =
ry =1 =1inf,cx p(vy, vy). O

Remark 4.1 To ensure uniqueness of the fixed point, we can strengthen condition (3.1) as
follows. Given a partial metric space (X, p), call T : X — X a Cy-operator if for each x € X
there is some n(x) € N such that for each y € X there holds

p ( Tn(x)x’ Tn(x)y)

) Tn(x)—l ,Tn(x)—l
P, x) +p( y y) } 4.4)

< max{ap(x, ij), ap(x, T”(")x), 5

for some j € {0,1,...,n(x)}. Evidently, each C,-operator is a C;-operator as well so that if
(X, p) is complete, the conclusion of Theorem 4.1 holds. But now, in addition, if 7z = a and
Tb = b, then

) b,b
pla,b) = p(T"%a, T""b) < ‘“a"{“p(a, b),apla,a), % }

so that either (1 — a)p(a, b) < 0 or p*(a, b) = 2p(a, b) — p(a,a) — p(b, b) = 0, meaning that in
any case we must have a = b.

Recall that a sequence x, in a partial metric space (X, p) is called 0-Cauchy with re-
spect to p (see, e.g., [29]) if lim,, , p(x,, x,,) = 0. We say that (X, p) is 0-complete if every
0-Cauchy sequence in X p°-converges to some x € X (for which we then necessarily must
have p(x, x) = 0). Note that every 0-Cauchy sequence in (X, p) is Cauchy in (X, p*), and that
every complete partial metric space is 0-complete.

Remark 4.2 Recently a very interesting paper by Haghi, Rezapour and Shahzad [45]
showed up in which the authors associated to each partial metric space (X, p) a metric
space (X,d) by setting d(x,x) = 0 and d(x,y) = p(x,y) if x # y, and proved that (X,p) is
0-complete if and only if (X, d) is complete. They then proceeded to demonstrate how
using the associated metric d some of the fixed point results in partial metric spaces can
easily be deduced from the corresponding known results in metric spaces.

Let us point out that these considerations cannot apply to C;-operators since the terms
p(x,x) and p(T"®-Ly, T"®-1y) on the right-hand side of (3.1) are not multiplied by &. Thus
our Theorem 4.1 cannot follow from the result of Ciri¢ it generalizes.

If we completely neglect the role of self-distances in (3.1), we can easily verify that the
statement of Theorem 1.2 remains valid upon substituting the words ‘partial metric’ for
‘metric’ and ‘0-complete’ for ‘complete. We will prove this using the approach of Haghi,
Rezapour and Shahzad [45] that will allow us to deduce Theorem 4.2 directly from Ciri¢’s
result (Theorem 1.2).

Theorem 4.2 IfT is a C-operator on a 0-complete partial metric space (X, p), then there is
a unique fixed point z of T. Furthermore, we have p(z,z) = 0 and for each x € X the sequence
{Tx}i>0 p'-converges to z.
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Proof Letd be defined as in Remark 4.2. So (X, d) is a complete metric space (see Proposi-
tion 2.1 of [45]). Observe that we have d(x, y) < p(x,y) forallx,y € X. Forx € X let n(x) e N
be as in (3.2), and for x,y € X set

S(09) = {9, Ty, T2y, T"0y, 7))
and M, = max{p(x,2) | z € S(x,9)}, My = max{d(x,2) | z € S(x,)}. We thus have that
p(T"%,T"0y) < aMy(x,)

for all x,y € X. We check that for all %,y € X it holds that d(T"Wx, T"¥y) < aM,(x,y), so
that Theorem 1.2 can immediately be applied.
Case 1. There is some z € S(x,y) such that x # z and M,(x,y) = p(x, z). Here we have

d(T”(")x, T”(x)y) gp(T”(")x, T”(")y) <aM,(x,y) = ap(x,z) = ad(x,z) < aMg(x, ).

Case 2. For all z € S(x,y) we have that M,(x,y) = p(x,2) = x = z. So it must be
M, (x,y) = p(x,%), in particular, and hence p(x, T"Wy) < M,(x,y) = p(x,%) < p(x, T @) y),
i.e., M,(x,y) = p(x, T"@x). But by our assumption it now follows that x = 7"@x. Similarly,
from p(x, T"Wy) < M,(x,y) = p(x,x) < p(x, T"®y), we obtain M, (x,y) = p(x, T"®y) and
consequently x = 7"®)y, Now d(T"Wx, T"®y) = d(x,x) = 0 < aM(x, ). a

Remark 4.3 It should be pointed out, however, that even though the results of Haghi et
al. can deduce the same fixed point as the corresponding partial metric fixed point result,
using the partial metric version computers evaluate faster since many nonsense terms are
omitted. This is very important from the aspect of computer science due to its cost and
explains the vast body of partial metric fixed point results found in literature.

Given a C;-operator and a point x, one may ask what the minimal value of n(x) is for
which inequality (3.1) holds true. In the following example, for an arbitrary positive integer
m, we construct a C;-operator on a complete partial metric space (X, p) such that for some
x € X it must be n(x) > m.

Example 4.1 Denote by X, the set of all sequences x : N — N and for # € N by X, the set

of all n-tuples x: {1,...,n} — N of positive integers. Put X := Xoo U |, oy Xy For x,y € X

neN
set

I(x,y) = {i e NU{0} | [je dom(x) Ndom(y) Aj < i] = x(j) =y(j)}

and define p(x,y) := inf{% | i €I(x,y)} (thus if x(1) # y(1), then I(x,y) = {0} and p(x,y) = 1).
Here ‘dom(x)’ stands for the domain of the function x. Then (X, p) is a partial metric space
(see [7]) and a complete one as can easily be verified.

Fix /o € N and define T : X — X as follows. For x € X let I, = {i € N | x(i) #i}.

If I, =0, thenset Tx =x. If I, # ), then define Tx =ybyx e X" & yec X", x e Xoc &y €
X~ and the following two conditions:

— if I, is finite and has at most [y elements, then y(i) = i if i = max I, and y(i) = x(i) else;

— if I, is either infinite or finite with more than [y elements, then y(i) = i if i = min [, and

(i) = x(i) else.
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Let us show that T is a C;-operator with n(x) = [y for all x € N. Before we proceed,
observe that if k is a nonnegative integer such that k + 1 € dom(x) and x(i) = i for 1 <i <k,
then for y = T'x we must have y(i)=iforalll<i<k+1.

Case 1. There is a nonnegative integer i with i + 1 € dom(x) N dom(y) such that x(i + 1) #
i+1Vvy(i+1)#i+1.Denote by k the least such nonnegative integer.

If x(k +1) # y(k + 1), then p(T'x, T?y) < 75 = 57 = 3p(x,9).

If x(k + 1) = y(k + 1), then since x(k + 1) 7’k +1Vvy(i+1)#i+1we must actually have
x(k +1) = y(k +1) # k + 1 and thus p(x, TPx) = 1. Hence p(T"x, Ty) < 2k+1 %p(x, Thy).

Case2.x=(1,2,...,k) for some k € Nand x C y. Here p(T'x, Thy) = k = plx, x).

Case 3.y = (1,2,...,k) for some k € N and y C x. Here p(T"x, T’Oy) ik =p,y) =
p(Th0y, Thy).

Condition (4.4) fails because the fixed point is not unique. So T is not a C,-operator,

hence not a C-operator either.

Now suppose that /; < [y is an arbitrary positive integer and take x,y € N4*! such that
x()=1foralll<i<h+1,andy(1)=2,y(@) =1forall2 <i<l +1.

We have p(Tllx, Thy) =1 = p(x, T'y), for 0 <j < I, p(x, Thx) = l and p(Th"ly, Th-1ly) =
plr,x) = 211“ So we see that for this particular choice of x and y, substltutlng b for n(x) in
(3.1) makes the inequality false.

Let us use this very example to illustrate Proposition 4.1. Let t € X, be defined by £(i) = i
for all i € N. For n € N let t,, € X" be defined by ¢,(i) = i for i = 1,n.

If x € X, we clearly have v, = ¢. Similarly, if x € X”, then v, = ¢,. So p(¢,t,) = zi,, =
max{p(t,,t,), p(t, t)} because p(t,, t,) = zin and p(t,t) = 0. Also

n: (tmt) ifl’lf}’l’l,
P(tm, tn) = .
2_m —p(tmr tm) lf}’}’l <mn,

thus p(t,,, t,) = max{p(t,, t,), (L b))

Remark 4.4 It should be noted that if in Theorem 4.1 we require n(x) to be equal to 1
for all » € X, then Theorem 2.2 is obtained as a corollary. On the other hand, as already
pointed out, if in Theorem 4.2 p is a complete (ordinary) metric on X, then the result of
Ciri¢ (Theorem 1.2) is recovered.
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