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1 Introduction and preliminaries

The usefulness and importance of limits of sequences of crisp sets, and limits (continuity)
and derivatives of crisp set-valued mappings have been recognized in many areas, for ex-
ample, variational analysis, set-valued optimization, stability theory, sensitivity analysis,
etc. For details, see, for example, [1-6]. The concept of limits of sequences of crisp sets is
interesting and important for itself, and it is necessary to introduce the concepts of limits
and derivatives of crisp set-valued mappings. Typical and important applications of them
are (i) set-valued optimization and (ii) stability theory and sensitivity analysis for mathe-
matical models. For the case (ii), consider the following system. Some mathematical model
outputs the set of optimal values W*(u) C R and the set of optimal solutions S*(u) C R”
for a given input parameter u € R”. Then W* and S* are crisp set-valued mappings. Sta-
bility theory deals with the continuity of W* and S*. Sensitivity analysis deals with the
derivative of W*.

In this article, limits of sequences of fuzzy sets, and limits and derivatives of fuzzy set-
valued mappings are considered. They are generalizations of them for crisp sets. The aim
of this article is to propose those concepts and to investigate their properties systemati-
cally.

Some research works deal with limits of sequences of fuzzy numbers or fuzzy sets with
bounded supports [7—9], while few research works deal with limits of sequences of fuzzy
sets. In addition, some research works deal with limits (continuity) and derivatives of fuzzy
number or fuzzy set with bounded support-valued mappings [7, 10, 11], while few research
works deal with limits (continuity) and derivatives of fuzzy set-valued mappings. Further-
more, their approaches need some assumptions that level sets of fuzzy sets are nonempty
and compact. Our new approach in this article, however, does not need those assumptions.
Limits of sequences of fuzzy sets, and limits and derivatives of fuzzy set-valued mappings
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can be expected to be useful and important for (i) fuzzy set-valued optimization, (ii) sta-
bility theory and sensitivity analysis for fuzzy mathematical models, etc. For the case (ii),
consider the following system. Some fuzzy mathematical model outputs the fuzzy set of
optimal values on R¢, W*(u), and the set of optimal solutions $*(u) C R” for a given input
parameter u € R”. Then W* is a fuzzy set-valued mapping, and S* is a crisp set-valued
mapping. Then we will be able to deal with the continuity of W* and S*, and the derivative
of W*. This means that our proposing approaches give useful tools for stability theory and
sensitivity analysis in fuzzy set theory.

We use the following notations.

For a,b € RU {-00,00}, we set [a,b] ={x e R:a<x < b}, [a,b[={x e R:a <x < b},
la,bl={x e R:a<x<b},and Ja,b[={x e R:a<x < b}.

For a; € [0,1], A € A, we define A, , 4, = infrep a; and \/, _, ax = sup, ., a;, where
Noendr =infepay =1and \/,_, ap =sup,cpa, =0 if A =0,

Let N be the set of all natural numbers, and we set

Ny = {N Cc N:N\ N is finite}

= {subsequences of N containing all kK beyond some ko},

./\/',fo = {N C N: N is infinite} = {all subsequences of N}.

A subsequence of a sequence {xy}xen is represented as {xi}xen for some N € J\/ojo We
write limy, limg_, o, or limgey when kK — oo in N, but limg¢y or limkﬁOO in the case of the
convergence of {x }xen for some N in N or Ny.

For a set C C R”, let cl(C) be the closure of C.

Let C(R"), IC(R"), and CK(R”) be sets of all closed, convex, and closed convex subsets
of R”, respectively.

1.1 Limits of sequences of sets
First, we slightly review the definitions of limits of sequences of sets and their properties.

Definition 1.1 (Definition 4.1 in [3]) For a sequence {Cg}ren of subsets of R”, its lower
limit is defined as the set

liminf Cy = {x e R": 3N e N, Ix; € C (k € N) with xk—>x},
k—o00 N
and its upper limit is defined as the set

limsup Cy = {x e R":3N e N2, 3x; € Cx (k € N) with X~ x}.
k— o0

The limit of {Ci}ken is said to exist if lim infy_, oo Ci = limsup,_, ., Ci, and its limit is defined

as the set

lim Ci =limsup Ci = liminf Cy.
k—o00 k— 00 k—o00

Examplel.1 Fora,b,c,d e Rwitha<b<c<d,setA =[a,c]and B = [b,d].Foreachk € N,

let Cy = Aif kis odd, and let C; = Bif k is even. In this case, we have liminf;_, ., Cx = ANB =

[b,c] and limsup;_, ., Cx =AU B = [a,d].
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Proposition 1.1 (Exercise 4.2(b) in [3]) For a sequence {Cilien of subsets of R”,
liminf; Cy = mNeNéc l(Ugen Cr) and limsupy Gy = (yenr, SMUgen Cr)-

Proposition 1.2 (Exercise 4.3 in [3]) For sequences {Ci}ken, {C}(}keN, {C,f}keN of subsets of
R" and C C R", the following statements hold.
(i) If Cx /' (which means that C C Ciyq C -+ -), then limg Cr = cl(U ey Cio)-
(ii) If Cx \\ (Which means that Cx D Ci1 D - - - ), then limy Ci = [y H(Ci).
(i) IfC; Cc CxCc C}, keNand Ci — C,C} — C, then Cy — C.

Proposition 1.3 (Proposition 4.4 in [3]) For sequences {Ci}ken, {Di}ken of subsets of R”
and C C R”, the following statements hold.
(i) liminfy Cy,limsup; Ci € C(R").
(ii) Ifcl(Ck) = cl(Dy), k € N, then liminfy Cy = liminfy Dy and lim sup, C = lim sup; Dy.
(iii) If Ck = C, k € N, then limg Cy = cl(C).

Definition 1.2 (Example 4.13 in [3]) For nonempty closed sets C,D C R”, the Hausdorff

distance between C and D is defined as

’

p(C,D) = sup |dc(x) - dp(x)

xeR”

where dc(x) = infyec |ly — x|, dp(x) = infyep [ly — x|l and || - || is the Euclidean norm. A se-
quence {Cy}ken of nonempty closed subsets of R” is said to converge to a nonempty closed
set C C R” with respect to p if p(Cy, C) — 0.

Proposition 1.4 (Example 4.13 in [3]) Let X C R” be a bounded set, and let Cy C X, k € N
and C C X be nonempty closed sets. Then {Ci}ren converges to C in the sense of Defini-
tion 1.1 if and only if {Cy}ren converges to C with respect to p.

Proposition 1.5 (Proposition 4.15 in [3]) If {Ci}ken C K(R"), then liminfy Cx € KC(R").
From Definition 1.1, the following Proposition 1.6 can be obtained.

Proposition 1.6 Let Cx C R”, k € N, and let C = limy_., Ck. In addition, let N € NE.
Then C = limg_, o Ck.
N

1.2 Limits of set-valued mappings
Next, we give the definitions of limits of set-valued mappings and their properties.

A mapping F such that F(x) C R” for each x € R” is called a set-valued mapping from
R” to R™, and it is denoted by F : R” ~» R". The set-valued mapping F is said to be closed-
valued, convex-valued, or closed convex-valued if F(x) € C(R™), F(x) € IC(R™), or F(x) €
CIC(R™) for any x € R”, respectively.

Definition 1.3 (See p.152 in [3]) Let F:R” ~» R™, and let X € R”. The lower limit of F
when x — X is defined as the set

liminf F(x) = () lim inf F (x;),
X—>X —> 00
Xp—>X
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and the upper limit of F when x — X is defined as the set

lim sup F(x) = U lim sup F(x),

—X - k—
x—X xk—>xk°°

where ﬂ)(kﬁi and UXkﬁi mean the intersection and the union with respect to any se-
quence {Xi}xeny C R” such that x; — X, respectively. The limit of F when x — X is said to

exist if liminfy_,x F(x) = limsup,_, ¢ F(x), and its limit is defined as the set

lim F(x) = liminf F(x) = lim sup F(x).

X—>X X—>X X—X

Example 1.2 Fora,b,c,d e Rwitha<b<c<d,setA=[b,clandB=[a,d].LetF,G:R ~~
R be set-valued mappings defined as

A ifx<o0, A if 0,
Fw=1" 17> Gay=10 1 *°
B ifx>0, B ifx>0

for each x € R. In this case, we have liminf,_ .o F(x) = liminf, .o G(x) = A = [b,c] and

limsup,_,, F(x) =limsup,_,, G(x) = B = [a,d].

Definition 1.4 (Definition 5.4 in [3]) Let F: R” ~» R, and let X € R”. The set-valued

mapping F is said to be lower semicontinuous at X if
liminf F(x) D F(X),
X—X
and F is said to be upper semicontinuous at X if

limsup F(x) C F(X).

X—>X

The set-valued mapping F is said to be continuous at X if F is both lower and upper semi-
continuous at X, that is,

lim F(x) = F(X).

X—X

Example 1.3 Consider the set-valued mappings F and G defined in Example 1.2. Since
liminf,_.o F(x) = [b,c] D [b,c] = F(0) and limsup,_, , F(x) = [a,d] ¢ [b,c] = F(0), F is lower
semicontinuous at 0 but not upper semicontinuous at 0. Since limsup,_, , G(x) = [a,d] C
[a,d] = G(0) and liminf,_, G(x) = [b,c] 5 [a,d] = G(0), G is upper semicontinuous at 0
but not lower semicontinuous at 0.

From Definition 1.3, the following Proposition 1.7 can be obtained.

Proposition 1.7 Let F : R" ~» R™, and let X € R". Then limy_,5x F(x) = F(X) if and only if
limy F(xx) = F(X) for any sequence {Xi}ren C R” such that x; — X.
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1.3 Derivatives of set-valued mappings
In this subsection, we give the definition of derivatives of set-valued mappings and their
properties.

A set C CR"is called a cone if 0 € C and Ax € C for any x € C and any A > 0.

Definition 1.5 (Definition 3.4 in [2]) Let S C R”, and let xo € S. A vector d € R" is called
a tangent vector of S at X if there exists a sequence {X;}reny C S, which converges to xo,
and a sequence {f}xeny C R of positive real numbers such that

lim #;(xx —Xo) = d.
k—00

The set of all tangent vectors of S at X is called the tangent cone of S at xo, and it is denoted
by T'(S;xo).

A tangent cone in Definition 1.5 is also called a contingent cone. For details of tangent
cones, see, for example, [1, 12].

Example 1.4 Let o €]0,1], and let S = {(x,y) € R? : min{a(x® — x),(2 — @)(x® — %)} <
y < max{a(x® — x), (2 — a)(x® — x)}}. In addition, let xo = (0,0) € S. In this case, we have
T(S;xo) = {(x,5) € R? : min{—ax, —(2 — @)x} < y < max{—ax, —(2 — a)x}}.

Proposition 1.8 (Theorem 3.7 in [2]) Let S C R”, and let xo € S. Then T(S;Xo) is a closed
cone. Furthermore, if S is convex, then T(S;Xg) is also convex.

Proposition 1.9 (Theorem 3.8 in [2]) Let S,Q C R” with S C Q, and let xg € S. Then

T(S;%0) C T(Qs0)-
For a set-valued mapping F : R" ~» R™, the set

Graph(F) = {(x,y) eR"xR":ye F(x)}
is called the graph of F.

Definition 1.6 (Definition 4.8 in [2], Definition 5.1.1 in [1]) Let F : R” ~» R", and let
(X0,Yo0) € Graph(F). Then the set-valued mapping DF(xo, yo) : R” ~» R" defined as

DF(xo,y0)(m) = {veR": (u,v) € T(Graph(F); (xo, o)) }
for each u € R” is called the contingent derivative of F at (Xo,Yo)-

From Definition 1.6, it can be seen that
Graph(DF(xo,¥o)) = T (Graph(F); (X0, yo))-

Example 1.5 Let o €]0,1], and let F: R ~» R be a set-valued mapping defined as F(x) =
[min{o(x® —x), (2 — ) (x® — %)}, max{a(x® - x), (2 — ) (x® —x)}]. Then (0, 0) € Graph(F). From
Example 1.4, we have DF(0,0)(x) = [min{-au, —(2 — o)u}, max{—ou, —(2 — a)u}] for each
uel.
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From Definition 1.6 and Proposition 1.8, the following Proposition 1.10 can be obtained.

Proposition 1.10 Let F : R" ~~ R, and let (xo,Yyo) € Graph(F). Then the following state-
ments hold.

(i) DF(xq,Yo) is closed-valued.

(ii) If Graph(F) € IC(R" x R™), then DF(Xo,Yo) is closed convex-valued.

1.4 Fuzzy sets
We investigate properties of level sets of fuzzy sets, which are necessary to consider limits
of sequences of fuzzy sets, and limits and derivatives of fuzzy set-valued mappings.

We identify each fuzzy set 5§ on R” with its membership function, and s is interpreted as
5:R" — [0,1]. Let F(R") be the set of all fuzzy sets on R”".

For 5 € F(R”) and « € [0, 1], the set

[8]la = {xe R":5(x) > oc}

is called the a-level set of 5.
For a crisp set S C R”, the function cg : R” — {0,1} defined as

es(x) = 1 ifxes,
SV 7o ifxées

for each x € R” is called the indicator function of S. Whenever we consider cs as a fuzzy
set, cs : R” — {0,1} is interpreted as ¢s : R” — [0, 1].

It is known as the decomposition theorem that s € F(R") can be represented as

$= sup acp,
ae]0,1]

(see, for example, [13]).
A fuzzy set s € F(R”) is said to be closed if s is upper semicontinuous. A fuzzy set s €

F(R") is closed if and only if [5], € C(R"), @ €]0,1].
A fuzzy set's € F(R”) is said to be convex if

§(Ax+ (1= 2)y) = 3(x) A5(y)

for any x,y € R” and any A € [0,1]. Namely, 5 € F(R") is said to be convex if § is a quasi-
concave function, and s is convex if and only if [s], € IC(R"), @ €]0,1].

Let CF(R"), KF(R"), and CICF(R") be sets of all closed, convex, and closed convex
fuzzy sets on R”, respectively.

A fuzzy set s € F(R") is called a fuzzy cone if [s], C R", « €]0,1] are cones.

For 5 € F(IR"), the set

hypo(s) = {(x,a) eR"x[0,1]:x < §(x)}

is called the fuzzy hypograph of 5.

Page 6 of 19
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In order to investigate relationships between fuzzy sets and their level sets, we set
S(R") = {{Sulacion : Sx C R, €]0,1], and Sy S S, for B,y €]0,1] with <y},
and define M : S(R"”) — F(R") as

M({Sa}acion) = sup acs,
«e]0,1]

for each {Sy}ue1o1] € S(R"). For {Sg}eecion) € S(R”) and x € R”, it can be seen that

M({Su}acion) () = sup acs,(x) =sup{a €]0,1]:x € S, },
ae]0,1]

where sup ¥ = 0. By using M, the decomposition theorem can be represented as

§=M({Bla} e o)
for 5 € F(R").

Proposition 1.11 (Proposition 3 in [14]) Let {Sy}acjon)s {Talacio ) € SR™). If So C Ty,
a €]0,1], then M({Sa}ae]o,l]) < M({Ta}ae]O,l])o

Proposition 1.12 (Proposition 4 in [14]) Let {Sq}ac1o1) € S(R”), and let s = M({Sy}ac)o,1))-
Then [8]e = (gejoq Sp for & €]0,1].

Definition 1.7 For 5 € F(R"), the fuzzy set

cl(®) = M({Cl([gla) }ae ]0,1])
is called the closure of s.

For a crisp set S C R”, it can be seen that cl(cs) = cci(s). Thus, the closure for fuzzy sets

is a generalization of the crisp one.

Proposition 1.13 (See pp.13-14 in [3]) Let s € F(R"), and let u € CF(R") be the small-
est closed fuzzy set among closed fuzzy sets t € CF(R") such that 3 < t. Then hypo(it) =
cl(hypo(s)).

Proposition 1.14 Let 5 € F(R"). Then the following statements hold.
() [el6)]a = Npegou c1(Ep) for o €]0,11.
(ii) cl(s) e CF(R").
(i) cl(3) is the smallest closed fuzzy set among closed fuzzy sets t € CF(R") such that

$<t.

Proof (i) follows from Proposition 1.12. (ii) follows from (i). In order to show (iii), let &z €
CF(R") be the smallest closed fuzzy set among closed fuzzy sets £ € CF(R") such that
5 < t, and we show that & = clI(5). It follows that cl(3) € CF(R") from (ii), and that § < cl(3)
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from the decomposition theorem and Proposition 1.11. Thus, we have z < cl(s). Assume
that there exists xo € R” such that #(xg) < cl(s)(xg). We set « = cl(5)(x¢) and B = 1(xg), and
fix any y €8, af. Since a = cl(5)(xo) = sup{n €10,1] : x € cl([s],)}, it follows that

xo € cl([5],). (L.1)
Since B < y, it follows that
(xo, ¥) € hypo(@) = cl(hypo(3)) 1.2)

from Proposition 1.13. From (1.1), it follows that there exists {Xt}xeny C [S], such that
X — Xg. Since 3(x¢) > y, k € N, we have (xx, y) € hypo(s), k € N and (x4, y) = (Xo,¥) €
cl(hypo(s)), which contradicts (1.2). (N

The following Example 1.6 shows that [cl(5)], = cI([s],) does not hold in general.

Example 1.6 Lets € F(R) be a fuzzy set defined as

. max{—|x| +1,0} ifx+0,
) = ifx=0

for each x € R. In this case, we have cl(s)(x) = max{—|x| + 1,0} for each x € R, and cl([5];) =

¥ #1{0} = [cl(®)]x.
From Propositions 1.11, 1.12, and 1.14, the following Proposition 1.15 can be obtained.

Proposition 1.15 Let {Sy}acjo) € S(R?), and let s = M({Sy}acion). Then cl(s) =
M({Cl(sa)}ae]o,l])'

Proposition 1.16 Let {SM},c101 € S(R"), A € A, and let 5, = M({SP}acio1), A € A. In
addition, let Ly = (), S&, Uy = U,cp S& for each o €]0,1], where Ly, = (), o, S& =

R", Uy = Uycp S = 0 for each a €]0,1] if A = @. Then M({Lg}acjon)) = /\scp S5 and
M({Ua}we]o,l]) = \/AeA §)L'

Proof Fix any x € R”.

First, assume that A = @. Then it follows that L, = R", U, = ¥ for each « €]0,1], and we
have M({La}ac101))(x) = 1= /\ ;5 $2.(%) and M({U }ae101))(x) = 0 = \/, 5 $3.(X).

Next, assume that A # ¢J. We set 8 = M({Lq}ge1011)(X) = sup{ €]0,1] : x € L} and y =
M({U e 10.1)(%) = supfer €]0,1] :x € U},

From the definition of B, it follows that x € L,, « €]0, 8[ and x ¢ L,,, o €]8,1]. For any
A € A and any o €]0, 8], it follows that 5, (x) > « since x € S((}). Thus, s;(x) > B for any
A € A. For each a €]8,1], since x ¢ L,, there exists A, € A such that x ¢ Sf}“), and it
follows that 5, (x) < «. Thus, for any ¢ > 0, there exists Ao € A such that §,,(x) < B + €.
Therefore, we have g = /\, _, 5.(x).

By the same way, we have y =\/, _, 5.(x). O

Proposition 1.17 Let {Sy}ac)0,1) {Ta}acon) € S(R?). If Sy = Ty for any o €]0,1] except for
at most countable many o, then M({Sy}aci0,1]) = M{Ty}aelo))-
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Proof Assume that there exists xo € R” such that M({Sq}aec10,11)(X0) # M({To}aejo)(Xo)-
Without loss of generality, assume that M({Sy}ae]0,11)(X0) < M({ Ty }ee101])(X0). We set B =
M({Sa}ae01))(X0) = sup{a €]0,1] : xg € So} and y = M({T4}aejo1))(X0) = sup{a €]0,1] :
xg € T,}. Since

Xo €Sy, «€]0,8],

B=sup{a €]0,1]:x9€S,} & :xoéSa, wclpi]

and

xXo€eTy, «o €]0>7/[’

=sup{x €]0,1]: xg € Ty -
y = supler €]0,1] : %0 € T} {erTa, iyl

we have xg € Sy, Xg € Ty, @ €]8,y[ and S, # Ty, a €18,y |[. Therefore, it is not true that
Sy = T, for any « €]0,1] except for at most countable many «. O

2 Limits of sequences of fuzzy sets
In this section, we propose the definitions of limits of sequences of fuzzy sets based on
their level sets, and investigate their properties.

The following Definition 2.1 is a fuzzified one of Definition 1.1.

Definition 2.1 Let {s;}xeny C F(R"), and let

L, = liminf[s;],, U, =limsup[sy]y
k—o00 k— 00

for each o €]0,1]. The lower limit of {s; }«cn is defined as the fuzzy set
liminfs; = M({La}ae](),l]):
k—o00
and the upper limit of {s; }¢cn is defined as the fuzzy set

limsup sy = M({Ua}ae]o,l])~
k— 00

The limit of {5 }xen is said to exist if liminfy_, o, 5 = limsup,_, ., 5k, and its limit is defined
as the fuzzy set

lim s = liminfsg = lim sup 5.

k—o00 k—o00 k=00

For crisp sets Sy C R”, k € N, we set L = liminfy_, o S, U = limsup,_, ., Sk, and set

T = limy_, o Sk if the limit of {Sg}ren exists. Then it can be seen that liminfy_, cs, = ¢y,
limsupy_, o, cs; = cu, and that limy_, o ¢5, = cr if the limit of {Sy}en exists. Thus, the lower

limit, upper limit, and limit for sequences of fuzzy sets are generalizations of the crisp

ones.
Example 2.1 Let 5, € F(R) be fuzzy sets defined as

_ | max{-[x| +1,0} ifx#0,

3(x) = e 0 #(x) = max{-|x| + 1,0}
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for each x € R, and let {Sg}rer, {Ex}ens {#k tken C F(R) be sequences of fuzzy sets defined
as

- . - - - s ifkis odd,
k=S, k=1 U=\~ .., .
t ifkis even

for each k € N. In this case, we have limg [5¢], = limg[£]e = limg[#k]y = [ =1, 1 -] for o €
10,1[, and limg[3¢]; = liminf[ig]; = ¥ and limg[#]; = lim supy [#]1 = {0}. Thus, it follows
that limy 5 = limy = limy itz = £. Therefore, we obtain the following statements.
(i) liminfy 3 = liminfy &, while liminfi[5;]; # liminfg [Z];.

(i) lim supy 3¢ = lim supy %, while lim sup, [$¢]; # lim sup, [#];.

(iti) liminfy 2zx = lim supy i, while liminfy [##x]; # lim supy [2];.

(iv) limg S = limg £ = limy izx, while limg [S¢]1 # limg[£]1 and there does not exist

limy 22 ]

From Definition 1.1 and Propositions 1.3, 1.5, and 1.11, the following Proposition 2.1 can
be obtained.

Proposition2.1 Let {S;}ren C F(R"), and let L, = liminfy[5x]o, U, = limsupy [Sily foreach
a €]0,1]. Then the following statements hold.
(@) {Lalaecron (Uatacion € SRT).
(i) Ly C Uy for o €]0,1].
(iif) liminfy $x < limsupy Sk.
(iv) Ly, Uy € C(R") for o« €]0,1].
(v) Let a €]0,1], and assume that 5], € K(R"), k € N. Then L, € K(R").

The following Proposition 2.2(i) is a fuzzified one of Proposition 1.3(i), (iii). The fol-
lowing Proposition 2.2(ii) is a fuzzified one of Proposition 1.5. They can be derived from
Propositions 1.3, 1.12, and 2.1.

Proposition 2.2
(i) Let {Sx}tren C F(R"). Then liminfy 5, limsup, 5x € CF(R"). If sk =, k € N for some
u € F(R"), then limy s = cl(i).
(i) Let {Sx}ken C KCF(R™). Then liminfy 5, € CICF(R").

The following Proposition 2.3 is a fuzzified one of Proposition 1.1. It can be derived from
the decomposition theorem and Propositions 1.1, 1.15, and 1.16.

Proposition 2.3 Let {5 }reny C F(R”). Then
lirr}(infik = /\ cl(\/ §k) and limksup Sk = /\ cl(\/ §k).
NENgo keN NeNso keN

From Propositions 1.1, 1.15, 1.16, and 2.3, the following Proposition 2.4 can be obtained.

Proposition 2.4 Let {S¥},c101) € S(R"), k € N, and let 5 = M({SP}4c101)), k € N. In
addition, let L, = 1iminkag‘), u, = limsukag‘) for each o €]0,1]. Then liminfys; =
M({La}ae]o,l]) and lim SUpg gk = M({Ua}ae]o,l])-

Page 10 of 19
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The following Proposition 2.5 is a fuzzified one of Proposition 1.3(ii). It can be derived
from Propositions 1.3 and 2.4.

Proposition 2.5 Let {5;}ken, {Eken € F(R"), and assume that cl(3;) = cl(f), k € N. Then
liminfy 3x = liminfy £ and lim supy, 3¢ = lim supy #.

The following Proposition 2.6 is a fuzzified one of Proposition 1.2. It can be derived from
Propositions 1.2, 1.11, 1.15, and 1.16.

Proposition 2.6 For {Si}ken, {8} }kens {52 hken C F(R™), the following statements hold.
(i) If sk /' (which means that S <5Sgs1 < ---), then limy $x = cl(\/ ;.o Sk)-
(i) If sk \« (Which means that g > S > - - ), then limy S = /\ oy €1(5%).
(iii) IfS} <3 <32, k € N and liminf; 5} = liminfy 32, then
liminfy 5 = liminf; 3} = liminf; 57.
(iv) If3; <5 <57, k € N and limsup, 5} = limsup, 53, then
lim sup; 3¢ = lim sup, 3} = lim sup, 57.

(v) ]fgi <5 < gz, k € N and limy gi = limg §]2<, then limy 5 = limy Ei = limy 512<

The following Proposition 2.7 is a fuzzified one of Proposition 1.6. It can be derived from
Definition 1.1 and Proposition 1.11.

Proposition 2.7 Let {5 }ren C F(R™), and lets = limy_, o Sk. In addition, let N € ./\/'fC Then

s= limk_wo §k.
N
Throughout the rest of this section, let X C R” be a compact set, and let

F'(R") = {3 € CF(R"): sup 5(x) =1 and 3(x) = 0,x eéX}.

xeR”

Fors € F'(R") and « € [0,1], we set

. (5]« ifa €]0,1],
(1] = : o .
cl({xeR":5(x) >0}) ifa=0.

Let {Sx}xeny € F'(R"), and lets € F'(R"). Then {5i}xen is said to converge to 5 in the sense
of Yoshida et al. [9] if p([[Sk]]a, [[5]]¢) = O for any o € [0,1] except for at most countable
many o, where p([[S¢]]q, [[5]]4) is the Hausdorff distance between [[5k]], and [[s]], defined
in Definition 1.2. From Proposition 1.4, p([[Sk]]le, [[S]]e) — O if and only if limg[[s¢]], =
[[5]]« in the sense of Definition 1.1.

The following Proposition 2.8 shows that the concept of the convergence for sequences
of fuzzy sets in the sense of Definition 2.1 is weaker than that in the sense of Yoshida et al.

9.

Proposition 2.8 Let {Si}keny C F'(R"), and let s € F'(R"). If {Sk}ken converges to s in the
sense of Yoshida et al. [9], then limy 5 = § in the sense of Definition 2.1.

Proof {sx}ken converges to s in the sense of Yoshida et al. [9] if and only if limg[[s¢]], =

[[5]]4 in the sense of Definition 1.1 for any « € [0,1] except for at most countable many «.
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Then it follows that limy[5x]o = liminf [Si], = limsup; [Sk]s = [S], for any o €]0,1] except
for at most countable many «. From Proposition 1.17 and the decomposition theorem, we
have § = limg $¢ = liminfj 8¢ = lim supy, S¢ in the sense of Definition 2.1. O

3 Limits of fuzzy set-valued mappings
In this section, we propose the definitions of limits of fuzzy set-valued mappings, and
investigate their properties.

For a fuzzy set-valued mapping F : R” — F(R™) and « €]0,1], we define the crisp set-
valued mapping F, : R” ~» R" as

F,(x) = [E)],

for each x € R”.

A fuzzy set-valued mapping F : R” — F(R™) is said to be closed-valued, convex-valued,
or closed convex-valued if F(x) € CF(R™), F(x) € KF([R™), or F(x) € CKF(R™) for any
x € R”, respectively.

The following Definition 3.1 is a fuzzified one of Definition 1.3 (see Proposition 3.3 which

is mentioned later).

Definition 3.1 Let F: R” — F(R™), and let X € R”. In addition, let

Ly (X) = liminf F, (x), U, (X) = limsup F,(x)

X—>X
for each o €]0,1]. The lower limit of F when x — X is defined as the fuzzy set

lixm_jgff’()() = M({L‘Y(i)}ae]o,l])’

and the upper limit of F when x — X is defined as the fuzzy set

limsup F(x) = M ({ U, (%)}

X—X

ae]O,l])'

The limit of F when x — X is said to exist if liminfy_x F (x) = limsup,_ F (x), and its limit
is defined as the fuzzy set

lim F(x) = lim inf F(x) = lim sup F(x).
X—>X X—X X
For a crisp set-valued mapping F : R” ~» R” and X € R”, let L(X) = liminfy_x F(x),
U(X) = limsup,_, 4 F(x), and let T'(X) = limy_.x F(x) if the limit of F when x — X exists.
Then liminfy 5 cr) = crr), Imsup,_ 5 crx) = Cu), and limy_ 5 crx) = cr(x) if the limit of
F when x — X exists. Thus, the lower limit, upper limit, and limit for fuzzy set-valued

mappings are generalizations of the crisp ones.

Example 3.1 Let 5,70 € F(R) be fuzzy sets defined as

_ | max{-|x| +1,0} ifx#0,

3(x) = e 0 £(x) = max{-|x| + 1,0}, B(x) =0
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for each x € R, and let F: R — F(R) be a fuzzy set-valued mapping defined as

3 ifxeB(l,e)U(BB,e)NQ),
Fx)={t ifxeB(2e) U(BBe)\Q),
@ otherwise

for each x € R, where Q is the set of all rational numbers, and ¢ €]0, %[, and B(x, &) = {x €
R: |x—x| < e} for x € R. Since

[@-1,0{U]0,1-«] ifxeB(l,e)U(B3B,e)NQ),
Fo(x)={ [0 -1,1-«] ifx € B(2,6) U(B(3,¢) \ Q),

0 otherwise

for each x € R when « €]0,1[, and

{0} ifxeB(2,6)U(B3,e)\Q),
Fi(x) = .
@  otherwise
for each x € R, we have lim,_,; F,(x) = lim,_,, F,(x) = lim,_,3 F,(x) = [@ — 1,1 — «] for
a €]0,1[, and lim,_,; F;(x) = liminf,_, 3 F;(x) = @ and lim,_, 5 F; (x) = limsup,_, 5 Fi(x) = {0}.
Thus, it follows that lim,_,; F(x) = lim,_, F(x) = lim,_,3 F(x) = £. Therefore, we obtain the
following statements.
(i) liminfy_1F(x) = liminf,_,,F(x), while liminf,_,, F; (x) # liminf,_, o F; (x).

(if) lim supx_)ll:" (x) = lim supx_>21:" (), while limsup,_, ; F; (%) # limsup,._, , F (x).

(i) liminf,_,3F(x) = lim supx_)g'f’ (%), while liminf,_, 3F; (x) # limsup,._, 3 F; (x).

(iv) limy_1F(x) = lim,_,»F(x) = lim,_, 3F(x), while lim,_, 1 F; (x) # lim,_,»F; (x) and there

does not exist lim,_, 3F; (x).

The following Definition 3.2 is a fuzzified one of Definition 1.4.

Definition 3.2 Let F: R” — F(R™), and let X € R”. The fuzzy set-valued mapping F is

said to be lower semicontinuous at X if
liminf F(x) > F(X),
X—X
and F is said to be upper semicontinuous at X if

limsup F(x) < F(X).

X—X

The fuzzy set-valued mapping F is said to be continuous at X if F is both lower and upper
semicontinuous at X, that is,

lim F(x) = F(X).

Example 3.2 Let 5,7 € F(R) be fuzzy sets defined as 5(x) = max{-|x| + 3,0} and #(x) =
max{—|x| + 1,0} for each x € R, and let F,G : R — F(R) be fuzzy set-valued mappings
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defined as

for each x € R. Since liminf,_,o F(x) =3 > 5 = F(0) and limsup,_,, F(x) = £ 5 = F(0), F is
lower semicontinuous at 0 but not upper semicontinuous at 0. Since limsup,_,, G(x) = <
= G(0) and liminf,_ o G(x) = § Fi= G(0), G is upper semicontinuous at 0 but not lower
semicontinuous at 0.

From Definition 1.3 and Propositions 1.3, 1.5, and 1.11, the following Proposition 3.1 can
be obtained.

Proposition 3.1 Let F:R" > F(R™), and let X € R". In addition, let

Ly(X) = li)r(rl)iélf F,(x), U, (X) = limsup F,(x)
for each « €]0,1]. Then the following statements hold.
() {La®)}aejon, (UeX)}ae)on € S(R™).
(ii) Ly(X) C cl(Fy (X)) C Uy (X) for « €]0,1].
(iii) liminfy_x F(x) < cl(F(X)) < limsup, . F(x).
(iv) Ly(X) € C(R™) for a €]0,1].
(v) Let a €]0,1], and assume that F, is convex-valued. Then L, (X) € IC(R™).

From Propositions 1.12 and 3.1, the following Proposition 3.2 can be obtained.

Proposition 3.2 Let F: R"” — F(R™), and letX € R". Then the following statements hold.
(i) liminfy_xF(x) € CF(R™).
(ii) IfF is convex-valued, then liminf, 5 F(x) € CKXF(R™).

The following Proposition 3.3 shows that Definition 3.1 is a fuzzified one of Defini-
tion 1.3. It can be derived from Proposition 1.16.

Proposition 3.3 Let F: R" — F(R™), and let X € R”. Then

liminf F(x) = /\ lin%inff-"(xk) and limsupF(x) = \/ limsup F(xy).
X—X 7 X—X _ k
Xp—>X Xp—>X

From Propositions 1.16, 2.4, and 3.3, the following Proposition 3.4 can be obtained.

Proposition 3.4 Let {S,(X)}ucion) € S(R™), x € R", and assume that F:R" - F(R™)
is defined as F(x) = M({So(X)}aeci0]) for each x € R". In addition, let X € R”, and let
Ly (X) = liminfy_5 Sy (x), Uy (X) = limsup,_, ¢ Sy (x) for each a €]0,1]. Then liminfy_ 5 EF(x)=

M({Le(X)}ac)o,1)) and limsup, 5 F(x) = M({Uy(X)}ac10,1))-

The following Proposition 3.5 is a fuzzified one of Proposition 1.7. It can be derived from
Proposition 3.3.
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Proposition 3.5 Let F:R" — F(R™), and let X € R". Then limy_.x F(x) = F(X) if and only
if limy E(xy) = F(X) for any sequence {Xi}xen C R” such that x; — X.

4 Derivatives of fuzzy set-valued mappings
In this section, we propose the definition of derivatives of fuzzy set-valued mappings and
investigate their properties.

The following Definition 4.1 is a fuzzified one of Definition 1.5.

Definition 4.1 Lets € F(R"), and let xo € [5];. Then the fuzzy set
T(5%0) = M({T ([8]as %0) }ae]O,l])

is called the fuzzy tangent cone or fuzzy contingent cone of 5 at xo.
Let S C R”, and let xy € S. Then it can be seen that

T(cs;X0) = CT(s)-

Thus, the fuzzy tangent cone is a generalization of the crisp one.

Example 4.1 Let f : R — R be a function defined as f(x) = (x + 1)x(x — 1) = x> — x for each
x € R, and let 3 € F(R?) be a fuzzy set defined as, for each x = (x,y) € R?,

. 1
5(x) :max{—m}y—f(xﬂ +1,0}
if f(x) #0, and
3 )_{1 %fy—O,
0 ify#0

if f(x) = 0. In addition, let xo = (0,0) € [s];. For each « €]0,1], since [5], = {(x,7) €
R? : min{a(x® — x), (2 — a)(x® — %)} <y < max{o(x® — x), (2 — «)(x® — x)}}, it follows that
T([5la;x0) = {(x,9) € R? : min{—ax,—(2 — a)x} <y < max{-ax,—(2 — a)x}} from Exam-

ple 1.4. Therefore, for each x = (x,y) € R?, we have

- 1
T(3;%0)(x) = max{—mly +x| + 1,0}
ifx #0, and
~ 1 ify=0,
TEx)@ =] .~
0 ify#0

ifx=0.

The following Proposition 4.1 is a fuzzified one of Proposition 1.8. It can be derived from
Propositions 1.8 and 1.12.
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Proposition 4.1 Lets € F(R"), and let xq € [5];. Then the following statements hold.
() T'(3;xo) is a closed fuzzy cone.
(i) Ifse KFR"), then T(3;%0) is a closed convex fuzzy cone.

The following Proposition 4.2 is a fuzzified one of Proposition 1.9. It can be derived from

Propositions 1.9 and 1.11.
Proposition 4.2 Let3,f € F(R") with 5 <t, and let xo € [5)1. Then T(5;x0) < T(%;x0).
The following Definition 4.2 is a fuzzified one of the graph for crisp set-valued mappings.

Definition 4.2 Let F: R” — F(R™). The fuzzy set Graph(F) € F(R” x R™) defined as
Graph(F)(x,y) = F(x)(y)

for each (x,y) € R” x R” is called the fuzzy graph of F.
From Definition 4.2, it can be seen that

[Graph(ﬁ )]a = Graph(F,)
for o €]0,1].

Let F: R” ~ R™, and assume that F : R” — F(R"™) is defined as F(x) = cr for each
x € R”. Then it follows that

Graph(ﬁ) (X, Y) = F(X) (Y) = CF(x) (Y) = CGraph(F) (X, Y)

for each (x,y) € R” x R™. Thus, the fuzzy graph for fuzzy set-valued mappings is a gener-
alization of the crisp one.

The following Definition 4.3 is a fuzzified one of Definition 1.6.

Definition 4.3 Let I : R" — F(R™), and let (x0,Y0) € [Graph(F)];. Then the fuzzy set-
valued mapping DF (x0,¥0) : R” — F(R™) such that

Graph(DF(xo,yo)) = T (Graph(F); (xo, o))
is called the fuzzy contingent derivative of F at (xo,Yo).

From Definition 4.3, it can be seen that
DF(xo,Yo)(w)(v) = Graph(DF (xo, y0)) (u,v) = T(Graph(F); (xo, o)) (w,v)
for each u € R” and each v € R"”.
Let F: R” ~» R, and let (xo,yo) € Graph(F). Assume that F : R” — F(R™) is defined as

F(x) = cpy for each x € R™. Then it follows that

Graph(F)(xo, yo) = CGraph(F) (X0, Yo) = 1,
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that is, (xo,y0) € [Graph(f-" )1, and that
Graph(DF (xo,Yo)) = T (Graph(F); (xo,¥0)) = T (cGraph(£); (X0, Yo))
= CT(Graph(F);(x0,y0)) = CGraph(DF(xo,y0))?

that is,

Graph(DF (xo,Y0)) = CGraph(DF(xo.y0))-

Thus, the fuzzy contingent derivative for fuzzy set-valued mappings is a generalization of
the crisp one.

Example 4.2 Letf:R — R be the function defined in Example 4.1, and let F : R — F(R)

be a fuzzy set-valued mapping defined as, for each x € R,

1

F(x)(y) = max{ 7@

’y—f(x)‘ +l,0}
for each y e R if f(x) #0, and

~ 1 ify=0,
Fom)=1 7

0 ify#0
for each y € Rif f(x) = 0. In addition, let 5 € F(R?) be the fuzzy set defined in Example 4.1.
Then it follows that Graph(l~j ) =5and (0,0) € [Graph(l~j )]1. From Example 4.1, we have, for
each # € R and each v € R,

DE(0,0)(u)(v) = max{—i'|v+ ul| + 1,0}

|u
ifu#0,and
- 1 ifv=0,
DF(0,0)(0 =
0.0)(0)0) {0 ifv#0.

Proposition 4.3 Let F : R" — F(R™), and let (o, o) € [Graph(F)],. Then DF (xo,yo)(u) =
M({DF(x0,Yo0)(@)}aci0,1)) for any m € R”.

Proof Fix any u € R” and any v € R”. Then we have

DE(xo,¥0)(W)(v) = Graph(DF(xo, o)) (u, V)
=T (Graph(f—“ ); (X0, ¥0)) (W, V)
= sup{e €]0,1] : (w,v) € T([Graph(F)] ; (x0,y0)) }
= sup{a €]0,1] : (u,v) € T(Graph(F,); (X0, o)) }

= sup{a €10,1] : (u,v) € Graph(DFa(xo,yo))}
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= sup{a €]0,1] : v € DF,(xo,Yo)(w)}

:M({DFO((XO;YO)(U)}ae]oyl])(v). 0

The following Proposition 4.4 is a fuzzified one of Proposition 1.10. It can be derived

from Proposition 4.1.

Proposition 4.4 Let F : R” — F(R™), and let (x0,Y0) € [Graph(F)],. Then the following
statements hold.

(i) DF (X0, Yo) is closed-valued.

(ii) If Graph(F) e KF(R” x R™), then DF (X, Yo) is closed convex-valued.

5 Conclusions

In this article, we proposed definitions of limits of sequences of fuzzy sets, and limits and
derivatives of fuzzy set-valued mappings based on level sets of fuzzy sets, and investigated
their properties. They are fuzzified ones of them for crisp ones.

Derived results are very general in the sense that they deal with all fuzzy sets, especially
fuzzy sets which are not support bounded.

Consider some fuzzy mathematical model whose optimal value/solution output is a
fuzzy set for an input parameter. The concepts of limits of sequences of fuzzy sets, lim-
its and derivatives of fuzzy set-valued mappings are necessary and important for stability
theory and sensitivity analysis for such fuzzy mathematical models. Then derived results
can be expected to be useful for them.
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