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Abstract

In this paper, we introduce the notion of a-yr-contractions and («)-admissibility for a
pair of mappings. In fact, our theorem is a generalization of the result of Mursaleen et
al. (Fixed Point Theory Appl. 2012, doi:10.1186/1687-1812-2012-228). At the end, we
shall provide an example in support of our main result.
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1 Introduction
Fixed point problems of contractive mappings in metric spaces endowed with a partial
order have been studied in a number of works. Bhaskar and Lakshmikantham [1] estab-
lished coupled fixed point results for mixed monotone operators in partially ordered met-
ric spaces. Afterwards, Lakshmikantham and Ciri¢ [2] proved coupled coincidence and
coupled common fixed point theorems for nonlinear contractive mappings in partially
ordered complete metric spaces. Choudhury and Kundu [3], Ciri¢ et al. [2], Luong and
Thuan [4], Nieto and Lépez [5, 6], Ran and Reurings [7] and Samet [8] presented some
new results for contractions in partially ordered metric spaces. Ili¢ and Rakocevi¢ [9] de-
termined some common fixed point theorems by considering the maps on cone metric
spaces. For more details on fixed point theory and related concepts, we refer to [4, 8—18]
and the references therein.

Most recently, Samet et al. [12, 15] defined an - -contractive and «-admissible map-
ping and proved fixed point theorems for such mappings in complete metric spaces.

The aim of this paper is to determine some coupled coincidence point theorems for

generalized contractive mappings in the framework of partially ordered metric spaces.

2 Preliminaries

Before proceeding to our main result, we give some preliminaries.

Definition 2.1 [1] Let (X, <) be a partially ordered set, and let F: X x X — X be a map-
ping. Then F is said to have the mixed monotone property if F(x,y) is monotone non-
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decreasing in x and is monotone non-increasing in y; that is, for any &,y € X,

X1,% € X, x1 <x, implies F(x1,y) <F(xy,%) and

1,92 €X, y1 <y, implies F(x,y1)> F(x,y2).

Definition 2.2 [1] An element (x,7) € X x X is said to be a coupled fixed point of the
mapping F: X x X — X if

F(x,y)=x and F(y,x)=y.

Definition 2.3 [2] Let (X,d) be a partially ordered set, and let F: X x X — X and g :
X — X be two mappings. We say F has the mixed g-monotone property if F is monotone
g-non-decreasing in its first argument and is monotone g-non-increasing in its second

argument, that is, for any x,y € X

x1,% € X, g(x1) <g(xy) implies F(x;,y) < F(xy,5) and

yY2 €X, gn) <gly,) implies F(x,y1) > F(x,52).

Definition 2.4 [2] An element (x,y) € X x X is called a coupled coincidence point of
mappings F: X x X — Xandg: X — X if

F(x,y)=g(x) and F(y,x)=g(y).

Definition 2.5 [2] Let X be a non-emptysetand F: X x X — X and g: X — X. We say F
and g are commutative if g(F(x,y)) = F(g(x),g2()).

Definition 2.6 [19] Denote by W the family of non-decreasing functions v : [0, +00) —
[0, +00) such that ) ¥n(¢) < ¢ for all £ > 0, where ¥, is the nth iterate of ¥ satisfying
(i) ¥v~'({0}) = {0},
(if) w(t) <tforall t>0,and
(iii) lim,_;, Y (r) <t forall £ > 0.

Lemma 2.7 [19] If ¢ : [0,00] — [0,00] is non-decreasing and right continuous, then
Yu(t) > 0 asn— oo forall t > 0 if and only if Y (t) < t for all t > 0.

Definition 2.8 [19] Let (X, d) be a partially ordered metric space and F : X x X — X, then
F is said to be (o, )-contractive if there exist two functions « : X? x X? — [0, +00) and
Y € W such that

d(x, d(y,
O!((x,y), (u, V))d(F(x,y),F(u, v)) < 1/,(%)’

%y u,veXwithx>uandy <v.
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Definition 2.9 [19] Let F: X x X — X and « : X2 x X? — [0, +00) be two mappings. Then
F is said to be («)-admissible if

a((y),w,v)) =1 implies a((F(x,y),F(,x)), (F(u,v),F(v,u))) >1

forallx,y,u,v e X.
Now, we will introduce our notions.

Definition 2.10 Let (X, d) be a partially ordered metric space, and let F: X x X — X and
g: X — X be two mappings. Then the maps F and g are said to be («, ¥)-contractive if
there exist two functions « : X? x X?> — [0, +00) and ¥ € W such that

d s d s
a((g(x>,g(y)),(g<u>,g(v)))d(F<x,y),F(u,v))sw( (¢, g(u)) + dgh) g(v”)

2
for x,y,u,v € X with g(x) > g(u) and g(y) < g(v).

Definition 2.11 Let F: X x X — X, g: X — X and o : X? x X? — [0, +00) be mappings.
Then F and g are said to be («)-admissible if

a((e(),g()), (¢(w),g(v))) =1 implies  a((F(x,y),F(y,x)), (F(u,v), F(v,u))) > 1

forall x,y,u,v € X.

3 Main results
Recently, Mursaleen et al. [19] proved the coupled fixed point theorem with «-1 -contrac-
tive conditions in a partially ordered metric space as follows.

Theorem 3.1 [19] Let (X, <) be a partially ordered set, and let there exist a metric d on X
such that (X, d) is a complete metric space. Let F : X x X — X be a mapping, and suppose
that F has the mixed monotone property. Suppose that there exist y € W and o : X*> x X* —
[0, +00) such that for x,y,u,v € X, the following holds:

o((5,9), () d(E(x,9), E(ut, ) < w(M)

2
forx,y,u,ve X withx > uandy <v.
Suppose also that

(i) Fis (a)-admissible.
(ii) There exist xg,yo € X such that

a((%0,50), (F(%0,0), F(y0,%0))) =1 and  a((yo,%o), (F(yo,%0), F(x0,¥0))) = 1.
(iii) F is continuous.

If there exist xo,yo € X such that xo < F(xo,%0) and yo > F(yo,%0), then F has a coupled
fixed point, that is, there exist x,y € X such that

F(x,y)=x and F(y,x)=y.
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Theorem 3.2 Let (X, <) be a partially ordered set, and let there exist a metric d on X such
that (X,d) is a complete metric space. Let F : X x X — X and g : X — X be maps, and let
F have the g-mixed monotone property. Suppose that there exist € WV and o : X* x X* —
[0, +00) such that for x,y,u,v € X, the following holds:

a((gx),g), (¢w), gv)))d(F(x,y), F(u,v))

<y (d(g(x),g(u)) ;r d(g@),g(V)))

(3.1)
forall x,y,u,v e X with g(x) > g(u) and g(y) < g(v).
Suppose also that

(i) F and gare ()-admissible.
(i) There exist xo,y0 € X such that

«((¢®0),200)), (F(x0,%0), F0,%0))) =1 and
o ((g(70),(x0)), (F(y0,x0), F(xo,%0))) = 1.

(ili) F(X x X) € g(X), g is continuous and commutes with F.
(iv) F is continuous.

If there exist xo,y0 € X such that g(xo) < F(xo,y0) and g(yo) > F(y0,%o), then F and g
have a coupled coincidence point, that is, there exist x,y € X such that

F(x,y)=g(x) and F(y,x)=g().
Proof Let xg,% € X be such that

a(g(x0),g0)), (F(%0,50), F(y0,%0)) =1 and
a(g(50),g(%0)), (F(yo,%0), F(x0,y0)) = 1

and
g(xo) < F(x0,y0) =g(x1) and  g(yo) > F(yo,x0) = gn1).

Let x5,y, € X be such that F(xy, ;) = g(x) and F(y1,x1) = g(y2).
Continuing this process, we can construct two sequences {x,} and {y,} in X as follows:

g(xpn) =F(x0,y,) and  gWus1) = F(yu,x,) forallm>0.
Now we will show that
g(wy) <gwyn) and gWn) =gWua) forallm=>0. (3.2)

For n = 0, since g(x) < F(x0,y0) and g(yo) > F(yo,x0) and as g(x;) = F(xo,y0) and g(y;) =
F(y9,%0), we have

g(xo) <g(x1) and g(yo) =gl).

Thus (3.2) holds for # = 0. Now suppose that (3.2) holds for some fixed n > 0.
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Then since g(x,) < g(x,:1) and g(y,) > g(¥n+1), therefore, by the g-mixed monotone

property of F, we have

g(xn+2) = F(xn+1:yn+1) > F(xmym) = F(xmyn) zg(xml)
g()’n+2) = F(y;ﬂlrxwrl) = F(Yn:xml) =< F(Yn;xn) =g()/n+1)~

From above, we conclude that

g(erl) Sg(anrZ) and g()’n+1) Eg()/n+2)~

Thus, by mathematical induction, we conclude that (3.2) holds for all n > 0.

If the following holds for

some 7

(g(xn+1)rg(yn+l)) = (g(xn);g()/n));

and

then, obviously, F(x,,y,) = g(x,) and F(y,,x,) = g(y»), i.e., F has a coupled coincidence

point.

Now, we assume that (x,,,1, ¥41) 7 (%, ¥) for all n > n(e).

Since F and g are a-admissible, we have that

a((g(x0),20)), (g(x1),g0n))) = o ((g(x0)£0)) (Fx0,¥0), F¥0,%0))) =1  implies

a((F(x0,50), F(y0,%0)), (F(x1,31), F(y1, %1))) = e ((gx1), g01))s (g(x2),(32))) = 1.

Thus, by mathematical induction, we have

Ol((g(xn),g(y,,)), (g(xn+1),g()/n+1))) >1.

Similarly,

“((g()’n);g(xn))» (g(ynﬂ):g(xnﬂ))) >1 forn e N.

From (3.1) and conditions (i) and (ii) of the hypothesis, we get

d(g(xn)’g(xnﬂ)) = d(F(xn—lvyn—l)rF(xn’yn))

S a((g(xn—l)xg()/n—l)): (g(xn):g(yn)))d(F(xn—l:yn—l)rF(xn:yn))

o

Similarly, we have

d(g(xn—l)!g(xn)) + d(g(yn—l):g(yn))

2

d(g(yn);g(yn+1)) = d(F(yn—l:xn—l):F(ynrxn))

S a((g(yn—l):g(xn—l)): (g(y”)xg(xn)))d(F(yn—bxn—l)rF(ymxn))

o

A@(yn-1),g0n)) + d(g(xn-1),g (%))
2

)

)

(3.3)

(3.4)

(3.5)

(3.6)
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Adding (3.5) and (3.6), we get

A(g(x); g(xni1)) + AEWn), gWns1)) - w(‘j(g(xn—l)g(xn)) + d(g(yn_l),g(yn))>
2 - 2 '

Repeating the above process, we get

Ad(g(x); g(xni1)) + AEWn), EWns1)) - I/fn(d(g(xo)g(xl)) + d(g(yo),g(yl))) HeN
2 - 2 ’ ’

For ¢ > 0, there exists n(¢) € N such that

2 Ag(x0),g(x1) + d(@(0),g01)\ ¢
Z w ( 0 ! 2 0 ! )<§

n>n(e)

Let n,m € N be such that m > n > n(¢), then by using the triangle inequality, we have

A(@(xn), g%m)) + d@), €Om)) ’”Z*ld(g(xk),g<xk+l>)+d<g(yn>,g(yn+1))
2 2

o (d(g(xo),g(xl)) + d(g@o),gm)))
2

n>n(e)

™

<=
2

d(g(xn),gxm)) +d(gyn)gym)) <&

Since

d(g(n), gXm)) < d(g(xn), gxm)) +d(¢(¥n), g¥m)) <& and
A(gyn),gm)) < d(g(xn), gxm)) + d(gn), gym)) < &,

hence g(x,) and g(y,) are Cauchy sequences in (X, d).
Since (X, d) is complete, therefore, g(x,) and g(y,) are convergent in (X, d).
There exist x,y € X such that lim,,_, o g(x,,) = x and lim,,—, 0o g(¥,) = y.
By the continuity of g, we have

lim g(g(x,)) =g(x) and  lim g(g(yn) = g().

n—00

By commutativity of F and g, we get

g(g(xn+l)) =g(F(me’n)) = F(g(xn)!g(yn))! (3.7)
g(g()’;w)) :g(F(Yn;xn)) = F(g()/n):g(xn)) (3.8)

We now show that
g = F( lim gx), lim g(7,))
n—00 n—00

= F(x,y),
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g0) = lim g(g(yna1) = lim F(g(yn),g(xn))

=F(x,y) and g(y) = F(y,x).

Proceeding with limit # — oo and using the continuity of F in (3.7) and (3.8), we get

glx) = nlingog(g(xn+1)) = HILHQOF(g(xn),g(yn))
= F(nlij;o g(yn), lim g(xn)>
= F(y,x).

Thus,

glx)=F(x,y) and g(y)=F(y,x).
Hence, we have proved that F and g have a coupled coincidence point. d
Now, we will replace the continuity of F in Theorem 3.2 by a condition on sequences.

Theorem 3.3 Let (X, <) be a partially ordered set, and let there exist a metric d on X such
that (X,d) is a complete metric space. Let F: X x X — X and g : X — X be maps, and let
F have the g-mixed monotone property. Suppose that there exist € WV and o : X* x X* —
[0, +00) such that for x,y,u,v € X and the following:

(i) conditions (i), (ii) and (iii) of Theorem 3.2 and (3.1),

(ii) if {xn} and {y,} are sequences in X such that

a((g(xn)rg(yn))r (g(xn+l):g(yn+1))) >1 and
fx((g(yn),g(xn)), (g(yn+1),g(xn+1))) >1 foralln

and

lim g(x,) =x and lim g(y,)=y forallx,yeX,
n— 00

n—00

then

o((gn)g0m), (€x),8»)) =1 and  a((glyn)gxn)), (g»),g))) > 1.

If there exist xy, yo € X such that g(xo) < F(xo,y0) and g(yo) > F(yo,x0), then F and g have
a coupled coincidence point, that is, there exist x,y € X such that

F(x,y)=g(x) and F(y,x)=g().

Proof Proceeding along the same lines as in the proof of Theorem 3.2, we know that {g(x,,)}
and {g(y,)} are Cauchy sequences in the complete metric space (X,d). Then there exist
x,y € X such that lim,_, .o g(x,,) = x and lim,,, o g(¥,) = .

Page 7 of 10
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On the other hand, from the hypothesis, we obtain

a((g(xn)’g(yn))’ (g(x),g(y))) >1, (3.9)

and similarly,

a((gn)glxn)), (€0)g))) = 1. (3.10)

Using the triangle inequality, (3.9) and the property of ¥ (¢) < ¢ for all £ > 0, we get

d(F(x,7),g(x)) < d(F,), F(%n, yn)) + d(g(%ns1), g(x))
< a((gxn).gm), (g(%),2)))d(F (s yu), F(%,9)) + d(g(%ns1), g(x))

<y (d(g(xn),g(x)) ; d(g(y,),2(»))

. d(g(xn),g(x)) + d(gyn),g(»)
2

) +d(g(x%n1), g(x))

+ d(g(%ns1), g(x)).

Similarly, using (3.10), we have

d(F(y,%),2(9)) < d(Fy,%), FQn, %)) + d(g0n11),8))
< a((g0n),gn), (€, g()))d(F (5 %), E (%)) + d(g(yni1),€))

d(g(y,), a(g(xn),
§ w( @y )g@)); (g )g(x»)m(g(yml),g(y))

. 460n).g0) + d(gxn) g x))
2

+ d(g()’ml)’g()’))

Proceeding with limit # — oo in above two inequalities, we get

d(F(x,),gx)) =0 and d(F(y,x),g(»)) =0.
Thus, F(x,y) = g(x) and F(y,x) = g(y). O

Example 3.4 Let X =[0,1] and d: X x X — R be a standard metric.

Define a mapping F: X x X — X by F(x,y) = i(x—y) and g: X — X by g(x) = § for all
x,y€X.

Consider a mapping « : X2 x X2 — [0, +00) to be such that

1 ifg(x) > g(y) and g(u) > g(v),

0 otherwise,

a((g),2()), (gw),g0)) = l

=

(Ix—u| + |v—y|) = %(d(x, u) +d(y, V)).

N

d(F(x,y), F(u,v)) = ‘(x% -
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It follows that

a((g),g0)), g((w), gv)))d(F(x,y), F(u,v))

< 2 () +dy,v) = 1 (dls0) + dl)

(d(gx),g(w)) +d(g(),g)).

Thus (3.1) holds for ¥ (¢) = ¢ for all ¢ > 0, and we also see that F satisfies the g-mixed mono-
tone property as well as F and g commute. Therefore, all the hypotheses of Theorem 3.2
are fulfilled. Then there exists a coupled coincidence point of F and g. In this case, (0,0)
is a coupled coincidence point of F and g.
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