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1 Introduction

Important attention is being devoted to investigation of fixed point theory for single-
valued and multivalued mappings concerning some relevant properties like, for instance,
stability of the iterations, fixed points of contractive and nonexpansive self-mappings and
the existence of either common or coupled fixed points of several multivalued mappings
or operators. See, for instance, [1-24] and references therein. Related problems concern-
ing the computational aspects of iterative calculations and best approximations based on
fixed point theory have been also investigated. See, for instance, [21-23, 25, 26] and some
references therein. On the other hand, a fixed point result for partial metric spaces and
partially ordered metric spaces can be found in [27-30] and [4, 15, 31, 32], respectively,
and references therein.

This paper is devoted to the investigation of some properties of fixed point and best
proximity point results for multivalued cyclic self-mappings under a general contractive-
type condition based on the Hausdorff metric between subsets of a metric space [1-3,
33, 34]. This includes, as a particular case, contractive single-valued self-mappings [1-3,
25,33-36], and similar problems for cyclic (strictly contractive or not) self-mappings [35—
37] as well. Some previous results on multivalued contractions are retaken by generalizing
the contractive condition and extended to cyclic multivalued self-mappings by extending
the results of Pori¢ and Lazovi¢ in [1] (then being extended in [6] concerning results on
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common fixed points of a pair of multivalued maps in a complete metric space) which
are based on previous Suzuki et al. and Ciri¢’s results for single-valued self-mappings in
some background literature papers. See, for instance, [2, 3, 33, 34] and references therein.
Through this paper, we consider a metric space (X,d) and a multivalued 2-cyclic self-
mapping T : AUB — AU B (being simply referred to as a multivalued cyclic self-mapping
in the sequel), where A and B are nonempty closed subsets of X, so that T(A) C B and
T(B) C A and D = dist(A, B) > 0. Let us consider the subset of the set of real numbers
Ro; =R, U{0}={z>0:z€e R}, R, ={z>0:z € R}, let the symbols ‘v’ and ‘A’ denote the
logic disjunction (‘or’) and conjunction (‘and’), and define the functions M : (A UB) x (BU
A) x[0,1) x A— Ry, and ¢ : (AUB) x (BUA) x [0,1) x A — (0,1] as follows:

M(x,y,K,a, B) = max[ M (x,y,K), Mz (x,y,0, B) ], (1.1)
M (x,y,K) = K max{d(x,y),d(x, Tx),d(y, Ty),1/2(d(x, Ty) + d(y, Tx)) }, (1.2a)
My(x,y,a, B) = ad(x, Tx) + Bd(y, Ty), (1.2b)
o3 K, o, B)

1 if ([(a, B) € A1\(A3 U Ag)] V [(o, B) € A2\ (A3 U Ag)])

A (Ma(x, 3,0, B) > Mi(x,y,K)),
1- :3 lf([(()[, ,3) € AB]) A (Mz(x,y,% ,3) >M1(x,y,1<))r

- (1.3)
1—15,30[ 1f ((a’ﬂ) € A4\A3) N (Mz(x,}/, o, ,3) > Ml(x,y, I()),
1 if (0 <K <1/2) A (Ms(x,y,a, B) < Mi(x,7,K)),
1-K if(1/2 <K <1) A (Ma(x,y,0, B) < My (x,y,K));

Vx,y € (AU B) x (BU A) for some real constants K € [0,1), (¢, 8) € A € [0,1) x [0,1),
where

A:{(a,ﬂ):azo,ﬂzo,a+ﬂ<l},

Ar={@peA:a<Bal+a)+p<l],

Ay ={(@,p)eA:a =B, ,6(1+f3)+a<1}, (1.4)
{(a B)eA:ae(0,1/2), ﬁ},

Ag={(,B) € Aral+a) + B2~ B) =1}

Note that ¢ : (AUB) x (BUA) x [0,1) x A — (0,1] is non-increasing since all its partial
derivatives with respect to K, «, 8 exist and are non-positive; Vx,y € (AUB) x (BUA) and
note also that A is the union of the subsets A; C A;i=1,2,3,4.

A general contractive condition is then proposed and discussed based on the Hausdorff
metric on subsets of a vector space and the constraints (1.1)-(1.4). For this purpose, some
preparatory concepts are needed. Let CL(X) be a family of all nonempty and closed subsets
of the vector space X. If A, B € CL(X), then we can define (CL(X), H) as the generalized
hyperspace of (X, d) equipped with the Hausdorff metric H : CL(X) — Ro.

H(A,B) = max{sup d(x, B), sup d(y,A)} 1.5)

x€A yeB
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with A C X and B C X being nonempty sets. The gap between the nonempty sets A and B
is defined by

D=dist(4,B) = inf d(x,y) = infd(x,B)=infd(y,A) > 0.
x€A,yeB x€A yeB
The proposed general contractive condition to be then discussed is

[o(x 7. K, o, B)d(x, Tx) <d(x,9)] = [H(Tx Ty) <M(x,y,K,a,B) + ©D],  (1.6)
where T : AU B — A U B is a multivalued cyclic self-mapping on the subset A U B of X,
that is, T(A) € B and T(B) C A, where (X,d) is a complete metric space including the
case that (X, || ||) is a Banach space with a norm-induced metric d: X x X — Ry,, so that
(X, Il II) = (X, d) is a complete metric space, is used, subject to (1.1)-(1.4), in the main result
Theorem 2.1 below. In this context, Tx is the image set through T of any x € A U B which
isin B, thatis, Tx C T(A) C B (respectively, Tx C T(B) C A) if x € A (respectively, if x € B).
It is inspired by that proposed in [34] for single-valued self-mappings while it generalizes
that proposed and discussed in [1] for multivalued self-mappings which is based on the
Hausdorff generalized metric.

See Figure 1 with the plots of the various involved sets A and A; C A fori=1,2,3,4 and
some of their relevant subsets in the contractive condition subject to (1.1)-(1.4).

Note that the proposed contractive condition, in fact, considers the worst case, given by
the maximum of (1.1), of such a contractive condition of [1], reflected in (1.2a), with one
based on a Kannan-type contractive condition associated with the choice of possible dis-
tinct values for the constants & and 8, which is reflected in (1.2b) subject to (1.3)-(1.4). In
particular, the choice o = B € [0,1/2) gives a Kannan-type contractive condition in (1.2b).
Note the importance of Kannan-type contractions for single-valued mappings in the sense
that a metric space is complete if and only if each Kannan contraction has a unique fixed
point [27, 38, 39]. The incorporation of (1.2b), (1.3)-(1.4) to (1.1) to build the general con-
tractive condition allows an obvious direct generalization of the usual contractive condi-
tion, based on the Banach principle combined with a Kannan-type constraint, since both
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Figure 1 Thesets Aand A;,i=1,2,3,4.
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of them do not imply each other. In this context, note, for instance, that the simple scalar
single-valued sequence x,,,; = ax,; Vin € Ny = N U {0}, with initial condition xy € R, is a
strict contraction if |a| < 1. However, it is not a Kannan contraction for all |a| < 1. This is
easily seen as follows. Check the Kannan condition d(Tx, Ty) < a(d(x, Tx) + d(y, Ty)) for
the self-mapping T on R defining the sequence solution and « € [0,1/2), for instance,
for points x = %, X,41 = T%, X440 = T?x = y and x,,3 = T°x = Ty for any n € Ny. Then
the Kannan contractive test is subject to % >a > %, which is not fulfilled for given
nonzero sufficiently small values of 1 > |a| > 0 and any real « € [0,1/2). It is possible also to
check in a similar way a failure of the generalized Kannan-extended contractive condition
d(Tx, Ty) < ad(x, Tx) + Bd(y, Ty) with 0 < 8 <1-«, a € [0,1) for given nonzero sufficiently
small values of 1 > |a| > 0.

In the current approach, a combination of distinct contractive conditions for the («, 8)
pairs of values belonging to some relevant sets constructed from the subsets A;;i=1,2,3,4
of A is itself combined with the two point-to-point possibilities of combinations of the
comparisons My (x,y, &, B) > (or <) Mi(x,y,K) for each (x,y) € A x BUB x A. The various
constraints are used to prove the convergence of the iterated sequences constructed with
cyclic self-mappings T': AU B — A U B to best proximity points. On the other hand, the
use of wD in the contractive condition, instead of the distance in-between subsets, allows
via the choice of some real constant @ > 1 to deal with problems where the achievement
of limits of sequences at best proximity points is not of particular interest but just their
limits superior belonging to certain subsets of the relevant sets A; C X; i € p containing
the best proximity points. In this case, the permanence of the relevant sequences after a
finite time in subsets of the sets A; C X; i € p after a finite number of steps is guaranteed.
The standard analysis can be used for the particular case w = 1. The performed study in the
manuscript seems to be also promising for its extension to the study of single-valued and
multivalued proximal contraction mappings in-between subsets of metric spaces because
of the close formal relation between cyclic self-mappings and proximal mappings. See, for
instance, [40] and references therein.

2 Main results
The first main result follows.

Theorem 2.1 Let (X, d) be a complete metric space,and let T : AUB — AUB be, in general,
a multivalued cyclic self-mapping, where A, B C X are nonempty, closed and subject to the
contractive constraint

[(p(x,y,](,oz, B)d(x, Tx) < d(x,y)] = [H(Tx, Ty) < M(x,y, K, o, B) + a)D] (2.1)

subject to (1.1)-(1.4), for some w € R,, K € [0,1) and («, B) € A; V(x,y) € (AUB) x (BUA).
Assume also that
1 1
K= max(]( P ﬁ) €[0,1), K= max(— W) elLoo).  (22)
Then the following properties hold:
(i) There is a sequence {x,} in A U B satisfying x;,1 € Tx;, i € N such that

K,D
D < d(%y41,%) < 00; D <limsup d(%y.41,%4) < L2
H> 50 1-K'
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If A and B are bounded sets which intersect, then y oo d(%,.1,%,) < 00 and {x,} is a
Cauchy sequence having its limit in A N B, with x,,, € Tx,; n € N for any given x; € AU B.

If A and B are not bounded, then the above property still holds if d(x;,x,) < 0o. Further-
more, limy,_, oo d(Xy41,%,) = D exists if w = % for any given x; € A U B with the sequence
{x,} being constructed in such a way that x,,,1 € Tx,,.

If x1 € A, then the sequence of sets {Txy,.1} C T(B) C A converges to a subset {z4} of best
proximity points in A (in the sense that any point zy,,1 (€ {Txy,}) — 2° € {za} as n — 00)
and the sequence of sets {Tx,,} C T(A) C B converges to a subset {zg} C T{za} C T(A) CB
of best proximity points in B with {z4} C T{zg} C T(B) C A.

IfD=0,ie.,if ANB#@, then lim,_, oo SUP,,,.,, A (X, X,) = liMyy_s 00 d(X 41, %) = 0, and any
sequence {x,} being iteratively generated as x,,1 € Tx,, for any x, =x € AU B, is a Cauchy
sequence which converges to a fixed point z€ TzN(ANB) of T:AUB — AUB.

(ii) Assume that ANB # @, that A and B are convex, and that z; € Tz;;i € N = {1,2,...,N}
are fixed points of T:AUB — AUB. Then z; =z CAN B and Tz; = Tz C A N B; Vi,j
(#i) e N ={1,2,...,N}, that is, the image sets of any fixed points are identical.

(iii) Consider a uniformly convex Banach space (X, || ||), so that (X, d) is a complete metric
space for the norm-induced metric d : X x X — R, and let A and B be nonempty, disjoint,
convex and closed subsets of X with T : AU B — A U B satisfying the contractive conditions
(21)-(2.2) with @ = 1.

Then a sequence {x3,} built so that x;, € Txy,_1 With x3,_1 € Txy, o is a Cauchy se-
quence in A if x; € A and a Cauchy sequence in B if x; € B so that lim,_, oo d(X241+3, X2441) =
limy, s o0 d(X2442,%24) = 0; Yoy € AU B, and lim,,_, oo d(X24425 ¥2041) = iy, 00 d (%241, %24) =
D; Vx, € AUB. If x € A and x5 € Txy C T(A) C B, then the sequences of sets {T?x) =
{T(T?"x1)} and {T*"*'x,} converge to unique best proximity points z4 € Tzp and zg € Tzs
in A and B, respectively.

Proof The proof is organized by firstly splitting it into two parts, namely, the situations:
(a) M, defined in (1.2a), or (b) M, defined in (1.2b), gives the maximum for M, defined in
(1.1); and then in five distinct cases concerning (1.3), subject to (1.4), as follows.

(a) Assume that M, (x,y, @, B) < Mi(x,,K). Take, with no loss in generality, x € A and
y € Tx and note that ¢(x,y, K, «, B)d(x, Tx) < d(x, Tx) < d(x,y) since ¢(x,y,K, o, 8) € (0,1],
which implies that ¢(x,y, K, o, B)d(x, Tx) < d(x, Tx), and since y € Tx, then it follows that
d(x, Tx) < d(x,y). Since My (x,y,, B) < Mi(x,y,K), then one gets from the definition of
Hausdorff metric (1.5) and the contractive condition (2.1), which holds for any x,y € AUB,
that for some y € Tx,

d(y, Ty) < H(Tx, Ty) < M(x,y,K,«, B) + D = My (x,9,K) + oD

= Kmaxjd(x,y),d(x, Tx),d(y, Ty), %(d(x, Ty) + d(y, Tx))} +wD

= Kmaxid(x,7y),d(y, Ty),

O

= Kmax]d(x,y), (2.3)

2

O

since K € [0,1), d(x, Tx) < d(x,y) and d(y, Tx) = 0; Vy € Tx. Also, since 8 € [0,1) and
o,x K, a, B)d(y, Ty) < d(y, Ty) < d(x,y), then d(y, Ty) < ﬁ(d(x,y) + wD). Thus, there is
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y € Tx such that d(y, Ty) < ﬁ (d(x, Tx) + wD) so that

. o d(x, Ty) wD
d(y, Ty) < mln(l_ﬂd(x, Tx), K max] d(x,y), 5 }) + -y
< min( d(x, Tx), K max{ d(x, y), dx.y) +dG. T3) }) + D
1-8 2 1-8
< min< “ d(x, Tx), K max d(x, y), 40, 1) }) + @D
1-8 2 1-8
< min( ¢ d(x, Tx), Kd(x )) + D
= 1- ﬂ ) ) Y _ IB
< max([( L)d(x y) + @D (2.4)
=) '
since d(x, Tx) < d(x,y); Vy € Tx.
(b) Assume that M, (x,y,«, B) > Mi(x,y,K) so that
d(y, Ty) < M (x,y) = ad(x, Tx) + Bd(y, Ty) + wD. (2.5)

This implies also that d(y, Ty) < 7 d(x, Tx) + 5 and again (2.4) holds for y € Tx. As a
result,

D
d(y, Ty)<max([(1 ﬂ) (x y)+1w_ﬂ; Vx € A,Vy e B.

By interchanging the roles of the sets A and B, one also gets by proceeding in a similar
way:

D
d(x, Tx) < max(K, li)d(x,y) + lw ; YxeAVyeB.
-«

Thus,

B

d(x,Tx)<max<K 1o ﬂ) (x,y)+max(1_1a,ﬁ>a)D

= Kid(x,y) + KowD; (2.6)

V(x,7) € (AUB) x [T(A U B)], where K; = max(K,, £, % %) €10,1) and K; = max (- _Lﬁ).
Note that since T: AU B — A U Bis cyclic, then y, Tx € B if x € A and conversely.

Now, construct a sequence {x,} in A U B as follows: x = x; € A,x, € Tx; C T(A) C
B,...,%0, € Txy,.1 CT(A) CB,...,%0,.1 € Txy, C T(B) C A which satisfies

D =< d(xn+1r xn) = 1<1d(xm xn—l) + wI(ZD
n-2

< K" 'd(x0, %) + (ZK{)KZwD; neN
i=0
n—-1

1-K
< K" d(xg, 1) + ﬁ]@wD <o0; meN. (2.7)
— N1
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Then D < limsup,,_, o, d(®y41,%,) < szD . On the other hand,

J -1

j
1-K
Zd(xm,xn)fZ((” o)+ T szD>

n=1 n=1

]
< 1_11< [(1 K])d(xz,x1) + (Z (1-KY) )ngD:|; neN (2.8)

=1

so that
1 o0
;d(xml,xn) 1K |:d(x2,x1)+ (;(l—Kfl))szD} neN, (2.9)

and we conclude that {x,} is a Cauchy sequence if D = 0 (i.e., if A and B intersect pro-
vided that they are bounded or simply if d(x3,%1) < o0) since limy,_, Sup,,., @&, %,) =
lim,,—, o0 d(%y,41,%,) = 0, which has a limit z in X, since (X, d) is complete, which is also in
A N B which is nonempty and closed since A and B are both nonempty and closed since
T(A) € Band T(B) C A. On the other hand, for any distance D > 0 between A and B,

2n
D < d(xon43, X2ms2) < K2 d (2, 51) + (Z Kf) wD

i=0

1-— I<2n+l
< K2 (%9, 1) + ﬁl(zwz); neN, (2.10)
— I\1

2n-1
D < d(xans2, %om1) < K" d(2,%1) + (Z Kf) wD

2n

_(1

1-
< KP"d(x2,%1) + KywD; mneN, (2.11)

0 < d(®ans3, ¥ans1) < Kid(xaps2, %) + 0D < KEd (%2041, %2,-1) + (1 + K;)KywD

< KPd(%om %on2) + (1 + Ky + K} )wD < K}d(x0-1,%20-3) + (1 + Ky + K7 + K?)KywD

2n-1

< K¥d(x3,%1) + (ZKI‘)wD < Kd(x3,21) + = K
i=0 1

Zn

KywD; neN. (2.12)

Note that the sequences {d(x,, x,,1)} and {d(x,, x,,2)} are bounded if x; and x, € Tx; are

such that d(x;,x,) < 0o, which is always guaranteed if A and B are bounded. If ® = %,

then one gets from the above relations that
3 lim d(x2n+3: x2n+2) = lim d(x2n+2;x2n+1) =D,
n—0Q n—0oQ

where x9,,1 € To, C A, %2442 € Txop1 C B and %943 € Tx3,42 C A. Thus, any sequences
of sets {%2,.1} and {x,,} contain the best proximity points of A and B, respectively, if x; € A
and, conversely, of B and A if x; € B and converge to them. This follows by contradiction
since, if not, for each k € N, there is some ¢ = (k) € R,, some subsequence {r;}jen of
natural numbers with 7, > ny; > k for m > j, and some related subsequences of real num-
bers {x2nk/+1} and {xanj} such that d(x2nk;+2'x2ﬂk;+1) > D+ ¢ so that d(xy,,; +2, %24, 41) = D as
ny — oo is impossible.
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Now, assume D = 0 and consider separately the various cases in (1.3)-(1.4), by us-
ing the contractive condition (2.1), subject to (1.1)-(1.4), to prove that there is z € 1z
in A N B to which all sequences converge by using D = 0 = lim,,_, o0 SUp,,,.,, & (X1, %) =
lim,,, oo d(%41,%,) = 0 = {x,,} & z € AN B with {x,} being a Cauchy sequence since (X, d)
is complete and A and B are nonempty and closed.

Case 1: o(x,y,K,a,8) = 1, ([(a, B) € A1] V [(@, B) € A3]) A (M(z,2,K,a, B) = M(z,z,
o, B) > Mi(z,z,K)).

Then d(z, Tz) = ¢(z,2, K, o, B)d(z, Tz) < (o + B)d(z, Tz) < (1 — a®)d(z, Tz) if (@, B) € A;.
Thus, the contradiction d(z, 7z) < d(z, Tz) holds if (&, 8) € A1, @ # 0 and z ¢ Tz. Hence,
ze€ Tz if (o, B) € A; with o # 0 since Tz is closed. If & = 0, then 0 < 8 <1 so that d(z, Tz) <
Bd(z,Tz) < d(z, Tz) if z ¢ Tz. Hence, z € Tz if « = 0 and (0, 8) € A;. The proof that z € Tz
if (o, B) € A, is similar since («, 8) € Ay < (B8, ) € A; from the definitions of the sets A;
and A,, and the fact that distances have the symmetry property.

Case 2: ¢(z,z,K,a,8) =1 - B, ([(a, B) € A3]) A M(z,2,K, 0, B) = My(z,z,, B) > My (z,
z,K)).

Then the contractive condition becomes (1 — B)d(z, Tz) = ¢(x,y, K, «, B)d(z, Tz) < (o +
B)d(z, Tz). Then either z € Tz or z ¢ Tz and 1 < o + 28 with («, 8) € As. But the second
possibility is impossible since Az = {(«,8) € A: a0 € (0,1/2), I‘T"‘ > B} sothat1 > o + 28.
Hence, z € Tz since Tz is closed.

Case 3: ¢(z,z,K,a,B) = 18 ((er, B) € Ay) A M(z,2,K,a, B) = My(z,2z, 0, B) > Mi(z,

1-B+a
z,K)).
Then l_lg%d(z, Tz) = p(z,z, K, o, B)d(z, Tz) < (a + B)d(z, Tz) if (, B) € A4, which implies
for z ¢ Tz if (a, B) € A4 that Ll B B, equivalently, 1 > ¢(1 + @) + (2 — B). Since

1-B+a
Ay ={(o,B) € A:a(l+a)+ B(2-B)>1}, z¢ Tz with (o, B) € Ay is impossible. Hence,

z € Tz since Tz is closed.

Case 4: ¢(x,9,K,a, 8) =1, (0 < K <1/2) A (Ms(z, 2z, ¢, B) < M(z,2, K, , B) = My (z, 2, K)).

Then d(z, Tz) = ¢(z,2z, K, a, B)d(z, Tz) < K max{d(z, z), d(z, Tz), @} = Kd(z, Tz) < d(z,
Tz), which is a contradiction for any z ¢ Tz. Hence, z € Tz since 1z is closed.

Case 5: o(x,y,K,a, ) =1 - K, 1/2 < K < 1) A (Ma(z,2,a, B) < M(z,z,K,a, B) = My(z,
z,K)).

Then

(1-K)d(z,Tz) = ¢(z,z, K, ., B)d(z, Tz) < d(z, TZ)
d(z, Tz)

= d(z,Tz) <K max{d(z, 2),d(z, Tz), } =Kd(z, Tz) < d(z, Tz),

which is a contradiction if z ¢ Tz. Hence, z € Tz since 7% is closed. A combined result of
Cases1-5isthatD = 0 = {x,} - z € TzN(ANB) forany x; € AUB. Now, assume again that
ANB #{ and that there are two distinct fixed points z, (# z, € Tz,) € Tz, necessary located
in A N B to which the sequences {x,} and {y,} converge toz€ ANBand g (¥z) € AN B,
respectively, where x,,,; € Tx,, ¥,.1 € Ty, for n € N, where x1,y; (¥ x1) € A U B. Assume
also that 7z # Tg. One gets from the contractive condition (2.1), subject to (1.1)-(1.4), that

max(d(z, Tq),d(q, T2)) < max(sup d(x, Tg), sup d(y, Tz))
xeTz yelq

<K max(d(z, q), I/Z(d(z, Tq) +d(q, Tz))) =Kd(z,q) <d(z,q).
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Thus, construct sequences z,,1 € 1z, qu1 € 1g, With z; = z and ¢ = g such that
d(z,qns1) < d(z,q,) and d(q, z,11) < d(q, z,) for n € N. Since z, g € AN B which is nonempty,
closed and convex, for any given ¢ € R, there is ng = ny(¢) such that x, and g, arein ANB
for n > ny. Then g, — z (€ Tz) and z, — g (€ Tg) as n — oo with z € TzN A N B and
q € Tg N AN B. Hence, 7z = Tg in A N B contradicting the hypothesis that such sets are
distinct. Properties (i)-(ii) have been proven.

Property (iii) is proven by using, in addition, [35, Lemma 3.8], one gets
3 lim d(x2n+3: x2n+2) = lim d(x2n+2¢x2n+1) =D = lim d(x2n+3’ x2n+1) =0
n—00 n—00 n—0o0

for any sequence {x,} with x; € A U B and x,,,; € Tx, since (X,d) is a uniformly convex
Banach space, A and B are nonempty and disjoint closed subsets of X and A is convex.
Note that Lemma 3.8 of [35] and its given proof remain fully valid for multivalued cyclic
self-maps since only metric properties were used in its proof. It turns out that {x;,,1} is a
Cauchy sequence, then bounded, with a limit z4 in A, which is also a best proximity point
of T:AUB— AUBin A since

lim d(%2,42,%241) = 1im d(X0,42,24) = D < 1im d(x2,,42,X2,,) + 1im d(x2,,24)
n—0o0 n—0o0 n—0o0

n—00

= lim d(x,,24) <D
n— 00

and then {x,} converges to some point zz € Tz4 C B, which is also a best proximity point
in B (then zp € Tz4 and Tz4 C B), since (X, d) is a uniformly convex Banach space and A
and B are nonempty closed and convex subsets of X. In the same way, z4 € Tz C A. Also,
{x2,,} and {x,,1} are bounded sequences since {x,} is bounded and D < co. Also, if x; € B
and B is convex, then the above result holds with x,,,,1 € Txy,, C B, x2,,.2 € Tx2,,1 C A and
%2143 € Txouo C B. Now, for D > 0, the reformulated five cases in the proof of Property (i)
would lead to contradictions D = d(z4,25) < D # 0 ifz4 ¢ Tz or if zg ¢ Tz,. From Proposi-
tion 3.2 of [35], there are z4 € Tzp and z € Tz4 such that D = d(z4, Tz4) = d(z, Tzg) since
T :AUB — AU B is cyclic satisfying the contractive conditions (2.1)-(2.2), where A and B
are nonempty and closed subsets of a complete metric space (X, d), with convergent sub-
sequences {xy,,1} and {x,,} in both A and B, respectively, for any x = x; € A and in B and
A, respectively, for any given x = y; € B. Assume that some given sequence {x3,.1} in A is
generated from some given x; € A with xy,,,1 € Tx,,, which converges to the best proximity
pointzy € ANTzgin A of T : AUB — AUB. Assume also that there is some sequence {y»,},
distinct from {x5,}, in A generated from y; (#x1) € A with y,,,1 € Ty, which converges to
za1 € A, where zg € BN Tz, is a best proximity pointin Bof T: AUB — AUB. Consider the
complete metric space (X,d) obtained by using the norm-induced metric in the Banach
space (X, || ||) so that both spaces can be mutually identified to each other. Since d(x,y) > D
for any x € A and y € B, it follows that D = d(zp, z4) = d(za, Tz4) = d(z5, T2z) < d(z4a1, TZ4)
if z4; € A N Tzp, where z4 and zp are best proximity points of T:AUB — AU B in A and
B and Tz is the closure of Tzg. Hence, z4,z41 € Tzp and zg € Tz4 and then any sequence
converges to best proximity points.

It is now proven by contradiction that the best proximity points in A and B are unique.
Assume that x,y € A are two distinct best proximity points of T: AUB — AU B in A.
Then there are z, € (Tx N B) C B, z, € (TyNB) C B, 2z, € (Tz: N A) C (T?x N A) C A and
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z, e (TzyNA) C (T?y N A) C A so that, one gets

D=llx-zll = |2, -z = ly-2zl = |£,- 2],
which leads to the contradiction D > ||y — z;|| = ||z, — zx|| = D, and then x = y = z4 € A.
Hence Property (iii) has been proven. O

A special case of Theorem 2.1 is stated and proven in the subsequent result.

Corollary 2.2 Assume that (X, || ||) is a uniform Banach space with associate norm-
induced metric d : X x X — Ro,, and let A and B be nonempty closed and convex subsets
of X. Assume also that K =0, K3 = max(%, ﬁ) €[0,1), K, = max(ﬁ, ﬁ) € [1,00) and
w = % in the contractive condition (2.1). If max(«, B) < 1/2, then there are z; € A and
2y € B such that z) € (T*z, N Tz,), 73 € (T*2zy N Tz1), i.e., z1 and z, are, respectively, best
proximity points of T : AU B — AU B in A and B, respectively, and simultaneously, fixed
points of T? : AU B — A U B, respectively. In addition, if AN\ B # 0, then 3z € Tz is a fixed
point of T : AU B — A U B. The result also holds if max(«, 8) <1 (and, in particular, if

min(e, 8) = 0).

Proof Assume, with no loss in generality, that 0 < 8 <« € [0,1/2). Take u; € A and u; €
Tu; by noting that u; € Tu; C T(A) C B since T : A UB — A U B a multivalued cyclic
self-mapping. |

Remark 2.3 Note that the particular case M(Tx, Ty, K, o, 8) = My (Tx, Ty, «, B) in the con-
tractive condition (2.1) is useful to investigate multivalued cyclic Kannan self-mappings
which are contractive with « = 8 € [0,1/2) and some of their generalizations [33, 34].

The following result follows directly from Theorem 2.1 and Corollary 2.2 without proof.

Corollary 2.4 Assumethat T : AUB — AUB is a single-valued cyclic self-mapping where
A and B are nonempty closed subsets of X where (X, d) is a complete metric space. Then
Theorem 2.1 and Corollary 2.2 still hold mutatis-mutandis for a fixed point z= Tz € ANB
if A and B are convex and intersect and best proximity points are za € A, zp € B with
z4 = Tzp = T?za, if; in addition (X, || ||) is a uniformly convex Banach space.

Remark 2.5 The results of this section can be extended mutatis-mutandis to multival-
ued s (> 2)-cyclic self-maps T : | J,;;Ai = U;sAi» where s = {1,2,...,s}, A; (#9) C X,
T(A;) C A1 and Agy = A; with (X, d) being a complete metric space. See [2, 3,36, 37] and
references therein for some background results for single-valued cyclic s-self-mappings.

3 Example of application to time-varying discrete-time dynamic systems

3.1 Multi-control discrete-time linear dynamic system

The problems of stability in differential equations, difference equations and related dy-
namic systems are closely related to fixed point theory of single-valued functions since sta-
ble equilibrium points are fixed points [41-44]. Also, fixed point theory of a class of cyclic
self-mappings has been recently applied to differential and difference impulsive equations
in a stability context study [44]. On the other hand, some typical applications of multi-
valued maps can be located in the framework of dynamic programming techniques for
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optimal control of dynamic systems [26, 45]. Several tentative controls are tested to ob-
tain the one which minimizes a suitable cost function on a certain ahead time-interval.
One of them is selected as the optimal one. Pori¢ and Lazovi¢ discussed in [1] a dynamic
programming application in the continuous-time domain of contractive multivalued-self
maps under the theoretical results of their paper. Switches among distinct parameteriza-
tions of a dynamic system and the associate stabilization problem have been discussed in
the literature. Also, switching processes among different estimators of unknown systems
according to the optimization or suboptimization of some appropriate loss function have
been described so as to improve the estimation error. See, for instance, [41-43] and in-
cluded references. On the other hand, fixed point theory has been shown to be useful to
discuss the stability of iterative sequences and, in general, for the analysis of the stability of
discrete dynamic systems. See, for instance, [46] and references therein. We now discuss a
linear time-varying discrete control problem under several tentative controls at each stage
with the purpose of selecting the control sequence which guarantees a prescribed stabil-
ity degree of the feedback system. The problem is stated in such a way that the tentative
state-trajectory solution is formally stated as a multivalued function generating several
point-to-point iterated sequences and one of them is being selected. In particular, each
current state generates a set of tentative ones at the next sampling time which belongs
to the image set of the current sampled state. The convergence to fixed points or to best
proximity points, if the trajectory solution sequence has a cyclic nature, describes the con-
vergence either to equilibrium points or to a limit cycle of the solution. This second case
occurs when the mapping defining the state-trajectory solution is cyclic and the subsets
on whose union such a mapping is defined do not intersect. Consider the discrete time-

varying control system:
X1 = Apxy + Buu,; neNy=NU{0}, (3.1)

where x,, € R? is the state vector sequence for any n € No = N U {0} under some nonzero
initial state xy € R” and u, = K,x,, € R? for some 1 < g < p and all n € Ny is the linear
time-varying control where K, € Sk, = {K}, K2,...,K/}; n € Ny is a sequence of control
gain matrices in R?*? which is chosen from an admissible set Sk, of cardinal J, <] < 0o
values for each n € Ny. System (3.1) is said to be an uncontrolled (or open-loop) system
if the control sequence is identically zero [26]. The controlled (or closed-loop) system for
any time-varying control being generated by a state-feedback control law under a gain

matrix sequence K, € Sk, results to be
Kps1 = Myx, = Auxy, + Byu, = (A, + B,K,)x,; 1€ N, (3.2)

where {M,} is a sequence of matrices in R?*? of closed-loop dynamics. The stabilization
via linear state-feedback of (3.2) and its links to fixed point theory via Theorem 2.1 are
now discussed. For any sequence of natural numbers j, € N with n € Ny, the following

relation is obtained from (3.2):

n+jn-1
x"+jn - ( l_[ [Al])xo = C(n,j,,)u(n,j,,); ne NO: (33)

i=n
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where
n+jp—1
C(l’l,jn) = |:Bn+j,,—1!An+jn—an+jn—2! cees ( 1_[ [A,‘])Bjnj|; ne N(), (34)
i=jn+1
U, ) = [Unajy-1s Unsjy—25 - -5 ujn]T; n € No, (3.5)

where the superscript ‘7" denotes matrix transposition. Note that if j, = p for n € Ny, then
C(n,p) is the p x gp controllability matrix of (3.1) on the sequence of samples {j}.”".
Any prefixed state is reachable in any given prefixed number of samples from a null initial
condition by some linear time-invariant state-feedback control in at most p samples if and

only if (3.1) is reachable, that is, if

=1 [n+jp—1 n+jp—1 T
rank C(n, j,) :rank( Z ( H [Ak])BiBl.T< 1_[ [Ak]) ) =p (3.6)

i=jn k=i+1 k=i+1

for any sequence of integers {j,} with j, > p, n € Ny with j, = 0 such that {j,,1 —j,} is
uniformly bounded. It is controllable to the origin if and only if it is reachable, that is, (3.6)
holds and, furthermore, A, are all non-singular for n € Ny. It is well known that if the
dynamic system (3.1) is controllable to the origin, then it is also stabilizable in the sense
that some linear time-varying state-feedback control sequence {u} is such that x, — 0 as
n — oo for any xy € R”. The controllability assumption can be weakened while keeping
the stabilizability property as follows.

Proposition 3.1 Assume that (3.1) is stabilizable (which is guaranteed if it is controllable
to the origin).

Then the following properties hold:

(i) There is a sequence of control gain matrices {K,,} such that all the matrices in the
subsequence {]_[éi(_)l [Aj,+i + Bj,+iKj,.i]} are convergent matrices with j, € N with jo = 0 being
some existing sequence with {j,,1 — j,} being a uniformly bounded sequence for any n € Ny.

(ii) The subsequence {xy ;} of states of the closed-loop system (3.2) converges to zero as
n— 00. As a result, the sequence {x,} of states of the closed-loop system also converges to

zero as n — Q.

Proof One gets from (3.2) that if such a sequence {j,,} of finite natural numbers exists for
n € Ny with jy = 0, then

/‘n+l_1
Kjptipsn = 1_[ [4),+i + Bj,+iK;, 4] )%,

i=0

n k1 —1
= l_[[ ( [T A+ Bfk”I(ik”]) }xo -0 (3.7)

k=0 i=0

as n — oo for some existing sequence of stabilizing controller gains {K,} since
jns1-1 jk1-1

(T (4,4 + Bj,+iK;,+i]), and then TTeso (T [Aj +i + Bj;+iKj,+i])} are all convergent

matrices, i.e., with all their eigenvalues being of modulus less than one. Note that, since

system (3.1) is stabilizable, then such a sequence of nonnegative integers {j,} always exists
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since it exists with j, = 1 for all n € Ny. Now, it follows from (3.7) for any vector-induced

matrix norm that

j-1
( [T A« +Bk1(k])xzi_0,i

llxill = ‘

k=z:‘:0/i
j-1 n kr1—1
< ( 1_[ [Ax + BkKk]) H ‘ (H{ ( H [Aj, i + Bjk+i1<jk+i]> })xo -0 (3.8
k=30 ji k=0 L\ i=0

as n — oo for any integer j € (3 " ji, Z:’jolj,-) since [|([Tr_of( 1;12)1—1 [Aj i + BjriK1i])}) x
xo|| — 0 as n — oo, and

since the sequence {j,;1 — j,} is uniformly bounded. Thus, {x,} converges to zero for any

=

<Q<o0 (3.9)

Jne1-1
( I A« +Bk1<k])

]‘:Z:":o/i

j-1
( [ [A/<+Bk1(k]>

k:Ziio Ji

given xy € R". O
Proposition 3.1 is linked to Theorem 2.1 of Section 2 in the subsequent result.

Theorem 3.2 The following properties hold:

(i) Assume that system (3.1) is stabilizable and a linear time-varying feedback control
uy = Kyx, € R is used where K, € S, = {K},K2,...,K)"} for any n € No. Assume also
that for each j € [Yi_oji> Soriojx) for some sequence of nonnegative integers {j,}, such
that {jus1 — ju} is uniformly bounded, for any n € Ny with j, = 0, there is a controller

.k _(xl 2 Jjn , : ,
gain K] € Sy, = (K. ﬁ:o/k’KZZ:oik’ . "’KZZ:oik}for some integer k € [1,],,[]‘ wu;h J. <] <00
Jn+1—

for all n € Ng such that any matrix in the subsequence of matrices {] [\, [AZLO jevi F
Byn e ”KkZZ=oJ'k+i]} is convergent for each k € [1,];,] for some uniformly bounded sequence
of samples {j,1 — ju} and some set of upper-bounded positive integer numbers ], for all
ne No.

(ii) If, in addition, the elements of the subsequence of pairs {(A;,, B;,)} are all controllable
for some sequence of nonnegative integers {j, }, with the sequence of natural numbers {j,,1 —
Jju} being uniformly bounded, then the closed-loop system can be exponentially stabilized
via time-varying linear control with prescribed stability degree.

Outline of proof Property (i) follows directly from Proposition 3.1. Property (ii) follows
since all the pairs (4;,, B;,) being controllable implies that the matrices of the closed-loop
dynamics satisfy at the subsequence {j,,} of samples the following matrix relation:

q

) )T 0 I,

M, = A, + B, K, =Aj, + > BIKY ~ [ gTP 1}, (3.10)
i=1 jin

where the superscript ‘({)’ stands for the ith row vector of matrix, ‘~” stands for matrix
similarity, /,_; denotes the (p — 1) identity matrix and gjf denotes some prefixed p-real row

vector by the appropriate choice of the real controller matrix Kj,, since (4;,,B;,) is con-

n?

trollable, towards the achievement of a suitable closed-loop stability degree. Note that the
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closed-loop matrix of dynamics at the j,-sample is similar by a similarity transformation
to its companion block partitioned form in (3.10). Thus, both matrices have the same char-
acteristic monic polynomial, thus the same characteristic roots which are also the prefixed
eigenvalues of the closed-loop dynamics given by (3.10), which can be arbitrarily fixed via
K;, such that its non-leading real coefficients are the components of the real row vector gjf.
Thus, the sequence of closed-loop matrices can be chosen with the sequence M;, having a
stability degree p;, € (0,1) such that the stability degree of (]_[’l:forl (M;,.i])M;, < p (0,1).
This follows since || ’l:’jorl [M;,.:]ll <P < oo since {j,.1 —ju} is uniformly bounded. Thus,
the time-varying closed-loop system is exponentially stable with prescribed stability de-

gree p and ||x;] < Pp”||xoll for any integer j € [j,,ju+1) and # € No. O

The stability degree is defined by the modulus of the dominant eigenvalue of the matrix
of dynamics if the dominant eigenvalue is simple and such a number is a strict upper-
bound of the stability degree, otherwise. At samples which are not in the subsequence
{ju}, the controller gains may be chosen arbitrarily. The exponential stabilization of the
closed-loop system is now related to Theorem 2.1 as follows. Assume that the sequence
{Sk;,} of sets of matrices Sg;, = {K]%q , K]i Ve ,I(JZ” } contains at least a stabilizing matrix such
that Theorem 3.2(ii) holds via stabilization with such stabilizing matrices.

Then Theorem 2.1 is applicable to some subset A = B C X = R” being a nonempty
bounded set about 0 € R? such that the initial condition of (3.1) satisfies xo € Ag C A of
with D = 0 since A = B. Take the distance function equal to the Euclidean norm so that we
can consider the complete metric space (X, d) to be identical to the Banach space (X, || ||).
Re-denote the sequence of points in A as the states xj, = xo (€ Ag) = %1 € A (the replace-
ment is made following the notation of Theorem 2.1), x;, =x;, (€ A) — x; € A, %), = ),
(€ A) —> x3 € A,....If Theorem 3.2(ii) holds, then there is some bounded A D A such that
T :A — A defined by (Tx, = x,,1) —> ((1—[1&1—1 (M;,.i])M;,x;, = x;,,,) for n € N is a contrac-
tive mapping which defines the state trajectory solution at the points of the sampling sub-
sequence {j,}. Take K; =K = p <1and @ = B = 0 in Theorem 2.1. Note that if the stabilizing
matrix is chosen within the sequence of matrices, then 7' : A — A is single-valued. If all
the matrices in the sequence KJ,, = {K3 Z:oik’KZZZ:oik’ e <]£f:01'k} are tested, then the mul-
tivalued map T': A — A is defined as Tx,, = {x}m, .. ,x{;ﬁrl} such that x,,,x,,,1 € Tx, satisfies
the Hausdorff particular contractive condition of Theorem 2.1. Also, one of the points of
the sequence of sets {Tx,} satisfies the point-to-point contractive particular condition of
Theorem 2.1, by virtue of such a theorem, according to the constraints

< (Tj.. =D |, | < Ki||[(T;, = Dy,

(T, - D, <@, -Dxo] 31D
obtained from the stabilizing control matrix sequence, and, furthermore, |xj,.;ll <
PKi||x;, || for all samples given by the integers j € [1,,.1). Note that the £,-matrix norm
of any real matrix M of any order satisfies A2 (MTM) < M|, = A2 (MTM), where
Amax(-) and Amin(-) stand, respectively, for the maximum and minimum eigenvalues of the
(-)-matrix with all its eigenvalues being real. A weak result is obtained with the particular
case K=p=0and K; = ;% = ﬁ <1 for 0 < p <1/2 in the contractive condition of The-
orem 2.1. In this case, we have a multivalued contractive Kannan self-mapping. In both
cases, 0 € R? is a fixed point of T : A — A for any A C X which is also a stable equilibrium

point of the closed-loop dynamic system. Now assume p = g = 1, that is, the uncontrolled
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system (3.1) is scalar subject to a scalar control with A = {z>¢e:z€ R} SRy, and B=-A
for some given ¢ € Ry,. Take xg € A U B, then |xo| > ¢, and note that D = dist(A4, B) = 2¢.
The tentative controller gains used are K}, = -8 sgnx,, if x, # 0 and K/ = 0 if x, = 0 for
the bounded sets of integers i € [1,],,] for n € Ny, where the nonnegative real sequences of
sets {8! :1 < i <J,} are uniformly bounded and contain a strictly decreasing positive real
sequence {8};’} with i, € [1,J;,] and some existing difference sequence of integers {j,.,1 — .}
being uniformly upper-bounded for # € No.

The formalism of Section 2 is applicable to bounded sets Ag C A and By, C B with
max(diam Ay, diam By) = ||xg| — €|. If € = 0, then a particular case of the above result fol-
lows for p = 1. If ¢ > 0, then the closed-loop state-trajectory solutions {x,,1} and {x2,.1}
converge to the best proximity points ¢ and —¢, respectively, if the initial condition is in A
and, conversely, if it is in B under the sequence of stabilizing matrices {5;;‘ )

3.2 Numerical example: a vector-valued discrete-time dynamic system with
multiple parameterizations

A numerical simulation of the above-presented example (3.1) is given now. Consider the

discrete-time dynamic switched system described by

Xn+l = Txn :Aa(n)xn + Ba(n)un (312)

with

1 0.1 1 0.1
A= ) Ay = )
-4.019 0.1667 -2.4504 0.4369

1 01

As =
-15256  0.6069

], Bi=10"-[o 0.1667]",
B,=102-[o 01126]", B;=10"*-[0 0.7862]"

and o : Ny — {1,2, 3} being the so-called switching function, which selects one of the dy-
namic systems subscripted by 1, 2 or 3 which parameterize the time-varying system (3.12)
at each discrete-time instant (or sample), #. This dynamic system is a simplified version
of an automobile roll dynamics enhancement control system given in [15]. The switching
function is assumed, for simulation purposes, to be the 1-sample periodic (cyclic) sequence
1-2—3—1—2— ... The following state-feedback gains are considered:

KV =10°-[2514 -28]", kP =10"-[-1 02],
(3.13)
K® =10*-[-13 038]".

The control design problem can be formulated as how to select the appropriate feedback
gain at each sample, K, from the set {K,(,l) ,K,(,Z) ,K,(,B) } in order to guarantee the asymptotic
stability of the closed-loop. For this purpose, a dynamic optimization procedure can be
used. Therefore, 1, one considers the multivalued map x,,.,1 = Tx,, = Ag (X + Bg(n)l(y(,i)x,, =
(Ao + Ba(n)l(ﬁi))x,, for i =1,2,3 for each sample n € Ny from R? to R%. The Banach space
(R%, || |I) can be identified with the metric space (R?, d) by taking the distance d : X x X —
Ry, to be the Euclidean norm. Thus, d(x,,0) = ||x,|| and d(x,, X,.1)%x = |X,1 — x| so that
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Figure 2 Graphical representation of two iterations of the multivalued map T.

it is direct to apply the formalism and results of Section 2. The multivalued composite
map THx, = ToTo---oTx, represents the set of reachable states starting from x,, for
H

all potential feedback gains (KL, K2, K} at each sample. Figure 2 displays graphically
this concept. The starting point is depicted with a circle. The application of the multival-
ued map T to this point produces the three points (each one corresponding to one of the
feedback matrices {K,(,I),KV(,Z),K,(,S)}), labeled as first iteration in Figure 2. A second applica-
tion of T generates three more points from each previous one, providing nine new points,
which are depicted in Figure 2 as the second iteration. This procedure can be continued
to generate the complete set of reachable states from x,. The ‘plus’ symbols are used to
represent the image for K, dots are used for K2, while squares are used to represent the
image for K 9,

The control algorithm generates all the images of the multivalued map T and then
chooses the gain K, in such a way that the null vector, z = 0, is a fixed point of the multi-
valued map T. In this example, the choice K, = K" for all 2 > 0 allows stabilizing asymp-
totically the system. Then, according to Proposition 3.1, all the states are bounded and the
norm of the state converges to zero asymptotically as Figures 3 and 4 show.

In addition, it can be verified that the following matrices are convergent as Proposi-
tion 3.1(i) states:

2
eig (]‘[[Am + Ba(k)l(l]) = {0.3242,0.0626},
k=1
3
eig (H[Aa(k) + Bg(k)l(l]) = {0.0943 + 0.0407},
k=1
4
eig (]—[[A,,(k) + Bg(k)lﬁ]) = {0.0825,0.0077}
k=1

while the eigenvalues of the matrix product HZ,:QI[AU(/() + By (K1), which describes the
evolution of the discrete dynamics, converge asymptotically to zero as N — oo.
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Figure 3 Evolution of the states with initial condition xg =[36]and K, = K,(,”.

Norm of x

0 S 10 15 20 25
Samples

Figure 4 Evolution of the norm of the state, ||x,||.

3.3 Numerical example: a scalar discrete-time dynamic system with multiple
parameterization
Now consider the controlled single-input single-output (SISO) dynamic system of the con-

trol sequence {u,},cn, given by
Ks1 = Iy = %, + Uy, (3.14)

with the state-feedback control law u,, = K,,x,,, where K, € {K,(ql), I(,SZ), K,Sg)} ={-15,-1,-2}.

This system defines the multivalued map

1 1
quzl =1+ I(,(, ))xn,

X+l = Txn = (1 + I(n)xn = xle = (1 + K,(,z))xn, (315)
xfﬁl =1+ K2 ).
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Figure 5 Several iterations of the multivalued map (3.14).

Note that (3.14) is a 2-cyclic self-mapping with non-disjoint semi-closed sets A; (i = 1,2)
of A1 = —A; = Ry, = R, U {0} of X = R whose intersection is {0}. Consider the complete
metric space (X,d) which is also a Banach space (X, || ||) if the defined distance is the
Euclidean norm. Thus, from each value of x,, (3.12) generates an image set of dimension

3, the points being labeled as xf}zl, xffl and xf’zl.

If the iteration process goes on, then each
one of these values generates three more ones as depicted in Figure 5.

The multivalued map generates three images at k = 1 from the starting value at k = 0,
xo = 2. Then at k = 2 three more values are obtained from each previous one. However,
note that only four different values are obtained at k = 2 and five at k = 3. Thus, the im-
age of T"x, possesses repeated values. Moreover, note that as the number of iterations
increases, there are a larger number of points approaching zero since the use of the sta-
bilizing gain K forces some of the previously obtained points to approach zero. The

particular numerical values for the first iterations showed in Figure 5 are as follows:

X0 =2,
xil) =-1, xiz) =0, x?) =-2,
M =05 AP =o, -1,
Vo0, aPPo0, AP0,
x(f'l) 1, x(23’2) =0, £ =2,
x(31’1'2) _ x(31,3,2) _ x(33’1'2) _ x(31,2,1) _ x(31,2,2) _ x§1,2,3> _ x(32,1,1) _ x(32‘1’2) _ xgz,1,3) _ (33,3,2)
_ x(32,2,1) _ xéz,z,z) _ x§2’2’3) _ x(32,3,1) _ x§2’3’2) _ xgz,s,g) _ x(33’2’1) _ x(33’2’2) _ x(33’2’3) -0,

a8 = —0.25,
K3 _ 43D _ G 05,

3 TX =X
(3.13) _ (133) _ _(331) _

x5 =xg " =%y = -1,
333

xé V=2,
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Ix |

Samples

Figure 6 Evolution of the norm of x,.

where the subscript denotes the sample while the superscript denotes the sequence of
gains used to reach the point from k = 0. System (3.11) is asymptotically stabilizable pro-
vided that at least one of the following conditions for the sequence of feedback gains
{Ku}:2, is met:

(i) {Ky.}32, contains K,(,Z) at least once,

(i) {K,}>2, contains K,(,l) an infinite (countable) number of times.
For instance, the sequence K, = K,(,D for all n > 0 satisfies the above condition (ii) and, ac-
cording to Proposition 3.1, the norm of the state will converge to zero as shown in Figure 6.
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