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Abstract

In this paper, we investigate the sufficient conditions to find a best proximity point for
a certain class of non-self mappings. It is well known that optimization problems can
be transformed to the problems of the existence of a best proximity point. Hence,
improvement in the best proximity point theory implicitly develops the theory of
optimization. Our presented results generalize, extent and improve various
well-known results on the topic in the literature. In particular, we consider some
applications of our results to the best proximity point theorems on a class of metric
spaces endowed with an arbitrary binary relation which involves the partially ordered
metric spaces.

MSC: 47H10; 54H25

Keywords: approximately compact; best proximity point; binary relation;
generalized a-proximal contraction of the first kind; generalized oe-proximal
contraction of the second kind

1 Introduction and preliminaries
Various nonlinear problems arising in several branches of mathematics, besides some
other quantitative sciences such as economics, biology, physics and engineering, can be
transformed to a fixed point problem of the form Tx = x for a self-mapping T defined on a
subset of the metric space (X, d). Among them, optimization problems, differential equa-
tion problems, integral equation problems, variational problems, equilibrium problems
have attracted attention of researchers. The renowned Banach contraction principle of
Banach [1] is a very crucial and popular tool for solving fixed point problems in the setting
of a self-mapping T'. On the other hand, if T is not a self-mapping (T': A — B where A
and B are non-empty subsets of a metric space X), then T does not necessarily have a fixed
point. Therefore, the equation Tx = x could have no solution. In this case, it is natural to
search for a point x € A in a way that the distance between x and its image T is as small
as possible. In this discussion, the best approximation theorem plays an important role in
studying the existence of an approximate solution that is optimal for the equation Tx = «.
Let A, B be subsets of the metric space (X, d). Under the setting of d(x, Tx) = d(A, B) :=
inf{d(x,y) : x € A and y € B}, x is called a best proximity point. Notice that the point x € A
is the global minimum of the error involved for an approximate solution of the equation
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Tx = x. Therefore, we conclude that the purpose of the existence theorems for a best prox-
imity point is to provide sufficient conditions to solve a minimization problem. One of
the initial and most interesting best approximation theorems in this direction was given
by Fan [2]. Following this result, several authors have reported a number of results in this
field; see, e.g., [3—14] and the references therein.

The notion of approximate compactness, introduced by Efimov and Stechkin [15], plays
an important role in the theory of approximation. The properties of approximately com-
pact sets have been studied intensively. The following definition is a generalization of this
concept.

Definition1.1 Let A and B be two non-empty subsets of the metric space (X, d). Then B is
said to be approximately compact with respect to A if every sequence {y,} of B, satisfying

the condition d(x,y,) — d(x, B) as n — oo for some x € A, has a convergent subsequence.

Remark 1.1 Any non-empty subset of the metric space (X, d) is approximately compact
with respect to itself. Moreover, if B is compact, then B is approximately compact with
respect to A.

On the other hand, Samet et al. [16] introduced the concept of -admissible mapping as
follows.

Definition 1.2 [16] Let X be a non-empty set, 7: X — X and o : X x X — [0, 00). We say
that T is an a-admissible if for all x,y € X, we have

axy)>1 = o(lx, Ty)>1.

Using this concept, they proved some fixed point theorems. The authors also showed
that these results can be utilized to derive fixed point theorems in partially ordered spaces.
Moreover, they applied their main results to solve certain types of ordinary differential
equations. Afterward, a number of papers have reported on fixed point theory with ap-
plications to ordinary differential equations via the concept of o-admissible mapping in
various directions (see [17—22] and references therein).

Recently, Jleli and Samet [23] introduced the notion of «-proximal admissible mapping

which is a non-self version of an «-admissible mapping.

Definition 1.3 [23] Let A and B be two non-empty subsets of the metric space (X, d) and
a:A XA — [0,00). A mapping T : A — B is said to be «-proximal admissible if for all
u,v,x,y€A,

alx,y) > 1,
du,Tx) =dA,B), = oa(u,v)>1
d(v, Ty) = d(A, B),

Remark 1.2 If A = B, then the notion of «-proximal admissibility T’ coincides with the

concept of o-admissibility.
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Inspired by [23], we introduce the class of non-self mappings, generalized «-proximal
contraction mappings. Also, we establish the existence theorems for a best proximity point
for mappings in this class under the assumptions of approximate compactness and non-
approximate compactness of subspaces. Our presented results generalize, extent and im-
prove various well-known results such as the results of Banach [1], Kannan [24], Chatter-
jea [25], Berinde [26]. As an application, we apply our results to the existence theorems
for a best proximity point on a metric space endowed with an arbitrary binary relation.

Furthermore, we give the special case of these results in partially ordered metric spaces.

2 Best proximity point theorems for an «.-proximal contraction non-self
mapping
In the sequel, unless otherwise specified, R and N denote the set of real numbers and the
set of positive integers, respectively.
Let A and B be two non-empty subsets of a metric space (X, d). The following notations

will be used in the sequel:

d(A,B) := inf{d(x,y) :x€Aandye B},
Ap:= {x € A:d(x,y) =d(A,B) for some y € B},

By := {y € B:d(x,y) = d(A, B) for some x eA}.

For a non-self mapping T : A — B, we define the set of all best proximity points of T’ by
Bes:(T), that is,

B (T) := {x €A:dx, Tx) = d(A,B)}.

Remark 2.1 Kirk et al. [27] gave sufficient conditions to ensure that Ay and By are non-
empty. Also, we obtain that if A and B are closed subsets of a normed linear space such
that d(A, B) > 0, then Ay and By are contained in the boundaries of A and B, respectively
(see [28]).

Now, we introduce new classes of generalized proximal contraction non-self mappings.

Definition 2.1 Let A and B be two non-empty subsets of a metric space (X,d) and « :
A x A — [0,00). A mapping T : A — B is said to be a generalized a-proximal contraction
of the first kind if there exist non-negative real numbers 6y, 0,, 05 and L with 6; + 26, + 265 < 1
such that for all u,v,x,y € A,

ax,y) =1, d(u,v) < 61d(x,y) + 6, [d(x, u) +d(y, v)]
d(u,Tx)=d(A,B), — + 63 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v),dx,u),d(y, V)},

Definition 2.2 Let A and B be two non-empty subsets of the metric space (X,d) and « :
AxA — [0,00). Amapping T : A — Bis said to be a generalized o -proximal contraction of

the second kind if there exist non-negative real numbers 6y, 6, 63 and L with 6; + 20, + 265 <
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1 such that for all u,v,x,y € A,

d(Tu, Tv) < 6,d(Tx, Ty) + 0, [d(Tx, Tu) + d(Ty, Tv)]
+ 63 [d(Tx, Tv) + d(Ty, Tu)]
+ Lmin{d(Ty, Tu),d(Tx, Tv),
d(Tx, Tu), d(Ty, Tv)}.

alx,y) > 1,
d(u,Tx) =d(A,B), =
d(v, Ty) = d(A, B),

Next, we give our first main result which is the best proximity point theorem for a gen-

eralized «-proximal contraction.

Theorem 2.1 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X such that B is approximately compact with respect to A. Assume that o
A xA— [0,00), Ag and By are non-empty sets and T : A — B is a generalized a-proximal
contraction of the first kind such that the following conditions hold:

(a) T is a-proximal admissible;

(b) T(Ao) < Bo;

(¢) There exist xo,x1 € A such that d(x1, Txo) = d(A, B) and o(xg,x1) > 1;

(d) If{x,} is a sequence in A such that o«(x,,%,,1) > 1 for all n € N and x,, — x as

n — oo for some x € A, then a(x,,x) > 1 for all n € N.

Then there exists an element z € Aq such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if a(z1,2;) > 1 for all z1,z; € Beg(T), then T has a unique

best proximity point.

Proof From (c), there exist xp,x; € A such that

d(x1, Txo) = d(A, B) (2.1)
and

o(xg,%1) > 1. (2.2)
Since T(Ag) C By, then by the definition of By, there exists x; € Ay such that

d(xy, Tx1) = d(A, B). (2.3)
Since T is a-proximal admissible, by (2.1), (2.2) and (2.3), we have

o (x1,x0) > 1. (2.4)
Again, since T(Aq) C By, there exists x3 € Ag such that

d(x3, Txy) = d(A, B). (2.5)
Using (2.3), (2.4), (2.5) and the assumption that 7 is a-proximal admissible, we get

o(xg,x3) > 1. (2.6)
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Continuing this process, we can construct a sequence {x,} in Ay such that

A%y, Txy-1) = d(A, B) (2.7)
and

a(Xy_1,%,) > 1 (2.8)

for all # € N. Since T is a generalized o-proximal contraction of the first kind, for each

n € N, we have

A Xp11) < 11, %) + 02 [d (K1, %) + A, K1) | + 03[ d (X1, %n01) + (2, %) ]
+L min{d(xn» %), A(Kp—1,%141), A(Xn1, %), A (X, xn+1)}

= eld(xn—b xn) + 92 [d(xn—l;xn) + d(xmxnﬂ)] + 93 [d(xn—b xn) + d(xn: xn+1)]-

It follows that d(x,,, %,.,1) < Kd(x,_1,%,) for all # € N, where K := % € [0,1). By induc-

tion we get
A% K1) < Knd(xm x1)

for all n € N. It easily follows that for m, n € N such that m < n,

n-1

d(xmr xn) = Z d(xir xi+l)

i=m
< (K" + K™ 4+ K"V d(xo,21)

m

=< md(xO,xJ

This implies that {x,} is a Cauchy sequence. Now, since X is complete and A is closed, the

sequence {x,} converges to some z € A. Further, we have

d(z,B) < d(z, Tx,)
= d(Z, xn+1) + d(xm—l’ Txn)
= d(zyxrnl) + d(A,B)

=< d(Z,xn+1) + d(Z’B)

for all n € N. Therefore, d(z, Tx,) — d(z, B) as n — oo. Since B is approximately compact
with respect to A, then the sequence {Tx,} has a subsequence {Tx,, } converging to some
element w € B. Therefore, d(z, w) = limy_, oc d(% 41, Ty, ) = d(A, B), and hence z must be
a member of Ay. Because of the fact that T(Ag) is contained in By, d(u, Tz) = d(A, B) for
some element « in A.

From the hypothesis (d) and (2.8), we get

a(x,,2)>1 (2.9)
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for all # € N. Now, we have

a(x,,z) > 1,
d(xn+l) Txn) = d(A) B))
d(u, Tz) = d(A, B),

for all n € N. Since T is a generalized «-proximal contraction of the first kind, we get

A(xpi1, 1) < 01d(%0,2) + 02 [d(1,2) + AKX, %) | + O3[d (K11, 2) + At ) |
+ Lmin{d(u,%,), d(6.1,2), A(11,2), A (611,%0) |
for all n € N. Taking the limit as # — oo in the above inequality, we get z = u. Thus, it
follows that d(z, Tz) = d(u, 1z) = d(A, B). Therefore, z is at least one of the best proximity
points of 7.

Finally, we prove the uniqueness of the best proximity point. Assume that z is another
best proximity point of T such that «(z,z) > 1, then we have

alz,z) > 1,
d(z, Tz) = d(A, B),
d(z,TZ) =d(A,B).

Again, since T is a generalized o-proximal contraction of the first kind, we obtain that

d(z,z) < 61d(z,2) + 6, [d(z, z) +d(z, 2)] + 63 [d(z, 2) +d(z, z)]
+ Lmin{d(z,2),d(z,2),d(z,2),d(z,2)},

which implies that d(z,z) = 0, and then z = z. Hence T has a unique best proximity point.
This completes the proof. O

Now we give some examples to support our result.

Example 2.2 Let X = R with the usual metric d : X x X — [0,00) defined by d(x,y) :=
|z — y|. Clearly, (X, d) is a complete metric space. Also, let A = (-00,-2] and B = [%,200]
be two closed subsets of X. It is obtained that B is compact and so B is approximately
compact with respect to A. Define a non-self mapping 7': A — B by

x € (-00,-5),
- x3, X € [_51 _3);

~lx-L, xel-3,-2]
Clearly, d(A,B) = % and
7
Ap = {x €A:d(x,y)=d(A,B)= 3 for some y EB} ={-2},

7 1
By = {yeB:d(x,y):d(A,B): 3 forsomexeA} = {g}
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It is easy to see that T'(Ag) € By. Define @ : A x A — [0, 00) by

e\x—yl, x:y S [_3! _2]7
Ol(xxy) =
0, otherwise.

Now we show that T is a generalized «-proximal contraction of the first kind. Assume
that u,v,x,y € A such that

ax,y) =1,
d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).

Then

8

iz forall z € [-3,-2], we get u = v = —2. Therefore,

Since Tz € [%,

0=d(u,v) <6id(x,y) + 6, [d(x, u) +d(y, v)] + 03 [d(x, v) +d(y, u)]
+Lmin{d(y, u),d(x,v),d(x,u),d(y, v)},

where 6y, 65, 65 and L are non-negative real numbers with 6; + 26, + 205 < 1. This shows
that T is a generalized «-proximal contraction of the first kind.
Next, we prove that T is a-proximal admissible. Assume that u,v,x,y € A such that

alxy) =1,
d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).

Then we have x,y € [-3,-2] and u = v = -2. So «(u,v) = ®(-2,-2) =1 and thus T is
a-proximal admissible.

It is easy to see that there exist xg,x; € A such that d(x;, Tx) = d(A, B) and «(xg, %) > 1.

Assume that {x,} is a sequence in A such that «(x,,x,,;) > 1forall » € Nand x, — x
as n — o0o. Therefore, x,, € [-3,-2] for all n € N. By the closeness of [-3,-2], we get x €
[-3,-2] and hence a(x,,x) > 1forall n € N.

Consequently, all the hypotheses of Theorem 2.1 are satisfied and so T has at least one
best proximity point, that is, a point —2 such that

1\ 7
d(-2,T(-2)) = d<—2, §) =3° d(A, B).

Example 2.3 Let X = R with the usual metric d : X x X — [0,00) defined by d(x,y) :=
lx — y|. Clearly, (X,d) is a complete metric space. Also, let A = [-1,1] U {5,10} and B =
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(-1, 31 U {5,10} be two closed subsets of X. It is obtained that B is compact and so B is
approximately compact with respect to A. Define a non-self mapping 7 : A — B by

1% xe[-11],
sz O, x:5,

5 ~x=10.
Clearly, d(A,B) = 0 and

Ap = {xeA:d(x,y) =d(A,B) =0 for someyeB} =B,
By = {yeB:d(x,y):d(A,B):OforsomexeA} =B.

It is easy to see that T(A¢) C By. Define « : A x A — [0, 00) by

2+ +m, xyel-1,1],
alx,y) =
0, otherwise.

Now we show that T is a generalized «-proximal contraction of the first kind with 6; = %,

0y = %, 03 = % and L = 2. Assume that u, v,x,y € A such that

a(x,y) >1,
d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).

Then
x’y € [—1, 1];
d(u, Tx) = 0,
d(v,Ty) = 0.

Hence, u = Tx = %x andv=Ty= %y. Therefore,

d(u,v) = d(Tx, Ty)

Lie—yl
= —|X —
3 y

< %d(x,y) + %[d(x, u) +d(y, v)] + %[d(x, v) +d(y, u)]
+ 2min{d(y, u),d(x,v),dx,u),d(y, v)}.

This shows that T is a generalized o-proximal contraction of the first kind.
Next, we prove that T is «-proximal admissible. Assume that &, v,x,y € A such that

alxy) =1,
d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).
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Then we have x,y € [-1,1] and so
11
u=Txe|--,- | <[-11]
3°3
and
Tye|-1,1 C[-1,1]
v= —-——, = | <[-1,1].
<1733

Thus «(u,v) = a(Tx, Ty) > 1. This implies that T is «-proximal admissible.

It is easy to see that there exist xo,x; € A such that d(x;, Txo) = d(A, B) and a(xg,x1) > 1.

Suppose that {x,} is a sequence in A such that «(x,,x,,1) > 1forall » € Nand x,, — x as
n — 00. Therefore, x,, € [-1,1] for all n € N. Since [-1,1] is closed, we get x € [-1,1] and
hence a(x,,x) > 1forall n € N.

Consequently, all the hypotheses of Theorem 2.1 are satisfied and so T has at least one
best proximity point, that is, a point 0 such that

d(0,T(0)) = d(A,B).
It is easy to see that Theorem 2.1 yields the following corollary.

Corollary 2.4 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X such that B is approximately compact with respect to A. Assume that
Ao and By are non-empty sets and T : A — B satisfies the following conditions:

(@") There exist non-negative real numbers 6y, 0, 03 and L with 6, + 26, + 205 < 1 such that
forallu,v,x,y € A,

d(u,v) < 61d(x,y) + 6, [d(x, u) +d(y, v)]
+ 063 [d(x, v)+d(y, u)]
+ Lmin{d(y, u),d(x,v), d(x, u),d(y, V)};

d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B),

(b) T(Ao) S Bo;
(c) There exist xg,x1 € A such that d(x1, Txo) = d(A, B).

Then there exists unique z € Ay such that d(z, Tz) = d(A, B), that is, T has a unique best
proximity point.

Proof By taking «(x,y) =1 for all x,y € A in Theorem 2.1, we get this result. g
In Corollary 2.4, if T is a self-mapping, then we get the following fixed point theorem.

Corollary 2.5 Let (X, d) be a complete metric space, A be a non-empty, closed subset of X
and T : A — A. Ifthere exist non-negative real numbers 01, 0, 63 and L with 6, + 20, + 203 <
1 such that

d(Tx, Ty) < 61d(x,y) + 0, [d(x, Tx) + d(y, Ty)] + 65 [d(x, Ty) + d(y, Tx)]
+ Lmin{d(y, Tx), d(x, Tv), d(x, Tx), d(y, Ty)}

forallx,y € A, then T has a unique fixed point.
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Remark 2.2

1. If 6, =65 = L = 0 in Corollary 2.5, we get the generalized and improved result of
Banach [1].

2. If6; =63 = L = 0 in Corollary 2.5, we get the generalized and improved result of
Kannan [24].

3. If 6, =6, =L = 0 in Corollary 2.5, we get the generalized and improved result of
Chatterjea [25].

4. If 6, = 63 = 0 in Corollary 2.5, we get the generalized and improved result of Berinde
[26].

Next, we give the existence theorem of a best proximity point for a generalized o-prox-

imal contraction of the second kind.

Theorem 2.6 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X such that A is approximately compact with respect to B. Assume that o
A x A — [0,00), Ay and By are non-empty sets and T : A — B is a continuous generalized
a-proximal contraction of the second kind such that the following conditions hold:

(a) T is a-proximal admissible;

(b) T(Ao) < Bo;

(c) There exist xg,x, € A such that d(x1, Txo) = d(A, B) and o(xg,x1) > 1.
Then there exists an element z € By (T). Further, Tz; = Tz, whenever z1,z5 € Begy(T) and

O{(er ZZ) = 1

Proof Following the arguments in Theorem 2.1, we can construct a sequence {x,} in A

such that

d(x,, Tx,_1) = d(A,B) (2.10)
and

a(x,_1,%,) > 1 (2.11)

for all » € N. Since T is a generalized «-proximal contraction of the second kind, we have

A(Tx, Thps1) < O1d(Tpo1, Tan) + 0o d(To1, Ti) + (T, To11) ]
+ 03 [d(Tx,,_l, Tx,41) + d(Tx,, Tx,,)]
+ Lmin{d(Tx,,, Tx,), d(Txp_1, Txp11),
A(Txy1, T, d( T, Thps1) }
< O1d(Txp-1, Txy) + 62 [d(Tx,H, Tx,) + d(Txy, Txn+1)]
+ 65 [d(Txn_l, Tx,) + d(Tx,, Tx,,+1)]
for all n € N. It follows that d(Tx,, Tx,.1) < Kd(Tx,_1, Tx,) for all n € N, where K :=

91 +92 +03

o0, <L Similar to the proof in Theorem 2.1, we obtain that the sequence {T%,} is a
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Cauchy sequence in B. Since B is a closed subspace of the complete metric space X, B is
complete. Then the sequence {Tx,} converges to some y € B. Further, we have

d@!A) = d@rxn-d)
< d@; Txn) + d(Txn)erl)
= d(y, Tx,) + d(A, B)
<d(@, Tx,) +d(5,A)
for all n € N. Therefore, d(y,x,) — d(),A) as n — o00. Since A is approximately com-
pact with respect to B, then the sequence {x,} has a subsequence {x,,} converging
to some element z € A. Now, using the continuity of T, we obtain that d(z, Tz) =

limy,s o0 (X 41, Thn, ) = d(A, B). Hence z € Beg (T).
Finally, we may assume that z;, 2, € Best(T) and «(z1,22) > 1. Therefore, we get

a(z1,22) > 1,
d(zl’ Tzl) = d(A>B)y
d(Zz, TZQ) = d(A,B)

Since T is a generalized o-proximal contraction of the second kind, we have

d(TZl, TZz) < Old(Tzl, Tzy) + 6, [d(TZl, TZl) + d(TZz, TZQ)]
+ 03 [d(Tzl, Tzy) + d(1z,, Tzl)]
+ Lmin{d(Tzz, Tz1),d(Tz1, Tz5),d(1z1, Tz1), d(1z,, Tzz)},

which implies that
d(TZl, TZz) <6+ 2936[(T21, TZZ).

It follows from 6; + 263 € [0,1) that d(7z;, Tz;) = 0 and hence Tz, = Tz,. This completes
the proof. d

As a consequence of Theorem 2.6, we state the following corollary.

Corollary 2.7 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X such that A is approximately compact with respect to B. Assume that Ag
and By are non-empty sets and T : A — B is continuous such that the following conditions
hold:

(@”) There exist non-negative real numbers 61, 63, 05 and L with 6, + 20, + 205 < 1 such that
forall u,v,x,y € A,

d(u,v) < 6:1d(Tx, Ty) + 0, d(Tx, Tu) + d(Ty, Tv) ]
d(u, Tx) = d(A, B), + 03 [d(Tx, v) + d(Ty, Tu)]
d(v, Ty) = d(A, B), + Lmin{d(Ty, Tu),d(Tx, Tv),
d(Tx, Tu), d(Ty, Tv)};

Page 11 of 21
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(b) T(Ao) < Bo;
() There exist xg,x, € A such that d(x1, Txo) = d(A, B).

Then there exists an element z € Bes(T). Further, Tz, = Tz, for all z1,zy € Bes(T).
Proof By taking a(x,y) =1 for all x,y € A in Theorem 2.6, we get this result. g
In Corollary 2.7, if T is a self-mapping, then we get the following fixed point theorem.

Corollary 2.8 Let (X, d) be a complete metric space, A be a non-empty, closed subset of X,
and let T : A — A be a continuous mapping. If there exist non-negative real numbers 6,
0, 03 and L with 01 + 205 + 203 < 1 such that

d(TTx, TTy) < 6:d(Tx, Ty) + 0, d(Tx, TTx) + d(Ty, TTy)]
+63[d(Tx, TTy) + d(Ty, TTx)]

+ Lmin{d(Ty, TTx), d(Tx, TTv),d(Tx, TTx), d(Ty, TTy)}
forallx,y € A, then T has a unique fixed point.

In the next theorem, we give conditions for the existence of a best proximity point for
a non-self mapping that is a generalized «-proximal contraction of the first and second
kinds. In this theorem, we consider only a completeness hypothesis without assuming the
continuity of the non-self mapping and the approximate compactness of the subspace.

Theorem 2.9 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X. Assume that o : A X A — [0,00), Ag and By are non-empty sets and
T : A — B is a generalized a-proximal contraction of the first and second kinds such that
the following conditions hold:

(a) T is a-proximal admissible;

(b) T(Ao) < Bo;

(c) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and o(xg,x1) > 1;

(d) If {x,} is a sequence in A such that o(x,,%,41) > 1 for all n € N and x, — x as n — oo
for some x € A, then a(x,,x) > 1 for all n € N.

Then there exists an element z € A such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if a(z1,23) > 1 for all z1,zy € Beyt(T), then T has a unique
best proximity point.

Proof Following the arguments in Theorem 2.1, we can construct a sequence {x,} in Ag

such that

A%y, Txy1) = d(A, B) (2.12)
and

a(x,-1,%,) > 1 (2.13)

forall n e N.
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Also, using similar arguments as in the proof of Theorem 2.1, we conclude that the
sequence {x,} is a Cauchy sequence, and hence converges to some z € A. Moreover,
on the lines of Theorem 2.6, we obtain that the sequence {Tx,} is a Cauchy sequence
and hence converges to some ¥ € B. Therefore, we have d(z,7) = limy,_, oo d(®y41, T%y) =
d(A, B), hence z must be in Ay. Since T(Ay) < By, then d(i1, Tz) = d(A,B) for some
neaA.

From the assumption (d) and (2.12), we have
a(x,2) =1 (2.14)

forall n e N.

Now we have

a(xp,z) = 1,
d(xn+1; Txn) = d(A: B),
d(i, Tz) = d(A, B),

for all n € N. Using the fact that 7T is a generalized o-proximal contraction of the first kind,

we have

d(xnﬂr I,/\l) = eld(xm Z) + 02 [d(xn) xn+1) + d(Z, l,'\t)] + 03 [d(xn; il) + d(Z, xn+1)]

+L min {d(Z, xn+1); d(xnr i'\i)r d(xm xVH—l)! d(Z, i\l) }
for all n € N. Taking the limit as # — oo in the previous inequality, we have
d(z,1t) < (02 + 03)d(z, ).

Since 6, + 63 € [0,1), we get d(z,4) = 0 and then z = #&. Thus, it follows that d(z, Tz) =
d(ut, Tz) = d(A, B). Therefore, z € B, (T).
For the uniqueness of a best proximity point of 7, we proceed similarly to the proof of

Theorem 2.1. Then, in order to avoid repetition, the details are omitted. O

Corollary 2.10 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X. Assume that Ay and By are non-empty sets and T : A — B satisfies the

following conditions:

(@') There exist non-negative real numbers 6, 05, 03 and L with 6, + 20, + 205 < 1 such that

forall u,v,x,y € A,

d(u,v) < 61d(x,) + 6, [d(x, u) +d(y, v)]
d(u, Tx) = d(A, B), _ + 03 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v),
d(x,u),d(y, V)};
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(") There exist non-negative real numbers 01, 0, 03 and L with 01 + 20, + 203 < 1 such
that for all u,v,x,y € A,

d(u,v) < 01d(Tx, Ty) + 0 [d(Tx, Tu) + d(Ty, Tv)]
d(u, Tx) = d(A, B), _ +03 [d(Tx, v) + d(Ty, Tu)]
d(v, Ty) = d(A, B), + Lmin{d(Ty, Tu), d(Tx, Tv),
d(Tx, Tu), d(Ty, Tv) };

(b)  T(Ao) S Bo;
(¢) There exist xg,%x1 € A such that d(x1, Txo) = d(A, B).

Then there exists a unique z € Ag such that d(z, Tz) = d(A, B), that is, T has a unique best

proximity point.
Proof By taking «(x,y) =1 for all x,y € A in Theorem 2.9, we get this result. O

3 Best proximity point theorems on a metric space endowed with an arbitrary
binary relation
In this section, we apply our results in the previous section (Theorems 2.1, 2.6 and 2.9) to
the best proximity point theorems on a metric space endowed with an arbitrary binary re-
lation. Moreover, we obtain a special case of these results as corollaries in partially ordered
metric spaces.
Before presenting our results, we need a few preliminaries. Let (X, d) be a metric space

and R be an arbitrary binary relation over X. Denote
S=RUR™L

this is the symmetric relation attached to R. Clearly,
xyeX, xSy <= xRy or yRx.

Definition 3.1 Let (X, d) be a metric space, let R be a binary relation over X, and let A
and B be two non-empty subsets of X. We say that 7': A — B is a proximal comparative

mapping if

xSy,
d(u, Tx) = d(A, B), = uSv
d(v, Ty) = d(A, B),

forall u,v,x,y € A.
We have the following best proximity point result.

Theorem 3.1 Let (X, d) be a complete metric space, let R be a binary relation over X, and
let A and B be two non-empty, closed subsets of X such that B is approximately compact
with respect to A. Assume that Ay and By are non-empty sets and T : A — B such that the
following conditions hold:
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(A) T is proximal comparative mapping;
(A') There exist non-negative real numbers 0, 63, 05 and L with 6y + 20, + 205 < 1 such that
Sforall u,v,x,y € A,

xSy, d(u,v) < 61d(x,y) + 6, [d(x, u) +d(y, v)]
d(u, Tx) =d(A,B), = + 63 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v),d(x,u),d(y, v)};

(B)  T(Ao) € Bo;
(C) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and xoSx;;
(D) If {x,} is a sequence in A such that x,Sx,.1 for all n € N and x,, — x as n — oo for

some x € A, then x,Sx for all n € N.

Then there exists an element z € A such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if 218z, for all z1,zy € Best(T), then T has a unique best

proximity point.

Proof Define the mapping o : A x A — [0, 00) by

1, a8y,
ax,y) = (3.1)
0, otherwise.

Since T is a proximal comparative mapping, we have

xSy,
d(u, Tx) = d(A, B), = uSv
d(v, Ty) = d(A, B),

for all u,v,x,y € A. By the definition of «, we obtain that

alx,y) > 1,
d(u, Tx) = d(A, B), =  a(u,v)>1
d(v, Ty) = d(A, B),

for all u,v,x,y € A. This shows that T is «-proximal admissible.
From (A’) and the construction of mapping «, we get

axy) >1, d(u,v) < 61d(x,) + 6, [d(x, u) +d(y, v)]
d(u, Tx) =d(A,B), — + 03 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v),dx,u),d(y, v)}

for all u,v,x,y € A, that is, T is a generalized «-proximal contraction of the first kind.
Since condition (C) implies that d(x;, Txq) = d(A, B) and «(xo,%;) > 1, condition (c) in

Theorem 2.1 holds. It is easy to see that condition (D) implies condition (d) in Theorem 2.1.
Now, all the hypotheses of Theorem 2.1 are satisfied, and the desired result follows im-

mediately from this theorem. O
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Theorem 3.2 Let (X, d) be a complete metric space, let R be a binary relation over X, and
let A and B be two non-empty, closed subsets of X such that A is approximately compact
with respect to B. Assume that Ao and By are non-empty and T : A — B is continuous such
that the following conditions hold.:

(A) T is a proximal comparative mapping;
(A") There exist non-negative real numbers 0y, 0, 03 and L with 61 + 26, + 203 < 1 such that
forallu,v,x,y € A,

d(Tu, Tv) < 6,:d(Tx, Ty) + 0> [d(Tx, Tu) + d(Ty, Tv)]
+03[d(Tx, Tv) + d(Ty, Tu) |
+L min{d(Ty, Tu),d(Tx, Tv),
d(Tx, Tu), d(Ty, Tv) };

xSy,
d(u, Tx) =d(A,B), =
d(v, Ty) = d(A, B),

(b) T(Ao) S Bo;
(¢)  There exist xq,x1 € A such that d(x1, Txo) = d(A, B) and xoSx.

Then there exists an element z € B (T). Further, Tz, = Tz, whenever z1,z5 € Begy(T) and
21822.

Proof The result follows from Theorem 2.6 by considering the mapping « as in the proof
of Theorem 3.1. O

Theorem 3.3 Let (X, d) be a complete metric space, let R be a binary relation over X, and
let A and B be two non-empty, closed subsets of X. Assume that Ay and By are non-empty
sets and T : A — B such that the following conditions hold:

(A) T is a proximal comparative mapping;
(A") There exist non-negative real numbers 0y, 0, 03 and L with 6; + 26, + 205 < 1 such that
forallu,v,x,y € A,

xSy, d(u,v) < 61d(x,y) + 65 [d(x, u) +d(y, v)]
d(u, Tx) =d(A,B), = + 65 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v), d(x, u),d(y, V)};

(A") There exist non-negative real numbers 01, 04, 03 and L with 01 + 205 + 203 < 1 such
that for all u,v,x,y € A,

d(Tu, Tv) < 6,d(Tx, Ty) + 6, [d(Tx, Tu) + d(Ty, Tv)]
+03[d(Tx, Tv) + d(Ty, Tu)|
+ Lmin{d(Ty, Tu), d(Tx, T),
d(Tx, Tu), d(Ty, TV)};

xSy,
d(u, Tx) =d(A,B), —
d(v, Ty) = d(A, B),

(B)  T(Ao) < Bo;

(C) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and xqSx;;

(D) If{x4} is a sequence in A such that x,5%y.1 for all n € N and x, — x as n — oo for
some x € A, then x,Sx for all n € N.
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Then there exists an element z € Ag such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if 218z, for all z1,zy € Best(T), then T has a unique best
proximity point.

Proof This result follows from Theorem 2.9 by considering the mapping o given in the
proof of Theorem 3.1. g

Next, we deduce Theorems 3.1, 3.2 and 3.3 to the special case in the context of partially

ordered metric spaces. Before studying the next results, we give the following definitions.

Definition 3.2 Let X be a non-empty set. Then (X, d, <) is called a partially ordered met-
ric space if (X, d) is a metric space and (X, <) is a partially ordered set.

For the partially ordered set (X, <), we define
<:i={xy) eXxX:x<yory=x}.

Definition 3.3 Let (X,d, <) be a partially ordered metric space, and let A and B be two
non-empty subsets of X. We say that 7': A — B is a proximal comparative mapping with
respect to < if

x <,
d(u, Tx) = d(A, B), = uxv
d(v, Ty) = d(A, B),

for all u,v,x,y € A.

It is obtained that < is a binary operation on X and = = < U <71 Therefore, we get the
following best proximity point results in a partially ordered metric space.

Corollary 3.4 Let (X,d, <) be a complete partially ordered metric space, and let A and B
be two non-empty, closed subsets of X such that B is approximately compact with respect
to A. Assume that Ay and By are non-empty sets and T : A — B such that the following
conditions hold:

(A) T is proximal comparative with respect to <;
(A') There exist non-negative real numbers 0, 63, 03 and L with 6y + 20, + 205 < 1 such that
forallu,v,x,y € A,

X=X, d(u,v) < 61d(x,y) + 62 [d(x, u) +d(y, v)]
d(u, Tx) =d(A,B), = +03[d(x,v) + d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v),d(x, u),d(y, v)};

(B) T(Ao) < Bo;

(C) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and xo =< x1;

(D) If{x,} is a sequence in A such that x, < %441 for all n € N and x, — x as n — oo for
some x € A, then x, < x for all n € N.
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Then there exists an element z € Ag such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if z1 < z, for all z1,z; € Best(T), then T has a unique best

proximity point.

Corollary 3.5 Let (X,d, <) be a complete partially ordered metric space, and let A and B
be two non-empty, closed subsets of X such that A is approximately compact with respect
to B. Assume that Ay and By are non-empty sets and T : A — B is continuous such that the

following conditions hold.:

(A) T is a proximal comparative mapping with respect to <;
(A") There exist non-negative real numbers 0y, 0, 03 and L with 61 + 26, + 203 < 1 such that

forall u,v,x,y € A,

d(Tu, Tv) < 61d(Tx, Ty) + 6, [d(Tx, Tu) + d(Ty, Tv)]
+03[d(Tx, TV) + d(Ty, Tu) |
+L min{d(Ty, Tu),d(Tx, Tv),
d(Tx, Tu), d(Ty, Tv) };

x <,
d(u, Tx) =d(A,B), =
d(V, Ty) = d(ArB)r

(B) T(Ao) S By;
(C) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and xo < x1.

Then there exists an element z € By (T). Further, Tz, = Tz, whenever z1,z, € By (T) and

z1 X 2).

Corollary 3.6 Let (X,d, X) be a complete partially ordered metric space, and let A and
B be two non-empty, closed subsets of X. Assume that Ay and By are non-empty sets and
T : A — B such that the following conditions hold:

(A) T isa proximal comparative mapping with respect to <;
(A') There exist non-negative real numbers 6y, 05, 05 and L with 0y + 26, + 263 < 1 such that

forall u,v,x,y € A,

x =Y, d(u,v) < 01d(x,y) + 65 [d(x, u) +d(y, v)]
d(u, Tx) =d(A,B), = + 65 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), +L min{d(y, u),d(x,v), d(x, u),d(y, V)};

(A") There exist non-negative real numbers 61, 04, 03 and L with 01 + 205 + 203 < 1 such

that for all u,v,x,y € A,

d(Tu, Tv) < 01d(Tx, Ty) + 05| d(Tx, Tu) + d(Ty, Tv)]
+03[d(Tx, Tv) + d(Ty, Tu) |
+ Lmin{d(Ty, Tu),d(Tx, Tv),
d(Tx, Tu), d(Ty, TV)};

x =<y,
d(u, Tx) =d(A,B), =
d(v, Ty) = d(A, B),

(B)  T(Ao) < Bo;
(C) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and xo < x1;
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(D) If{x,)} is a sequence in A such that x,, <X %441 for all n € N and x,, — x as n — oo for

some x € A, then x,, < x for all n € N.

Then there exists an element z € Aq such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if zy < z; for all z1,2y € Best(T), then T has a unique best

proximity point.

4 Remarks and conclusions
Recently, Salimi et al. [21] presented some fixed point results by modifying « — ¢ contrac-
tion types in [16] and [29].

Definition 4.1 [21] Let G: X — X be a mapping on a metric space (X,d), and let «, 1 :
X x X — [0,00) be two functions. We say that G is an «-admissible mapping with respect
to n if for x,y € X, we have

alxy) =nxy) = a(Gx,Gy) = n(Gx,Gy).
Inspired by Salimi et al. [21] one can suggest the following definitions.

Definition 4.2 Let A and B be two non-empty subsets of a metric space (X,d) and «, 8 :
A x A — [0,00). A mapping T : A — B is said to be an (o, 8)-proximal contraction of the
first kind if there exist non-negative real numbers 6;, 6,, 65 and L with 6; + 26, + 203 <1

such that for all u,v,x,y € A,

ax,y) > B(x,y), d(u,v) < 61d(x,y) + 6, [d(x, u) +d(y, v)]
d(u, Tx) =d(A,B), = + 03 [d(x, v) +d(y, u)]
d(v, Ty) = d(A, B), + Lmin{d(y, u),d(x,v),dx,u),d(y, V)}.

Definition 4.3 Let A and B be two non-empty subsets of a metric space (X,d) and «, 8 :
A x A — [0,00). A mapping T : A — B is said to be an («, B)-proximal contraction of the
second kind if there exist non-negative real numbers 6y, 6, 63 and L with 6; + 20, + 205 <1

such that for all u,v,x,y € 4,

d(Tu, Tv) < 61d(Tx, Ty) + 0, [d(Tx, Tu) + d(Ty, Tv)]
+ 63 [d(Tx, Tv) + d(Ty, Tu)]
+ Lmin{d(Ty, Tu),d(Tx, Tv),
d(Tx, Tu), d(Ty, Tv)}.

alx,y) = B, y),
d(u,Tx) =d(A,B), =
d(v, Ty) = d(A, B),

By replacing an («, 8)-proximal contraction of the first kind with an «o-proximal con-
traction of the first kind (that is, by replacing Definition 4.2 with Definition 2.1) in the
statements of Theorem 2.1, one can get the following theorem.

Theorem 4.1 Let (X,d) be a complete metric space, and let A and B be two non-empty,
closed subsets of X such that B is approximately compact with respect to A. Assume that
o,B:AxA— [0,00), Ag and By are non-empty sets and T : A — B is an («, 8)-proximal
contraction of the first kind such that the following conditions hold:
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(a) T is a-proximal admissible with respect to 8;

(b) T(Ao) € Bo;

(c) There exist xg,x1 € A such that d(x1, Txo) = d(A, B) and a(xo,x1) > B(x0,%1);

(d) If{x,} is a sequence in A such that o(x,,%x,.1) > B(*y, %y41) for all n € N and x,, — x
as n — oo for some x € A, then a(x,,x) > B(xy,x) for all n € N.

Then there exists an element z € Ay such that d(z, Tz) = d(A, B), that is, T has at least one
best proximity point. Moreover, if a(z1,22) > B(z1,22) for all z1,z0 € Bey(T), then T has a

unique best proximity point.

In this case, the proof is the analog of the proof of Theorem 2.1. In the same setting, the

analogues of Theorem 2.6, Theorem 2.9, Theorem 3.1, Theorem 3.2, Theorem 3.3 can be

obtained easily.

Very recently, Berzig and Karapinar [30] proved that the first main result of Salimi ez al.

[21] follows from a result of Karapinar and Samet [29]. Thus, Definition 4.2 and Defini-

tion 4.3 can be considered as a consequence of Definition 2.1 and Definition 2.2.
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