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Abstract

In this paper, we first introduce a new hybrid iteration method for a finite family of
asymptotically nonexpansive mappings and nonexpansive mappings in Banach
spaces, and then we discuss the strong and weak convergence for the iterative
processes. The results presented in this paper extend and improve the corresponding
results of Wang and Osilike.
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1 Introduction and preliminaries
Throughout this paper we assume that E is a real Banach spaceand T : E — E isa mapping.
We denote by F(T') and D(T) the set of fixed points and the domain of T, respectively.
Recently, the convergence problems of an implicit (or non-implicit) iterative process to
a common fixed point for a finite family of asymptotically nonexpansive mappings (or
nonexpansive mappings) in Hilbert spaces or uniformly convex Banach spaces have been
considered by several authors (see, e.g., [1-24]).
Recall that E is said to satisfy Opial’s condition [11] if for each sequence {x,} in E, the

condition that the sequence x, — x weakly implies that

limsup ||x, — x| < limsup ||x,, — ||
n—00 n—00

for all y € E with y # x.

Definition 1.1 Let D be a closed subset of E and T": D — D be a mapping.
(1) T issaid to be demi-closed at the origin if for each sequence {x,} in D, the
conditions x, — xo weakly and Tx, — 0 strongly imply Tx, = 0.
(2) T is said to be semi-compact if for any bounded sequence x,, in D such that
lx, — Tk, |l = 0 (m — 00), there exists a subsequence {x,,} C {x,} such that
Xp, — x* €D.
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tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2013/1/322
mailto:gufeng99@sohu.com
http://creativecommons.org/licenses/by/2.0

Gu Fixed Point Theory and Applications 2013, 2013:322
http://www.fixedpointtheoryandapplications.com/content/2013/1/322

(3) T is said to be asymptotically nonexpansive [3] if there exists a sequence
{k,} C [1,00) with lim,,_, o k;, = 1 such that

|77 - T"y| < kullx =3I, VxyeDn=1;
when k, =1, T is known as a nonexpansive mapping.
(4) T is said to be L-Lipschitzian if there exists a constant L > 0 such that
|Tx — Ty|| < L||x —y|| for allx,y € D.
Proposition 1.1 Let K be a nonempty subset of E, and let {T;}", : K — K be m asymptoti-

cally nonexpansive mappings. Then there exists a sequence {k,} C [1,00) with k, — 1 such
that

|Trx-T!y| <kallx=yl, Vn=LxyeK,i=12,...,m. (1.1)

Proof Since for each i =1,2,...,m, T; : K — K is an asymptotically nonexpansive map-

ping, there exists a sequence {k,(f)} C [1,00) with kf,i) — 1 (n — 00) such that
|Trx - Try|| <kDhx—yl, VxyeK,Vn=>1i=12,...,m.
Letting
K = max [kD, kP, ... k),
we have that {k,} C [1,00) with k, — 1 (n — o0) and
| 77 = T7y|| < kPl =yl < kallx—yll, Vn=1
forallx,y € K and for eachi=1,2,...,m. O
In 2007, for studying the strong and weak convergence of fixed points of nonexpan-

sive mappings in a Hilbert space H, Wang [19] introduced the following hybrid iteration
scheme:

Kpa1 = Uty + (L — o)) T, V>0, (1.2)

where T*1x, = Tx, — Ay, uF(Tx,) for all x,, € H, xo € H is an initial point, F : H — H is
an 7-strongly monotone and k-Lipschitzian mapping, u is a positive fixed constant.

In the same year, Osilike et al. [13] extended the results of Wang from Hilbert spaces to
arbitrary Banach spaces and proved those theorems by Wang without the strong mono-
tonicity condition.

In this paper, we introduce the following new hybrid iteration method in Banach spaces:

m m
X1 = Ay + (1= 1) [Z T }% = ki 1of (Z riTi”xnﬂ, V>0 (1.3)

i=1 i=1
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for a finite family of asymptotically nonexpansive mappings {T;}", : K — K, where f :
K — K is an L-Lipschitzian mapping, i is a positive fixed constant, {«,} is a sequence in
(0,1), {A,} € [0,1) and {7;}; C (0,1) such that > ", 7; = 1.

Especially, if {T;}/"; : K — K are m nonexpansive mappings, f : K — K is an L-
Lipschitzian mapping, u is a positive fixed constant, {,} is a sequence in (0,1), {*,} C
[0,1) and {z;}"; C (0,1) such that ) ", 7; = 1, then the sequence {x,} defined by

i=1 i=1

m m
KXntl = OpXy + (1 - Q'n) |:Z T Tixn - )\n+l/f’ff<z T Tixn>:|; Vn = 0; (14)

is called the hybrid iteration scheme for a finite family of nonexpansive mappings {7;}Y,.
The purpose of this paper is to study the weak and strong convergence of an iterative

sequence {x,} defined by (1.3) and (1.4) to a common fixed point for a finite family of

asymptotically nonexpansive mappings and nonexpansive mappings in Banach spaces.

The results presented in this paper extend and improve the main results in [13] and [19].
In order to prove the main results of this paper, we need the following lemmas.

Lemma 1.1 [17] Let {a,}, {b,}, {c.} be three nonnegative real sequences satisfying the fol-
lowing condition:

an1 <1 +by)a, +c,, Yn=0.
IfY 2 by <ooand ) ., ¢, <00, then the limit lim,,_, « a, exists.

Lemma 1.2 [15] Let E be a uniformly convex Banach space, and let b, ¢ be two constants
with 0 < b < ¢ < 1. Suppose that {t,} is a sequence in |b,c] and {x,}, {y,} are two sequences
in E. Then the conditions

lim,—, o0 |(1 = )2, + Lyull = d,
limsup, ., I, | < d.
limsup,_, o, lyxll < d,

imply that lim,_, « ||x, — yu|l = 0, where d > O is some constant.

Lemma 1.3 [4] Let E be a uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let T : K — K be an asymptotically nonexpansive mapping with
F(T)#@. ThenI—T is semi-closed at zero, where I is the identity mapping of E, that is, for
each sequence {x,} in K, if {x,} converges weakly to q € K and {(I — T)x,} converges strongly
to 0, then (I - T)gq = 0.

2 Main results
We are now in a position to prove our main results in this paper.

Theorem 2.1 Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let {11, Ts,..., Ty} : K — K be m asymptotically nonexpansive
mappings with F = (', F(T;) # ¥ (the set of common fixed points of {T1, T,..., Ti});
f:K — K is an L-Lipschitzian mapping. Let the hybrid iteration {x,} be defined by (1.3),
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where {a,} and {\,} are real sequences in [0,1), let {k,} be the sequence defined by (1.1)
satisfying the following conditions:
(i) @ <a, <pBforsomea,p e (0,1);

(i) Doy (ks —1) < 00

(i) Y_0o) Ay < 00.
Then

(1) lim, o ||x, — p|| exists for each p € F,

(2) Timyss oo 1% — Tinll = 0, VI =1,2,3,...,m,

(3) {x} converges strongly to a common fixed point of {T1, T, T5, ..., T} if and only if

lim,,_, oo d(x,, F) = 0.

Proof (1) Since F = ﬂ:ﬁl F(T;) # 0, for each p € F, it follows from Proposition 1.1 that

%01 —pll =

¥y + (1= ) [Z T %0 = Anaitf (Z T T{’xn)} -p
i=1

i=1

< aullx, —pll + A —ap)

m
Z t(T/%, — T]'p)
i1

((5em)|

m
<yl —pll + A=) > 7| Tixa — T/'p|
i=1

P(Z Tin”xn> -fp)

< aullx, —pll + (1 — o)kl %, -pl

+ (L= ap)ApapkaLllx, = pll + (1= otn)hpape Hf(l’) ” . (2.1)

+ (1 —a)Apap

+ (1 =) hp1 b + (L — o)Ayt Hf(p) ||

Since k, — 1 (n — o0), we know that {k,} is bounded, and there exists M; > 1 such that
k, < M. Let u, = k, —1,Vn > 1, by condition (ii) we have Y > u, < 0. Therefore we have
%1 =PIl < etulln = pll + (1= o)1 + wy) 1% = pl
+ (U= @)k pMiLxy = pll + (L= o)At [/ @) |
< dullxn —pll + 1= o + u) |, — pll
+ At WML L%, = pl| + M it [ f D)

< (L+ tty + Mt ML) % = | + Apir it f () . (2.2)

Taking a, = ||x, — pll, by = Uy + Ay uMiL, ¢, = Ay t||f (p)|| and by using condition (iii)
and Y 7, u, < 00, it is easy to see that

oo o0
E b, < 00; E Cy < 00.
n=1 n=1

It follows from Lemma 1.1 that lim,,_, o, ||%,, — p|| exists.
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(2) Since {||lx,, — pll} is bounded, there exists M3 > 0 such that
%, —pll <M, Vn>1.
We can assume that

lim |lx, —pll =d
n—00

(2.3)

(2.4)

where d > 0 is some number. Since {||x, — p||} is a convergent sequence, so {x,} is a

bounded sequence in K. Let
m m
Oy = Z T Tinxn - )\n+1Mf (Z Ti Tl‘nxn);
i=1 i=1

then
i1 = pll = ||an(xn p)+ (1 -a,)(o P)H
By (2.4) we have that

limsup [lx, - pll = d
n—00

From (2.1) and (2.3) we have
i=1

By condition (iii), k, < My, Y e, u, < 00 and (2.3), (2.4), (2.6), we have that

_ o

< limsup{k [1x, — pll + Au e (LMLM, + £ (p) )}

n—00

= limsup{(1 + u,)||%, — pll + At (LMiM; + [f(p) )}

n—00

< Lk, Il - pll + |[F @) |

< LMM; + |f(p)|.

Z‘L’,T Xy —

i=1

hmsup loy —pll < hmsup{ + Aps1ld

< limsup{[|x, - pll + uaMs + ki1t (LMIM: + | fD)]]) }

n—00

<d.
Thus from (2.4), (2.5), (2.6), (2.8) and Lemma 1.2 we know that
lim |0, — %, =0
n—0oQ
By (2.9), we have that

%41 — xull = ”(O(n = Dxy + (1= ay)oy, ”

<l-a)lon =%, =0 (1n— 00).

|

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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From (2.10) we obtain that

lim |, — %, =0, Vj=1,2,3,...,m. (2.11)
n—00

)
(5

nlin;o(||xn —oull + )Ln+1M(LM1M2 + Hf(P)”))

- 0. (2.12)

It follows from (2.7) and (2.9) that

m
o E 7, T %,

i=1

m
Xy — E . T! %,

i=1

lim

n—00

< lim (”xn —oull +
n—00

IA

lim (”xn =0l + Au it
n—0o0

IA

Let &, = |l, — T/'%ull, [ € {1,2,3,...,m}, then from (2.12) we have

1
b = = T = = -l = T
1 & 1 “
< ;1 Zrin,, =T, H = ;1 Xy — Z .17 %, "
i=1 i=1
-0 (n— o0). (2.13)

It follows from (2.10) and (2.13) that

96s = Ticull < || %0 = T7%u | + | T7%0 — T |
< &+ k| T) %0 — x|
< &+ k(| 7750 = TP | + | T %01 = || + Nt — ]
< &+ ko (Ko 16 = Kot | + Epy + 1601 — 2 ll)
= Epn+ k(L + k1) 1y — X |l + 11
50 (1— o0). (2.14)

(3) From (2.2) and (2.3), we have that
141 =PIl < (1+by)llx, -pl+cy,, Vn=>1, (2.15)

where by, = u, + AypapuMiL and ¢, = Ay f )|l with Y02 b, < 0o and > 2 ¢, < o0.
Hence, we have

d(x,,F) <1 +b,)d(x,_1,F)+c,, Vn>1. (2.16)

It follows from (2.16) and Lemma 1.1 that the limit lim,,_, o, d(x,,, F) exists.

If {x,} converges strongly to a common fixed point p of {11, T, T3, ..., T),}, then it fol-
lows from (2.3) and Lemma 1.2 that the limit lim,_, , ||x,, — p|| = 0. Since 0 < d(x,,F) <
llx, — pll, we know that lim,,_, o d(x,,, F) = 0, and so limsup,,_, ., d(x,,, F) = 0.
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Conversely, suppose limsup,,_, . d(x,, F) = 0, then lim,,_, », d(x,, F) = 0.
Next we prove that the sequence {x,} is a Cauchy sequence in K. In fact, since Y -, b, <
00,1+t <exp{t} forall £ >0, from (2.15) we have

%, = pll < exp{bu} %41 = pll + Cp- (2.17)
Hence, for any positive integers n, m, from (2.17) it follows that

”xn+m —P|| = exp{bn+m}”xn+m—l —P|| t Crnim
= exp{bn+m}[exp{bn+m—l} 1% sm—2 = pIl + Cn+m—1] + Cnm

= exXp{buim + brsm-1}1%nim-2 — Pl + €Xp{buim}Crim-1 + Cim

n+m n+m n+m
sexp{Zb,-}nxn—pn +exp[ > bi] Y e
i=n i=n+1 i=n+1

o0
< Wilxa—pll+ W Y ci

i=n+1

where W = exp{} 77, by} < c0.
Since lim,,_, o, d(x,,, F) = 0 and ZZZI ¢y < 00, for any given € > 0, there exists a positive
integer 1y such that

00
€ €
d(xnzp)<m, Zci<ﬁ, VV[ZHO.

i=n+1

Therefore there exists p; € F such that

Vn > np.

€
dx,,p1) < m, =

Consequently, for any # > ng and for all m > 1, we have

”xn+m _xn” = ||xn+m —191|| + ”xn —]91”

[o¢]
<@+ W)y —prll + W Y e

i=n+l

€ €
<——QA+W)+ W —
2AW +1) 2W

= €.

This implies that {x,,} is a Cauchy sequence in K. By the completeness of K, we can assume
that x, — x* € K. Then from (2) and Lemma 1.3 we have x* € F, and so x* is a common
fixed point of T1, T, T3,..., Ty,. This completes the proof of Theorem 2.1. O

Theorem 2.2 Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let {T1,T>, T3, ..., T} : K — K be m asymptotically nonexpansive
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mappings with F = ([, F(T;) # ¥, and at least there exists T}, 1 <1 < m, which is semi-
compact. f : K — K is an L-Lipschitzian mapping. Let {«,} and {1,} be real sequences in
[0,1), {k,} be the sequence defined by (1.1) satisfying the following conditions:
(i) @ <a, <pBforsomea,p e (0,1);

(i) Yooy (ky —1) < 00;

(i) Y_02) Ay < 0.
Then the hybrid iterative process {x,} defined by (1.3) converges strongly to a common fixed
point of {11, T5, Ts, ..., T} in K.

Proof From the proof of Theorem 2.1, {x,} is bounded, and lim,,_, » ||%, — Tjx,|| = 0, VI =
1,2,3,...,m. Especially, we have

lim [|%, — Tix]| = 0. (2.18)
n—00

By the assumption of Theorem 2.2, we may assume that 7; is semi-compact, without loss
of generality. Then it follows from (2.18) that there exists a subsequence {x,, } of {x,} such

that {x,, } converges strongly to p € K, and we have
”p - Tlp” = lim ”xnk - Tlxnk ” = lim ”xn - Tlxn” = O’ Vl = 11 2) 3’ <oy
ng—>00 n—00

This implies that p € F. In addition, since lim,,_, « ||, — p| exists, therefore lim,,_,  [|%, —
pll =0, that is, {x,} converges strongly to a fixed point of {11, T3, T5,..., T),} in K. This
completes the proof of Theorem 2.2. d

Theorem 2.3 Under the conditions of Theorem 2.1, if E satisfies Opial’s condition, then
the hybrid iterative process {x,} defined by (1.3) converges weakly to a common fixed point
Of{Tl, Tz, Tg, ey Tm} inK.

Proof From the proof of Theorem 2.1, we know that {x,,} is a bounded sequence in K. Since
E is uniformly convex, it must be reflexive, so every bounded subset of E is weakly com-
pact. Therefore, there exists a subsequence {%;} C {xu} such that {x,;} converges weakly
to x* € K. From (2.14) we have

lim [, — Ty |l =0, VI=1,2,3,...,m. (2.19)
]—)OO

By Lemma 1.3, we know that x* € F(T;). By the arbitrariness of / € {1,2,3,...,m}, we have
that x* € (2 F(T)).

Suppose that there exists some subsequence {x,, } C {x,} such that x,, — y* € K weakly
and y* # x*. From Lemma 1.3, y* € F. By (2.2) we know that lim,_,  [lx, — *|| and

lim,, o [|%, — y*|| exist. By the virtue of Opial’s condition of E, we have
lim ||, —2*| = lim ||x,,]. -x*| < lim ||xn/. -
n—00 1—)00 ]—)OO

= Jim [, =7 = Jim [, 57|

’

< lim | —a*| = lim ||x, - x*
k—o00 n—00
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which isa contraction. Hence x* = y*. This implies that {x,,} converges weakly to a common
fixed point of {T1, T, T3,..., T),} in K. This completes the proof of Theorem 2.3. O

Remark 2.1 Theorems 2.1, 2.2 and 2.3 extend the results of [13] and [19] from a nonex-

pansive mapping to a finite family of asymptotically nonexpansive mappings.

Theorem 2.4 Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let {11, T2, Ts,..., Ty} : K — K be m nonexpansive mappings with
F=N",F(T;) #%;f : K — K is an L-Lipschitzian mapping. Let a hybrid iterative sequence
{x,} be defined by (1.4), where {a,} and {A,} are real sequences in [0,1) satisfying the fol-
lowing conditions:

(i) « <a, <Bforsomea,p €(0,1);

(il) Doy Au < 00.
Then

(1) lim, o ||x, — p|| exists for each p € F,

(2) TiMys oo 1% — Titull = 0, ¥1=1,2,3,...,m,

(3) {x} converges strongly to a common fixed point of {T1, Tz, T5, ..., Tsy} if and only if

lim,,_, oo d(x,, F) = 0.

Theorem 2.5 Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let {T1, T, Ts,..., Ty} : K — K be m nonexpansive mappings with
F =2, F(T;) #, and at least there exists T;,1 < | < m, which is semi-compact.f : K — K
is an L-Lipschitzian mapping. Let {o,} and {A,} be real sequences in [0,1) satisfying the
following conditions:

(i) ¢« <a, <Bforsomea,p € (0,1);

(i) Y02 Ay <o00.
Then the hybrid iterative process {x,} defined by (1.4) converges strongly to a common fixed
point of {11, T5, Ts, ..., Ty} in K.

Theorem 2.6 Under the conditions of Theorem 2.4, if E satisfies Opial’s condition, then
the hybrid iterative process {x,} defined by (1.4) converges weakly to a common fixed point
Of{Tl, Tz, Tg, ey Tm} inK.

The proofs of Theorems 2.4, 2.5 and 2.6 can be obtained from those of Theorems 2.1,2.2
and 2.3 with the condition that {T}, T5, T3, ..., T),} : K — K are m nonexpansive mappings.

Remark 2.2 Theorems 2.4, 2.5 and 2.6 extend the results of [13] and [19] from a nonex-
pansive mapping to a finite family of nonexpansive mappings.
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