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Abstract

In this paper, first we present some coincidence point results for six mappings
satisfying the generalized (v, ¢)-weakly contractive condition in the framework of
partially ordered G,-metric spaces. Secondly, we consider ai-admissible mappings in
the setup of G,-metric spaces. An example is also provided to support our results.
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1 Introduction and mathematical preliminaries

Recently, Zand and Nezhad [1] have introduced a new generalized metric space, a G-
metric space, as a generalization of both partial metric spaces [2] and G-metric spaces
[3].

We will use the following definition of a G,-metric space.

Definition 1.1 [4] Let X be a nonempty set. Suppose that a mapping G, : X x X x X — R*
satisfies:

(Gpl) x=y=2zif Gy(x,9,2) = Gp(2,2,2) = G, (1,9, 9) = Gp(x, %, %);
(Gp2) Gplx,%,%) < Gy, x,¥) < Gp(x,9,2) forall x,y,z € X with z # y;
(Gp3) Gy(x,9,2) = Gy(p{x,,2}), where p is any permutation of x, y, z (symmetry in all three
variables);
(Gpd) Gp(x,9,2) < Gy, a,a)+Gp(a,y,2) - Gpla, a,a) for allx, y, z,a € X (rectangle inequal-
ity).
Then G, is called a G,-metric and (X, G,) is called a G,-metric space.

The G,-metric G,, is called symmetric if

Gp(xixry) = Gp(xry'y) (1)
holds for all x,y € X. Otherwise, G, is an asymmetric G,-metric.

Remark 1 In [1] (see also [5]), instead of (G,2), the following condition was used:
(Gp2) Gy, x,%) < Gp(x,%,9) < Gy(x,7,2) forall x,y,z € X.
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However, with this assumption, it is very easy to obtain that (1) holds for all x,y € X,
i.e., the respective space is symmetric. On the other hand, there are a lot of examples of
non-symmetric G-metric spaces. Hence, the conclusion stated in [1, 5] that each G-metric
space is a G,-metric space (satisfying (G,2')) does not hold. With our assumption (G,2),
this conclusion holds true.

The following are some easy examples of G,-metric spaces.

Example 1.1 Let X = [0,+00), and let G, : X3 — R* be given by Gp(x,y,2) = max{x, y,z}.

Obviously, (X, G,) is a symmetric G,-metric space which is not a G-metric space.

Example 1.2 Let X ={0,1,2,3,...}. Define G, : X* — X by

x+y+z+1, x#y#z,
x+z+1, y=2z#X,
Gy(y,2) =1y +z+1, x=2z#y,

x+z+1, x=y#z,

1, xX=y=2z
It is easy to see that (X, G,) is a symmetric G,-metric space.

Example 1.3 [4] Let X ={0,1,2,3}. Let

A= {(1, 0,0),(0,1,0),(0,0,1),(2,0,0),(0,2,0),(0,0,2),(3,0,0),(0,3,0), (0,0, 3),
1,2,2),(2,1,2),(2,2,1),(2,3,3),(3,2,3),(3,3, 2)},
B= {(0, 1,1),(1,0,1),(1,1,0),(0,2,2),(2,0,2),(2,2,0),(0,3,3),(3,0,3),(3,3,0),

(2,1,1),(1,2,1),(1,1,2),(3,2,2),(2,3,2),(2,2,3)}.
Define G, : X> — R* by

ifx=y=2z#2,
ifx=y=2z=2,
G(x,y,2) = if (x,9,2) € A,
if (x,9,2) € B,

ifx#y+#z

W v N O =

It is easy to see that (X, G,) is an asymmetric G,-metric space.
Proposition 1.1 [1] Every Gy-metric space (X, G) defines a metric space (X, dg,) where
de (%, 9) = Gp(%,9,9) + Gp (9, %, %) — Gp(%,%,%) — G,(3,5,¥)

forallx,y € X.
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Proposition1.2 (1] Let X be a G,-metric space. Then, for each x,y,z,a € X, it follows that:
(1) Gpx.3,2) < Gyx,a,a) + G,(y,a,a) + Gy(z,a,a) — 2G,(a, a,a);

(2) Gy, 9,2) < Gp(x,%,9) + Gy, %, 2) — Gy, %, %);

(3) Gplx,p,9) <2Gp(x,%,9) — Gy, x, x);

4) Gy(x,9,2) < Gp(w,a,2) + Gy(a,,2) — Gpla,a,a), a #z.

Definition 1.2 [1] Let (X, G,) be a G,-metric space. Let {x,} be a sequence of points of X.
1. A point x € X is said to be a limit of the sequence {x,}, denoted by x,, — x, if
limy, s 00 Gp (%, Xy X)) = Gp(, X, %).
2. {x,)} is said to be a G,-Cauchy sequence if limy, ;. o0 Gp (X, %, %) exists (and is
finite).
3. (X, G,) is said to be G,-complete if every G,-Cauchy sequence in X is G,-convergent
tox € X.

Using the above definitions, one can easily prove the following proposition.

Proposition 1.3 [1] Let (X, G,) be a G,-metric space. Then, for any sequence {x,} in X and
a point x € X, the following are equivalent:

(1) {x4) is G,-convergent to x.

(2) Gpn, %, %) > Gy, %, %) as n — 0.

(3) Gp(wn %, %) = Gy, %,%) as n — 0.

Lemma 1.1 [4] If G, is a G,-metric on X, then the mappings dg,, d : X x X — R*, given
by

dg,(%,y) = Gy(x,9,9) + Gp(y,%,%) — Gy(x,x,%) — G,(5,9,9)

and

6,(69) = max{G,(x,5,9) = Gy(x, %,%), Gy (y,%,%) = G,(0,5, )},
define equivalent metrics on X.
Proof % < max{a, b} < a + b for all nonnegative real numbers 4, b. O
Based on Lemma 2.2 of [6], Parvaneh et al. have proved the following essential lemma.

Lemma 1.2 [4] (1) A sequence {x,} is a G,-Cauchy sequence in a G,-metric space (X, G,)
if and only if it is a Cauchy sequence in the metric space (X,dg,).

(2) A Gy-metric space (X, Gp) is Gp-complete if and only if the metric space (X,dg,) is
complete. Moreover, lim,_, « dg, (x,x,) = 0 if and only if

lim G, (%, %,,%,) = hm Gy, %, %) = lim Gp(%, Xy X)

n—00 n,m—00

= lim  G,(%p, Xy Xm) = Gp(, %, X).
n,m— 00

Lemma 1.3 [4] Assume that x, — x as n — o0 in a G,-metric space (X, G,) such that
Gy(x,x,%) = 0. Then, for every y € X,
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(i) lim,— oo Gp(xmy’y) = Gp(x,y,y),
(ii) limy— 0o Gp(Xn, %, ¥) = Gp(x, %, ).

Lemma 1.4 [4] Assume that {x,}, {y,} and {z,} are three sequences in a G,-metric space
X such that

lim G,(x,,%,%) = lim G, (%, %4, %) = Gp(, %, %),

n—00 n— 00

nhenc}o Gp()’n,y,y) = nlin;o Gp()/n:ymyn) = Gp(y,y,y)

and
nlggo Gp(Zn,Z, z) = nlglf;lo Gp(znr ZpZn) = Gp(z; z,2).

Then
(1) limy— 0 Gp(X Yo 20) = Gp(, ¥, 2) and
(i) limy— oo Gp(Xns Xns ¥) = Gy, 2, )
foreveryy,ze X.

Lemma 1.5 [5] Let (X, G,) be a G,-metric space. Then
(A) IfGy(x,9,2) =0, thenx =y = z.
(B) Ifx #y, then Gy(x,y,5) > 0.

Definition 1.3 [1] Let (X;, G;) and (X;, G) be two G,,-metric spaces, and let f : (X1, G1) —
(X2,G>) be a mapping. Then f is said to be G,-continuous at a point a € X; if for a
given ¢ > 0, there exists § > 0 such that x,y € X; and Gy(a,%,y) < 8 + Gi(a, a,a) imply that
Ga(f(a),f(x).f () < & + Go(f (), f (), f(a)). The mapping f is G,-continuous on X if it is
Gp-continuous at all 2 € X;.

Proposition 1.4 [1] Let (X1, G1) and (X2, Gy) be two G,-metric spaces. Then a mapping
f X1 = X, is G,-continuous at a point x € X; ifand only if it is G,-sequentially continuous
at x; that is, whenever {x,} is G,-convergent to x, {f (x,)} is G,-convergent to f(x).

The concept of an altering distance function was introduced by Khan et al. [7] as follows.

Definition 1.4 The function v : [0,00) — [0, 00) is called an altering distance function if
the following properties are satisfied:

1. ¢ is continuous and nondecreasing.
2. ¥(t)=0ifand onlyif£=0.

A self-mapping f on X is called a weak contraction if the following contractive condition
is satisfied:

d(fx,fy) < d(x,y) - p(d(x,9)),

for all v,y € X, where ¢ is an altering distance function.
The concept of a weakly contractive mapping was introduced by Alber and Guerre-
Delabrere [8] in the setup of Hilbert spaces. Rhoades [9] considered this class of mappings
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in the setup of metric spaces and proved that a weakly contractive mapping defined on a
complete metric space has a unique fixed point.

Zhang and Song [10] introduced the concept of a generalized ¢-weakly contractive map-
ping as follows.

Definition 1.5 Self-mappings f and g on a metric space X are called generalized ¢-weak
contractions if there exists a lower semicontinuous function ¢ : [0,00) — [0,00) with
©(0) =0 and ¢(¢) > 0 for all £ > 0 such that for all x,y € X,

d(fx,gy) < N(x,7) - 9(N(x,9)),

where
Niwy) - max{d<x,y>, s, 9,401 29), 5[5, 9) + 0 o] }

Based on the above definition, they proved the following common fixed point result.

Theorem 1.1 [10] Let (X,d) be a complete metric space. If f,g : X — X are generalized
@-weakly contractive mappings, then there exists a unique point u € X such that u = fu = gu.

So far, many authors extended Theorem 1.1 (see [11-13] and [14]). Moreover, Pori¢ [12]
generalized it by the definition of generalized (y/, ¢)-weak contractions.

Definition 1.6 Two mappings f,g: X — X are called generalized (v, ¢)-weakly contrac-
tive if there exist two maps ¥, ¢ : [0, 00) — [0, c0) such that

¥ (d(fx.gy) < ¥ (N(xp) - o(N(x,9)),

for all x,y € X, where N and ¢ are as in Definition 1.5 and ¢ : [0, 00) — [0, 00) is an altering
distance function.

Theorem 1.2 [12] Let (X, d) be a complete metric space, and letf,g : X — X be generalized
(Y, p)-weakly contractive self-mappings. Then there exists a unique point u € X such that

u=fu=gu.

Recently, many researchers have focused on different contractive conditions in various
metric spaces endowed with a partial order and studied fixed point theory in the so-called
bi-structured spaces. For more details on fixed point results, their applications, compari-
son of different contractive conditions and related results in ordered various metric spaces,
we refer the reader to [15-29] and the references mentioned therein.

Let X be a nonempty set and f : X — X be a given mapping. For every x € X, let f (x) =
{ueX:fu=x}.

Definition 1.7 [24] Let (X, <) be a partially ordered set, and let f,g, /4 : X — X be given
mappings such that fX € 41X and gX C hX. We say that f and g are weakly increasing with
respect to / if for all x € X, we have

fr=<gy forallyeh™(fx)
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and
gx=<fy forallyeh™(gx).
If f = g, we say that f is weakly increasing with respect to /.

If i = I (the identity mapping on X), then the above definition reduces to that of a weakly
increasing mapping [30] (see also [24, 31]).

Definition 1.8 A partially ordered G,-metric space (X, <, G,,) is said to have the sequen-
tial limit comparison property if for every nondecreasing sequence (nonincreasing se-

quence) {x,} in X, x,, — x implies that x,, < x (x < x,).

The aim of this paper is to prove some coincidence and common fixed point theorems

for weakly (1, ¢)-contractive mappings in partially ordered G,-metric spaces.

2 Main results
Let (X, <,G,) be an ordered G,-metric space and f,g,/4,R,S,T : X — X be six self-
mappings. Throughout this paper, unless otherwise stated, for all x,y,z € X, let

M(x,y,z) = maX{GP(Tx,Ry, Sz),

Gy (Tx, fx, fx), G, (Ry, gy, 2y), Gp(Sz, hz, hz),
Gp(Tx, Tx, fx) + G,(Ry, Ry, gy) + G,(Sz, Sz, hz) }

3

Theorem 2.1 Let (X, <,G,) be a partially ordered G,-metric space with the sequential
limit comparison property. Let f,g,h,R,S,T : X — X be six mappings such that f(X) C
R(X), g(X) € S(X) and h(X) € T(X), and RX, SX and TX are G,-complete subsets of X.
Suppose that for comparable elements Tx, Ry, Sz € X, we have

¥ (2G,(fx, gy, hz)) < ¥ (M(%,,2)) — 9(M(x, y,2)), )

where ¥, ¢ : [0,00) — [0,00) are altering distance functions. Then the pairs (f,T), (g,R)
and (h,S) have a coincidence point z* in X provided that the pairs (f,T), (g, R) and (h,S)
are weakly compatible and the pairs (f,g), (g, h) and (h,f) are partially weakly increasing
with respect to R, S and T, respectively. Moreover, if Rz*, Sz* and Tz* are comparable, then
z* € X is a coincidence point of f, g, h, R, Sand T.

Proof Let xo be an arbitrary point of X. Choose x; € X such that fx, = Rx;, x; € X such that
gx; = Sxp and a3 € X such that sx, = Txs. This can be done as f(X) C R(X), g(X) C S(X)
and #(X) C T(X).

Continuing this way, construct a sequence {z,} defined by z3,;1 = Rx3,41 = fX34, 23442 =
Sx340 = X341 and Z3y43 = TX3,43 = Hxs,o for all m > 0. The sequence {z,} in X is said to

be a Jungck-type iterative sequence with initial guess xy.
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As x; € R (fxg), %2 € SHgx1) and x3 € T~1(hx,) and the pairs (f,g), (g, 4) and (k,f) are
partially weakly increasing with respect to R, S and T, respectively, we have

Rxl :fxo <gx = ng < hx2 = Tx?, ffxB = RX4.

Continuing this process, we obtain Rxs;,1 < Sx3,.2 < Tx3,43 for all m > 0.
We will complete the proof in three steps.
Step 1. We will prove that {z,} is a G,-Cauchy sequence. First, we show that limy_, o G, (2,

Zk+1> Zk+2) =0.
Define G,, = G,(zk, Zk+1, Zk+2). Suppose kao = 0 for some ky. Then zx, = zx,+1 = 2Zky+2- In

the case that ko = 3n, then z3;, = 25,41 = 23,42 8iVeS 2341 = Z3p42 = Z3443. Indeed,

U (2Gy(23n41, Z3ns2: Z3n:3)) = ¥ (2Gp (30 @315 MX342) )

< 170(]V[(QCS}'U763n+11x3n+2)) - ¢(M(x3n:x3n+l’x3n+2))¢

where

M(x3m X3n+1» x3n+2)
= max{ Gp(Tx3n, RX3141, SX3142)s Gp(TX30, fX311, fX30),

Gp(RX3041, %3n+1> 8%3n41)» Gp(SX3p+2, MX3012, NX3042),

Gp(Tx?ym Tx3mfx3n) + Gp(Rx3n+1’Rx3n+1’gx3n+1) + Gp(Sx3n+2) Sx3n+2r hx3n+2) }
3

= max{ Gp(z?)m Z3n+15 Z3}’1+2)1 Gp(ziim Z3n+15 Z3n+1):

Gp (Z3n+lx Z3n+2> Z3n+2)) Gp (Z3n+2’ Z31+35 23n+3)¢

G (231 Z3ns Z3n41) + Gp(Z30415 23041 Z3n+2) + Gp(231425 231425 Z3143)
3

0+0+Gyz z Z3143)
p\L3n+2s £3n+25£3n+3

= max { 0,0,0, Gp(23n+2: Z31+3, 23143 ) 3

= Gp (23142 23043 Z3n+3)

< 2G,(Z3n+25 Z3n+25 Z3n+3)

= 2Gp (Z3n+1: Z3n+2» Z3n+3)'

Thus

1/f (2Gp (23n+1; Z3n+2> ZSn+3)> = ‘ﬁ (2Gp (Z3n+1’ Z3n+2> ZSn+3)) -@ (Gp(z3n+2) Z3n+3» Z3n+3))

implies that ¢(G (23142, 23143, Z3n+3)) = 0, that is, 23,41 = 23,42 = Z3,43. Similarly, if ko = 3m +
1) then Z3p+1 = Z3n+2 = Z3n+3 gives Z3p+2 = Z3n+3 = Z3n+4- AlSO, if kO =3n+ 21 then Z3p42 =
Z3p+3 = Z3n+4 implies that zg,.3 = 23,44 = 23,45. Consequently, the sequence {z;} becomes

constant for k > ko, hence {z} is G,-Cauchy.
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Suppose that

Zk 7 Zksl 7 Zhs2 3)

for each k. We now claim that the following inequality holds:
Gy (215 Zks2s Zhs3) < Gp(Zis Zhi1s Zhs2) = MKk, Xicr1, Xk42) (4)

foreach k=1,2,3,....

Let k =3n and for n > 0, Gp(z3n+l: Z3n+2» Z3n+3) > Gp(z?mr Z3n+1> Z3n+2) > 0. Then, as Tx3, <
Rx3,41 < Sx3y.2, using (2) we obtain that
W (2Gp (ZS}’I+1) Z3n+2> ZSn+3))
1 (2Gp (fx3n, §X3ns1, hx3n+2))
v

(M(xi‘m’ X3n+1> x3n+2)) ez (M(x'a‘m X3n+15 x3n+2)) ) (5)

1/f (Gp(z3n+1; Z31+2> Z3}’I+3)) =

A

where

M(X315 X341, X3n42)

= max{ Gp(TxSnr Rx3n+lr Sx3n+2);

Gp(TxSrufomfxBH); Gp (Rx3n+1;gx3n+lrgx3n+l): Gp(5x3n+2; hx3n+2: hx3n+2);

Gp(Tme TxSnrfon) + Gp(RxSnﬂ; Rx3n+1;gx3n+l) + Gp(Sx3n+2; SX3p42, MX342) }
3

= max{ G235 23141, Z3n+2)5

Gp (230> 235415 Z3n+1)s Gp(z3n+1: 2342, Z3142)5 Gp(z3n+2» Z31+3, Z3143)s

Gp(z?)n: ZSn;Z3n+1) + Gp(z3n+1’23n+1r Z3n+2) + Gp(z3n+2’z3n+2’23n+3)
3

= max{ Gp (ZSm Z3n+15 Z3n+2)r Gp (ZBn+lx Z3n+2> ZSn+3)y

2Gp (23> 230415 Z3n+2) + Gp(z3n+1: Z31+25 Z3143)
3

= Gp(Z3n+15 231425 Z3043)-
Hence (5) implies that
I/f (Gp(23n+1; Z3n+2> Z3n+3)) = W (Gp(23n+1; Z3n+2> Z3n+3)) -¢ (M(xSnr X3n+15 x3n+2));

which is possible only if M(x3,, X341, %34+2) = 0, that is, G, (23, 23441, Z34+2) = 0. A contra-
diction to (3). Hence, G, (231+1, 231425 23143) < Gp(Z3ns 235415 Z3n+2) and

M (X311, X341, X3142) = Gp(Z31 230415 Z3n42)-

Therefore, (4) is proved for k = 3n.
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Similarly, it can be shown that
Gp(23142: 23143: Z3n44) < Gp(Z31+15 231425 Z23143) = M(X3041, X31425 X31143) (6)
and
G (231435 231440 23n45) < Gp(Z31425 231435 Z3nea) = M(X31142, X3,143, X31144)- (7)

Hence, {Gp(zk,zx+1,2k+2)} is a nonincreasing sequence of nonnegative real numbers.
Therefore, there is r > 0 such that

lim Gy, (zk, Zk+1, Zks2) = 7 8)
k—o00

Since
Gp (Zka1s k20 Zke3) < M (X Xpr1, Kka2) < Gp (ks Zks15 Zk42)5 %)

taking the limit as kK — oo in (9), we obtain
lim M(xkr Xk+1s xk+2) =r. (10)
k—o00

Taking the limit as # — oo in (5), using (8), (10) and the continuity of ¢ and ¢, we have
¥ (r) < ¥ (r) — (r). Therefore, ¢(r) = 0. Hence

lim G (zk, Zk+1, Zks2) = 0 (11)
k—o00

from our assumptions about ¢. Also, from Definition 1.1, part (G,2), we have
lim Gp(zk) Z](+1,Zk+1) =0, (12)
k—o00

and since G,(x,y,y) < 2G,(x,x,y) for all x,y € X, we have
lim G,(zk, zk, zk+1) = 0. (13)
k— o0

Step 1I. We now show that {z,} is a G,-Cauchy sequence in X. Therefore, we will show
that

lim  G,(z,2u,24) = 0.

m,n— 00

Because of (11), (12) and (13), it is sufficient to show that

lim Gp(ZSm: 235, 23n) = 0,
,n—>00

i.e., we prove that {z3,} is G,-Cauchy.
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Suppose the opposite. Then there exists ¢ > 0 for which we can find subsequences
{z3m(} and {23, } of {z3,} such that n(k) > m(k) > k and

Gy (23m(k)> Z3n(k)> Z3n()) = &> (14)

and #n(k) is the smallest number such that the above statement holds; i.e.,

Gy (2Z3m(k)> Z3n(k)-3» Z3n(k)-3) < &. (15)
From the rectangle inequality and (15), we have

Gp(Z3m(k)» Z3n(k)» Z3n(k))
< Gp(Z3mik)» Z3n(k)-3 Z3n(k)-3) + Gp(Z3n(k)—35 Z3n(k)» Z3n(k))
< & + Gp(Z3n(k)-3 Z3n(k)» Z3n(k))
< & + Gp(Z3u(k)-3» Z3n(k)-2> Z3n(k)-2) + Gp(Z3n(k)-2+ Z3n(k)-1> Z3n(k)-1)

+ Gp(Z3n(k)-1> Z3n(k)» Z3n(k) )- (16)
Taking limit as kK — oo in (16), from (12) and (14) we obtain that
klglélo G (Z3m(k)s Z3n(k)» Z3n(k)) = €. (17)
Using the rectangle inequality and (G,2), we have

G (Z3m(k)> Z3n(k)+1> Z3n(k)+2)
< Gp(Z3mik)» Z3n(k)s Z3nk) + Gp(Z3n(k) Z3n(k)+1> Z3n(k)+2)
< Gp(Z3m(k) Z3n(k)+1> Z3n(k)+1) + Gp(Z3n(k)+15 Z3n(k)» Z3n(k))
+ Gp(Z3n(k)» Z3n(k)+1> Z3n(k)+2)
< Gp(Z3m(k) Z3n(k)+15 Z3n(k)+2) + Gp(Z3n(k)+1> Z3n(k) +2 Z3n(k)+2)

+ Gp(Z3n(k)+15 Z3n(k)» Z3n(k)) + Gp(Z3n(k)» Z3n(k)+1> Z3n(k)+2)- (18)
Taking limit as kK — oo, we have
lim Gy (23m(k) Z3n(k)+1, Z3nk)+2) < € < 1im G, (Z3m(k)s Z3n(k)+15 Z3n(k)+2)-
k—o00 k—o00
Finally,

G (Z3m(k)+15 Z3n(k)+25 Z3n(k)+3)
< Gp(Z3m(k)+1, Z3m(k) Z3m(k)) + Gp(Z3m(k)s Z3n(k)+2> Z3n(k)+3)
< Gp(Z3m(k)+1 Z3m(k) Z3m(k)) + Gp(Z3m(k)» Z3n(k)» Z3n(k))

+ Gp (z3n(k) » Z3n(k)+2> ZBn(k)+3)' (19)
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Taking limit as kK — oo and using (17), we have
Lim G, (Z3m(k)+1 Z3n(k)+25 Z3n(k)+3) < €.
k—o00

Consider,

G (Z3m(k) Z3n(k)+1) Z3n(k)+2)
< Gp(Z3m(k) Z3m(k)+1> Z3m(k)+1) + Gp(Z3m(k)+15 Z3n(k) +15 Z3n(k)+2)
< Gp(2Z3m(k) Z8m(k)+1> Z3m(k)+1) + Gp(Z3m(k)+15 Z3n(k)+3» Z3n(k)+3)
+ Gp(Z3n(k)+35 Z3n(k)+1» Z3n(k)+2)
< Gp(Z3mik)» Z3m()+1> Z3m(k)+1) + Gp(Z3m(k)+1> Z3n(k)+2> Z3n(k)+3)

+ Gp(Z3n(k)+1> Z3n(k) +2) Z3n(k)+3) -
Taking limit as kK — oo and using (11), (12) and (13), we have
& < 1im Gp(Z3m(k)+15 Z3n(k)+25 Z3n(k)+3)-
k—o00

Therefore,
Lim G, (Z3m(k)+1 Z3n(k)+25 Z3n(k)+3) = €.
k— 00
As Ty = Rxu(+1 = Sxn(iy+2, s0 from (2) we have

Y (Gp(Z3m@) 1> Z3n()+2 Z3n(k)+3))
= Y (Gp(fx3m(k)> &3k 1, BX3n(10+2) )

< U (M X3 300115 ¥3n0)+2)) — (M E3m(k)> K3n(k) 41 K3n(k)42) )
where
M (%3m(k), X3n(k)+1) X3n(k)+2)
= max{ G (Tx3m(k)s RX30()+15 SX31(k)+2)» G (TX3m(k) fX30m(k) 1 SX3m(k) s

G (RX3(k)+15 8X3n(k)+1> §X3n(k)+1)> Gp(SX3n(k)+25 MX3n(k)+2, BX3n()42)5

Gp(Tx3m(k)> TX3m(k) 1 SX3m(k)) + Gp(RX3(k)+1, R¥31(k) 41 ZX3n(k)+1)
+ Gp (Sx3n(k)+27 SX3,,(]()+2, thn(k)+2) }

3
= max{ Gp(Z3m(k)» Z3n()+15 23n(k)+2)> Gp(Z3m(K)s Z3m(k) +1> Z3m(k)+1)»

G (Z3n(k)+15 Z3n(k)+2> Z3n(k)+2)» Gp(Z3n(k)+25 Z3n(k)+35 Z3n(Kk)+3)s

G (Z3m(k)s Z3m(k)» Z3mik)+1) + Gp(Z3n(k)+1> Z3n(k)+1> Z3n(k)+2)

+ Gp (Z3n(k)+2’ Z3n(k)+2> ZBn(k)+3) }
3

(20)

(21)

(22)
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Taking limit as k — oo and using (12), (13), (17), (21) in (22), we have

v(e) < ¥(e) —ple) < (),

a contradiction. Hence, {z,} is a G,-Cauchy sequence.

Step I11. We will show that f, g, &, R, S and T have a coincidence point.

Since {z,} is a G,-Cauchy sequence in the complete G,-metric space X, from Lemma 1.2,
{zn} is a Cauchy sequence in the metric space (X, dg,). Completeness of (X, G,) yields that
(X, dg,) is also complete. Then there exists z* € X such that

lim dg, (zn,z*) =0. (23)

n—00

Now, since limy,; 00 Gp(Zm» Zn, 24) = 0, (23) and part (2) of Lemma 1.2 yield that G, (z*, z*,
z¥) = 0.
Since R(X) is G,-complete and {z3,.1} € R(X), there exists u € X such that z* = Ru and

lim Gp(23n+1: Z3n+15 RM)

n—0o0

= lim G,(R¥341, RX341, Rut) = lim G, (fxzy, fxzn, Rut) = G(Ru, Ru, Ru) = 0. (24)
n—00 n—oo
By similar arguments, there exist v, w € X such that z* = Sv = Tw and

: *
lim Gp (z3n+2: 23n+2,% )

n— 00

= nh%nolo Gp (Sx3n+2: Sx3n+25 Z*) = nlin;o Gp (gx3n+1rgx3n+l; Z*) = G(Z*, z¥, Z*) =0 (25)

and

. *
lim Gp (Z?:n+3: Z3n+3,2 )
n—00

= lim Gp(Tx3n+3, Tx3n3,2") = lim Gy (hxzuen, Mxguin, 2%) = G(z*,z*,z*) =0. (26)

n—00 n—00

Now, we prove that w is a coincidence point of f and 7.
Since Sx3,,20 — z* = Tw = Ru as n — 00, s0 Sx3,,2 < Tw = Ru. Therefore, from (2), we
have

U (Gp(fw, gut, hxznen)) < ¥ (M(W, 1, X342)) — @ (MW, 14, X3042)), (27)
where
M(w, 1, x3,12)
= max{ Gp(Tw, Ru, Sx3142), G(Tw, fw, fw),

Gp (Ruyguxgu)) G(Sx3n+2! hx3n+21 hx3n+2)1

Gp(TW; TW;fW) + G(Ru; Ru;gbi) + Gp(5x3n+2; Sx3n+2) hx3n+2) }
3 .
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Taking limit as n — oo in (27), as G(z*,z%,z*) = 0, from Lemma 1.3, we obtain that

¥ (Gyfwgu.2"))
<Y (Gp(fw,gu,z"))
- (p(maX{Gp(z*,fw, w), Gp(Z*,gu,gu), Gp(z*, 2%, fw) ;— Gy(z*, 2", gu) }),

which implies that gu = fw = z* = Tw = Ru.
As f and T are weakly compatible, we have fz* = fTw = Tfw = Tz*. Thus z* is a coinci-
dence point of f and T
Similarly it can be shown that z* is a coincidence point of the pairs (g, R) and (4, S).
Now, let Rz*, Sz* and Tz* be comparable. By (2) we have

V(G (fz*,g2", hz")) < ¥ (M(2",2%,2%)) — p(M(2*, 2%, 2")), (28)
where
M(z*,2%,2") = max{Gp(Tz*,Rz*,Sz*),

Gp(Tz".f2".fz"), G, (Rz", gz", g2*), G, (S2*, hz*, hz*),

Gp(Tz*, Tz", fz*) + G,(Rz*, Rz*, gz*) + G, (Sz*, Sz*, hz*) }
3

= G, (T2, Re", $2") = G, fz", g2", h").
Hence (28) gives
V(G (fz*, 82" hz")) < ¥ (G, (fz",g2", hz")) — ¢(G, (fz*, 82", hz")) = 0.
Therefore fz* = gz* = hz* = Tz* = Rz* = S2*. O

Theorem 2.2 Let (X, <,G,) be a partially ordered complete G,-metric space. Let f,g, h :
X — X be three mappings. Suppose that for every three comparable elements x,y,z € X, we

have
v (2G(fx.g9,h2)) < ¥ (M(%,9,2)) — ¢(M(x,3,2)), (29)
where
M(x,,2) = max{ G, (%,9,2),

G, (%, f, fx), Gp()’:gy»gy), Gp (z, hz, hz),

Gp(x, %, f%) + G, (9,9, 29) + Gpl2, 2, hz) }
3

and ¢ : [0,00) — [0, 00) are altering distance functions. Let f, g, h be continuous and the
pairs (f, ), (g, h) and (h,f) be partially weakly increasing. Then f, g and h have a common
fixed point z* in X.
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Proof Let x( be an arbitrary point and xs,,1 = fX3,, X312 = €%3,41 and xs,,3 = hx3,,, for all

n=>0.
Following the proof of the previous theorem, we can show that there exists z* € X such
that
Gy(z",25,2%) =0 (30)
and
nlgglo G, (xg,,,xgn,z*) =0. (31)

Continuity of f yields that

nll)rgo Gy (X3 fram f2*) = G (f2", f2", f2F). (32)
By the rectangle inequality, we have

Gp(fz*,2",2") < Gy (fz", fxsn,f3n) + Gp(¥3n41,2%,2") (33)
and

Gp(fz".f2",2") < Gp(2" fxnfX3n) + Gy (fxan.f2",f27). (34)
Taking limit as n — oo in (33) and (34), from (30) we obtain

G,(fz",2"2") < G,(fz".fz" . fz")
and

Gy 1, 7) = Gyl f2.2).

Similar inequalities are obtained for g and /.
On the other hand, as z* < z* < z*, using (29) we obtain that

v(Gp(fz", 82", hz")) < ¥ (2G,(f", g2" "))
<V (M(z",2",2)) - p(M(z",2",2")), (35)

where
M(z*,2%,2") = max{ Gy(z", 7", 2"),

Gp(Z*,fZ*,fZ*), Gp(Z*,gZ*,gZ*), Gp(Z*,hZ*,hZ*),
Gy(z*, 2", fz*) + Gu(2*, 2%, g2*) + Gp(2*, 2", hz") }
3

< max{G,(fz",fz".fz*), G, (gz", 82", 82"), G, (hz*, hz*, hz*) }. (36)

We consider three cases as follows:
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1. fz* = gz* = hz*.

2. fz* £ gz* £ hz*.

3. a.fz* =gz* £ hz*, or b. fz* # gz* = hz*.

For case 1, by (36), M(z*,z*,2*) < G,(fz*, gz*, hz").
For case 2, by (G,2), M(z*,z*,2%) < Gp(fz*, gz*, hz").
Now, from (35),

v (Gy(fz", g2 hz")) < ¥ (G, (fz", g2", hz*)) — p(M (2", 2%, 2%)), (37)
hence M(z*,z*,z*) = 0. Therefore, z* = fz* = gz* = hz*.

On the other hand, for case 3, part a, by (G,2), M(z*, 2", 2") < 2G,(fz*,gz*, hz*) and hence

from (35), we have
v (2G, (2", g2%, hz*)) < ¥ (2G,(fz", g2", hz*)) — (M (2", 2", 27)), (38)

hence M(z*,z*,z*) = 0. Therefore, z* = fz* = gz* = hz*.
Now, let x* and y* as two fixed points of f, g and /& be comparable. So, from (29) we have

¥ (26, (x",a"y")) = ¥ (26, (&%, 5", hy"))
=V (M(a"y7)) - e (M 7,57)), (39)

where
M(x*,x%,y*) = maX{Gp(x*,x*,y*)»
Gy (", ", fx"), Gy (2", g™, gx*), G, (v", y*, hy*),

Gp (", 5%, fx*) + Gp(x*, 5%, gx*) + G, (", y*, hy*) }
3

<2G,(x",%%,5%).
Hence (39) gives
¥ (26, ("%, 57)) = ¥ (2G, (" 2% y7)) - o (M(x" 2%, 57)).
Therefore, p(M(x*,x*,5*)) = 0 and hence x* = y*. O
The following corollaries are special cases of the above results.

Corollary 2.1 Let (X, <, G,) be a partially ordered complete G,-metric space. Let f : X —
X be a mapping such that for every three comparable elements x,y,z € X, we have

¥ (2G,(fx, f.f2)) < ¥ (M(x,9,2)) — o(M(x,y,2)), (40)
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where
M(x,y,2) = max{ Gp(%,y,2),

GP (x’fx’fx)’ Gp (y’fy’fy)’ Gp (Z,fz,fZ),

G,(x, %,f%) + G (5,9, ) + Gp(2, 2, f2) }
3

and ¥, ¢ : [0,00) — [0,00) are altering distance functions. Then f has a fixed point in X
provided that fx < f(fx) for all x € X and either

a. f is continuous, or

b. X has the sequential limit comparison property.

Moreover, f has a unique fixed point provided that the fixed points of f are comparable.

Taking y = z in Corollary 2.1, we obtain the following common fixed point result.

Corollary 2.2 Let (X, <, G,) be a partially ordered complete G,-metric space, and let f be
a self-mapping on X such that for every comparable elements x,y € X,

¥ (2G,(f.fr./9)) < ¥ (M(x,9,9)) - 9(M(x,,9)), (41)
where
G, (%%, G, 3,9,
M@ww=mw+%m%ﬂGWﬂﬁm@@ﬂuw “x”mgzpwyﬂﬂ,

and ¥, : [0,00) — [0,00) are altering distance functions. Then f has a fixed point in X
provided that fx < f(fx) for all x € X and either

a. f is continuous, or

b. X has the sequential limit comparison property.

3 Fixed point results via an ¢-admissible mapping with respect to 77 in
Gp-metric spaces

Samet et al. [32] defined the notion of a-admissible mappings and proved the following

result.

Definition 3.1 Let T be a self-mapping on X and & : X x X — [0, +00) be a function. We
say that T is an o-admissible mapping if

xyeX, axy)>1 = o(Tx, Ty) =1

Denote with W the family of all nondecreasing functions ¢ : [0, +00) — [0, +00) such
that Y 2, ¥"(¢) < +oo for all £ > 0, where /" is the nth iterate of .

Theorem 3.1 Let (X,d) be a complete metric space and T be an o-admissible mapping.
Assume that

(@, )d(Tx, T9) < ¥ (d(x,)), (42)

where € W. Also suppose that the following assertions hold:
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(i) there exists xy € X such that a(xg, Txg) > 1;

(ii) either T is continuous or for any sequence {x,} in X with a(x,,x,41) > 1 for all
n € NU{0} and x,, — x as n — +00, we have o(x,,x) > 1 for all n e NU {0}.

Then T has a fixed point.

For more details on «-admissible mappings, we refer the reader to [33-37].
Very recently, Salimi et a/. [38] modified and generalized the notions of «-1-contractive

mappings and «-admissible mappings as follows.

Definition 3.2 [38] Let T be a self-mapping on X and «,n: X x X — [0,+00) be two

functions. We say that T is an «-admissible mapping with respect to 7 if
xyeX, axy)=nkxy) = oIy, Ty) > n(Ix, Ty).
Note that if we take n(x, y) = 1, then this definition reduces to Definition 3.1. Also, if we
take a(x,y) = 1, then we say that T is an n-subadmissible mapping.

The following result properly contains Theorem 3.1 and Theorems 2.3 and 2.4 of [37].

Theorem 3.2 [38] Let (X,d) be a complete metric space and T be an o-admissible map-
ping with respect to 1. Assume that

xnyeX, ay)=nkxy = d(IxTy) <y (M), (43)

where W € WV and

M(x,y) = max{d(x, ) d(x, Tx) + d(y, Ty) d(x, Ty) + d(y, Tx) }

2 ’ 2

Also, suppose that the following assertions hold:
(i) there exists xg € X such that o(xg, Txo) > 1(x0, Txo);
(ii) either T is continuous or for any sequence {x,} in X with a(x,, X,41) > (%, X,41) for
all n e NU {0} and x,, — x as n — +00, we have o(x,,,%) > n(x,,x) for all
n e NU{0}.
Then T has a fixed point.

In fact, the Banach contraction principle and Theorem 3.2 hold for the following exam-
ple, but Theorem 3.1 does not hold.

Example 3.1 [38] Let X = [0,00) be endowed with the usual metric d(x,y) = |x — y| for
all x,y € X, and let T : X — X be defined by Tx = ix. Also, define « : X2 — [0,00) by
a(x,y) =3 and ¢ : [0,00) — [0,00) by ¥ (t) = %t.

Theorem 3.3 Let (X, G,) be a G,-complete G,-metric space, f be a continuous o-admis-
sible mapping with respect to n on X, there exists xo € X such that o(xg,fxo) > n(xo,fxo)

and if any sequence {x,} in X converges to a point x, then we have o(x,x) > n(x,x). Assume
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that

a(x,y) = n(x,y)

= Gp(fx, fy.fy) < rmax{G,(x,7,9), Gp(x,fx,f%), G (.13, /) } (44)
forall x,y € X, where 0 <r <1. Then f has a fixed point.

Proof Let xy € X and define a sequence {x,} by x, = f"xo for all » € N. Since f is an
a-admissible mapping with respect to n and a(xo,x1) = «(x0,fx0) > n(x0,fx0) = n(x0,*1),
we deduce that a(x,%2) = a(fxo, fx1) > n(fxo,fx1) = n(x1,%2). Continuing this process, we
get o (%y, X441) > N(xy, %,41) for all n € NU {0}. Now, from (44) we have
Gp(ﬁnxOrf2fnx0¢f2fnx0)
< rmax{G, (f"xo, /" %0, "%0), Gp (%0, f>f %0, f*f"x0) }

which implies

Gp (fn+1x0’fn+2x0,fn+2x0) < er (fnxo:fn+lx0 ,fn+1x0) . (45)

Continuing the above process, we can obtain

Gy (" %0, " 20, [ 0) < 1Gy (" w0, f %0, "%0) < -+ < 1" Gp(%0, %0, f0). (46)

Then, for any m > n, by (46) we get

Gy (f" %0, " %0, %0) < Gp(f" %0, ™ %0, f "+ %0) + G (™ %0, f ™20, f " %0)
< Gy ("0, 50, 0) + Gy (" 0, 20,20
+ Gy (" 2x0, /" %0, /" %0)
< G0 " 50,00 + G (" 0 f" 00, 00

+ Gp(fn+2x0, n+3x0:fn+3x0) bt Gp (fm—lxo,fmxo’fmxo)

n
=

- er(xo,fxo,fxo)-

This implies that limy,,— .00 G,(f"x0,f"%0,f"%0) = 0, that is, {x,} is a G,-Cauchy se-
quence.

Since {x,} is a G,-Cauchy sequence in the complete G,-metric space X, from Lemma 1.2,
{x,} is a Cauchy sequence in the metric space (X, dg,). Completeness of (X, G,) yields that
(X, dg,) is also complete. Then there exists z € X such that

lim dg, (%,,2) = 0. (47)
n—0oQ
Since 1imy, ;00 Gp (% Xim» %) = 0, from Lemma 1.2 we get

lim G,(x4,2,2) = lim Gp(%y, %, 2) = Gplz,2,2) = 0. (48)

n—+00
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From the continuity of f, we have

lim G,(X4:1,/2./2) = Gu(fz, f2.f2),
n—+0Q

and hence we get
Gy(z,fz,f2) < lim G(z,%p1,%041) + 1im G(xp.1,12,f2) = G, (fz, /2, f2).
n—+00 n—+00

So, we get that G,(z,/z,fz) < G,(fz,fz,fz). Since the opposite inequality always holds, we
get that

Gp(2.f2.fz) = Go(fz. fz, f2).
As a(z,z) > n(z,z) we have
Gp(2.f2.12) = Gp(fz, fz.f2) < rmax{G,(2,2,2), Gy(2.f2,/2), Gp(2.f2, f2)}, (49)
where 0 <r < 1. Hence, G,(2,/z,fz) < rG,(z,fz fz). Thus, G,(z,fz,fz) = 0, that is, z = fz. [
If in Theorem 3.3 we take n(x,y) =1, then we deduce the following corollary.

Corollary 3.1 Let (X, G,) be a G,-complete G,-metric space, f be a continuous o-admis-
sible mapping on X, and there exists xo € X such that o(xo,fxo) > 1. Assume that

axy) =1 = Gplfn.f.fy) < rmax{Gy(x.y.y), Gy, fr.fx), Gy, fy. fy)}

forall x,y € X, where 0 <r <1, and if any sequence {x,} in X converges to a point x, then
we have a(x,x) > 1. Then f has a fixed point.

If in Theorem 3.3 we take a(x,y) = 1, then we deduce the following corollary.

Corollary 3.2 Let (X, G,) be a G,-complete G,-metric space, f be a continuous n-subad-
missible mapping on X, and there exists xy € X such that n(xo,fxo) < 1. Assume that

nwy) <1 = G,(fx.f.f < rmax{Gp(x,y,y), G, fx, fx), Gp(y,fy,fy)} (50)

forall x,y € X, where 0 <r <1, and if any sequence {x,} in X converges to a point x, then
we have 1 > n(x,x). Then f has a fixed point.

In the following theorem, we omit the continuity of the mapping f.

Theorem 3.4 Let (X,G,) be a G,-complete G,-metric space and f be an a-admissible
mapping with respect to n on X such that

a(x,y) = H(x,y)
= Gy(fx.fy.fy) < rmax{G,(x,5,), Gp(x,fx, fx), G, (3, /. /) } (51)

forall x,y € X, where 0 <r < 1. Assume that the following conditions hold:
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(i) there exists xog € X such that a(xo,fxo) > n(x0,fxo);

(il) if {x,} is a sequence in X such that o(x,, %,.1) > 1%, %,41) for all n and x,, — x as
n— +00, then a(x,,x) > n(x,,x) for all n e NU {0}.

Then f has a fixed point.

Proof Let xp € X be such that «(xg,fxo) > n(xo,fxo) and define a sequence {x,} in X by
xn =f"x0 = fx,_1 for all n € N. Following the proof of Theorem 3.1, we have «/(x, %,+1) >
n(%,, %,41) for all m € N U {0} and there exists x € X such that x,, — x as # — +00. Hence,
from (ii) we deduce that a(x,,x) > n(x,,x) for all n € N U {0}.

Hence, by (51), it follows that for all #,

Gp(Xne1, %, f%) < rmax{Gp(x,,,x, %), Gp(Xns K15 Xna1)s Gp(x,fx,fx)}.

Taking the limit as # — +o0 in the above inequality, from Lemma 1.3 we obtain (1 —
r)G(x,fx, fx) < 0, which implies that x = fx. O

Corollary 3.3 Let (X,G,) be a G,-complete G,-metric space and f be an o-admissible
mapping on X such that

a@y) =1 = Gyfx,fnfy) < rmax{G,(x,5,), Gpx.fx,fx), G, (3,17, /) } (52)

forall x,y € X, where 0 <r < 1. Assume that the following conditions hold:
(i) there exists xg € X such that a(xo,fxo) > 1;
(ii) if {x4} is a sequence in X such that a(x,, xy.1) > 1 for all n and x,, — x as n — +00,
then o(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.

Example 3.2 Let X = [0, +00) and G,(x,,2) = max{x,y,z} be a G,-metric on X. Define
f:X— Xby

x ifxe[0,1]U{2)=U,

Jx=137/12 ifx=3,
(1+x)* ifxe[0,+00)\ ([0,1]U{2,3}) =V,

and o : X X X — [0, +00) by

1 ifx,y € [0,1],
alx,y)=11/8 ifx=2andy=3,

0 otherwise.

Now, we prove that all the hypotheses of Corollary 3.3 are satisfied and hence f has a fixed
point.

Letx,y € X, if a(x,y) > 1, then x,y € [0,1]. On the other hand, for all x € [0,1], we have
fx <1 and hence a(fx,fy) > 1. This implies that f is an o-admissible mapping on X. Obvi-
ously, «(0,f0) > 1.
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Now, if {x,} is a sequence in X such that «(x,,x,,1) > 1 for all » € NU {0} and x,, — x
as n — +00, then {x,} C [0,1] and hence x € [0,1]. This implies that a(x,,x) > 1 for all
neNU{0}.

If a(x,y) > 1, then x,y € [0,1]. Hence,

G,(fx, fr,fy) = max{fx, fy} = max{ 24 24 }
< _1
= {; max{x,y)

< % max{Gy (®,,7), Gp . fx. f2), Gp (0.3 13) }

Thus, all the conditions of Corollary 3.3 are satisfied and therefore f has a fixed point
(x=0).

Corollary 3.4 Let (X, G,) be a G,-complete G,-metric space and f be an n-subadmissible
mapping on X such that

nxy) <1 = Gufx.fy.fy) < rmax{G,(x,5), Gy, fx,fx), G, (9, /3./9)}
forall x,y € X, where 0 < r < 1. Assume that the following conditions hold:
(i) there exists xg € X such that n(xo,fxo) <1;
(ii) if {x,} is a sequence in X such that n(x,,x,41) <1 for all n and x,, — x as n — +oo,

then n(xy,x) <1 foralln e NU{0}.
Then f has a fixed point.

4 Consequences
Theorem 4.1 Let (X, G,) be a G,-complete G,-metric space, f be a continuous o-admis-
sible mapping on X, and there exists xo € X such that o(xo,fxo) > 1. Assume that

a(x, )Gy (fx, fr,fy) < rmax{Gp(x,y,y), G, (i, fx, fx), Gp(y,fy,fy)} (53)

forallx,y € X, where 0 <r <1 and if any sequence {x,} in X converges to a point x, then we

have a(x,x) > n(x,x). Then f has a fixed point.
Proof Assume that o(x,y) > 1, then from (53) we get
Gp(f, f.fy) < rmax{Gp(x,5,), Gp(x, fx, fx), Gp (3,3, /7)}
That is,
a@y) =1 = G(fx.ffy) < rmax{G,(x ), Gy, fr.fx), G, (3. /%) }.
Hence all the conditions of Corollary 3.1 hold and f has a fixed point. O

Similarly, we can deduce the following results.
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Theorem 4.2 Let (X,G,) be a G,-complete G,-metric space, f be a continuous o-
admissible mapping on X, and there exists xo € X such that a(xo,fxo) > 1. Assume that

(Gp(fx,fy,fy) + Z)a(x’y) < rmax{Gp(x,y,y), Gp(x, fx, fx), Gp(y,fy,fy)} +4

forallx,y € X, where 0 <r <1and ¢ > 1, and if any sequence {x,} in X converges to a point
x, then we have a(x,x) > 1. Then f has a fixed point.

Theorem 4.3 Let (X,G,) be a G,-complete G,-metric space, f be a continuous o-
admissible mapping on X, and there exists xy € X such that o(xo, fxo) > 1. Assume that

(e, y) + ) FPIDD < (14 gy maxiGpe ) Gplesss) Gp Oy} (54)

forallx,y € X, where 0 <r<1land{>0,and if any sequence {x,} in X converges to a point
x, then we have o(x,x) > 1. Then f has a fixed point.

Theorem 4.4 Let (X, G,) be a G,-complete G,-metric space, f be a continuous n-subad-
missible mapping on X, and there exists xo € X such that n(xo,fxo) < 1. Assume that

Gp(fx, fy.fy) < rn(x,y) maX{Gp 6 9,9), Gp(x, fx, /%), G,y (y,fy,fy)} (55)

forall x,y € X, where 0 <r <1, and if any sequence {x,} in X converges to a point x, then
we have 1 > n(x,x). Then f has a fixed point.

Theorem 4.5 Let (X, G,) be a G,-complete G,-metric space, f be a continuous n-subad-
missible mapping on X, and there exists xy € X such that n(xo,fxo) < 1. Assume that

Gy fr, ) + € < (rmax{ Gy, 3,9), Gyl fo i), Gy 0 f)} + )"

forallx,y € X, where 0 <r<1land{ > 1, and if any sequence {x,} in X converges to a point
x, then we have 1 > n(x,x). Then [ has a fixed point.

Theorem 4.6 Let (X, G,) be a G,-complete G,-metric space, f be a continuous n-subad-
missible mapping on X, and there exists xo € X such that n(xo,fxo) < 1. Assume that

(1 + E)Gp(fxfy,fy) < (n(x,y) + E)VmﬁX{Gp(xvyi)’)»Gp(xfx’ﬁ‘):Gp()’fJ’:fJ’)} (56)

forallx,y € X, where 0 <r <1and{ >0, and if any sequence {x,} in X converges to a point
x, then we have 1 > n(x,x). Then f has a fixed point.

Theorem 4.7 Let (X, G,) be a G,-complete G,-metric space, f be an a-admissible map-
ping on X, and there exists xo € X such that a(xo,fxo) > 1. Assume that

a(%,9)Gy(fx, f,fy) < rmax{G,(x,5,¥), Gp(x, fx, %), G, (3,17, /7)}

forallx,y € X, where 0 <r < 1. If {x,} is a sequence in X such that a(x,,x,,1) > 1 for all n
and x, — x as n — +00, then a(x,,x) > 1 for all n e NU {0}, then f has a fixed point.
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Theorem 4.8 Let (X, G,) be a G,-complete G,-metric space, f be an o-admissible map-
ping on X, and there exists xo € X such that a(xo, fxo) > 1. Assume that

(Golfsefrfy) + €)™ < rmax{G,(®,,9), Gy, fix,f2), G, (3, f3) } + €

forallx,y € X, where 0 <r<1and ¢ >1.If{x,} is a sequence in X such that o(x,, %,41) > 1

for all n and x,, — x as n — +oo, then a(x,,x) > 1 for all n € NU {0}, then f has a fixed
point.

Theorem 4.9 Let (X, G,) be a G,-complete G,-metric space, f be an o-admissible map-
ping on X, and there exists xo € X such that a(xo, fxo) > 1. Assume that

(@, p) + £) PP < (14 g max Gty ) Gl Gplrfrf) (57)

forallx,y € X, where 0 <r<1land{>0.If{x,} is a sequence in X such that a(x,, x,,1) > 1

for all n and x,, — x as n — +oo, then a(x,,x) > 1 for all n € NU {0}, then [ has a fixed
point.

Theorem 4.10 Let (X, G,) be a G,-complete G,-metric space, f be an n-subadmissible
mapping on X, and there exists xo € X such that n(xo, fxo) < 1. Assume that

Gy (fx.f3,/y) < r(x,y) max{G,(x,y,7), Gp (%, /%, fx), G (3,13, /) } (58)

forall x,y € X, where 0 <r < 1. If{x,} is a sequence in X such that n(x,,x,,1) <1 foralln
and x, — x as n — +00, we have n(x,,x) <1 for all n € NU {0}, then f has a fixed point.

Theorem 4.11 Let (X, G,) be a G,-complete G,-metric space, f be an n-subadmissible
mapping on X and there exists xo € X such that 1(xo,fxo) <1. Assume that

Gyp(fie. [y ) + € < (rmax{G,(x,%,%), G, (@, fi, fx), G, 0 S )} + £)"
forallx,y € X, where 0 <r<1and ¢ >1.If{x,} is a sequence in X such that n(x,,x,,1) <1
forall n and x,, — x as n — +00, we have n(x,,x) <1 forall n € NU {0}, then f has a fixed

point.

Theorem 4.12 Let (X, G,) be a G,-complete G,-metric space, f be an n-subadmissible
mapping on X, and there exists xo € X such that n(xo, fxo) < 1. Assume that

(1 + Z)Gp(fxfy,fy) < (n(x’y) + Z)rmax{Gp(x,y,y),Gp(xfx,fx),Gp(yfyfy)} (59)

forallx,y € X, where 0 <r<land{>0.If{x,} is a sequence in X such that n(x,,x,,1) <1

for all n and x,, — x as n — +00, then n(x,,x) <1 for all n € NU {0}, then f has a fixed
point.
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