Wang and Liu Fixed Point Theory and Applications 2013, 2013:311 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2013/1/311 a SpringerOpen Journal

RESEARCH Open Access

Convergence theorems for a generalized
d-pseudo-contractive type mapping in real
normal linear spaces

Chao Wang'" and Li-wei Liu?

“Correspondence:
wangchaosx@126.com

'College of Mathematics and
statistics, Nanjing University of
Information Science and
Technology, Nanjing, 210044, PR.
China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we first give a new notion of generalized ®-pseudo-contractive type
mapping, and then we consider some convergence theorems for a fixed point of the
mapping. Our results improve and extend the corresponding results due to (Chidume
and Chidume in J. Math. Anal. Appl. 302:545-554, 2005) and other papers.
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1 Introduction and statement of results

Let E be a real normed linear space and E* be its dual space. The normalized duality map-
ping J : E — 2F" is defined by

Je={f € E*: (o f) = llxll - I Il = 11},
where (-, ) denotes the generalized duality pairing.

Definition 1.1 [1, 2] Let ¢ : [0,00) — [0, 00) be a function for which ¢(0) = 0, Vry > 0,
liminf,_, ,, ¢(r) > 0. A mapping T : D(T) C E — E is called ¢-strongly accretive if for each
x,y € D(T), there exists j(x — y) € J(x — y) such that

(Tx — Ty,j(x - ) = ¢ (Il = y1l) 1 = y1I.

We also say that T': D(T) C E — E is ¢-strongly pseudo-contractive if / — T is ¢-strongly

accretive.

Definition 1.2 Let ® : [0,00) — [0,00) be a function for which ®(0) = 0, Vry > 0,
liminf,_, ,, ®(r) > 0. Amapping T : D(T) C E — Eiscalled generalized ®-accretive if there
exists j(x — y) € J(x — y) such that

(Tx = Ty,j(x - 9)) = ®(llx - yll), Vx,y € D(T).

We also say that T': D(T) C E — E is generalized ®-pseudo-contractive if I — T is gener-
alized ¢-accretive.
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Remark 1.3 Definition 1.1 and Definition 1.2 do not assume that ¢(r) (®(r)) is strictly
increasing. Clearly, ¢-strongly accretive maps (¢-strongly pseudo-contractive maps) are
generalized by generalized ¢-accretive maps (generalized ®-pseudo-contractive maps)
with ®(r) = ro(r).

Definition1.4 T :D(T) C E — Eiscalled a generalized ®-accretive type mapping if there
exists x* € D(T) such that for all x € D(T), there exists j(x — x*) € J(x — x*) such that

(T = T, j(x = 7)) = ([l — 7)),

where & is as in Definition 1.2. T is called a generalized ®-pseudo-contractive type map-
ping if I — T is a generalized ®-accretive type mapping.

Recently, Chidume and Chidume proved the following theorems by using the conclusion
that a uniformly continuous mapping on K is bounded.

Theorem CC1 [3] Let E be a real normed linear space, K be a nonempty subset of E and
T : K — E be a uniformly continuous generalized ®-hemi-contractive mapping, i.e., there
exist x* € K and a strictly increasing function @ : [0,00) — [0,00), ®(0) = 0 such that for
all x € K, there exists j(x — x*) € J(x — x*) such that

(T 10", x)) < =" = @(Je—°]).

(@) If y* € K is a fixed point of T, then y* = x* and so T has at most one fixed point in K.
(b) Suppose that there exists xy € K such that the sequence {x,} defined by

Xpsl = Xy + b, Ix, + cyut,, Yn >0,

is contained in K, where {a,}, {b,} and {c,} are real sequences in [0,1] satisfying the follow-
ing conditions:
(i) a,+b,+c,=1;

(ii) Zzio(bn +¢y) = 00;

(i) D 02o(bu +cn)? < 00;

(iv) Y02 cn < 00; and {u,} is a bounded sequence in K.
Then {x,} converges strongly to x*. In particular, if y* is a fixed point of T in K, then {x,}
converges strongly to y*.

Theorem CC2 [3] Let E be a real normed linear space, A : E — E be a uniformly contin-
uous generalized ®-quasi-contractive mapping, i.e., there exists x* € D(A) such that for all
x € E, there exist j(x — x*) € J(x —x*) and a strictly increasing function ® : [0, 00) — [0, 00),
®(0) = 0 such that

(A=A, 7) = (-],

For arbitrary xo € D(A), define the sequence {x,} iteratively by

KXpsl = ApXy + by Sxy + cyuy,, VYn >0,
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where S : E — E isdefined by Sx := x— Ax for all x € E; and {a,}, {b,}, {c,} are real sequences
in [0,1] satisfying the following conditions:
(i) ay+b,+c,=1;
(i) -02o(By +cu) = 005
(ili) D02y (bu +cn)? < 00;
(iv) Yoo Cn < 00; and {u,} is a bounded sequence in K.
Then {x,} converges strongly to x*.

Remark1.5 In Theorem CCl1and Theorem CC2, the condition that K is convex is needed.
Since K C E is a nonempty subset without assuming that K is convex, then a uniformly
continuous mapping T on K is not necessarily bounded. See the following example.

Let {e,} be an orthonormal set of 2, K = {x € I> | x = te, + (1 — t)e,.1,t € [0,1]}. Let
T : K — [ be a mapping defined by

Tx=m+t)e, + (m+1—t)e,1, wherex=te,+(1-1t)e, €K.
Then T is uniformly continuous on a bounded and nonconvex set K. But T is not bounded.

Proof Clearly K is bounded and nonconvex. Let x,,,%, € K such that |x,, — y,| — 0
(m — 00). Then this implies that there exist ny € N and ¢, t,, € [0,1] such that

Xm = tmeny + (1- tm)en0+1;
Y = Cpeny + (L= £),)engs1,

|tm - £, — 0.
So,

I T — Tymll = || (10 + tm)eny + (M0 + 1= tm)engs1 — (mo + £,)€ny — (0 + 1= £, ) €ng1 |
= ‘tm - t;n’ ||en0 + en0+1||

=2ty —t,| >0 (m— o0).

Hence T is uniformly continuous.
Letx € K, then

I Txl| = [[(n+ t)en + (1 +1 = e |
1
=((n+t)*+(n+1-1)?*)> > 00 (n— 00).
This says that 7 is unbounded and completes the proof. 0
In 1999, Morales and Chidume proved the following theorem.

Theorem MC [1] Let E be a uniformly smooth Banach space, and let A : E — E be a
bounded demicontinuous ¢-strongly accretive mapping for some xy € E, liminf,_, o ¢(r) >
|Axo |l Let {c,} be a real sequence in [0,1] satisfying the following conditions: (i) Y e ¢ =
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00; (i) Yooy cub(cy) < 00. Let {x,} be a sequence generated by
Xpsl = Xn — CAX,, Yn>0.

Then there exists a constant ry > 0 such that when c, < ro (Vn > 0), the sequence {x,,} con-
verges strongly to the unique zero of A.

Inspired and motivated by these facts, we will give convergence theorems for a fixed
point of the generalized ®-pseudo-contractive type mapping. Our result generalizes the
corresponding results in [1-9].

2 Main results
Let F(T)={x e K:Tx =x}, N(A) = {x € D(A) : Ax = 0}.
We shall make use of the following well-known inequality.

Lemma 2.1 Let E be a real normed linear space. Then the following inequality holds:
e+ 91> < llll® + 20, jx +), - ¥xy € EVjlx +9) € (x +).

Theorem 2.2 Let E be a real normed linear space, K be a nonempty subset of E and T :
K — E be a uniformly continuous generalized ®-pseudo-contractive type mapping, i.e.,
there exist x* € K and a function @ : [0,00) — [0,00), ®(0) = 0 such that for all x € K,
there exists j(x — x*) € J(x — x*) such that

(Tx— Tx*,j(x—x*)) < Hx—x* ”2 - CD(Hx—x* ”) (2.1)

(a) Ify* € K is a fixed point of T, then y* = x* and so T has at most one fixed point in K.
(b) Let the above x* € F(T), xg € K, Txg # x9, X0 # x*. Suppose that the sequence {x,}
defined by

Xnil = ApXy + bnTxn + Culhy, V=0, (22)

is contained in K, where {u,} is a bounded sequence in K and {a,}, {b,}, {c,} are real
sequences in [0,1] satisfying the following conditions:
(i) a,+b,+c,=1;

(i) Z:‘;o(bn +¢,) = 00;

(iii) b, + ¢, — 0asn— oo;

(iv) ¢, < b
Ifliminf,_, o % > ||xg — Txg || and {x,, — Tx, } is bounded, then there exists a constant dy > 0
such that when 0 < b, + ¢, < dy, the sequence {x,} converges strongly to x*.

Proof The proof of (a) is the same as the proof of Theorem CC1 [3].
(b) Define a = sup{r € R* : % < |l®o — Txo||}. Then, by ®(0) = 0 and |lxo — Txo| > O,
we have a > 0. We show that a # co. If a = oo, then there exists {r,} C [0,00), r, = o0

as n — 09, Ti’r’;) < |lxo — Txoll, and hence ||xo — Txg|| < liminf,_, % < |lwo — Txoll, a

contradiction. Therefore, a < co.
Let N* = sup,, ||u, —x*|| and M = sup,, ||x, — Tx,| + N*. Since T is uniformly continuous
on K, for € = W, there exists § > 0 such that x,y € K implies || Tx — Ty| < €.
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Let
do = m min{&,a, w } (2.3)
Claim 1 {x,} is bounded, i.e.,
”x,, —x* ” <2a, VYn>0. (2.4)

We show this by induction. By (2.1),

D(|lxo —x™ 1)
————— <|lwo — Txoll.
1+ [l —x* |l

Therefore,||xy — x*|| < a < 2a. Suppose ||x, — x*|| < 2a, we show that |x,,; — ™| < 2a.

Suppose not, then ||x,,1 —x*|| > 2a > a and from the definition of 4, we have

CD(”xVHl —x* ”)

To e — ol o — 2| > [lxo — Txoll,
and hence
D (||xni =2} > llxo - Txoll. (2.5)

Set &, = b, + ¢,,. Then Eq. (2.2) becomes

Ke1 = 1= a)x, + a, Tx,, + ¢, U, (2.6)
where U, = u, — Tx,. Observe that

1L < ||u,, —x* || + ||x,, —x* || + %, — Tyl < 2a + M. (2.7)
Furthermore,

[omer = a* || < [ =™ || + ctullocn = Tall + cull Ul

<2a+dy(2a +2M) < 3a. (2.8)
Also,

%41 = %all < {1126 = Tooull + | Lull}

< ,2a+2M) <dy(2a + 2M) <4, (2.9)

so that || Tx,.1 — Tx,|| < €. Using Lemma 2.1, (2.1), (2.3), (2.5), (2.7)-(2.9) and recursion
formula (2.6), we now obtain the following estimates:

||x,,+1 - x* ||2 ||x,, —x* =y (x, — Tx,) + ¢, U, H2

”xn —x* ”2 - 2an<xn - Txn:j(xn+1 _x*)> + 20;1””71” : Hxn+l _x* H

IA
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= ”xn - ”2 - 2an<xn+1 = Txps1 = Xpg1 + Txpg1 + % — Txn»j(xn+1 _x*))
+6¢,(2a + M)a

< [t = 2||* = 20D (|| 1 — %[} + 20 lli1 = %l - |21 — x|
+ 20| Tpar = Toull - 001 — x*|| + 60t (2 + M)a

3allxo — Txo|

< ||x,, —x* ||2 — 20, |l%0 — Txo || + 20[%(24 +2M) - 3a + 20, - 6a

+6a%(2a + M)a

’

2 oy 2
= oow =7 = o = Tol < [ - 2"
and hence ||x,,1 —x*| < 2a, a contraction. Hence {x,} is bounded.
Claim 2 liminf,_, « [|%, —x*|| = 0.

Suppose this is not true. Let liminf,_, « ||x, — #*|| = 0 > 0. Then there exists an integer
Nj such that

#n =5 =2, Vn=No. (2.10)

Since, for any ry > 0, liminf,_,,, ®(r) > 0, then liminf,_, oo ®(||lx, — x*|) £ 8> 0. Hence
there exists an integer N; > Ny such that

o (e -]) =2,

Vn > Nj. (2.11)
Since {x,, — Tx,}, {u,,} and {x,,} are bounded,

”xn+1 _xn” =< an”xn - Txn” + Cn””n - Txn” —0 asn— oo
Therefore, there exists an integer N, > Nj such that

B
”xn+l _xn” <—, Vn> NZ- (212)
16a

Since T is uniformly continuous, then there exists an integer N3 > N, such that

B
1T = Toull < 30—~ V>N, (2.13)

Also, since a,, — 0 as n — 00, there exists an integer N4 > N3 such that

B

— P vusN. 2.14
“16aa+ry TN 214)

oy
By Lemma and (2.11)-(2.14), we obtain the following estimates:

||xn+1 - x* ”2 = ||xn _x* ”2 - 2an<xn - Txn»j(xn+1 _x*)) + 2cn<un:j(xn+l _x*))

= Hxn _x* ”2 - 2anq)(||xn+1 -x* ”) + 2Oln”x;ﬁl _xn” : ||xn+1 -x* ||

Page 6 of 9
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+ 20, || Tyt — T || - ||x,,+1 —x* || + 20{,2!(2& + M)||xy,+1 —x* ||

< {|xn—x*H2_2an.é+2an.£_2“2%.%.2“

2 16a
B
+20, - ———— - (2a+ M) - 2a
16a(2a + M)
1
= [ -] - 2P (2.15)

for all » > N, and this implies Zzio o, < 00,a contraction to condition (ii) of Theorem 2.2.
Hence Claim 2 holds.

Thus, there exists a subsequence {x,,].} such that Xy — x* as n — oo, i.e., for any € > 0,
there exists some integer #;, such that ||x,,/.0 —x*|| <e.

Claim 3 ||x,,/.0+m -x*|l<e,m=1,2,....

Let ro = inf{®(r) : r > €}, then rg > 0.
Since ||%,41 — %x]| = O, || Txy1 — T, || = 0 and «,, — 0 as n — o0, then there exists an
integer N > 0 such that for all # > N, the following inequalities hold:

ro
||xn+l _xn” = @,

ro
” Txm—l - Txn” = @7

ro

o < 4a(a + M)’

If ||x,,/.0 +a —x%|| > ¢, then d>(||xn].0 +1 —x*||) > ro. Using recursion formula (2.15), we obtain
the following estimate:

[yt = = oy = | = 200,70 + 200, - - 20+ 2, - = - 2a

ro

% L 2a+M)-2
4a2a + M) (2a+M)-2a

+ 20, -
1
= Hx% —x* HZ — oyl + Ea,,ro
1
= ”x% —x* H2 - Eanro < Hx% —x* H2 <E,

a contradiction. Hence Claim 3 holds for m = 1. Assume now that it holds for m = k. From
the above argument, one easily proves that it holds for m = k + 1. Hence, Claim 3 holds.
This shows that {x,} converges strongly to x* as # — 0o, completing the proof of Theo-
rem 2.2. g

Theorem 2.3 Let E be a real normed linear space, and let A : D(A) C E — E be a uniformly
continuous generalized ®-accretive type mapping, i.e., there exists x* € N(A) such that for
all x € E , there exist j(x —x*) € J(x — x*) and a function ® : [0,00) — [0,00), ®(0) = 0 such
that

(A=A, ) = @ (-],
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For arbitrary xy € D(A), define the sequence {x,} iteratively by
Xl = Xy + b, Sx, + cuut,, Vn >0,

where S : E — E is defined by Sx := x — Ax for all x € D(A); and {u,} is a bounded sequence
in E, {a,}, {by}, {c,} are real sequences in [0,1] satisfying the following conditions:
(i) ap+b,+c,=1;
(i) Y020 (by +cy) = 00;
(iii) b, +c, — 0 asn— oo;
(iv) ¢, < b
Ifliminf,_, o % > |Axg || and {Ax,} is bounded, then there exists a constant dy > 0 such

that when 0 < b, + ¢, < dy, the sequence {x,} converges strongly to x*.

Proof We simply observe that S is a uniformly continuous and generalized ®-pseudo-

contractive type mapping of D(A) into E. The result can follow from Theorem 2.2. g

Remark 2.4 (1) Our theorems extend and improve Theorem CC1 and Theorem CC2 in
the following ways:
(i) Our theorems do not assume that ®(¢) is a strictly increasing function.
(ii) The conditions Y oo, (by + c4)* <00, Yooy ¢y < 00 are replaced by b, + ¢, — 0 as
n— 00, ¢, < b, respectively. Our theorems enlarge the range of b, and c,, values.
(iii) We do not need the condition that K is convex. We added the condition that
{x, — Tx,} is bounded. It is readily seen that {x,} converges strongly to x* if and
only if {x, — Tx,}({Ax,}) is bounded under the assumptions of Theorem 2.2
(Theorem 2.3).

(2) Since the class of generalized ®-accretive maps (generalized ®-pseudo-contractive
maps) includes the class of ¢-strongly accretive maps (¢-strongly pseudo-contractive
maps), our results unify and extend many known results. In particular, since

() @)r

liminf, o ¢(r) > ||Axo|| in Theorem MC implies liminf,_, TT = liminf, . 5 =

liminf,_, oo ¢(r) > [[Axo ||, our Theorem 2.3 extends Theorem MC from uniformly smooth
Banach spaces to arbitrary normed linear spaces.

(3) Our results also improve and extend the corresponding results in [2, 4-9].
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