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1 Introduction and preliminaries

The Banach contraction principle is one of very popular tools in solving the existence in
many problems of mathematical analysis. Due to its simplicity and usefulness, there are
a lot of generalizations of this principle in the literature. Ran and Reurings [1] extended
the Banach contraction principle in partially ordered sets with some applications to linear
and nonlinear matrix equations. While Nieto and Lépez [2] extended the result of Ran and
Reurings and applied their main theorems to obtain a unique solution for a first-order or-
dinary differential equation with periodic boundary conditions. Bhaskar and Lakshmikan-
tham [3] introduced the concept of mixed monotone mappings and obtained some cou-
pled fixed point results. Also, they applied their results to a first-order differential equation
with periodic boundary conditions. Recently, many researchers have obtained fixed point,
common fixed point, coupled fixed point and coupled common fixed point results in cone

metric spaces, partially ordered metric spaces and others (see [1-27]).

Definition 1 Let (X,d) be a metric spaceand F: X x X - X and g: X — X, F and g are
said to commute if F(gx,gy) = g(F(x,y)) for all x,y € X.

Definition 2 Let (X, <) be a partially ordered set and F : X x X — X. The mapping F is
said to be non-decreasing if for x,y € X, x < y implies F(x) < F(y) and non-increasing if for
x,y € X, x < y implies F(x) = F(y).
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Definition 3 Let (X, <) be a partially ordered set and F: X x X — X and g: X — X. The
mapping F is said to have the mixed g-monotone property if F(x,y) is monotone g-non-
decreasing in x and monotone g-non-increasing in y, that is, for any x,y € X,

x,x €X, gx1=<gxs = Fl(x,y) X F(x2,9),
and

yuy2€X, gn=xgr = F@n)=Fxy).

If g = identity mapping in Definition 3, then the mapping F is said to have the mixed
monotone property.

Definition 4 An element (x,y) € X x X is called a coupled coincidence point of the map-
pings F: X x X —> X and g: X — X if F(x,y) = gx and F(y,x) = gy.

If g is the identity mapping in Definition 4, then (x,y) € X x X is called a coupled fixed
point.

Geraghty [16] introduced an extension of the Banach contraction principle in which the
contraction constant was replaced by a function having some specified properties.

Definition 5 Let ® be the class of functions 8 : R* — [0,1) with
(i) R*={R/t>0};
(ii) B(t,) — 1implies t, — 0.

The method applied by Geraghty [16] was utilized to obtain further new fixed point
result works like [6, 7, 15].

The purpose of this paper is to establish some coupled coincidence point results for a
pair of mappings with the mixed g-monotone property satisfying a generalized contractive
condition by using the ideas of Geraghty [16] in partially ordered metric spaces. Also we
give some examples to illustrate the main results.

2 Main results

Theorem 6 Let (X, <) be a partially ordered set and suppose that there exists a metric d on
X such that (X, d) is a complete metric space. Suppose that F: X x X — X and g: X — X
are self-mappings on X such that F has the mixed g-monotone property on X such that
there exist two elements xo,yo € X with g(xo) < F(xo,y0) and g(yo) > F(yo,%0). Suppose
that there exists 0 € © such that

d(gx, gu) + d(gy,gV)) (d(gx,gu) + d(gy,gV)>
2 2

d(F(x,y), F(u,v)) <6 < (2.1)
for all x,y,u,v € X with gx > gu and gy < gv. Further suppose that F(X x X) C g(X), g is
continuous and commutes with F, and also suppose that either
(a) F is continuous, or
(b) X has the following properties:
(i) if {g(x,)} C X is a non-decreasing sequence with gx, — gx in g(X), then gx, < gx
for every n;
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(ii) if{g(yn)} C X is a non-increasing sequence with gy, — gy in g(X), then gy, > gy
for every n.
Then there exist two elements x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F
and g have a coupled coincidence point (x,7) € X x X.

Proof Let x9,y0 € X be such that gxy < F(xo,50) and gyo > F(y9,%0). Since F(X x X) C
g(X), we can construct sequences {x,} and {y,} in X such that

X1 = F(xn’yn) and &Vn+1 = F(yn»xn)r Vn > 0. (2.2)
We claim that for all n > 0,
gxn ﬁ gxn+1; (23)

and

&V Z &Yns1- (2.4)
We use the mathematical induction. Let # = 0. Since gxo < F(xo,y0) and gyo > F(yo,%0),
in view of gx; = F(xo,y0) and gy1 = F(y0,%0), we have gxy < gx; and gyo > gy, that is,
(2.3) and (2.4) hold for # = 0. Suppose that (2.3) and (2.4) hold for some n > 0. As F

has the mixed g-monotone property and gx, < gx,,1 and gy, > gy,.1, from (2.2), we
get

ni1 = F @, ¥n) X Fni1, ) <X F (i1, Y1) = @na2 (2.5)

and
&1 = FWuy %) = F(ui1, %) = F(Vni1 Xns1) = Ensa- (2.6)
Now from (2.5) and (2.6), we obtain that gx,.1 < @xu.2 and gyu.1 > gVns2. Thus, by

the mathematical induction, we conclude that (2.3) and (2.4) hold for all # > 0. There-
fore

gro X gxy X gy X v X Gy X G X 2.7)
and
Qo ZENZg T Z U Z G T (2.8)
Assume that there is some r € N such that d(gx,, gx,1) + d(gy,,gyr—1) = 0, that is, gx, =
gx,_1 and gy, = gy,_1. Then gx, 1 = F(x,_1,¥,_1) and gy,_1 = F(y,_1,%,_1), and hence we get

the result.
For simplicity, let ¢,,,1 := d(gx,.1,8%,) + d(@Vni1,€Yn)- Now, we assume that

tu = d(g%n §n-1) + A(gYn, &Yn-1) 70


http://www.fixedpointtheoryandapplications.com/content/2013/1/307

Kim and Chandok Fixed Point Theory and Applications 2013, 2013:307 Page 4 of 17
http://www.fixedpointtheoryandapplications.com/content/2013/1/307

for all ». Since gx,, > gx,_; and gy, < gy,1, from (2.1) and (2.2), we have

by = d(gxnﬂ’gxn) + d(gynﬂygyn)
= d(F(xmyn): F(xn—lryn—l)) + d(F(y;'nxn)rF(y;q—lrxn—l))
<d (d(gxn_l,gxn) + d(gyn_l,gyn)) (d(gxn_l,gxn) + d(gyn_l,gyn)>
- 2 2

+0 (d(gxnngn) + d(gynl;gyn)> <d(gxn1;gxn) + d(gynbgyn))
2 2

d Xn—1,8%n +d n-18¥Vn
:9( (g%n-1,8 )2 (gy 1gy)>(d(gxn_ngn)+d(gyn_1,gyn))

0 (d(gxn—l:gxn) ; d(gyn—lrgyn) ) (tn)

<t (2.9)

which implies that ¢,,,; < £,. It follows that {t,} is a monotone decreasing sequence of non-
negative real numbers. Therefore, there is some ¢ > 0 such that lim,,—, o £, = £.
Now, we show that ¢ = 0. Assume to the contrary that ¢ > 0, then from (2.9) we have

t,;ﬂ < H(d(gxn_l,gxn) ;r d(gyn_l,gyn)> <1,

which yields that lim,HOOO(%”) = 1. This implies that d(gx,_1,gx,) — 0 and d(gy,-1,
gyn) — 0. Therefore t = 0, that is,

lim £, = lim [d(gxml,gxn) + d(gyml,gyn)] =0. (2.10)
n—0o0

n—00

Next, we prove that {gx,} and {gy,} are Cauchy sequences. On the contrary, assume that
at least one of {gx,} or {gy,} is not a Cauchy sequence. Then there exists an € > 0 for which
we can find subsequences {gx,,} and {gx,x} of {gx,}, and {gymw} and {gy.w} of {gy.}
with n(k) > m(k) > k such that for every k,

A(GXm(k)s En(k)) + AGYm(k)s EYn(k)) = €. (2.11)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) > k and satisfies (2.11). Then

A(Xn(k)-1,8%m)) + AYn(k)-1, &V mik)) < €. (2.12)

Using (2.11) and (2.12), we have

€ < 1y := d(@%u(k) EXm)) + AVt &m(k))
< d(@Xu(k)» &Xni-1) + A(@Xn(t)-15§Xm(k))

+ A(@Yn(k) EYnik)-1) + AYnik)-1,LYm(k))

< €+ Lyk)-
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Letting k — oo and using (2.10), we have

lim Ik = lim[d(gxm(k),gxn(k)) + d(gym(k))gyn(k))] = €. (2.13)

Also, by the triangle inequality, we have

1k = A(@Xn(k) §mk)) + AGYn()> &Ym(k))
=< d(gxn(/<)7gxn(k)+1) + d(gxn(k)+l¢gxm(k)+1) + d(gxm(k)ﬂjgxm(k))
+ d(@Vn) @t +1) + AV n()+1> Emi)+1) + A@Vmi)+1, EYm())

= b + (o) + A@Xn()+1, Em(k)+1) + A(@Vnii)+1, 8Xm(k)+1)-

Since n(k) > m(k), gxui) = g%mx) and gYuk) < Emk), from (2.1) and (2.2), we have

A(GXn(k) 11, §Xm(k)+1) + A€V n(k)+1> &Ym(k)+1)
= d(F @) yn)s F i) ymiy))
+ d(F W) %) EOmii)» mx)))

<0 <d(gxn<k>,gxm<k)) * d(gymk):gym(k)))
= 2

X (@i 85mty) + A&ty &Ymiky))
i (d(gxmk):gxm(k)) + @Yt 8Ymr) ) e

2

Therefore, we have

d(gx, ), 8, +d ,
e <ty + bt +9( (8%n(0> &¥m(k) + AGYnit) gym(/o)) "

2

This implies that

Tk = bty = bt _ (d(gxmk),gxm(k)) * d(gymk)rgym(k))) 1
143 - 2 ’

Taking k — 0o, we get

0 (d(gxn(k»gxm(k)) + d(gyn(k»gym(k))) 1
5 )

Since 6 € ©, we get

lim d(gx(k), g¥m(y) = im d(gVuk) &Ymw)) = 0,
n—00 n—oo

which is a contradiction. This implies that {gx,} and {gy,} are Cauchy sequences in X.
Since X is a complete metric space, there is (x,y) € X x X such that gx, — x and gy, — y.
Since g is continuous, g(gx,,) — gx and g(gy,) — gy.

First, suppose that F is continuous. Then F(gx,, gy,) — F(x,y) and F(gy,,gx,) — F(y,x).
As F commutes with g, we have F(gx,,gy,) = gF (%4, yu) = g(g%n.1) — gx and F(gy,, gx,) =

Page 5 of 17
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gF(Yn, %) = g(g¥ns1) — gy By the uniqueness of the limit, we get gx = F(x,y) and gy =
F(y,x).

Second, suppose that (b) holds. Since {gx,} is a non-decreasing sequence such that
gx, — x and {gy,} is a non-increasing sequence such that gy, — y, and g is a non-
increasing function, we get g(gx,) < gx and g(gy,) > gy hold for all » € N. Hence, by (2.1),
we have

d(g(gxn1), F(%,9)) + d(g(gyn), F(3, %))
= d(F(gx%ugn), F(%,Y)) + d(F(gyn g%1)F (3, %))

<0 (d(g(gxn),gx) +d(g(gyn), &y)
= 2

)(d(g(gxn),gx) +d(g(gyn).gy))-

Taking n — oo, we get d(gx + F(x,y)) + d(gy, F(y,x)) = 0, and hence gx = F(x,y) and gy =
F(y,x). Thus F and g have a coupled coincidence point. d

If 6(¢) = k, where k € [0,1), then we have the following result.

Corollary 7 Let (X, X) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Suppose that F : X x X — X andg: X — X
are self-mappings on X such that F has the mixed g-monotone property on X such that there
exist two elements xy, yo € X with g(xo) < F(x0,y0) and g(yo) > F(yo,%0). Suppose that there
exists k € [0,1) such that

5 (2.14)

d(F(3), Fla)) < k(ti(gx,gu) + d(gyygV))
satisfies for all x,y,u,v € X with gx > gu and gy < gv. Further suppose that F(X x X) C g(X),
g is continuous non-decreasing and commutes with F and also suppose that either
(a) F is continuous, or
(b) X has the following properties:
(i) if {g(x,)} C X is a non-decreasing sequence with gx,, — gx in g(X), then gx,, < gx
for every n;
(il) if{g(yn)} C X is a non-increasing sequence with gy, — gy in g(X), then gy, = gy
for every n.
Then there exist two elements x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F

and g have a coupled coincidence point (x,y) € X x X.

If g is an identity mapping, we have the following result of Bhaskar and Lakshmikantham

3.

Corollary 8 Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a metric space. Suppose that F : X x X — X is a mapping on X and
has the mixed monotone property on X such that there exist two elements xg,yo € X with
x0 < F(x0,0) and yo > F(yo,%0). Suppose that there exists k € [0,1) such that

k
d(F(x,y), F(u,v)) < 2 (d(x,u) + d(y,v)) (2.15)

forall x,y,u,v € X with x > u and y < v. Further suppose that either
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(a) F is continuous, or
(b) X has the following properties:
(i) if {x,} C X is a non-decreasing sequence with x,, — x in X, then x,, < x for each
n>1
(il) if {yn} C X is a non-increasing sequence with y, — y in X, then y, > y for each
n>1.
Then there exist two elements x,y € X such that F(x,y) = x and y = F(y,x), that is, F has a
coupled fixed point (x,y) € X x X.

Example 9 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d(x,y) = |x—y| for all x, y € X. Define a mapping g: X — X by g(x) = x
and a mapping F: X x X — X by

=oxzy;

Flx,y) =
0, x <y

Then itis easy to prove that (X, d) is a complete metric space, g(X) is complete, F : X x X —
X C g(X) =X, X satisfies conditions (1) and (2) of Theorem 6 and F has the g-monotone
property. Let 6 : (0,00) — [0,1) be defined by

1-%, t<1
() =
a<l, t>1.

Now, we verify the inequality (2.1) of Theorem 6 for all x,y,u,v € X with gx > gu and
gy X gv.

Now, we consider the following cases.
Case 1. (x,9) = (0,0), (u,v) = (0,1) or (x,y) = (1,1), (4,v) = (0,1), we have

d(F(x,y),F(u, v)) =0.

Hence inequality (2.1) holds.
Case 2. (x,9) = (1,0), (#,v) = (0, 0), we have

N

d(F(x,y), F(u,v)) = d(F(1,0),F(0,0)) =

and

9 <d(gx,gu) + d(gy,gv)> (d(gx,gu) + d(gy,gv))
2 2

_o (d(l, 0) +4d(0, 0)> (d(l, 0) +d(0, 0))

oy
(o)

Hence inequality (2.1) holds.
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Case 3. (x,7) = (1,0), (#,v) = (0,1), we have

d(F(x,y),F(u,v)) = d(F(1,0),F(0,1)) =

N

and

P <d(gx,gu) + d(gy,gV)> (d(gx,gu) + d(gy,gV))
2 2

B (d(l, 0) +d(0, 1)) (d(l, 0) +d(0, 1))
2

Hence inequality (2.1) holds.
Case 4. (x,y) =(1,0), (u,v) = (1,1), we have

d(F(x,y),F(u, V)) = d(F(l,O),F(l, 1)) =

N

and

0 <d(gx,gu) + d(gy,gV)> (d(gx,gu) + d(gy,gV))
2 2

» (d(l, 1) + d(0, 1)) (d(l, 1) + d(0, 1))
- 2 2

_o( L) (L
S \2/\2
(-3)3
=(1-2)=.
4 /2

Hence inequality (2.1) holds.

Thus, in all the cases, inequality (2.1) of Theorem 6 is satisfied. Hence, by Theorem 6,
(0,0) is a coupled coincidence point of F and g.

Theorem 10 Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Suppose that F : X x X — X andg: X — X
are self-mappings on X such that F has the mixed g-monotone property on X such that there
exist two elements xg,yo € X with g(xo) < F(x0,%0) and g(yo) > F(yo,%0). Suppose that there
exists 0 € O such that

d(F(x,y), F(u,v)) < 0 (M(x,y,u,v)) (M(x,y,n,)), (2.16)
where

My, u,v) = d(gx, F(x,9)) + d(gy, F(y,)) -:Ld(gu,l-"(u, v)) + d(gv, F(v, u))

Page 8 of 17
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for all x,y,u,v € X with gx > gu and gy < gv. Further suppose that F(X x X) C g(X), g is
continuous non-decreasing and commutes with F and also suppose that either
(a) F is continuous, or
(b) X has the following properties:
(i) if {g(x,)} C X is a non-decreasing sequence with gx, — gx in g(X), then gx, < gx
for every n;
(il) if{g(yn)} C X is a non-increasing sequence with gy, — gy in g(X), then gy, > gy
for every n.
Then there exist two elements x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F
and g have a coupled coincidence point (x,y) € X x X.

Proof Following the proof of Theorem 6, we have an increasing sequence {x,} and a de-
creasing sequence {y,} in X. Now, we assume that

ty, = d(gxmgxn—l) + d(gymgyn—l) 7!0

for all n.
Since gx, > gx,-1 and gy, < gy,_1, from (2.16) and (2.2), we have

Lyl = d(gxnﬂ;gxn) + d(gywrl:gyn)
= d(F(anyn)rF(xn—hyn—l)) + d(F(men):F(yn—bxn—l))

< e(d(gxan(xn!yn)) + d(gymF(ymxn)) + d(gxn—lrF(xn—lryn—l)) + d(gyn—l!F(yn—lrxn—l)))
- 4

% <d(gme(xnryn)) + d(gym F(Ynfxn)) + d(gxn—li F(xn—hyn—l)) + d(gyn—l:F(yn—lrxn—l))>

4

¥ g(d(gyan(ynrxn)) + d(gxan(xmyn)) + d(gyn—bF(yn—hxn—l)) + d(gxn—lip(xn—lryn—l))>
4

x (d(gymF(yn’xn)) + d(gxan(xn,yn)) + d(gy;«—l,F(yn—bxn—l)) + d(gxn—lrF(xn—lxyn—l)))
4

_ 9<d(gxan(xn,yn)) + d(gymF(ymxn)) + d(gxn—lrF(xn—lryn—l)) + d(gyn—l,F(Yn—lrxn—l)))
4

> <d(gxm F(xmyn)) + d(gym F(ynrxn)) + d(gxn—li F(xn—lryn—l)) + d(gyn—l»F(yn—hxn—l))>

2
-9 Ly + Lyl by + Lyl
4 2

=tn.

(2.17)

It follows that {z,} is a monotone decreasing sequence of non-negative real numbers.
Therefore, there is some ¢ > 0 such that lim,,_, o £, = £.
Next, we show that ¢ = 0. Assume to the contrary that ¢ > 0, then from (2.17) we have

t, t, +t
t:z:l S@(n n+1)<1’
ntln+l 4,

2

which yields that lim,_, « 9(%) = 1. This implies that d(gx,_1,gx,) — 0 and d(gy,1,
gy,) — 0. Therefore t = 0, that is,

lim ¢, = lim [d(gxn+1,gxn) + d(gy,,+1,gy,,)] =0. (2.18)

n—00

Page9of 17
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Now, we prove that {gx,} and {gy,} are Cauchy sequences. On the contrary, assume that
at least one of {gx,} or {gy,} is not a Cauchy sequence. Then there exists an € > 0 for which
we can find subsequences {gx,,x } and {gx,x } of {gx,} and {gyu)} and {gy.w} of {gy,} with
n(k) > m(k) > k such that for every k,

Tk = A(@Xm(k)» §Xnk)) + AEYm(k)» &Vn(k)) = €. (2.19)

Further, corresponding to m(k), we can choose (k) in such a way that it is the smallest
integer with n(k) > m(k) > k and satisfies (2.19). Then

A(GXnk)-1, 85m(t)) + AV nik)-1,&Ym(k)) < €. (2.20)

Using (2.19) and (2.20), we have

€ < 1y = d(@Xn(k), §Xmk)) + A&Yn(k)» & m(k))
< d(@%n(i) 8Xnik)-1) + A(@Xn(k)-1, 8Xmk))
+ (V) 8Vnt-1) + A@Vn)-1,LYm(k))

< € + Ly(k).
Letting k — oo and using (2.18), we have
lim e = lim[d(gxm(k),gxn<k)) + d(gym(k):gyn(k))] = €. (2.21)

Also, by the triangle inequality, we have

1k = A(@Xn(k) §mk)) + AGYn()> &Ym(k))
< d(gXn(k), En(i+1) + A(@Xnii)+1, 8Xmiic)+1) + AGXm(i)+1> Fm(k))
+ d(@Vnk) () +1) + AV n()+1> & mi)+1) + A @YVmik)+1, &Ym(k))

= Lug) + Em(i) + A@Xnk) 11, Emi)+1) + A@YVnti)+1> EXm(k)+1)-

Since n(k) > m(k), gxni) = g%m) and gYu) < Vm(k), from (2.16) and (2.2), we have

A(GXn(k)+1 §Xm(k)+1)
= d(F(%u(i)> Yu(0)> F Fm» ym(x)))

<0 (d(gxn(k);gxn(k)ﬂ) + d(@Vut), EYnti+1) + A(@Xm(k) Zm(k)+1) + d(gym(k)rgym(k)ﬂ))
- 4

8 <d(gxn<k>,gxn<k>+1) + A(GYn(k) &n(k)+1) + A(GXm(k)> §Xmio)+1) + d(gym(k),gym<k)+1))
4 7

and similarly,

A 11, FEm(i+1)
= d(FWuw)» n ) F Oy X))
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<0

<d(gxn(k);gxn(k)+l) + A(@Yn) () +1) + A @Xm(k)r EEmii 1) + d(gym(k),gym(k)u))
4

9 <d(gxn(k)’gxn(k)+l) + d(@Vut), Eniy+1) + A(Xm() Emk)+1) + d(gym(k):gym(k)+l))
1 )

Therefore, we have

Tk < tuk) + (k)

20 (d(gxn(k),gxn(k)ﬂ) + d(@Vn(k) Enky1) + A @iy EXm(i)+1) + d(gym(k);gym(k)+1)>
4

9 (d(gxn(k),gxn<k)+1) + d(@Vn(k) ny1) + A @), GEm(i)+1) + d(gym(k),gym(k)u))
1 .

Taking kK — 00, we have t,), L) — 0, and

A(GXn(k)> GXn(k)+1) + AV (k) EVn(k)+1) + A(GXm(k)» EXm(k)+1) + AEYim(k)> EYm(k)+1)
4

— 0.

Hence, we get 1y = € = 0, which is a contradiction. This implies that {gx,,} and {gy,} are
Cauchy sequences in g(X).

Since X is a complete metric space, there is (x, y) € X x X such that gx, — x and gy, — y.
Since g is continuous, g(gx,,) — gx and g(gy,) — gy.

First, suppose that F is continuous. Then F(gx,, gy,) — F(x,y) and F(gy,,gx,) = F(y,x).
As F commutes with g, we have

F(gxy,gVn) = GF X ) = g(g%n41) — g%

and

F(gyn;gxn) :gF()/mxn) :g(gynﬂ) — gy.

By the uniqueness of the limit, we get gx = F(x,y) and gy = F(y,x).

Second, suppose that (b) holds. Since {gx,} is a non-decreasing sequence such that
gx, — x and {gy,} is a non-increasing sequence such that gy, — y, and g is a non-
decreasing function, we get that g(gx,) < gx and g(gy,) > gy hold for all » € N. Hence,
by (2.16), we have

d(g(gxnﬂ)vF(x’y))
= d(F(gxnrgyn)rF(x:y))
<0 <d(§(gxn),F(gxn,gyn)) +d(g(gyn), F(gyns gxn)) + d(gx, F(x,y)) + d(gy, F(y, x)))

4

y (d(g(gx,,),F(gx,,,gy,,)) +d(g(gyn), F(gyu, gxn)) + d(gx, F(x,y)) + d(gy,F(y,x)))
4

P (d(g(gxn),g(gxm)) +d(€(gyn) 8(gynn)) + d(gx, F(x,y)) + d(gy, F(w)))

4

" (d(g(gxn),g(gxm)) +d(g(gyn), &(gVn1) + d(gx, F(x,9)) + d(gy, F (%x)))
4
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and

d(g(gy), F(y,%))
= d(F(gyn g%n), F(9,%))

<0 (ng(gyn),F(gyn,gx,,)) +d(g(gx,), F(gx,, gyn)) + d(gy, F(y,x)) + d(gx, F(x,y)))
- 4

y (d(g(gyn),F(gyn,gxn)) + d(g(gxn), F(gxn 8Yn)) + d(gy, F(y, %)) + d(gx)F(x,y)))

4

-0 (d(g(gyn)’g(gynﬂ)) + d(g(gxn)rg(gxnﬂ)) + d(gy’F(y’x)) + d(gx’ F(x’y)))
4

y (d(g(gyn),g(gym)) +d(g(gxn), g(gxn)) + d(gy, F(y, %)) + d(g, F(&y)))
n )

Taking n — oo, we get d(gx + F(x,y)) + d(gy, F(y,x)) = 0, and hence gx = F(x,y) and gy =
F(y,x). Thus F and g have a coupled coincidence point. O

Example 11 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d(x,y) = |x—y| for all x, y € X. Define a mapping g: X — X by g(x) = x
and a mapping F: X x X — X by

Xy

F(x’y) = l 167

X =Y

0, X<y

Then itis easy to prove that (X, d) is a complete metric space, g(X) is complete, F : X x X —
X C g(X) = X, X satisfies conditions (1) and (2) of Theorem 10 and F has the g-monotone
property. Let 6 : (0,00) — [0,1) be defined as

a<l, t>1.

1-¢t <1
Q(t):[

Now, we verify inequality (2.16) of Theorem 10 for all x, y, i, v € X with gx > guand gy < gv.
Now, we consider the following cases.
Case 1. (x,9) = (0,0), (u,v) = (0,1) or (x,y) = (1,1), (4,v) = (0,1), we have

d(F(x,y), F(u,v)) = 0.

Hence, inequality (2.16) holds.
Case 2. (x,%) =(1,0), (#,v) = (0,0), we have

d(F(x,y),F(u, v)) = d(F(l, 0), F(0, 0)) = %

Page 12 of 17
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and

4

8 (d(gx, F(x,y)) + d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F(v, u)))
4

_ 9<d(1,F(1, 0)) + d(0,F(0,1)) + 0 + O) <d(1,F(1, 0)) +d(0,F(0,1)) + 0 + 0)

4 4
15\ /15
=0 =)=
(&) (&)
(1 15\ 15
B 64 )64’

Hence, inequality (2.16) holds.
Case 3. (x,%) =(1,0), (#,v) = (0,1), we have

P <d(gx,F(x,y)) +d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F(v, u)))

d(F(x,y), F(u,v)) = d(F(1,0),F(0,1)) = %

and

9 (d(gx, F(x,y)) + d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F(v, u)))
4

y (d(gx, F(x,y)) + d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F (v, u)))
4

_e(ﬂLFQOD+ﬂQFmJ»+ﬂQFmJ»+d@FOﬂ»)
- 4

y (d(l, F(1,0)) + d(0,F(0,1)) + d(0,F(0,1)) + d(l,F(l,O)))

4
30\ /30
=9l = | =
(2)(%)
(1 30\ 30
- 64 ] 64’

Hence, inequality (2.16) holds.
Case 4. (x,y) =(1,0), (u,v) = (1,1), we have

d(F(x,y), Eu,v)) = d(F(1,0), E(1,1)) = %;

and

9 (d(gx, F(x,y)) + d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F(v, u)))
4

N (d(gx, F(x,y)) + d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F(v, u)))
4

_o (d(l, F(1,0)) + d(0,F(0,1)) + d(1, F(1,1)) + d(1, F(1, 1)))

4
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y (d(l, F(1,0)) + d(0,F(0,1)) + d(1, F(1,1)) + d(1, F(1, 1)))

4
47 47
:9 e —_
(5)(s)
_(1 47\ 47
- 64 ) 64’
Hence, inequality (2.16) holds.

Thus, in all the cases, inequality (2.16) of Theorem 10 is satisfied. Hence, by Theorem 10,

(0,0) is a coupled coincidence point of F and g.

Next, we prove the existence of a coupled coincidence point theorem, where we do not
require that F and g are commuting.
The following lemma proved by Haghi ez al. [17] is useful for our results.

Lemma12 [17] Let X be a nonempty set, and let g : X — X be a mapping. Then there exists
a subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

Theorem 13 Let (X, X) be a partially ordered set and suppose that there exists a metric
d on X such that (X, d) is a metric space. Suppose that F: X x X - X and g: X — X are
self-mappings on X such that F has the mixed g-monotone property on X such that there
exist two elements xg,yo € X with g(xo) < F(x0,%0) and g(yo) > F(¥o,%0). Suppose that there
exists 0 € O such that

d(F (.7, Fu,)) <6 (d(gx,gu) + d(gy»gV)> (d(gx,gu) + d(gy,gV)> (2.22)

2 2

for all x,y,u,v € X with gx > gu and gy < gv. Further suppose that F(X x X) C g(X) and
g(X) is a complete subspace of X. Also assume that either
(a) F is continuous, or
(b) X has the following properties:
(i) if {g(x,)} C X is a non-decreasing sequence with gx, — gx in g(X), then gx, < gx
for every n;
(i) if {gyu)} C X is a non-increasing sequence with gy, — gy in g(X), then gy, > gy
for every n.
Then there exist two elements x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F
and g have a coupled coincidence point (x,7) € X x X.

Proof Using Lemma 12, there exists E C X such that g(E) = g(X) and g : E — X is one-to-
one. We define a mapping A : g(E) x g(E) — X by

Algx,gy) = F(x,y) for every gx, gy € g(E). (2.23)

As g is one-to-one on g(E), so A is well defined.

Since F has the mixed g-monotone property, for all x,y € X, we have

x,%€X, gx Xgry < F(x1,9) X F(x2,9) (2.24)
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and

Yy €X, @r1=gy & Fly) = Flxy). (2.25)

Thus, it follows from (2.23), (2.24) and (2.25) that for all gx, gy € g(E),

gx1,gx €8(E), gm <gxa & Algr,gy) < Algxa,gy) (2.26)

and

@802 €g(E), gn>=gn < Algegy) = Algr,gys), (2.27)

which implies that A has the mixed monotone property.

Suppose that the assumption (a) holds. Since F is continuous, A is also continuous. Using
Theorem 2.1 of [15] with the mapping A, it follows that A has a coupled fixed point (,v) €
g(X) x g(X).

Suppose that the assumption (b) holds. We can conclude similarly to the proof of The-
orem 2.1 of [15] that the mapping A has a coupled fixed point (u,v) € g(X) x g(X).

Finally, we prove that F and g have a coupled coincidence point in X. Since (u,v) is a
coupled fixed point of A, we get

u=Au,v), v=A(,u). (2.28)
Since (u,v) € g(X) x g(X), there exists a point (&, V) € X x X such that

u=gi, V=g (2.29)
Thus, it follows from (2.28) and (2.29) that

git = Algis, gv), gv=Algh,gr). (2.30)
Also, from (2.23) and (2.30), we get

g = F(i, V), gv=F(@, ). (2.31)
Therefore, (i, V) is a coupled coincidence point of F and g. This completes the proof. [

Theorem 14 Let (X, X) be a partially ordered set and suppose that there exists a metric
d on X such that (X, d) is a metric space. Suppose that F: X x X —> X and g: X — X are
self-mappings on X such that F has the mixed g-monotone property on X such that there
exist two elements xg, yo € X with g(xo) < F(xo,50) and g(yo) > F(¥o,%0). Suppose that there
exists 0 € O such that

d(F(x,y), F(u,v)) < 0(M(x,y,u,v)) (M(x,,1,v)), (2.32)
where
My, u,v) = d(gx, F(x,9)) + d(gy, F(y,x)) + d(gu, F(u,v)) + d(gv, F(v, n))

4
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for all x,y,u,v € X with gx > gu and gy < gv. Further suppose that F(X x X) C g(X) and
g(X) is a complete subspace of X. Also assume that either
(a) F is continuous, or
(b) X has the following properties:
(i) if {g(x,)} C X is a non-decreasing sequence with gx,, — gx in g(X), then gx,, < gx
for every n;
(i) if {gyn)} C X is a non-increasing sequence with gy, — gy in g(X), then gy, > gy
for every n.
Then there exist two elements x,y € X such that F(x,y) = g(x) and gy = F(y,x), that is, F
and g have a coupled coincidence point (x,y) € X x X.

Proof Following similar arguments to those in Theorem 13 and using Theorem 2.2 of [15],
we get the result. O

Remark 15 Although Theorem 6 and Theorem 10 are an essential tool in the partially or-
dered metric spaces to claim the existence of coupled coincidence points of two mappings,
some mappings do not have the commutative property. For example, see the following.

Example 16 Let X = [0,1]. Then (X, <) is a partially ordered set with the natural ordering
of real numbers. Let d(x,y) = x — y for all x,y € X. Define mappings F : X x X — X and
g:X — XbyF(x,y) =1forall (x,y) € X x X and g(x) = x—1foreachx € X. Since g(F(x, 7)) =
g(1) =0 #1=F(gx,gy) for all x,y € X, the mappings F and g do not satisfy the commutative
condition. Hence, the above two theorems cannot be applied to this example. But, by a
simple calculation, we see that F(X x X) C g(X), g and F are continuous and F has the
mixed g-monotone property. Moreover, there exist xo =1 and yo =3 with g(1) =0 <1=
F(1,3)and g(3) =2 > 1 = F(3,1).

Therefore, it is very interesting to use Theorems 13 and 14 as another auxiliary tool to

claim the existence of a coupled coincidence point.
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