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Abstract

In this paper, we investigate a class of accretive mappings called the H(, -)-mixed
mappings in Banach spaces. We prove that the proximal-point mapping associated
with the H(-, -)-mixed mapping is single-valued and Lipschitz continuous. Some
examples are given to justify the definition of H(-, -)-mixed mapping. Further, a
concept of graph convergence concerned with the H(-, -)-mixed mapping is
introduced in Banach spaces and some equivalence theorems between
graph-convergence and proximal-point mapping convergence for the H(:, -)-mixed
mappings sequence are proved. As an application, we consider a system of
generalized variational inclusions involving H(-, -)-mixed mappings in real g-uniformly
smooth Banach spaces. Using the proximal-point mapping method, we prove the
existence and uniqueness of solution and suggest an iterative algorithm for the
system of generalized variational inclusions. Furthermore, we discuss the
convergence criteria for the iterative algorithm under some suitable conditions.
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1 Introduction

Variational inclusions, as the generalization of variational inequalities, have been widely
studied in recent years. Some of the most interesting and important problems in the theory
of variational inclusions include variational, quasi-variational, variational-like inequalities
as special cases. For applications of variational inclusions, we refer to [1]. Various kinds
of iterative methods have been studied to solve the variational inclusions. Among these
methods, the proximal-point mapping technique for the study of variational inclusions
has been widely used by many authors. For details, we refer to [2-20].

In 2001, Huang and Fang [5] were the first to introduce the generalized m-accretive
mapping and give the definition of the proximal-point mapping for the generalized
m-accretive mapping in Banach spaces. Since then a number of researchers have inves-
tigated several classes of generalized m-accretive mappings such as H-accretive, H, -
accretive, (P,n)-proximal-point, (P,n)-accretive, A-maximal relaxed accretive, (A, n)-
accretive mappings. For details, we refer to [2, 3, 6, 7, 11, 14, 16, 18].

Recently, Zou and Huang [19, 20] introduced and studied H(-,-)-accretive mappings;
Kazmi et al. [8-10] introduced and studied generalized H(:, -)-accretive mappings, H(, -)-
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n-proximal-point mappings. Very recently, Li and Huang [12] studied the graph conver-
gence for the H(-,-)-accretive mapping and showed the equivalence between graph con-
vergence and proximal-point mapping convergence for the H(:,-)-accretive mapping se-
quence in a Banach space, and Verma [17] studied the graph convergence for an A-maximal
relaxed monotone mapping and gave the equivalence between the graph convergence and
the proximal-point mapping convergence for the A-maximal relaxed monotone mapping
sequence in a Hilbert space. They extended the concept of graph convergence introduced
and considered by Attouch [21].

Motivated by the research work going on in this direction, we consider a class of accre-
tive mappings called H(:, -)-mixed mappings, a natural generalization of accretive (mono-
tone) mappings in Banach spaces. For related work, we refer to [2—4, 11, 14, 16, 18—-20]. We
prove that the proximal-point mapping of the H(-, -)-mixed mapping is single-valued and
Lipschitz continuous and extends the concept of proximal-point mappings associated with
the H(:,-)-accretive mappings to the H(:,-)-mixed mappings. Further, we study the graph
convergence for the H(-, -)-mixed mappings. We present an equivalence theorem between
graph convergence and proximal-point mapping convergence for the H(-, -)-mixed map-
ping sequence in Banach spaces. As an application, we consider a system of generalized
variational inclusions involving the H(-,-)-mixed mappings in real g-uniformly smooth
Banach spaces. Using the proximal-point mapping method, we prove the existence and
uniqueness of solution and suggest an iterative algorithm for the system of generalized
variational inclusions. Furthermore, we discuss the convergence criteria of the iterative
algorithm under some suitable conditions. Our results can be viewed as a generalization
of some known results given in [12, 17, 19-21].

2 Preliminaries

Let X be a real Banach space equipped with the norm | - ||, and let X* be the topological
dual space of X. Let (-,-) be the dual pair between X and X*, and let 2% be the power set
of X.

Definition 2.1 [22] For g > 1, a mapping J; : X — 2X" is said to be a generalized duality
mapping if it is defined by

Jo@) = {f* € X*: o f*) = Il |£*] = e}, VxeX.

In particular, /; is the usual normalized duality mapping on X. It is known that, in gen-

eral,
Jo@) = %17 (%) Vx(#0) € X.
If X = H areal Hilbert space, then J, becomes an identity mapping on H.

Definition 2.2 [22] A Banach space X is called smooth if, for every x € X with ||x|| =1,
there exists a unique f € X* such that ||f]| = f(x) = 1.
The modulus of smoothness of X is a function py : [0,00) — [0, 00) defined by

1
px(£) = sup E(llx + 0+ lle=yll) =1 llxll < L Iyll < £
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Definition 2.3 [22] A Banach space X is called

(i) unmiformly smooth if

i ox(2)
im =

0;
t—0 t

(ii) g-uniformly smooth, for g > 1, if there exists a constant ¢ > 0 such that
px(t) <ct?, tel0,00).

Note that J, is single-valued if X is uniformly smooth. Concerned with the characteristic
inequalities in g-uniformly smooth Banach spaces, Xu [22] proved the following result.

Lemma 2.4 Let X be a real uniformly smooth Banach space. Then X is q-uniformly smooth
if and only if there exists a constant c, > 0 such that, for all x,y € X,

e+ Y17 < 16117 + aly, T () + cqlly 1.
From Lemma 2 of Liu [13], it is easy to have the following lemma.
Lemma 2.5 Let {a,} and {b,} be two nonnegative real sequences satisfying
an < ka, + by,
with 0 <k <1and b, — 0. Then lim,_, o a, = 0.

Definition 2.6 Let G:X — X be a single-valued mapping. Then
(i) G is said to be accretive if

(G- GO Jy(x-y) =0, VxyeX;
(i) G issaid to be &-strongly accretive if there exists a constant & > 0 such that

(G) - GW), Jy(x - ) = Ellx—yl%, Vx5 €X;

(iii) G is said to be p-cocoercive if there exists a constant u > 0 such that

(G() - GO Tk - 9) = 1| G@) - GY)|%, ¥y e X;

(iv) G is said to be Ag-Lipschitz continuous if there exists a constant Ag > 0 such that
|G - G| < rallx-yl, VayeX;

(v) G is said to be a-expansive if there exists a constant & > 0 such that
|Gx) - G| = allx—yl, VxyeX;

if & = 1, then it is expansive.
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Definition 2.7 Let H: X x X — X and A, B: X — X be three single mappings. Then
(i) H(A,-) is said to be p-cocoercive with respect to A if there exists a constant © > 0
such that

(H(Ax, u) - H(Ay, u),Jo(x — y)) = ullAx - Ay|19,  Vx,y,u€X;

(ii) H(-,B) is said to be y-relaxed accretive with respect to B if there exists a constant
y > 0 such that

(H(M’Bx) - H(Lt, By)7]q(x _y)> Z (—)’)Hx _y”qr er}’ru € X;

(iii) H(A,-) is said to be r -Lipschitz continuous with respect to A if there exists a
constant r; > 0 such that

|H(Ax,-) - H(Ay, )| <nllx=yll, VxyeX;

(iv) H(-,B) is said to be ry-Lipschitz continuous with respect to B if there exists a
constant 5 > 0 such that

|H(:,Bx) = H(,By)| <rallx—yl, Vx,y€eX.

Example 2.8 Let us consider the 2-uniformly smooth Banach space X = R? with the usual

inner product. Let A, B: R? — R? be defined by

Ax = ( mx) — mxy ) ) By _ (—lel + Wl_)/z)
—mx; + 2mxy —my, — mys

for all scalers m € R and for all x = (x1,%2),y = (y1,2) € R2.

Suppose that H : R? x R? — R? is defined by H(Ax,By) = Ax + By, then H(A,B)

: 1
1S 3m

V/5m-Lipschitz continuous with respect to A and /2m-Lipschitz continuous with respect

to B.

Indeed, let for any u € X,

(H(Ax, u) — H(Ay,u),x —y)
= {Ax - Ay,x - y)
= ((mx1 — mxy, —mxy + 2mxy) — (my; — my,, —myy + 2my,),
(%1 = y1,%2 —yz))
= ((m(x = y1) — mlxz — y2), —m(x, — y1) + 2m(x - 32)),
(1 =31, %2 —y2)>
= m(x = y1)> = 2m(x; — y1) (%3 = y) + 2m(x3 — y2),

[Ax — Ay||* = (Ax — Ay, Ax — Ay)

-cocoercive with respect to A and m-relaxed accretive with respect to B, and
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= (((mxl — mxy, —mxy + 2mxy) — (my; — my,, —my; + 2my2)),
((mx1 — mxy, —mxy + 2mxy) — (my; — my,, —myy + 2my2)))

= 2m* (01 = 1) — 6m> (21 — y1) (%2 — y2) + 5m1° (%2 — 32)°

< 3m*(x1 — y1)* — 6m* (%1 — y1) (%2 — y2) + 611 (%2 — y2)*

=3m{m(x; — y1)* = 2m(x; — y1)(x2 — y2) + 2m(xy — )}

= 3m{<H(Ax, u) — H(Ay,u),x —y)},

which implies that
1 2
(H(Ax,u) - H(Ay,u),x - y) > 3, 1A% =A%,
that is, H(A, B) is ﬁ-cocoercive with respect to A.

(H (u, Bx) - H(u, By),x - 5)

= (Bx — By,x —y)

= (Bx - By,x — )

= ((—maxy + maxy, —mxy — mxy) — (—myy + mya, —my, — my,),
(21 = y1,2 = 32))

= ((—=m(x1 = 31) + mlxz — ), —m(x1 — y1) — m(xz - y2)),
(%1 = y1,%2 = 32)

= —m(x, — y1)” — m(xy - yo)°

= —m{(x1 — 31)* + (12— 7,)*)

> —mlx—yl?
which implies that
(H (1, Bx) — H(u, By),x ~ y) = (=m) |l = yI1°,
that is, H(A, B) is m-relaxed accretive with respect to B.

|H(Ax,u) - H(Ay,u)|” = 1A% - Ayl|> = (Ax - Ay, Ax - Ay)
= (((mx1 — mxy, —mxy + 2mxy) — (my; — my,, —my; + 2my2)),
((mx1 — mxy, —mxy + 2mxy) — (my; — my,, —my; + 2my2)))
= 2m* (%1 — y1)* = 6m (%1 — 31) (&2 — y2) + 5 (%3 = y2)?

< 5m* (%1 — y1)* + 5m° (%2 — o),
which implies that

| (Ax, u) - H(Ay, u)| < v5mlx-yl,
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that is, H(A, B) is v/5m-Lipschitz continuous with respect to A.

| H (s, Bx) = H (, By) ||2 = ||Bx — By||* = (Bx — By, Bx — By)
= (((=max1 + mixa, —maxy — mxy) — (—=myy + mya, —my, — my)),
((—=mxy + mxy, —mxy — mxz) — (—myy + my,, —my, — my,)))

= 2m* (%1 — y1)? + 2m*(xy — y2)?
which implies that
| H(ut, Bx) — H(u, By)| < v2mllx ~yll,
that is, H(A, B) is ~/2m-Lipschitz continuous with respect to B.
Definition 2.9 Let n:X x X — X and H,A,B: X — X be mappings. Let M : X — 2X be
a set-valued mapping. Then
(i) 7 is said to be t-Lipschitz continuous if there exists a constant T > 0 such that
[nGy)| <tlx-yl, VYryeX;
(if) M is said to be accretive if
(u—v,]q(x—y)) >0, Vx,yeX,ueMx,veMy;
(iii) M is said to be u'-strongly accretive if there exists a constant u’ > 0 such that
(u -,/ —y)) > le—yll9, Va,y€X,ue€Mx,ve My
(iv) M is said to be m-relaxed accretive if there exists a constant 7 > 0 such that
(u -, J (% —y)) > -—ml|x-y|%, Vx,ye€X,ueMx,ve My
(v) M is said to be n-accretive if
(u - v,]q(n(x,y)» >0, Vx,yeX,ueMxve My
(vi) M is said to be strictly n-accretive if M is n-accretive and equality holds if and only
ifx=y;
(vii) M is said to be y-strongly n-accretive if there exists a constant y > 0 such that
(w=v. () = vIlx-yl7, Vxy€X,ue€Mx,ve My

(viii) M is said to be a-relaxed n-accretive if there exists a constant a > 0 such that

(u - v,]q(n(x,y)» > (—a)le—yl%, Vx,y€X,ueMx,veMy;
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(ix) M is said to be m-accretive if M is accretive and (I + pM)(X) = X for all p >0,
where I denotes the identity operator on X;
(x) M is said to be generalized m-accretive if M is n-accretive and (I + pM)(X) = X for
all p > 0;
(xi) M is said to be H-accretive if M is accretive and (H + pM)(X) = X for all p > 0;
(xii) M is said to be (H, n)-accretive if M is n-accretive and (H + pM)(X) = X for all
0 >0;
(xiii) M is said to be (A, n)-accretive if M is m-relaxed n-accretive and (A + pM)(X) = X
forall p > 0.

Definition 2.10 [19] Let A,B: X — X, H : X x X — X be three single-valued mappings.
Let M : X — 2% be a set-valued mapping. Then M is said to be H(-, -)-accretive with respect
to A and B if M is accretive and (H(-,-) + pM)(X) = X for all p > 0.

3 H(-, -)-mixed mappings
In this section, we introduce the H(:, -)-mixed mapping and show some of its properties.

Definition 3.1 Let H: X x X — X, A,B: X — X be three single-valued mappings. Let
H(A, B) be p-cocoercive with respect to A, y-relaxed accretive with respect to B. Then
the set-valued mapping M : X — 2% is said be H(-, -)-mixed with respect to mappings A
and B if

(i) M is m-relaxed accretive;

(ii) (H(A,B) + pM)(X) =X forall p > 0.

Example 3.2 Let X, H, A, B be the same as in Example 2.8, and M : R? — R2 be defined
by M(x) = (=37, —3x,), Vx = (x1,%,) € R2.

We claim that M is a 3-relaxed accretive mapping. Indeed, for any x = (x1,%3),y =
(ylryz) € RZ

(Mx — My, x - y) = (=37, -3x3) — (=37, -3y,), ((x1 = 1), (¥2 = 2)))
=((0,-3(x2 = 2)), (%1 = 31), (x2 — 2)))
= =3(x2 - 32)°
> =3{(x1 - 31)* + (x2 — 32)*}
> -3llx -yl
(Mx — My, x - y) = (-3)|lx - yI*.

Furthermore, M is also an H(, -)-mixed mapping since (H(4, B) + pM)(R?) = R? for any
p>0.

Proposition 3.3 Let the set-valued mapping M : X — 2% be an H(-,-)-mixed mapping
with respect to mappings A and B. If A is a-expansive and >y with r = pa? —y > m,
then the following inequality holds:

(x =y, Jq(u - v)) >0, V(v,y)egraph(M), implies x€ Mu.
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Proof Suppose on contrary that there exists (u9, %) ¢ graph M such that
(xo -9 Jq(uo - V)) >0, VY(v,y)e graph(M). (3.1)

Since M is an H(-, -)-mixed mapping, we know that (H(4, B) + pM)(X) = X holds for every
0 > 0, and so there exists (u;,%1) € graph(M) such that

H(Aug, Bug) + pxg = H(Auy, Buy) + px; € X. (3.2)
Now

0x — pxy = H(Auy, Buy) — H(Au, Bu) € X,
(px — px1,J,(u — w1)) = (H(Auy, Buy) — H(Au, Buo), Jo(u — uy)).

Setting (v,y) = (11,%1) in (3.1) and then from the resultant (3.2) and m-relaxed accretivity
of M, we obtain

—ml|ug — w1 |7 < plxo — %1, J4(ut0 — 1))
= —(H(Auo, Buo) — H(Auy, Buy), /(o — 1))
= —(H(Auo, Bug) — H(Auy, Buo), J4 (o — u1))
— (H(Auy, Bug) — H(Auy, Buy), ], (o — ). (3.3)

Since H(A, B) is u-cocoercive with respect to A and y -relaxed accretive with respect to B,
and A is «-expansive, thus (3.3) becomes

—mllug — | < —pul|Au — A | T+ y llu — |

IA

2
—pe” o — w |7 + y | — |17

IA

—(;wﬂ - 7/) llzeo — 21 1|7

—rllug —wm||? <0, wherer=pa? -y

IA

—(r—m)llup — u | < 0.

It implies that uy = u; since r > m. By (3.1), we have x = %1, a contradiction. This completes
the proof. d

Theorem 3.4 Let the set-valued mapping M : X — 2% be an H(-,-)-mixed mapping with
respect to mappings A and B. If A is a-expansive and | >y withr = pa? —y > pm, then
(H(A,B) + pM)™ is single-valued.

Proof For any given u € X, let x,y € (H(A, B) + pM)™!(u). It follows that

—~H(Ax, Bx) + u € pMx,

—H(Ay,By) + u € pMy.
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Since M is m-relaxed accretive, we have

—mx -y < %(—H(Ax,Bx) +u— (~H(Ay, By) + u), Jo(x - y)),

—mpl|x - y|? = —(H(Ax, Bx) — H(Ay, Bx), ], (x — y))

— <H(Ay,Bx) - H(Ay;By)’]q(x —)’)>,

which islike (3.3). Hence it follows that ||x—y|| < 0. Thisimplies thatx = y and so (H(A4, B) +
pM)7! is single-valued. O

Definition 3.5 Let the set-valued mapping M : X — 2% be an H(-, -)-mixed mapping with
respect to mappings A and B. If A is «-expansive and u > y with r = pa? — y > pm, then
the proximal-point mapping RZX,’[') : X — X is defined by

RSP (w) = (H(A,B) + pM) ™ (), VueX. (3.4)
Now we prove that the proximal-point mapping defined by (3.4) is Lipschitz continuous.
Theorem 3.6 Let the set-valued mapping M : X — 2% be an H(-,-)-mixed mapping with

respect to mappings A and B. If A is a-expansive and | >y withr = pa? —y > pm, then
the proximal-point mapping R]p{ 5\/1) X — Xis ﬁ—Lipschitz continuous, that is,

| @) - R 0] <

|lu—-v|, VYuvelX.

Proof Let u and v € X be any given points in X. It follows from (3.2) that
RIS () = H((A,B) + pM)) ™ (w),
R () = H(A,B) + pM)) ™ (),

%(u ~ H(A(Ry} @), B(R; 57 () € MRy, (),

- HAR W), BRES) ) € MES) )

Letz; = R]:x)(u) and zy = jog)(v).
Since M is m-relaxed accretive, we have

%((u - H(A(z1),B(z1)) - (v - H(A(22), B(22)) ), Jy(z1 — 22)) = —m|z1 — 2|7,

(u—v—-(H(A(21),B(z1)) - H(A(22), B(22))), Jg (21 — 22)) = —pmlz1 — 22|,

which implies that

lu—vllllz - 2217 > (u—v,J4(z1 - 22))

> (H(A(21), B(z1)) - H(A(22), B(z2) ), Jg (21 — 22)) — pm|z1 — 2|7
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> (H(A(21), B(z1)) — H(A(22), B(21)), J(z1 — 22))
- (H(A(22), B(z1)) — H(A(22), B(22)), (21 — 22)) — pml|z1 — 22|
= 1| A@) - A@)| - yllz -2l - pmllz - 2,17
> palllzi =227 = yllzi - 2|7 - pmllzi - 2 ||
= (na? -y — pm)|z1 - 2|7,

= (r—pm)||z1 - 2|7, wherer=pa?-y,
and hence
-1
lu—villlzi = 221177 = (r — pm) ||z — 22 |%,

that is,

1

r—pm

”RZ&,’I')(M)—RZS\?(V)H < lu—v|, VYu,velX.

This completes the proof. O

4 Graph convergence for an H(-, -)-mixed mapping
Let M : X — 2% be a set-valued mapping. The graph of the map M is defined by

graph(M) = {(x,y) eXxX:y EM(X)}.
In this section we shall introduce the graph convergence for the H(, -)-mixed mapping.

Definition 4.1 Let M,,M : X — 2% be the set-valued mappings such that M, M, are
H(-,-)-mixed mappings with respect to the mappings A and B for n = 0,1,2,.... The se-

G
quence {M,} is said to be graph convergent to M, denoted by M,, — M, if for every
(%, y) € graph(M), there exists a sequence (x,,,) € graph(M,,) such that

Xy —> X, Yy —>y asmnm— oo.

Theorem 4.2 Let M, M : X — 2% be the set-valued mappings such that M, M,, are H(-, -)-
mixed mappings with respect to the mappings A and B for n = 0,1,2,.... Let H(A, B) be
s-Lipschitz continuous with respect to A and t-Lipschitz continuous with respect to B. If A

G
is a-expansive and | >y withr = pa —y > pm, then M,, — M if and only if
R]_p[’&,'[z(u) — RZ&,’I')(M), YueX,p>0,
where

R (u) = (HAB) + pM,) " (), R (w) = (H(A,B) + pM) ™ ().

Proof It follows from Theorem 3.6 that Rfﬁm), and RZE\'/’I') are both ﬁ -Lipschitz continu-

ous.
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G
If part: Suppose that M,, — M. For any given x € X, let
Zy = R;[’EVY[V), (x)1 zZ= p,g\/,[)(x)
Then

%[x - H(Az, Bz)] € M(z), thatis (z, %[x - H(Az, Bz)]) € graph(M).

In the light of Definition 4.1, we know that there exists a sequence (z,,y,) € graph(M,)
such that

Z,— z, ¥, —> %[x —H(Az,Bz)] as n — 00. (4.1)
Since y,, € M, (z,,), we have

H(AzZ,,Bz,) + py, € [H(A,B) + pM,](2,)
and so

2, =[H(Az, Bz,) + py, ]
From the Lipschitz continuity of M,,, we get

2, —2ll < |20 - 2, || + |2, - ]

= |Rpii @) — Ry [H(Az, B2,) + p3),]| + 2, ~ 2]

< e (A, 89) -+ 2]
< [||» - H(Az, Bz) - py,,|
r—pm
+ ||H(Az,Bz) - H(Az;,Bz;) ||] + ”z; - zH (4.2)

From the Lipschitz continuity of H(A, B), we have
|H(Az Bz) - H(AzZ,,Bz,) |
< |H(Az,Bz) - H(Az, Bz,) | + |H (Az, Bz,) — H(Az,,Bz,) |
<(s+9)|z,-z|. (4.3)
It follows from (4.2) and (4.3) that

1
r—pm

||x—H(Az,Bz)—py;|| + |:1+ (s+t):| ||z;—zH.

Iz = 2ll <
r—pm

By (4.1), we have

-2l 0. | 2[- iz B -] | o
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and so

l|zy —z|| >0 asn— oo.
Only if part: Suppose that

R];E\,[: — RIZE\'/’I'), YueX,p>0.

For any given (x, y) € graph(M), we have
H(Ax,Bx) + py € [H(A, B) + pM](%)

and so

H(-,r

X = Rp;v[)[H(Ax, Bx) + py].

Let
X, = Rgng [H (Ax, Bx) + ,oy].

Then
1
- [H(Ax,Bx) - H(Ax,, Bx,) + ,oy] € M,(x,).
0

Let

1

Vu = 5 [H(Ax, Bx) — H(Ax,,, Bx,) + py)-

It follows from (4.3) that

lyn =yl <

%[H(Ax, Bx) — H(Ax,, Bx,) + py] - yH = % | H(Ax, Bx) — H(Ax,,, Bx,) |

< L5+ 0)lxn = (4.4)
o

Since pr[;wi — RZXI“) for any u € X, we know that ||x, — x| — 0. Now (4.4) implies that

Yp—> Yy asn— oo,

G
and so M,, — M. This completes the proof. g

5 An application of the H(-, -)-mixed mapping for solving the system of
generalized variational inclusions

Throughout the rest of the paper, unless otherwise stated, we assume that for each i = 1, 2,

E; is a g;-uniformly smooth Banach space with the norm || - ||;.
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Let A1,B; : X1 — X1, A2,By : X5 — X5, Ni, Hy : X1 x Xo = Xj and Ny, Hy : X7 X X5 — Xy
be nonlinear mappings. Let M; : X; — 2*1 be H,(-,-)-mixed and M, : X, — 22 be H, (-, -)-
mixed mappings, respectively. We consider the following system of generalized variational
inclusions (SGVI): Find (x,y) € X x X, such that

6, € Nl(x,)’) + M (x);
0y € Ny(x,y) + My (),

(5.1)

where 6;, 6, are zero vectors of X; and X;, respectively. The problem of type (5.1) was
studied by Zou and Huang [20].

Definition 5.1 Let A: X; — Xi. A mapping N : Xj x X, — X is said to be:
(i) «-strongly accretive in the first argument with respect to A if there exists a constant
k >0 such that

(NGx1,y) = N2, 9), (A1) = A@xa))), = kllx = ylIT'  Var, 20 € X1, 5 € X3

(i) Ln-Lipschitz continuous in the first argument if there exists a constant Ly > 0 such
that

INGe1,y) = N(x2,9) ||, < Lllxr —xoll{,  Var, 20 € Xy, y € Xo;

(iii) In-Lipschitz continuous in the second argument if there exists a constant /y > 0 such
that

[N y1) = N y2) ||, < Inllyn = 92012, Vx € X1,91,92 € X

The following lemma, which will be used in the sequel, is an immediate consequence of
the definitions of R1(), 20

pLM1? T p2, Mot

Lemma 5.2 For any given (x,y) € X1 X X3, (x,y) is a solution of (SGVI) (5.1) if and only if
(x,y) satisfies

x= RV H (A1, B (%) — piNi(v,9) ], (5.2)
5= RPG) [ Hy(As, By)(9) - 02Na(%,9)], (5.3)

where RZIS\@) = (Hi(A1,B) + piMy) ™ and R],,{;E\/Iz) = (Hy(A2, By) + p2Ms) ™, and py, py > 0 are

constants.

Proof Consider first that an element (x,y) € X; x Xj is a solution to (5.1). Then it follows
that

01 € Ni(x,y) + M (x)
=  Hi(Aix,Bix) € Hi (A%, Bix) + piNi(%,y) + p1 M (%)
=  Hi(Aix, Bix) — ;iNi(%,y) € H1(Ax, Bx) + p1 M (x)

= Xx= R]:llﬁvh) [Hl(Alxx Bix) - plNl(xry)]~

Page 13 of 21
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In a similar way, we can show that

y= R]ézsuz) [Ha(A2y, Bay) — paNa(%,9)]. 0

A similar proof follows for the converse part:

x = RIS (A1 B) (%) = piNi(x,9)]
= x=(Hi(4,B) + piMy) " [Hi(A1,B)(®) - piNi(x,9)]
= (Hi(A1,B)) + ;M) (x) 5 (Hi(Arx, Bix)) — piNi(, )

= 6, € Ni(x,y) + M (x).
In a similar way, we can show that
6, € Nz(x,y) + Mz(y)

Theorem 5.3 For each i = 1,2, let X; be q;-uniformly smooth Banach spaces, let A;,B;
X; — X; be single-valued mappings. Let the set-valued mappings M; : X; — 2%t be such that
M; are H(-, -)-mixed mappings with respect to mappings A; and B;, and A; are o;-expansive
and ;> y; with r; = pLiOl?i —y; > p;m;. Let H; : X1 x Xo — X be s;-Lipschitz continuous with
respect to A; and t;-Lipschitz continuous with respect to B;, and let N; : X1 X X, — X; be
a k;-strongly accretive mapping in the ith argument, Ly,-Lipschitz continuous in the first
argument and ly,-Lipschitz continuous in the second argument. Suppose that there are two

constants py, py > 0 satisfying the following conditions:

T1=4d; + ,02L2LN2 <1 (54)

Ty = ay + paLiln <1,
where

1 1
ar = Li[(1=2qir1 + ¢y (s1 + 0)™) T + (1= 201qu1 + ¢y p{" L) T ;

az = Lo[ (1= 2q2rs + gy (52 + 152)‘12)é + (1= 2p2g22 + ¢4, pgngz)%];

1
Li=———;
r — mnn
1
Ly=——.
ry — pomy

Then SGVI (5.1) has a unique solution (x,y) € X1 X Xa.

Proof For i =1,2, it follows that for (x,y) € X X X5, the proximal-point mappings Rgﬁ,}f

1
rp—p2m

and Rg;ng) are —L—-Lipschitz continuous and -Lipschitz continuous, respec-

r—p1mi
tively.

Let R: X7 x X; — X7 x X, be defined as follows:

R(x,y) = (P(x,5),Q,7)), V(x,9) € Xq x Xy, (5.5)
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where P: X; x X; — X; and Q: X; x X, — X; are defined by

P(x,9) = R Hy (AL B (%) - piNi(x, )] (5.6)
and
Q,y) = R [ Hy (A, Bo) (%) — p2Na(,)] (5.7)

for p1, p2 > 0, respectively.
For any (x1, 1), (%2,2) € X1 X X3, it follows from (5.6) and (5.7) and the Lipschitz conti-

nuity of RZ{SX and RIZ;EWZ) that

|P@1, 31) = P(xa, 30,
= HR’;?EWI) [Hl(Aerl)(xl) - ,ONl(xl,yl)]
— Ry (A1 B) () - pNiw, )]

< k[ | Hi(A1, By) (1) — Hi(A1, Br) (%) — o1 (N (x1,31) — Ni(xa, 1)) |

+ p1|| N (2, 1) = Ni(%2,92) |, ] (5.8)
and
1Q(x1,71) — Qx2,32) |,
< L[| Ha(A2, By) (1) — Ha(As, Bo)(2) — 2 (Na (1, 01) — Na(x1,92)) [
+ 02| Na(x1,72) = Na(2,3) |, ]- (5.9)
Now
| H1(Av, By)(x1) = Hi (A, By) (x2) = pi (N1 (31, 91) = Na (o, 1)) |
= | Hi(A1, B1)(x1) — Hy(A1, By) (x2) — (31 — x0) ||
+ |1 = %2 — oL (N1 (1, 91) = N2, 30)) || - (5.10)
Also,
|H2(A2, B2) (1) — Ha(A2, Ba) (32) — (51 — 32) |,
= | Ha(A2, Ba) (1) — Ha (A2, B2)(32) — (71 — 32,
+ |91 = 32 = P2 (Na (21, 31) = Ni(x1,%2)) |- (511)
Now

|1 (A1, By) (1) — Hi(Ay, Br)(%2) — (%1 — x2) ||
< llx1 = %2 I = 2q1(H1 (A1, Br) (1) — Hi(A1, Br)(x2) — Jo (%1 — %2)),

+ ¢q | Hi(A1, By) (1) — Hi (A1, By)(x0) || (5.12)
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Since M is an H(-,-)-mixed mapping, then H;(A;, By) is p1-cocoercive with respect to A;
and y;-relaxed accretive with respect to By, and from the fact that A; is «;-expansive, we
can obtain
(H1(A1, Br) (1) — H1(A2, B2)(%2) — Jg, (%1 — %2)),
= (H1(A1, By)(%1) — Hy (A2, By) (%) = Jy (%1 — %2)),
+ (Hi(A2, By) (1) — Hi(A, By)(2) — Joy (%1 — %2)),
< [ Ar() = Ar) | = v llan — x|
= Mlafl ller =22 |7 = 1 ller = 22 |
= (med" = 1)l — x| (5.13)
Since H; (A1, By) is s1-Lipschitz continuous with respect to A; and £ -Lipschitz continuous
with respect to By, we have
|H1(A1, By)(%1) — Hi(A1, Br)(%2) — (%1 — %2) |,
< | Hi(A1, By) (1) — Hy(As, By)(x2) |, + || H1 (A2, By) (1) — Hi(Ag, B) (%)

< (s + &) Iy — %2 l1. (5.14)
Using (5.12), (5.13) and (5.14), we have

| F1(A1, Br) (1) — Hi(Ay, By) () — (1 — %) |
<l - 952||;I1 - 2ql<Hl(A1;Bl)(x1) — Hi(A1, B1)(x2) _]q1 (1 —x2)>1

< [1 —2qin + Cq (s1 + tl)ql] [l —QC2||;H,
which implies that

|H1(A1, By)(%1) — Hi(A1, Br)(%2) — (%1 — %) |,

1
<[1-2qim +cg (s + )T ] @ |l —x2ll1,  where ry = ot — 1. (5.15)
In the light of (5.15), we can obtain

|H2(A2, By)(311) — Ha(As, Bo)(92) — (01 — 32,

1
< [1 —2qo75 + Cg, (52 + tz)qz] 2 |ly; —yall2,  where ry = woad? — ys. (5.16)

Again, since N; is k;-strongly accretive in the first argument and Ly, -Lipschitz continuous

in the first argument and ly,-Lipschitz continuous in the second argument, then using
Lemma 2.4, we have

q

o1 = 22 — o1 (N1 (31, 1) = Na (2, 31)) ||

< s =% [ = 201 (N (%1, 31) = N (%2, 31), Ty (31 — %2)),
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+picy ||N1(x1,y1) —Nl(xeyl)H;ﬂ

< (1-2pq1k1 + ¢ p LT ) 11 — 22|17,

which implies that

-Ql,_

o1 = 22 — p1 (N1 (1, 1) = Ni(&2,31)) |, < (1= 21061 + ey P L) 01 vy — w211 (5.17)

In the light of (5.17), we have

-Q‘,_‘

|71 = 2 = 2 (Na(x1,31) = Na(x1,92)) ||, < (1= 2029262 + €, 03 LY ) © 31 = y2ll2. (5.18)

Using (5.8), (5.15) and (5.17), we have

| PGet, 1) = Pl o)
1

1
< (Li[(1 = 2171 + gy (51 + 0)T) T + (1= 2p1quk1 + ¢y pi LT 01 ]) 1 — 2212

+ Liping Iy = y2lla. (5.19)

Using (5.9), (5.16) and (5.18), we have

Q1 71) — Qx2,32)
1 1
< (Lo[ (1= 2q2r2 + cgy (52 + 2)P) 2 + (1= 2paqk2 + g, LT ) 2 ]) l31 = 3212
+ Ly ool 11 — %211 (5.20)

From (5.19) and (5.20), we have

||P(x1,y1) — P(x2,y2) ”1 + “Q(xhyl) - Q(xz,yz)||2
< tlw —x2li + ©allyn = y2ll2

< max{ty, 2} (v — %2011 + ly1 — 22112), (5.21)
where

T =a1 + PaLlolny; (5.22)
Ty =ady + p2L11N1;

and

1

1
a, = Ll[(l =2q111 + gy (51 + fl)ql) ot (1 —2p1qik1 + cq1p{ﬂL;ﬁ)ql ];

az = Lo[ (1= 2q2rs + gy (52 + 152)‘12)é + (1= 2p2g22 + ¢4 pgngz)%];

1
Li=————;
r — e
1
L, =

ry — Pamy
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Now define the norm || - ||, on Xj x X, by
[, = 6l + Iyl ¥(x9) € X1 x Xa. (5.23)

We observe that (X; x X, || - ||+) is a Banach space. Hence it follows from (5.5), (5.21) and
(5.23) that

|R(G1 1) = R(x2,32) ||, = max{ry, T2} || (%1, 31) — (%2,22) - (5.24)

Since max{t, 72} < 1 by (5.2), it follows from (5.24) that R is a contraction mapping. Hence,
by the Banach contraction principle, there exists a unique point (x,y) € X; x X; such that

R(x,y) = (x,9),
which implies that

x = RZI,E\%) [Hi(A1, By) (%) - piNi(x,9)],

5 = R [Hy (A, By) () - p2Na(x,9)]-

It follows from Lemma 5.2 that (x, y) is a unique solution of SGVI (5.1). This completes the
proof. d

6 Convergence of an iterative algorithm for SGVI (5.1)
Based on Lemma 5.2, we suggest and analyze the following iterative algorithm for finding
an approximate solution for SGVI (5.1).

Algorithm 6.1 For any given (xo,70) € X1 X Xa, (¥4, 1) € X1 X X by an iterative scheme

Kne1 = RIS LH (A1, B) () = 01N1 (6 9) ], (6.1)
Vn+l = RZI;,S\/,[Z) [HZ(A27 B2)(yn) - p2N2(xn;yn)]: (62)

where n=0,1,2,...and p;, po > 0 are constants.

Theorem 6.2 For each i = 1,2, let X; be q;-uniformly smooth Banach spaces, let A;,B; :
X; — X; be single-valued mappings. Let the set-valued mappings M, M; : X; — 2% be
such that M,,;, M; are Hy(-, -)-mixed mappings with respect to mappings A; and B; such that
M, —G> M; forn=0,1,2,...,and A; is a;-expansive and p; > y; with r; = ol —y; > pim;.
Let H; : X; x Xy — X; be s;-Lipschitz continuous with respect to A; and t;-Lipschitz con-
tinuous with respect to B;, and let N; : X1 x Xy — X; be a k;-strongly accretive mapping in
the ith argument, Ly,-Lipschitz continuous in the first argument and ly,-Lipschitz contin-
uous in the second argument. Suppose that there are two constants p, pp > 0 satisfying the
following conditions:

T1=a + poloLn, <1
1 1+ P2L2LN, 6.3)
Ty =das + paLily, <1,
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where

a = Ll[(l —2q1r1 + ¢q (51 + 5)™) a +(1-2pqui + cqlplqul)qL]

1
aj = Lz[(l 21 + Cgy(S2 + 1,*2)"2)‘72 + (1 202qak7 + c,ﬂ,o2 qu)q ]

1
Li=——;
r — o
1
Ly=———.
ry — Pamy

Then the approximate solution (x,,y,) generated by Algorithm 6.1 converges strongly to the
unique solution (x,y) of SGVI (5.1).

Proof By Theorem 5.3, there exists a unique solution (x,7) € X; x X, of SGVI (5.1). It
follows from Algorithm 6.1 and Theorem 3.6 that
o601 — || = ||RZI§\4,),1 [H1(A1, By) (%) — o1 N1 (%5 Y1) |
~ RO TH (A1, B (%) - oiNi ()] ]
< | RIS [Hi(A, 1)) = piNi (6, 3)]
— RO [Hi(A1, B () - oiN ()]
+ ||RZ1Mn [H1(A1, B) () — p1N1 (%, ) |

~ RO TH (A1 B () - oNi ()] (6.4)

and

lyns1 =yl < ” PzMn [HZ(AZ;BZ On) — IOZNZ(xmyn)]
—RIZ [Ha(A2, Bo)() - paNa(x,9)]
+ [ RIS [Ha(As, Ba)(9) - paNa(,9)]

sz Moy ) [Hy(A2, Bo)(9) - p2Na(x,9)] - (6.5)

By (5.8) and (5.19), we have

||Rp1Mn [Hi(A1, B1) (%) — p1N1 (%, v ]
~ RIS [Hi(A1 B)@) - oiNi ()]
< ka[ | Hi(A1, By) () — Hi (A, By) (%) = p1 (N1 (6, ¥) — N1 (%, 7)) [,
+ p1||[N1(x,y) = Ni(x,9) ]
< (L[(1=2q1m + ey (514 0)T) T + (1—2p1q001 + ¢ PP L) T )

X 1%, = %ll1 + Lipidng 1yn = yll2 (6.6)
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and

”szMn [Ha(A2, B2)(¥s) — p2Na (%, yu) | - Rlp{ [Hz(A2,32 ) - p2Na (2, 9],
< L[| H2(A2, B2) () — Ha(A2, B2)(y) — p2 (N2 (% y) = N1 (%)) |,

+ 09 ”Nz(xn»y) - Na(x,) ”2]

1 1
< (Laf (1= 200 + e+ 6)7) 4 (1-2pag + €y PLE) B )

X Nyn = yll2 + Lap2ln, 1% = I3 (6.7)
By Theorem 4.2, we have

R”{ggj [H1(A1, B)(x) - oiN1(3%,9)] = RS [Hi(Aw By)(x) - piNi(,9)], (6.8)

1

Moy ) [Ha(Az, B2)(9) = p2Na(x,9)] — Rm My '[Hi(A2, B2)(5) - 02Na (x,)]. (6.9)

Let

“Rm My [Hl (A1, B)(x) — piNi(x, ) ]

- R H (AL B () - oiNi(x,9)] ], (6.10)
||Rp2M)2[H2(A2,Bz)(J’ — p2Na (%,9) ]
— R [ Hy (A, Bo) (9) - p2Na (3,9)] |- (6.11)
From (6.4)-(6.11), we have
I%ns1 =%l < T1ll%n — %1 + Dy (6.12)
Iy =yl < T2llyn =yl + bn2~ (6.13)
From (6.12) and (6.13), we have
96041 = %1+ [1Yne1 = ¥ll2 < max{zy, wH{1%n = %l + [yn = yll2} + {(Buy + by} (6.14)

Since (Xi x Xy, || - II+) is a Banach space with the norm || - ||, defined by (5.23), it follows
from (5.5), (5.23) and (6.14) that

”(xnﬂ;yml) - (x’}’)”,k = e = %M1 + Y1 = 2
< max{ty, o} | (% ) = % D) + {buy + by ). (6.15)

By condition (6.3), it follows that max{z;, 72} < 1 and Lemma 2.5 implies that || (x,+1, Vis1) —
@9« — 0asn— oo.

Thus {(x,, y»)} converges strongly to the unique solution (x, y) of SGVI (5.1). This com-
pletes the proof. d
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