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Abstract

In this paper, we prove strong convergence for the modified Ishikawa iteration
process of a total asymptotically nonexpansive mapping satisfying condition (A) in a
real uniformly convex Banach space. Our result generalizes the results due to Rhoades
(J. Math. Anal. Appl. 183:118-120, 1994).
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1 Introduction

Let X be a real Banach space, let C be a nonempty closed convex subset of X, and let T be
a mapping of C into itself. Then T is said to be asymptotically nonexpansive [2] if there
exists a sequence {k,}, k, > 1, with lim,,_, - k,, = 1, such that

| 7%= Ty < kall = 1 (L1)

forall x,y € Cand n > 1. T is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that

|T"% - T"y| < Lllx -yl

for all x,y € C and n > 1. If T is asymptotically nonexpansive, then it is uniformly
L-Lipschitzian. We denote by N the set of all positive integers. T is said to be total asymp-
totically nonexpansive (in brief, TAN) [3] if there exist two nonnegative real sequences
{c,} and {d,} with ¢,,d,, — 0 as n — 00, ¢ € ['(R*) such that

|77 - T"y| < llx = yll + cad(Ilx = 1) + s (1.2)

for all x,y € C and n > 1, where R* := [0,00) and ¢ € I'(R*) if and only if ¢ is strictly
increasing, continuous on R* and ¢(0) = 0. It is clear that if we take ¢(¢) = ¢ for all £ > 0
and d,, = 0 for all » > 1 in (1.2), it is reduced to (1.1). Approximating fixed points of the
modified Ishikawa iterative scheme under total asymptotically nonexpansive mappings
has been investigated by several authors; see, for example, Chidume and Ofoedu [4, 5],
Kim [6], Kim and Kim [7] and others. For a mapping T of C into itself in a Hilbert space,
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Schu [8] considered the following modified Ishikawa iteration process (cf. Ishikawa [9]) in
C defined by

X1 € C,
Knsl = (1 - O(n)xn + oy Tnym (13)

Yn = (1 - ﬂn)xn + ﬂnTnxn;

where {a,} and {B,} are two real sequences in [0,1]. If 8, = 0 for all # > 1, then iteration
process (1.3) becomes the following modified Mann iteration process (¢f. Mann [10]):

X1 € C,
(1.4)
K1 = (L= o)y + 0, T,

where {a,} is a real sequence in [0,1].
Rhoades [1] proved the following results which extended Theorems 1.5 and 2.3 of Schu
[8] to uniformly convex Banach spaces.

Theorem 1.1 Let X be a uniformly convex Banach space, let C be a nonempty bounded
closed convex subset of X, and let T : C — C be a completely continuous asymptotically
nonexpansive mapping with {k,} satisfying k, > 1, > - (k! = 1) < 0o, r = max{2, p}. Then,
for any x, € C, the sequence {x,} defined by (1.4), where {«,} satisfies a < a, <1 - a for all
n > 1 and some a > 0, converges strongly to some fixed point of T.

Theorem 1.2 Let X be a uniformly convex Banach space, let C be a nonempty bounded
closed convex subset of E, and let T : C — C be a completely continuous asymptotically
nonexpansive mapping with {k,} satisfying k, > 1, > - (k! = 1) < 00, r = max{2, p}. Then,
for any x; € C, the sequence {x,} defined by (1.3), where {a,}, {B,} satisfya < (1 -a,),1 -
Bu) <1—aforall n >1 and some a > 0, converges strongly to some fixed point of T .

On the other hand, Kim [11] proved the following result which generalized Theorem 1
of Senter and Dotson [12].

Theorem 1.3 Let X be a real uniformly convex Banach space, let C be a nonempty closed
convex subset of X, and let T be a nonexpansive mapping of C into itself satisfying condition
(A) with F(T) # 0. Suppose that for any x; in C, the sequence {x,} is defined by x,,1 =
(1 —ay)xy + ayBuxn + (1= By) Txy), for all n > 1, where {a,,} and {B,} are sequences in [0,1]
suchthaty 2 a,(1-ay,) =ocoand ) e, By < 0. Then {x,} converges strongly to some fixed
point of T

In this paper, we prove that if T is a total asymptotically nonexpansive self-mapping
satisfying condition (A), the iteration {x,} defined by (1.3) converges strongly to some
fixed point of T, which generalizes the results due to Rhoades [1].

2 Preliminaries
Throughout this paper, we denote by X a real Banach space. Let C be a nonempty closed
convex subset of X, and let T be a mapping from C into itself. Then we denote by F(T') the
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set of all fixed points of T', i.e., F(T) = {x € C: Tx = x}. We also denote by a VV b := max{a, b}.
A Banach space X is said to be uniformly convex if the modulus of convexity 5x = 8x(¢),
0 < € <2, of X defined by

. llx + ¥l
dx(€) =mf{1— 2y xyeXllxl <Lyl <1, llx -yl Zé}

satisfies the inequality §x(€) > O for every € € (0,2]. When {x,} is a sequence in X, then

x, — x will denote strong convergence of the sequence {x,} to x.
Definition 2.1 [12] A mapping T : C — C with F(T) # ¢ is said to satisfy condition (A) if

there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for all
r € (0,00) such that

e - Tl = £ (d(x, E(T)))
for all x € C, where d(x, F(T)) = inf,er(r) ||x — 2.

3 Strong convergence theorem
We first begin with the following lemma.

Lemma 3.1 [13] Let {a,}, {b,} and {c,} be sequences of nonnegative real numbers such that
Yomeibu <00, Y02 ¢p < 00 and

Ap1 < (L+by)a, +cy,
forall n>1. Then lim,_, « a, exists.

Lemma 3.2 [14] Let X be a uniformly convex Banach space. Letx,y € X. If |x|| <1, |ly|| <1
and |x—y|| > €>0, then ||Ax+ (1 - X1)y|| <1-2x(1-A)é(e) for 0 <A <1.

Lemma 3.3 Let C be a nonempty closed convex subset of a uniformly convex Banach space
X,andletT : C — C bea TAN mapping with F(T) # (. Suppose that {c,}, {d,} and ¢ satisfy
the following two conditions:
(D 3o, B > 0 such that ¢p(t) < ot forallt > B.
1) Y o2 cn<00, > 02 dy < 00.
Suppose that the sequence {x,} is defined by (1.3). Then lim,_, ||x, — z|| exists for any
z€ F(T).

Proof For any z € F(T), we set
M:=1V ¢(B) < 0.

From (I) and strict increasing of ¢, we obtain

() <¢p(B) +at, t>0. (3.1)
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By using (3.1), we have

| T"%0 = 2| < ll%n — 2]l + cup (%0 — 2Il) + s
< ll%n = zll + ca{@(B) + tl|xy — 2I| } +

< (A +acy)||x, - z|| + k.M,
where k), = ¢, + d, and ZZZI K, < 00. Since

lyn -zl = ||ﬂnTnxn + (1= Bu)xu _Z”
< B ” T"x, _Z” + (1= Ba)llxn -zl
= ,Bn{(l +acy)|lx, -zl +KnM} + (1= B)llxn — 2|l

< (1 +acy)llx, -zl + k.M,
and thus

”yn _Z” + Cn¢(||yn _Z”)
< (1 +acy)llx, =zl + K, M + Cn{¢(/3) +o|yn _Z”}
<A +acy)llxy =zl + kM + ¢, (B) + ac,(1 + acy) %, — 2zl + acuic,M

<A +0)llxy —zll + 6,.M,

where 0, = 2ac, + 0?2, 8, = Ky + Cy + ACuky, Y oy O <00 and > o) 8, < 00. So, we have

1Ty = 2| < llyn =zl + cudp (Ilyn — 2Il) + d
<1+ Un)”xn —z|| + 8, M + dy,

S (1 + an)”xn _Z” + nnM:
where 1, =68, +d, and ) -, 1, < c0. Hence

1041 — 2l = ” (1 - ot)xn +05nTnyn_Z||
< (L=ap)llxn =zl + oy “ ", _Z”
< (I -ap)llxn — 2|l +an{(1 +0) 1y — 2| + nnM}

S (1 + 0n)||xn _Z” + nnM'

By Lemma 3.1, we see that lim,,_, » ||, — z|| exists. O

Theorem 3.4 Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex subset of X. Let T : C — C be a uniformly continuous and TAN mapping with
F(T) # 9. Suppose that {c,}, {d,} and ¢ satisfy the following two conditions:

(D Ja, B > 0 such that ¢p(t) < at forall t > B.

) Y o2icn<00, > o2 dy < 00.
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Suppose that for any x; in C, the sequence {x,} defined by (1.3) satisfies Y -, an(l—a,) = 00
and lim B, = 0. Then {x,} converges strongly to some fixed point of T.

Proof For any z € F(T), by Lemma 3.3, {x,} is bounded. We set

M:=1V ¢(B) V sup |lx, — z|| < c0.

n>1

By Lemma 3.3, we see that lim,_, [|%, — z|| (= r) exists. Without loss of generality, we
assume 7 > 0. As in the proof of Lemma 3.3, we obtain

1Ty — 2| < @+ o) llxn - 2ll + nuM

< %y =zl + v,
where v, = g, + 1, and Ziil Vv, < 00. By using Lemma 3.2 and Takahashi [15], we obtain

%1 =zl = [[(1 = on)xn + 0a Ty — 2|,

= @ - )@ = 2) + o (T"y0 - 2) |

< (s — 2l + vuM) [1 — 2a,(1— an)a)((w)]'

lxn =zl + v, M
Hence we obtain

"y, —x,
2an(1—an>(||xn—z||+vnM)ax( 177 = )

%, — 2|l + vuM

=< ||xn _Z” - ||xn+1 _Z” + ‘)nM'
Thus

”Tnyn_xn”
20,(1— Xy = 2| + v M)ox| ————— ) < o0
o an)(” n I+ vn )X<”xn_z||+vnM

Since 8y is strictly increasing, continuous and Y - a,(1 - &,) = 00, we obtain

liminf|| 7"y, — %, = 0. (3.2)

n— 00

By using (3.1) in the proof of Lemma 3.3, we have

|| Tnilxn—l - Z” = ”xn—l - Z” + Cn—l(p(”xn—l - Z”) + dn—l
= ”xn—l - Z” + Cn—l{d)(ﬂ) + a”xn—l - Z”} + dn—l

< A+ acu)llxn-1 — 2zl + puaM,
where p,_1 = c¢y1 +dy1 and Y oo, pu1 < 00. Thus

lyn1—zll = ”,Bn—l Tn_lxn—l + (1= Bu1)®n1 — ZH

< Bt | T %u1 — 2| + (= But) %01 — 2]l
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= ﬂn—l{(l +ocy1) %0 — 2l + pn—lM} + (1= Buo) 1% — 2|

< (L+ acp1)ll%n-1 — 2l + puaM,
and hence

lyn-1 = 2l + cuc1@ (I1yn-1 — 211)
<A +acs )% — 2zl + puaM + Cn—1{¢(,3) +a|yp1 — Z”}
<A +acp)lxna =zl + puaM + cp19(B) + e (1 + aecya) %01 — 2|
+ oCy_1n1M
< @+ pu-) %01 = 2l + @M,
where w,1 = 20c,1 + OZZCi,p Pn-1 = Pn1 t Cp1 + XCy1Pp-1, Z;.,iz Un < 0o and
Y o @n1 < 00. S0, we have
1T Yo = 2| < Nynot = 2l + cucrd (I1yn-1 = 211) + du
< (U )11 = 2l + @uaM + dypy
< ”xn—l - Z” + wn—lM;
where w,_1 = 1 + @1 + dy1 and ZZZZ wy-1 < 00. By using Lemma 3.2 and Takahashi
[15], we obtain
90— 2l = [|(1 = @p1)®nt + s Ty — 2

= A= ou) o1 = 2) + et (T Y1 = 2) |

1T Y1 — Xl
< (llxp-1 = z|| + W1 M) |1 -20,(1 — )8 .
= (” n-1 ” n—1 )|: n( n) X(”xn—l—Z” +wn_1M

By the same method as above, we obtain
liminf|| 7"y, — x,1|| = 0. (3.3)

n—00

Since {x,} is bounded and 7 is a TAN mapping, we obtain

lyn —xull = Hﬁn T % + (1 = Bu)xn — %y ”
= Bl T =

< B.M,
where M’ = sup, ., [ T"x, — x,|| < 00. By using lim §,, = 0, we have
fim ||, =yl = 0. (34)
n—00
Since

1Ty =y || < | T"90 = ]| + 1160 =y,
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by (3.2) and (3.4), we obtain
liminf|| 7"y, - y.| = 0. (3.5)
n— 00
By using (3.3) and (3.4), we obtain
liminf|| 7""y,1 = yu1 || = 0. (3.6)
n— 00

Since

|77 %01 = 2| < | T s = Ty 4 [ 7yt = 01|

< 1%t —yrkl” + Cnflfp(”xn—l —yn—ln) +dy

[ T s =

’

by using (3.3) and (3.4), we have

lim inf|| T" Y% 1 — %1 || =0. (3.7)
n— 00
Since
% = xpall = ” (1= ap1)xn1 + 0y Tn_lyn—l — Xn-1 H

= @y H Tnilyn—l — Xn-1 ||

< T yua = Yna | + lynt = %ucalls
by (3.4) and (3.6), we get
liminf [, — %] = 0. (3.8)
From

” Tn_lxn —Xn ” = ” Tn_lxn - Tn_lxn—l ” + ” Tn_lxn—l —Xn-1 ” + |1 — x|

-1
= 2”967, — Xn-1 ” + Cn—l¢(||xn —Xn-1 ”) + dn—l + H I Xp-1 — Xn-1

’

by (3.7) and (3.8), we obtain

liminf” T %, — %, || =0. (3.9)

n—00

Since

”xn - Tan
< Ut =yl + = Tyl + [ 779 = T+ | 77— T |

= Hyn - T, “ + 2%y = yull + Cn¢(”xn _yn”) +dy, + H T"x, - Txy, ”
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and by the uniform continuity of 7', (3.4), (3.5) and (3.9), we have
liminf ||x, — Tx,|| = 0. (3.10)
n— 00
By using condition (A), we obtain
F(d (@, F(T))) < [0 = Tl (3.11)
for all # > 1. As in the proof of Lemma 3.3, we obtain
||xn+l - Z” = (1 + On)||xn - Z” + nnM' (312)
Thus
inf %, -zl <(1+0,) inf |x,—z| +n,M.
€F(T) zeF(T)
By using Lemma 3.1, we see that lim,_, d(x,, F(T)) (= c) exists. We first claim that
lim,,_, oo d(x,,, F(T)) = 0. In fact, assume that ¢ = lim,_, . d(x,,, F(T)) > 0. Then we can

choose ng € N such that 0 < § < d(x,, F(T)) for all n > ny. By using condition (A), (3.10)
and (3.11), we obtain

0<f (§> =f (@@, F(T))) < lltn; = T | > 0

as i — oo. This is a contradiction. So, we obtain ¢ = 0. Next, we claim that {x,} is a Cauchy
sequence. Since ) -, 0, < 00, we obtain [],2;(1 + 0,,) := U < 00. Let € > 0 be given. Since
lim,,—, 0 d(x,, F(T)) = 0 and > 72, 1, < 00, there exists 1o € N such that for all 7 > ng, we
obtain

and Z n; < ﬁ (3.13)

i=ng

€
d(x,, F(T

(x ( )) < 4U + 4
Let n,m > ny and p € F(T). Then, by (3.12), we obtain

l¢n = 2 |l < N0 = pll + 1% = Pl

n-1 n-1 m-1 m-1
< [Ja+o)lam —pl+MD 0+ [[A+00) 20, —pll + M 1
i=ng i=ng i=ng i=ng
[o¢] o0
< 2[1‘[(1 + 03[l — Pl +M2nz}-
i=ngp i=ng

Taking the infimum over all p € F(T) on both sides and by (3.13), we obtain

1% = X |l < 2[]_[(1 +0)d (%0, F(T)) + MY m}

i=ng i=ng

€ €
<2[(U+1) +M— | =€
4U + 4 aM

Page 8 of 10
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for all n,m > ny. This implies that {x,} is a Cauchy sequence. Let lim,_, o, %, = g. Then
d(q, F(T)) = 0. Since F(T) is closed, we obtain g € F(T). Hence {x,} converges strongly to
some fixed point of T'. d

Remark 3.5 If T: C — C is completely continuous, then it satisfies demicompact and, if

T is continuous and demicompact, it satisfies condition (A); see Senter and Dotson [12].

Remark 3.6 If {«,} is bounded away from both 0 and 1, i.e., a <o, <b forall n > 1
and some a,b € (0,1), then Y 7, @,(1 — @) = 00 and lim,,—.oo B, = 0 hold. However, the

converse is not true. For example, consider «,, = %

We give an example of a mapping 7 : C — C which satisfies all the assumptions of T in
Theorem 3.4, i.e., T : C — C is a uniformly continuous mapping with F(T') # ¥ which is

TAN on C, not Lipschitzian and hence not asymptotically nonexpansive.

Example 3.7 Let X :=R and C:=[0,2]. Define T: C — C by

1, x € [0,1];

Tx =
%\/4—9& x€[L,2].

Note that 7"x =1 for all x € C and n > 2 and F(T) = {1}. Clearly, T is both uniformly
continuous and TAN on C. We show that T satisfies condition (A). In fact, if x € [0,1],
then |x — 1| = |x — Tx|. Similarly, if x € [1, 2], then

1
x—1l=x-1<x— —~4-—x%2=|x-Tx|.
V3

So, we get d(x,F(T)) = |x — 1| < |[x — Tx| for all x € C. But T is not Lipschitzian. Indeed,

suppose not, i.e., there exists L > 0 such that
|Tx - Ty| < Llx -yl

forallx,yeC.Ifwetakex:2—m>1andy:2,then

1 1 2-x 1
—Va-x<L2- — < = :
CEL2-N e gn S T Dol

NE]

This is a contradiction.
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