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1 Introduction

Branciari [1] was the first to study the existence of fixed points for the contractive mapping
of integral type. He established a nice integral version of the Banach contraction principle
and proved the following fixed point theorem.

Theorem 1.1 Let f be a mapping from a complete metric space (X,d) into itself satisfying

a(fxfy) d(xy)
/ o(t)dt < c/ p()dt, Vx,yeX,
0 0

where c € (0,1) is a constant and ¢ € ®1. Then f has a unique fixed point a € X such that
limy,, oo f"x = a for each x € X.

Afterwards, many authors continued the study of Branciari and obtained many fixed
point theorems for several classes of contractive mappings of integral type; see, e.g,, [1—
8] and the references therein. In particular, in 2011, Liu et al. [5] extended the result of
Branciari [1] and deduced the following fixed point theorems.

Theorem 1.2 Let f be a mapping from a complete metric space (X, d) into itself satisfying

d(fx.fy) d(x,y)
/ o(t)dt < a(d(x,y)) / () dt, Vx,yeX,
0 0

where ¢ € 1 and o : R* — [0,1) is a function with

limsupa(s) <1, Vit>O0.

s>t
Then f has a unique fixed point a € X such that lim,_, f"x = a for each x € X.
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Theorem 1.3 Let f be a mapping from a complete metric space (X, d) into itself satisfying

a(fx,fy) d(x,fx) dyfy)
[ ewdtzadm) [ erde plde) [ pwde wayex,
0 0 0

where ¢ € ®1 and o, : R* — [0,1) are two functions with

Ol(t) + ,B(t) <1, Vte R+, lim sup ,B(S) <1, lim sup : a(si )
s—>07% s—>tt - S

<1, Vt>0.

Then f has a unique fixed point a € X such that lim,,_, » f"x = a for each x € X.
In 2008, Dutta and Choudhuty [9] proved the following result.

Theorem 1.4 Let f be a mapping from a complete metric space (X, d) into itself satisfying

v (d(fx.fy) < v (dxy) - e(dxy), YxyeX,

where V,¢ : R* — R* are both continuous and monotone nondecreasing functions with
Y(t) = ¢(t) =0 if and only if t = 0. Then f has a unique fixed point a € X such that

limy,_, o f"'% = a for each x € X.

However, to the best of our knowledge, no one studied the following contractive map-

pings of integral type:

d(fx.fy) d(xy) d(x,y)
w(/o yso(t)dt)sw(fo ygo(t)dt)—as(fo yw(t)dt), VeyeX, (L)

where (¢, ¢, ) € @1 X @3 x P3;

d(fx,fy) d(x,y)
w( [ e dt) < a(d(x,y))w( [ e dt), Vi y € X, 12)
0 0

where (p, ¥,a) € &1 x &3 x Ds;

d(fx,fy) d(x,fx)
" < f o(0) dt) < a(d<x,y>)¢< / o(0) dt)
0 0

d(y.fy)
+ ,B(d(x,y))w (/0 o(t) dt), Vx,y € X, (1.3)

where (p, ¥, ¢) € &1 x &3 x &4 and (o, B) € Dg.

It is clear that the above contractive mappings of integral type include these mappings in
Theorems 1.1-1.4 as special cases. The purpose of this paper is to investigate the existence
of fixed points for contractive mappings (1.1)-(1.3) of integral type. Under certain condi-
tions, we prove the existence, uniqueness and iterative approximations of fixed points for
contractive mappings (1.1)-(1.3) of integral type in complete metric spaces. Three exam-

ples with uncountably many points are constructed.
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2 Preliminaries
Throughout this paper, we assume that R* = [0, +00), Ng = NU {0}, N denotes the set of

all positive integers, (X, d) is a metric space, f : X — X is a self-mapping and
d, = d(f"x,f””x), Y(n,x) € Ng x X,

®; = {p:¢:R* - R" is Lebesgue integrable, summable on each compact subset of

R* and [ ¢(¢)dt > 0 for each & > 0};

@, = {¢:¢:R* — R* satisfies that liminf,_, , ¢(a,) > 0 < liminf,_,  a, > 0 for each

{an}nen CR™ Y

®; = {p:¢:R* — R* is nondecreasing continuous and ¢(¢) =0 < ¢t = 0};

Dy ={p:¢:R" — R satisfies that ¢(0) = 0};

D5 = {p:¢:R* — [0,1) satisfies that limsup,_, , ¢(s) < 1 for each ¢ > 0};

D6 = {(a, B) : ¢, B : R* — [0, 1) satisfy that limsup,_, o+ B(s) < 1, limsup,_, ,+ % <1
and a(t) + B(t) < 1 for each £ > 0}.

The following lemmas play important roles in this paper.

Lemma 2.1 ([5]) Let ¢ € &1 and {r,},en be a nonnegative sequence with lim,_, 1, = a.
Then

lim [ o(t)dt= / o(t)dt.
0

n—00 0

Lemma 2.2 ([5]) Let ¢ € @, and {r,},cn be a nonnegative sequence. Then

'n

lim e(t)dt=0

n—0o0 0
if and only iflim,_, o 1, = 0.
Lemma 2.3 Let ¢ € ®,. Then ¢(t) > 0 if and only if t > 0.

Proof Lett>0.Puta, =t for each n € N. It is easy to see that ¢ = liminf,_, o a, > 0, which
together with ¢ € ®, ensures that

o(t) =liminfp(a,) > 0.

Conversely, suppose that ¢(z) > 0 for some t € R*. Set a,, = ¢ for each n € N. It is clear
that ¢(¢) = liminf,_, o ¢(a,) > 0, which together with ¢ € ®, guarantees that

t =liminfa, > 0.

n— 00

This completes the proof. d

3 Main results
In this section we show the existence, uniqueness and iterative approximations of fixed
points for contractive mappings (1.1)-(1.3) of integral type, respectively.
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Theorem 3.1 Let f be a mapping from a complete metric space (X, d) into itself satisfying
(1.1). Then f has a unique fixed point a € X such that lim,_, » f"x = a for each x € X.

Proof Let x be an arbitrary point in X. Firstly, we show that

d,<d,,, VmeN. (3.1)
Suppose that (3.1) does not hold. It follows that there exists some n, € N satisfying

Ay > Any-1. (3.2)
Note that (3.2) and ¢ € ®; imply that

dig
/ o(t)dt > 0. (3.3)
0

Using (1.1), (3.2) and (¢, ¢, V) € ®; x P, x P3, we conclude immediately that

dno—l dy,o
w(/o o0 dt) < w(/o o0 dt)

d(f"O x,j’"()*lx)

=Y ( /(; o(t) dt>
d(f"0~Lx,f70 ) A(f10 -1 f10 )

5!0(/0 qo(t)dt) —¢</0 go(t)dt)
dno—l d"’O*l

= dt ) - d

w(/o o) t) ¢(/o o) t)

dno—l

<y ( /0 o0 dt),

which yields that

dno dn()—l
vf( /0 o0 dt) _ w( /0 o0 dt) (3.4)

and

dno—l
¢(/0 @(t) dt) =0. (3.5)

Combining (3.5) and Lemma 2.3, we get that

dno—l
/ o(O)dt =0,
0

which together with ¢ € ®3 and (3.4) means that

dno dno—l
w(/o w(t)dt):w</o w(t)dt>=w(o>=o,
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that is,

dng
/ o(O)dt =0,
0

which contradicts (3.3). Hence (3.1) holds.
Secondly, we show that

lim d, = 0. (3.6)

n—00

Inview of (3.1), we deduce that the nonnegative sequence {d, } .cn, is nonincreasing, which
means that there exists a constant ¢ with lim,,_, .o d,, = ¢ > 0. Suppose that ¢ > 0. It follows
from (1.1) that

dn d(f”x,f"*lx)
o([owa)-u( o0 )
d(f”xf”’lx) d(f”xf”’lx)
<v ( / o) dt) - ¢( / o) dt)
dy-1 dy1
= 1//(/0 o(t) dt) - qb(/o o(t) dt), Vn eN. (3.7)

Taking upper limit in (3.7) and using Lemma 2.1 and (¢, ¢, ) € &1 x ®, x &3, we conclude

that
¢ dy
1//(/0 ga(t)dt) =li£sogpw</o o(t) dt)

dp-1 dp-1

< uﬁs;lp[w ( [ ow dt) —¢>( [ e dt)}
dp1 dy-1

< h}gs;W( /0 o0 dt) —lggiogw( fo o0 dt)

¢ dy-1
=w(/0 so(t)o#) ‘IL‘EioE}f¢</O (p(t)dt)
< "’(/0 <p(t)dt),

which is a contradiction. Hence ¢ = 0.

Thirdly, we show that {f"x},cy is a Cauchy sequence. Suppose that {f"x},cn is not a
Cauchy sequence, which means that there is a constant ¢ > 0 such that for each positive
integer k, there are positive integers m(k) and n(k) with m(k) > n(k) > k satisfying

d(f’"(k)x,f"(k)x) > é. (3.8)

For each positive integer k, let m(k) denote the least integer exceeding #(k) and satisfying
(3.8). It follows that

d(f"Px, f"Ox) > and  d(f"Olx,f"Wx) <6, VkeN. (3.9)

Page 5 of 17
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Note that

d(fm(k)x,f”(k)x) < d(f”(k)x,fm(k)’lx) +dmy-1, YkEN;
|d(f’"(k)x,f"(k)+1x) - d(fm(k)x,f”(k)x) | <duy, VkeN;

(3.10)
|d(f’"(k)+1x,f”(k)+1x) _ d(f’"(k)x,f”(k)*lx)’ < dm(k)r Vk e N;

‘d(fm(k)+1x’fn(k)+1x) _ d(f”’(k)*lx,f”(k)*zxﬂ < dn(k)+1: Vk e N.
In light of (3.9) and (3.10), we get that

e = lim d(f"®x, f"Ox) = lim d(f"Px, O+
k— 00 (f f ) k— 00 (f f )

= lim d (™", f7O) = lim d(f" O, 10 2). (3.11)
— 00

k—o00

In view of (1.1), we deduce that

d(f”‘(k)+1xf"(k)+2x)
il o))

0

d(fm(k)xfn(k)+lx) d(fm(k)xf”(k)”x)
=y (f o(t) dt) - ¢(/ o(t) dt), Vk e N. (312)

0 0

Taking upper limit in (3.12) and using (3.11), (¢, ¢, ¥) € ®; X &3 X $3 and Lemma 2.1, we
deduce that

x/f( [ 8¢><t>dt)

=limsup ¢

k— 00

d(f’”(k)x,j’”(k)+1x) d(fm(k)xf”(k)+1x)
<Ilim sup[w (/ o(t) dt) —qb(/ o(t) dt)]
k—00 0 0

/‘d(/m(k)x’fn(khlx)

d(fm(k>+1x,j’"<k)+2x)
/ o(t) dt>
0

d(/m(k)xfn(k)+lx)
<limsup ¢ < /

o(t) dt) - likm infd)( o(t) dt)
k— 00 — 0

0

. () k1)
= 1//(/0 o(t) dt) —likn_l)irgf¢</0 (p(t)dt)
<¢(/0 go(t)dt),

which is impossible. Thus {f"x},cn is a Cauchy sequence.

0

Since (X,d) is complete, it follows that there exists a point a € X satisfying

lim,,_, o f"% = a. By virtue of (1.1), we infer that

d(f”*lea) d(f"x,a) d(f"x,a)
w(/o w(t)dt> sw(/o qo(t)dt> —¢></0 <p(t)dt>, VneN,

Page 6 of 17
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which together with (¢, ¢, ¥) € &1 x &3 x ®3 and Lemmas 2.1 and 2.2 gives that

d(a,fa) d(f" x fa)
W(/ o(t) dt) = lim supl//</ o(t) dt)
0 n—00 0
d(f”x,a) d(f”x,a)
< limsup[lﬁ (/ o(t) dt) —¢>(/ <p(t)dt>:|
n—00 0 0

d(f"x,a) d(f"x,a)
<limsup ¢ </ o(t) dt) —liminf ¢ (/ o(t) dt>
n—00 0 n—00 0

= (0) -0
=0,

which together with ¢ € &3 yields that

d(afa)
f o(t)dt =0,
0

that is, a = fa.
Finally, we show that 4 is a unique fixed point of f in X. Suppose that f has another fixed
point b € X \ {a}. It follows from (1.1) and (p, ¢, ) € ®; x dy x 3 that

d(a,b) d(fa,fb)
w( /0 go(t)dt) - w( /0 o) dt)
d(a,b) d(a,b)
w(/o <p(t)dt)—¢</0 qo(t)dt)
d(ab)
< w( /0 o(0) dt),

which is a contradiction. This completes the proof. d

Theorem 3.2 Let f be a mapping from a complete metric space (X,d) into itself satisfying
(1.2). Then f has a unique fixed point a € X such that lim,_,~ f"x = a for each x € X.

Proof Let x be an arbitrary point in X. Suppose that (3.2) holds for some 7y € N. Using
(1.2), (3.2) and (¢, ¥, @) € &1 x P35 x 5, we get that

dng
w(/o o(t) dt> >0

and

dpy-1 dng d(f"0 x,f101y)
o[ vwar) < ([ o) -u( [ o))

d(f"o —lx,fno x)
Sa(d(fno_lx,f"ox))Ip(/o (p(t)dt)

d”‘O*l dno—l
- a(dm,_l)w< /o w(t)dt> ) w( /0 o(0) dr),

Page 7 of 17
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which is a contradiction, and hence (3.2) does not hold. Consequently, (3.1) is true. Notice
that the nonnegative sequence {d,,},cn, is nonincreasing, which implies that there exists
a constant ¢ > 0 with lim,,_, o, d,, = ¢. Suppose that ¢ > 0. In light of (1.2), we infer that

dy d(f"xf”*lx)
w( [ dt) - w( [ o0 dt)
d(fn—lenx)
5a(d(f”’%,f”x))1ﬁ<fo w(t)dt)

dp1
=a(d, )Y (/ o(t) dt), VneN. (3.13)
0

Taking upper limit in (3.13) and using Lemma 2.1 and (¢, ¥, @) € ®; x P35 x O5, we know
that

c dy
dt) =1l d
w( IRC t) l;glsogpw< | t)
dp-1
<limsup |:oz(d,,_1)1ﬁ (/ o(t) dt>i|
n—00 0

dp-1
<limsupa(d,_1) - limsup ¢ (/ o(t) dt)
0

n—0o0 n—00

<1//(/0 <p(t)dt),

which is a contradiction, and hence ¢ = 0, that is, (3.6) holds.

Now we show that {f”x},cn is a Cauchy sequence. Suppose that {f"x},cn is not a
Cauchy sequence. As in the proof of Theorem 3.1, we conclude that there exist ¢ > 0
and {m(k),n(k) : k € N} € N with m(k) > n(k) > k for each k € N satisfying (3.8)-(3.11).
By means of (1.2), (3.11), Lemma 2.1 and (¢, ¥, ) € &1 x 3 x P35, we get that

e d(fm(k)+1xfn(k)+2x)
w(f o(t) dt) = limsupt/x(/ o(t) dt)
0 k—o00 0

d(fm(k)xfn(k)+1x)
= lim sup |:oz (d(F"Ox, f O )y ( / o(t) dt)]
0

k—o00
/d(fm(k)xf”(k)ﬂx)

k— 00

w(fo w(t)dt),

which is a contradiction. Hence {f"x},cn is a Cauchy sequence.

< limsupa (d(f"Pux, f*O*1x)) - lim sup y < o(t) dt)
k—00

0

It follows from completeness of (X, d) that there exists a € X with lim,_,» f"x = a. In

view of (1.2), we have

d(f”*lx,fa) d(f"x,a)
W (/ o(t) dt) < ot(d(f”x,a))lﬁ(/ o(t) dt>, Vn € Ny. (3.14)
0 0

Page 8 of 17
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Taking upper limit in (3.14) and making use of (¢, ¥, «) € &; x ®3 x &5 and Lemmas 2.1
and 2.2, we get that

d(afa) d(f"™ x fa)
1[/(/ o(t) dt) =lim supW(/ o(t) dt)
0 n—00 0

d(f"x,a)
< limsup[a(d(f”x,a))¢(/ o(t) dt)}
0

n—00

d(f"x,a)
<limsupa(d(f"x,a)) -limsupt/f</ o(t) dt)
n—> 00 n— 00 0

-0,

which means that

d(a,fa)
w(/o go(t)dt) “o,

that is, fa = a.
Next we prove that 4 is a unique fixed point of f in X. Suppose that f has another fixed
point b € X \ {a}. It follows from (1.2) and (¢, ¥, ) € ®; x $3 x P5 that

d(a,b) d(fa,fb) d(ab)
w( /0 o(0) dt) _ w( /0 o(0) dt) <a(da, b))w< /0 o(0) dt)
d(ab)
< w( /0 o(0) dt),

which is a contradiction. This completes the proof. O

Theorem 3.3 Let f be a mapping from a complete metric space (X,d) into itself satisfying
(1.3) and

d(t) <¥(t), VteR". (3.15)
Then f has a unique fixed point a € X such that lim,_, « f"x = a for each x € X.

Proof Let x be an arbitrary point in X. If there exists ny € Ny satisfying d,,, = 0, it is clear
that f"0x is a fixed point of f and lim,_, . f"x = f"°x. Now we assume that d, # 0 for all
n € Ny. Suppose that (3.2) holds for some ny € N. It follows from (1.3) that

dno d(f"Ox,f"O*lx)
w(/o qo(t)dt> =1/f</o <p(t)dt>
d(fno—lx!fngx)
< a(d(f”o_lx,f”"x))qﬁ(/(; o(t) dt)

d(f"O x,j’"0+1x)
+ Bd(Fox, f"ox))l/f< /0 () dt>

dno—l dno
= o(dpy-1)9 </0 (2) dt) + B(dny-0) ¥ </0 (2) dt>,
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which together with (3.2), (3.15), (¢, ¥, ¢) € 1 x P3 x 4 and («, B) € Py implies that

dng-1 dnyy
ow(/o w(t)dt>§w</0 w(t)dt>
<o [ woar)
< o) f‘;d(”;nil)w( /0 "o dt)

dng-1
<w(f0 w(t)dt>,

which is a contradiction, and hence (3.2) does not hold. Consequently, (3.1) holds.

Next we show that lim,_, » d,, = 0. Note that the nonnegative sequence {d,,},cn is non-
increasing, which implies that there exists a constant ¢ > 0 with lim,_,  d,, = c. Suppose
that ¢ > 0. It follows from (1.3) that

dn d(f”xf”*%c)
1//(/0 @(?) dt) = w(/o o(t) dt)

AL )
S()l(d(fn_lx»fnx))¢(‘/o go(t)dt)

d(f”xf”“x)
+ Bld(F 1, f”x))l/f( /0 o(0) dt)

dya dn
=a<dn1)¢(/o w(t)dt)w(dnl)w(/o w(t)dt), VneN,

which means that

dy dp1
w</0 w(t)dt> < %«p([o o(t) dt), VneN. (3.16)

Taking upper limit in (3.16) and using (3.15), (¢, ¥, @) € &1 x P35 x Dy, (o, B) € D6 and

Lemma 2.1, we arrive at

(4 dn
dt) =1 d
w( /0 o(0) t) lgsgpw( fo o(0) t)
. wdyy) [ [
= h,?isip[l ~Bd) "’(fo #(0 ‘”)]

. alden) ( /dnl )
<limsup ———— - limsu (t)dt
nﬁoop 1- ,B(dn—l) naoop w 0 v

< limsup «(s) W(/Cw(t) dt)
0

st 1= (S)

<w(/0 <P(t)dt),

which is impossible. Therefore ¢ = 0, that is, lim, . » d,, = 0.

Page 10 of 17
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Next we show that {f"x},cy is a Cauchy sequence. Suppose that {f"x},cn is not a
Cauchy sequence. As in the proof of Theorem 3.1, we conclude that there exist ¢ > 0
and {m(k),n(k) : k € N} € N with m(k) > n(k) > k for each k € N satisfying (3.8)-(3.11).
By means of (3.12), we deduce that

d(fm(k)ﬂx,.f"(k)dx)
il o))
0

d(fm(k)xfm(k)ﬂx)
< O{(d(fm(k)x;fn(k)ﬂx))(ﬁ (/ go(t) dt)
0
d(fn(k)+len(k)+2x)
+ IB (d(fm(k)x’fn(k)+1x)) w (f (/)(t) dt)
0
(k)
_ a(d(f’”(k>x,f”(k)+1x))¢ (/ o(®) dt)
0
L)
+ B(d(f" P, frO1x))yr ( / o(t) dt), Vk e N. (3.17)
0

Taking upper limit in (3.17) and making use of (1.3), (3.11), Lemma 2.1, (¢, ¥, ¢) € &1 X
@3 x &4 and (o, B) € P, we deduce that

£ d(fm(k)+1xfn(k)+2x)
0< 1//(/ o(t) dt) = limsuplp(f o(t) dt)
0 k— 00 0

(k)
< limsup [a(d(fm(k)x,f”(k)”x))(b(/ @(t) dt)
0

k—o00

dﬂ
+ ﬂ(d(fm(k)x’fn(k)ﬂx))w(/o © o(t) dt)]

(k)
< limsup o (d(f™Pux, "0 *1x)) - lim sup y (/ o(t) dt)
0

k—o00 k—00

(k)
+limsup B (d(f"®x, O *1x)) - lim sup y </ o(t) dt)
0

k— 00 k— 00
0 0
< limsupa(s) - w(f o(t) dt) + limsup B(s) - w(/ o(t) dt)
s—¢ 0 s—>¢ 0
= 0’

which is a contradiction. Hence {f”x},cn is a Cauchy sequence.
Completeness of (X, d) implies that there exists a point a € X such that lim,_, o f"x = a.
In view of (1.3), (¢, ¥, @) € 1 X D3 x Py, (¢, B) € Pg and Lemma 2.1, we infer that

d(afa) A" x fa)
¥ (/ o(t) dt) = limsup ¢ </ o(t) dt)
0 n— 00 0

d(fnx,f’”lx)
< limsup[a(d(f”x,a))aﬁ(/ o(t) dt)
0

n—00

+ Bld(fna))y ( /0 o dt>:|
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dy
< limsupa(d(f”x,a)) ~limsup1/f</ o(t) dt)
0

n—00 n—00

n— 00

d(afa)
< Timsup B(s)- w( / <P(t)dt),
0

s—0%

d(afa)
+limsupﬂ(d(f"x,a)) . w(/ <p(t)dt)
0

which together with («, 8) € ®¢ yields that

d(afa)
w(/ w(t)dt) “o,
0

which gives that d(fa, a) = 0, that is, fa = a.
Finally, we prove that a is a unique fixed point of f in X. Suppose that f has another fixed
point b € X \ {a}. It follows from (1.3) and (¢, ¥, ¢) € ®; X P3 x P4 and («, B) € Pg that

d(fa,fb)
0< w(/o go(t)dt)

d(afa) d(b,fb)
<a(da, b))¢>( /0 o(0) dt) + B(d(a b))y ( /0 o(0) dt)

=0,
which is a contradiction. This completes the proof. d

4 Three examples
Now we construct three examples to explain Theorems 3.1-3.3.

Example 4.1 Let X = [0, %] U {1} U {3} be endowed with the Euclidean metric d = | - |.
Assume that f : X — X and ¢, ¢, ¥ : R* — R* are defined by

X, vxel0,1],

2 g L, veelo,1],
fx)=10, x=1, p(t) =

1, Vte(l,+00),

1, x=3,

2, vrelo1], t,  Vtelo,1],
o()=1 & yo=1"

g Vt e (1, +OO), T+, Vt e (1, +OO).

Clearly, (X, d) is a complete metric and (¢, ¢, V) € ®; x Oy x O3. Let x,y € X with x < y.
In order to verify (1.1), we have to consider the following four cases.
Casel. Let x,y € [0, %]. Note that

d(fxfy) ) 5l B ANk
w(/o w(t)dt)—w(/o w(t)dt>—t/f( = ) =

2 4
I e N e
-4 16

A
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=y %=yl
vf( /0 w(t)dt> —¢>< /0 <p(t)dt)
d(x,y) d(xy)
=1/f</0 ¢>(t)dt) —q)(/o (p(t)dt).

Case 2. Letx € [0, %] and y = 1. It follows that

d(fxfy) B 5 B X2 _x2 1-x? (1-x)*
w(/o w(t)dt)—lﬂfow(t)dt>—1/f(ﬁ>—gf or 0

1-x)? 1-x)?
)5

Case 3. Let x € [0, %] and y = 3. It follows that

(1) £ 2-%\ @-»* 1
w([o w(t)dt) w(/ w(t)dt) w( - )= LU
(G- 1] iG-) v (G-)-o(5-x)
3 ——x] + Z—x =y Z—x -¢ Z—x
1 3—x
d d d d
w( o(0) t+ o) t) ¢</0 ) t+/1 o(0) t)
3—x
d d
( o(0) t) (/0 o (0) t)
(%) d(xy)
- d dt ).
w(/o o0 t) ¢(/0 o0 t)

Case 4. Let x =1 and y = 3. Note that

d(fx,fy) 1 1 1 139
w(/o <p(t)dt):w(/0 <p(t)alt):¢<1>21<ﬁ
_1(25 ) 1 25 (5 5
() Es(2) ()
1 2 1 2
= d d _ d d
w(/o @(t) t+f1 @(2) t) ¢</0 o(t) t+/1 o(t) t>
2 2
dt ) - d
w(/o o) t) ¢(/0 o0 t)
d@y) dxy)
= dt | - dt ).
w( fo @(t) t) cp( fo o(t) t)

That is, (1.1) holds. Thus Theorem 3.1 guarantees that f has a unique fixed point 0 € X
such that lim,,_, o, f"x = 0 for each x € X.

IA

=y
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Example 4.2 Let X = [0,1] U[4,5] be endowed with the Euclidean metric d = | - |. Assume
that f: X — X and ¢, ¥ : R* — R* and o : R* — [0, 1) are defined by

=, vxe[0,1], a8, vtelo,1],
S =15 (1) =
2, Vxel[4,5], 2t, Vtel[4,5],
L2 veelo1]
3 27 ’ ’
YO =12, VeeR', a)=1L  vie(3)
ﬁ, Vt € (3, +00).

Obviously, (¢, ¥,«) € &1 x &3 x $s5. Put &,y € X with x < y. In order to verify (1.2), we
have to consider three possible cases as follows.
Case 1. Let x,y € [0,1]. It is clear that

A(fefy) rea 2
w(/ ’ t)dt) (f 48 d) e L
0
<<3 +olx- ylz)lx y)?

d(xy)
=ot(d(x,y))¢('/0‘ o(t) dt).

Case 2. Let x,y € [4,5]. It follows that

d(fefy) == P oixey
_ 3 _ _ 2 2
w(/o w(t)dt)-(/o at dt) -(26)| = iyl
< 1 2
(3 2Ix 9 )Ix—yl
d(xy)
= a(d(x,y))lﬁ(/ 0 dt>.
0

Case 3. Let x € [0,1] and y € [4,5]. It follows that

2

d(fx,fy) A 3 2 2\ 2
- s (Y _* 25 ~
x[f(/o <p(t)dt)-(/0 4¢ dt) _(26 4) (26) <l</|x—y|
1 x—y| )
=a(le—yl)lx -yl =a(lx- 4’ d 2td.
ol - yl)x -yl = ol y|)</0 ‘ t+f1 : t)
x—y] 3
=o(dx, d
a(d(x y))( /0 o(t) t)

d(xy)
=a(d<x,y>)w( /0 o(® dt>.

That is, (1.2) holds. Consequently, the conditions of Theorem 3.2 are satisfied. It follows
from Theorem 3.2 that f has a unique fixed point 0 € X such that lim,_, ., f"x = 0 for each

[S]

xeX.
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Example 4.3 Let X = [%, 1]U [%, 2] be endowed with the Euclidean metricd = | - |. Assume
thatf: X — X, ¢,¢,¢¥ :R* > R* and «, B : R* — [0, 1) are defined by

0, tel0,2)

=l EER
X) = =
5, vxel3,2], 22 e[, +00),
2
_ _ 2 _ _ +
(p(t)_zt’ W(t)_4t1 a(t)_(%_'_t)z; ﬁ(t)_(%_'_t)zy VteR .

It is easy to see that (¢, ¥, ¢) € &1 X P53 x D4, (¢, B) € P and (3.15) holds. In order to
verify (1.3), we have to consider the five possible cases below.
Casel. Letx,y € [%, 2] with x > y. Note that
d(fefy) A =92\ (x-p* x-
o[ ewar) ([ T o) -y (H2R) B <22
0 0

4 x-y 32 (#%\?
9\ 4

<x_y~ * <
T2 (3+x-9)? T (3+x-9)?

d(x,fx)
:a(d(x,y>)¢>( /o o(0) dt)

d(x,fx) d(yfy)
sa(d(x,y))qs(/o w(t)dt)d+ﬁ(d(x,y))t/f</o (p(t)dt).

Case 2. Let x,y € [2,2] with y > x. Note that
4

ly=x|

dfiefy) B ) -0t (-x)? Y
o[ ewar) ([T o) - U < Ty

4

—x)? 2
& A ﬂ(d(x,y))l/f(%)

:(%+y—x)2 4

% d(yfy)
_ ﬂ(d(x,y))w( / o0 dt) - ﬂ(d<x,y>)w( / o0 dt)
0 0

d(x,fx) d(yfy)
sa(d(x,y))qs(fo go(t)dt)w(d(x,y))w(fo ¢(t)dt).

Case 3. Letx € [%, 2] andy € [%, 1]. It follows that

Apet) 7 (x=2%\ (x-2* 1 27
w(/o w(t)dt)=¢f(/0 w(t)dt)=w( . ): LT

3 2 81 x- 2 x?
22 aane(%)
G+x-9?% 9 4

d(x,fx)
~afdo( [ et

d(x,fx) ayfy)
< a(d(x,y))cb(/o (1) dt) + B(d(x,9) v (/0 (1) dt>.
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Case 4. Letx € [%, 1]andye [%,2]. Note that

2|

(e b2 bo 1 1 s
W(/O ‘P(t)dt)=1/f(/0 2tdt>=T§6_4<Z.6_4
—x)? 4 2
= (;(zyifx)z '% = ﬂ(d(x,y))w<yz)
2

d(yfy)
- ﬁ(d(x,yw( /0 o0 dt)

d(x,fx) ay.fy)
< a(d(x,y))¢></0 o(t) dt) + B(d(x,y) ¥ (/0 (1) dt>.

Case 5. Letw,y € [%, 1]. Notice that fx = fy = 1. It follows that

d(fxfy)
w( /0 " o0 dt)

d(x fx) d(y,fy)
=osa(d<x,y>)¢<fo w(t)dt)+ﬂ(d(x,y>)w(/o w(t)dt).

That is, (1.3) holds. Thus all the conditions of Theorem 3.3 are satisfied. It follows from
Theorem 3.3 that f has a unique fixed point 1 € X such that lim,,_, o, f"x = 1 for each x € X.
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