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Abstract

This paper provides a new hybrid-type shrinking projection method for strong
convergence results in a Hilbert space. The paper continues - by utilizing the
proposed hybrid algorithm - with a strong convergence towards an approximate
common element of the set of solutions of a finite family of generalized equilibrium
problems and the set of common fixed points of two finite families of k-strict
pseudo-contractions in a Hilbert space. Comparatively, our results improve and
extend various results announced in the current literature.
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1 Introduction

Let H be a real Hilbert space equipped with the inner product (-, -) and the induced norm
| - || and let C be a nonempty closed convex subset of H. A map T : C — C is said to be
(i) Lipschitzian if || Tx — Ty|| < L||x —y|| for some L > 0 and for all x, y € C; (ii) nonexpansive
if |Tx — Ty|| < ||x — y| for all x,y € C; (iii) k-strict pseudo-contraction if there exists a
constant k € [0,1) such that

| Tx — Ty||2 < ||x—y||2 +k|| I-T)x—-(I- T)y”2 forallx,y € C.

Denote by F(T) the set of all fixed points of 7.

In 1967, Browder and Petryshyn [1] introduced the class of strict pseudo-contractions
as an important generalization of the class of nonexpansive maps. Clearly, T is nonexpan-
sive if and only if T is a 0-strict pseudo-contraction. Moreover, T is said to be pseudo-
contraction if k =1 and a strong pseudo-contraction if there exists a positive constant
A € (0,1) such that T — Al is a pseudo-contraction. Therefore, the class of k-strict pseudo-
contractions falls into the one between the classes of nonexpansive maps and pseudo-
contractions. We further remark that the class of strong pseudo-contractions is indepen-
dent of the class of k-strict pseudo-contractions. If T is a k-strict pseudo-contraction, then

T satisfies the Lipschitz condition

1+k
1 Tx - Ty| < ﬁllx—yll forallx,y € C.
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Recent developments in fixed point theory reflect that an iterative construction of fixed
points of nonlinear maps is an active area of research. Note that the class of k-strict
pseudo-contractions is prominent among the classes of nonlinear maps in the current
literature. Although strict pseudo-contractions have more powerful applications than
nonexpansive maps for solving inverse problems, iterative algorithms for strict pseudo-
contractions are far less developed than those for nonexpansive maps.

In fixed point theory, various iterative schemas for computing approximate fixed points
of nonlinear maps have been proposed and analyzed. Such iterative schemas can be com-
pared w.r.t. their efficiency and convergence properties. In many situations, strong con-
vergence of an iterative algorithm of a nonlinear map is much more desirable than weak
convergence. Obviously, a trivial choice for approximation is the classical Picard algorithm
(i.e., %01 = T"(xg)). On the other hand, if we take X =R, C := [0,1], T(x) := 1—x and x := 0,
then the Picard algorithm alternates between 0 and 1 and does not converge to the fixed
point % The classical Mann algorithm, which prevails the Picard algorithm, exhibits weak
convergence even in the setting of a Hilbert space. Moreover, Chidume and Mutangadura
[2] constructed an example for a Lipschitz pseudo-contraction with a unique fixed point
for which the Mann algorithm fails to converge. These facts indicate that the iterative
schemas should be modified for the desirable strong convergence properties.

The hybrid projection algorithm in mathematical programming was introduced by
Haugazeau [3] in 1968. Later, many researchers studied the hybrid projection method and
its various modifications for strong convergence results. In 2000, Solodov and Svaiter [4]
established a strong convergence result for finding zeros of maximal monotone operators.
They proposed and analyzed the following algorithm:

vk € Ay, Vi + ik k — X) = €k

llexll < o max{[|vell, s llyx — xll };

H; = {zeH:(z—yk,Vk) 50}; (1.1)
Wi ={zeH: (x —z,x0 — 1) > 0};

Xk+1 = Prynwyxo.

In fact, algorithm (1.1) enforces strong convergence by combining the classical proximal
point algorithm with simple projection steps onto intersection of two half-spaces Hy and
W) containing the solution set. Inspired by the seminal work of Solodov and Svaiter [4],
Nakajo and Takahashi [5] proposed the following hybrid method for nonexpansive maps
in Hilbert spaces:

%0 € C  chosen arbitrarily,

Vi = ok + (1 — o) T,

Cr={zeC:lyr -zl < lx —zll}, 12)
Q= {ze C:{xy—2z,x—x,) > 0},

Xkl = PCkﬂQkxO'

They showed that algorithm (1.2) converges strongly to Pr(r)x under some appropriate
conditions. Moreover, algorithm (1.2) is also known as the CQ-method for the Mann al-
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gorithm because, at each step, the Mann algorithm is used to construct the sets Cy and Q
which are in turn used to construct the next iterate of x;,; and hence the name.

In 2008, Takahashi et al. [6] introduced another type of the hybrid method which guar-
antees strong convergence by the shrinking effect of a sequence of closed convex sets

{Ck+1}. More precisely, their algorithm reads as follows:

x0 € C chosen arbitrarily where Cy = C,
Vi = oy + (1= o) Ty,
Cra={z€Cr:llz—yll < lz—xll},

Xk = Pc, %0, k>0,

Very recently, Dong et al. [7] proposed a shrinking projection method similar to (1.3) for
nonexpansive maps in a Hilbert space setting. They, in fact, established a strong conver-
gence result by the shrinking effect of one of the half-spaces as defined in (1.2), namely Qx.

Fori=1,2,3,...,N,let A;: C — H be a finite family of nonlinear maps and f;: C x C —
R (the set of reals) be a finite family of bifunctions. A generalized equilibrium problem is
to find the set

GEP(f)) = {x € C:filx,y) + (Aix,y —x) > O} forally e C. (1.4)

Note that if A; = 0 and f(x,y) = f(x,y) for all i > 1, then the problem (1.4) reduces to
the classical equilibrium problem EP(f). That is, to find x € C such that f(x,y) > 0. More-
over, if fi(x,y) = 0 and A; = A for all i > 1, then the problem (1.4) reduces to the classical
variational inequality problem VI(C, A). That is, to find x € C such that (Ax,y —x) > 0.

Equilibrium problems provide a unified approach to address a variety of problems aris-
ing in various disciplines of science. The problem (1.4) is very general in the sense that
it includes - as special cases - optimization problem, minimax problem, variational in-
equality problem, Nash equilibrium problem in noncooperative games and others; see,
for instance, [8—10]. Combettes and Hirstoaga [9] introduced an iterative method to find
an approximate solution of EP(f). Since then, numerous algorithms have been analyzed
to find a common element of the set of solutions of EP(f) or GEP(f) and the set of fixed
points of a nonlinear map; see, for example, [10-16] and the references therein.

In 2009, Ceng et al. [17] introduced an implicit-type algorithm for finding a common el-
ement of the set of solutions of an equilibrium problem and the set of fixed points of a strict
pseudo-contraction in a real Hilbert space. Recently, Kim et al. [18] and Kangtunyakarn
[19] approximated a common element of the set of solutions of two generalized equilib-
rium problems and the set of fixed points of a strict pseudo-contraction using the shrink-
ing projection algorithm as defined in (1.3). Quite recently, Cholamjiak and Suantai [20]
established a strong convergence result regarding a system of generalized equilibrium
problems and a countable family of strict pseudo-contractions in a real Hilbert space.

Inspired and motivated by the work of Nakajo and Takahashi [5], Takahashi et al. [6],
Dong et al. [7], Ceng et al. [17] and Cholamjiak and Suantai [20], we propose a hybrid
method based on the shrinking effect of the two half-spaces, namely C, and Q,,, of the
underlying Hilbert space H. The proposed algorithm approximates a common element of
the set of solutions of a finite family of generalized equilibrium problems and the set of
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common fixed points of two finite families of k-strict pseudo-contractions. Our results
refine and improve various results announced in the current literature.

2 Preliminaries
Throughout the paper, we write x, — x (resp. x, — x) to indicate strong convergence
(resp. weak convergence). Let H be a real Hilbert space, a map Pc : H — C defined by

lx—Pex|| < llx—yll forallyeC

is known as a metric projection or a nearest point projection of H onto C. Moreover, P¢
is characterized as nonexpansive in Hilbert spaces. We know that for x € H and z € C,
z=Pcx is equivalent to (x —z,z—u) > 0 forallu € C.

Let A : C — H be a §-inverse-strongly monotone map, if there exists § > 0 such that

(x —y,Ax — Ay) > 8||Ax — Ay||> forallx,y e C.

If A is a §-inverse-strongly monotone map of C onto H, then A is (%)—Lipschitz continuous.
Moreover, for x,y € C and r > 0, we have

||(I—;"A)x—(1—rA)y”2 = ”x—y—r(Ax—Ay) 2

= |lx—y|* = 2r(x — y,Ax — Ay) + r* | Ax — Ay||>

< llx = ylI* + r(r - 28) | Ax - Ay|I”. (21)

If r < 2§, then I — rA is a nonexpansive map from C onto H.
The following crucial results for a k-strict pseudo-contraction can be found in [21,
Proposition 2.1].

Lemma 2.1 Let C be a nonempty closed convex subset of a real Hilbert space H. If T : C —
H is a k-strict pseudo-contraction, then the fixed point set F(T) is closed and convex so that
the projection Pty is well defined.

Lemma 2.2 Let C be a nonempty closed convex subset of a real Hilbert space H and T :
C — C be a k-strict pseudo-contraction. Then (I — T) is demiclosed, that is, if {x,} is a
sequence in C with x, — x and x,, — Tx,, — 0, then x € F(T).

The following lemma is well known in the context of a real Hilbert space.

Lemma 2.3 Let H be a real Hilbert space, then the following identity holds:
oz + (1= a)y|” = a2l + (1 - @) yl* - el - @)l -y

For solving the equilibrium problem, let us assume that the bifunction f satisfies the fol-
lowing conditions (cf. [8] and [9]):

(Al) f(x,x) =0 forallx e C;

(A2) f is monotone, i.e., f(x,y) +f(y,x) <0 forall x,y € C;

(A3) forallx,y,z € C,limsup,,f(tz + (L - t)x,y) < f(x,y);

(A4) f(x,-) is convex and lower semicontinuous for all x € C.
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A central result in the theory of equilibrium problems - for an approximate solution of
EP(f) - is the following result due to [8].

Lemma 2.4 Let C be a closed convex subset of a real Hilbert space H,andletf : Cx C — R
be a bifunction satisfying (A1)-(A4). For r > 0 and x € H, there exists z € C such that

1
flzy) + ;(y—z,z—x) >0 forallyeC.

Moreover, define a map V,: H— C by
1
V,(x) = {ze C:f(z,y) + ;(y—z,z—x) >0 forallye C}

forall x € H. Then the following hold:
(1) EP(f) is closed and convex;
(2) V; is single-valued,

(3) V; is a firmly nonexpansive-type map, i.e.,
Vi = Viyll? < (Vix = Vg, — 9) forallx,y € H;
(4) E(V,) = EP(f).

3 Main result

Let H be a real Hilbert space and C be its nonempty closed convex subset. Let T;(mod N),
Si(modN) : C — C be two finite families of k-strict pseudo-contractions such that k =
max{k; : 1 < i < N}. Let fi(modN) : C x C — R be a finite family of bifunctions and
A;(modN) : C — H be a finite family of §-inverse-strongly monotone maps such that
§=max{§;:1<i<N}.

Throughout this section, we assume that the mod N function takes values in the in-
dexing set = {1,2,3,...,N} and the set of common fixed points of two finite families
of k-strict pseudo-contractions {T;}Y, and {S;}¥, is nonempty, that is, F = (ﬂﬁ\:{1 F(T;))N
(N E(S)) #0.

Algorithm Our hybrid algorithm reads as follows:

xe€C=Q=C,
Vi = Bizni + (1 — Bri)Sizuis
Zni = O ithi + (1= 0 ) Tith i,

1
JSininy) + (A, y — i) + — (Y = Uiy Ui —%4) > 0, VyeC, (3.1)
.

n,i

Cu = {z€ Cuisup Iy — 21l < v 211},
i>1

Qn+1 = {Z € Qn : <Z_xn1x1 _xn> > 0};

Xn+l = PC,Hlf‘leHlxlr n>1
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It is worth mentioning that at each iteration, algorithm (3.1) computes a projection onto
intersection of two half-spaces. Since these half-spaces are closed and convex, so one can
follow Dykstra’s algorithm [22] for the computation of such a projection.

The main result of this section is as follows.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H and
let T;(modN),S;(modN) : C — C be two finite families of k-strict pseudo-contractions.
Let fi(modN) : C x C — R be a finite family of bifunctions satisfying (Al)-(A4) and let
A;(modN) : C — H be a finite family of §-inverse-strongly monotone maps. Let {r,;} C
(0,00) and {a,,;}, { B} be two control sequences such that

(Cl) 0<k<a<au,Pn <b<l

(C2) O<r<ry;<s<2é foralli>1.

Assume that F = [ﬂfilF(Ti)] N [ﬂﬁ\il F(S)In [ﬂﬁl GEP(f;, A;)] # 0, then the sequence
{x,} generated by (3.1) converges strongly to x = Prx1, where Pr is the metric projection of
H onto F.

Proof It follows from Lemma 2.4 that u,,; can be written as u,; = V,, ,(x, — r,;Aix,) for all

n > 1. Moreover, it follows from the nonexpansiveness of I — r,, ;A; that
lletni = pll < llxw = pll,

where p = ﬂf\; Tip= mf\; Sip = mf\; Vi ® = 1iAip).

We proceed to show that algorithm (3.1) is well defined. It is obvious from the definitions
of respective sets that C,,; is closed and Q,,; is closed and convex. Now, we show that
C,..1 is convex. Since C; = C is convex, we assume that C; is convex for some k > 2. For

any z € Cy, the inequality [|y,; — z|| < ||, — z|| is equivalent to

I = 101> = 2(2, Yui = %y ) > 0.

Hence, Cy,1 is convex, and consequently C,,,; is convex for each n > 1.
Next, we show by induction that 7 C C,;1 N Q41 for all # > 1. Obviously, F C C; N
Q1 =C.Letp € F.From (2.1), (3.1) and Lemma 2.3, we have the following estimate:

Izni = pI? = [ttt = p) + (L = ) (Tithni — p)|°
= dpillttni = plI* + (1= )| Titkn; — pI*
— (1= ) |t — Tt ]|
< @ illttni = pI* + A = i) (i — P + K|t — Tittn,i]|*)
= i (1 = 0t ) [ ths — Tithnl|*

= ”Mn,i —19”2 - (1 - an,i)(an,i - k)””n,i - Tiun,inz' (32)
Since a,,; — k > 0 (by (Cl1)), therefore the above estimate (3.2) yields

12i — pI* < lltti = pII* < s — plI*. (3.3)
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Moreover,

I

| Bui(zni = P) + (U = Bi)(Sizni — p)
= Buillzni — oI + A = Bui)ISizni — pII?

= Bui(l = Bu)|zni = Siznill®
< Buillzni = pII* + (L= Bui) (I2ni = pII* + kllzni — Siznill*)
= Bui1 = Bui) |z — Sizuill?

< 1Zni = pI* = (1 = Bui)(Bui = K)llzn,i — Sizmill*. (3.4)

llyni — pII?

Reasoning as above and utilizing (3.3), the estimate (3.4) implies that

1Yni =PIl < ll%n = pII- 3.5)

This implies that p € C,,,; for all #n > 1. It suffices to show that p € Q,,; for all n > 1. We
prove this by induction. Note that 7 C Q; = C is obvious. Assume that 7 C Qi also F C
Ci N Qg for some k > 2. This implies xy is a projection of x; onto Cx N Qx, and consequently

we have

(xk —z,%1 —xx) >0 forallze Cy N Q.
Since F C Cy N Qy, we have

(xk —p,x1 —x¢) >0 forallp e F.

Hence, p € Q,1, and consequently F C Cy;41 N Q41 forall m > 1. Since F is now closed and
convex, so it follows from Lemma 2.1 that Pr is well defined. Note that x,,,1 = Pc,,,nq,,1 %1,
therefore [|x,,1 —x1|| < ||lp —x1|| for all p € F C C,;1 N Q1. In particular, we have ||x,,,1 —
x1|l < IPxx1 — x1||. This implies that {x,} is bounded. On the other hand, x,, = P¢c,nq,%1
and %41 € Cy1 N Qi1 C Qpi1, We have

”xn _xIH = ||xn+1 _x1||'

That is, the sequence {||x,, — x1]|} is nondecreasing. This implies lim,_, o, ||x, — %1 exists.
Note that

2 2
11 = % lI” = %1 — %1 + 21 — %4 |
= ”xnﬂ _xl”Z + ”xn _xl”2 - 2<xn — X1, Xn+1 —JC1>
= (%1 = %1l + loen = 2111* = 200 — X1, K1 — X + % — X1)
2 2
= n+l — A1 — [¥n — X1l — n X Xn+l —An
[%ns1 = 221 = [l — 21117 = 2o — X1, %11 — %)

2 2
< % =21 ll” = [l =217
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Taking lim sup on both sides of the above estimate, we have limsup,,_, ., [|%n:1 — %,[|* = 0.
That is,

lim ”xnﬂ - xn” =0. (36)
n— o0

Since %41 € Cyi1, we have ||y, — X1l < |12 — %41]l- This implies
lim ||y, — %4411l = 0. (3.7)
n—0o0

Moreover, it follows from (3.6), (3.7) and the following inequality:
Nymi = %nll < NYni = Xnerll + %41 — 20l

that
lim ||y,,; — %, = 0. (3.8)
n— 00

Note that

”Mn,i —P||2 = ” Vr,,’i (1 - rn,iAi)xn - Vrn,,- (I - rn,iAi)pHZ

= (= Pz, — (I = riAdp |
= %0 = p = rniAixs - Ap)|)?

= (%0 = pII* = 271 {Aixy — Aip, %0 = p) + 13 1| Aiy = App ||

< 160 = PI* + 7o (i = 28) [ A = Aip||*. (3.9)

Since ||y,.; = pII* < llzni = plI® < |lun; — plI?, therefore utilizing (3.9), we get

Iyni = PI* < 160 = PI® = 7:(28 = 1) At = Aip||*.
Re-arranging the terms in the above estimate and utilizing (C2), we have

r(28 = )| Agxn — Aip 1> < 1% =PI = lyni = II* < (1160 = 21l + 19ni = 21 1% = Y-
Hence, (3.8) implies that

nlgglo lAx, —Ap| =0 foralli>1. (3.10)
Since k < a < B,,; < b <1, then the following variant of the estimate (3.4) implies that

(1= b)(a = K)|zni = Siznill* < 1% = pII* = Iyni - pI*

< (I = Il + 19 =PI 1% = Yl

Again, utilizing (3.8), we have

lim ||z,,; — Sizn;il| =0 foralli>1. (3.11)
n— 00
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Observe that ||y, — zu,ill = A — Bu,i) | Sizu; — zu,||- It follows from the fact that k <a < 8,; <
b <1 and (3.11) that

lim ||y,; —zu:l| =0 foralli>1. (3.12)
n—00

Moreover, [|%,; =zl < %0 — Yuill + Y1 — 2u,:]l- Letting # — oo on both sides and utilizing
(3.8) and (3.12), we have

lim ||x, —z,;|| =0 foralli>1. (3.13)
n—0o0

Reasoning as above, that is, k <a < «,,; < b <1, we consider the following variant of the
estimate (3.2):

1= b)a— Kl = Titenil* < 1% = plI*> = l2ni — pII>
< (In = Pl + 1Zmi = PI) 10 = Zunill-
Hence, we conclude from the above estimate and (3.13) that
lim ||u,; — Tiu,|| =0 foralli>1. (3.14)
n—00

On the other hand, ||z,,; — #il| = (1 — o) || Tithy; — un||. Making use of the fact that k <
a<a,; <b<1land (3.14), we get

lim ||z,; —u,;]| =0 foralli>1. (3.15)
n— 00

Moreover, we conclude from the estimates (3.12) and (3.15) that
lim ||y, — ;|| =0 foralli>1. (3.16)
n— 00

As a direct consequence of the estimates (3.8) and (3.16), we have
lim ||x, —u,;]| =0 foralli>1. (3.17)
Hn—0oQ

Next, we show that w(x,) C F, where w(x,) is the set of all weak w-limit of {x,}. Since
{x,,} is bounded, therefore w(x,) # . Let g € w(x,), there exists a subsequence {x,, ) of {x,}
such that x,, — g. It follows from the estimate (3.17) that u,,; — g. We first show that
q € GEP(f1,A;), where f; :fn]. for some j > 1. From Ui = Vrn,»,i(l - r,,i,,-Ai)x,,, forallm>1,
we have

1
SiQn,ioy) + (A1, Y =ty i) + —— (Y = Uy is Ui — %) = 0 forally € C.

r}’l/',i
From (A2), we have

1
(A1, y = Ui} + — (O = Wyis Wyi = %) = 1y thy,;)  forally e C. (3.18)

n/,i
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Lety, =ty+(1-t)gfor 0<t<1landy e C.Since g € C, this implies that y, € C. It follows
from the estimate (3.18) that

e = i Arye) = (Ve = tnjin A1Ye) — (A1 Ve — Unyi)

un~,i — Xy
- <yt — Uiy }rl> + AWt Uy1)

”f’i
= (Ve = Unin A1y — Arthgi) + (Ve = o A Ui — A1)

un/-,i - xnj
—\Vt = Unis . +fiye, Mn,,i)' (3.19)

njst

Since lim,,_, o ||x,,}. - un/.’i|| =0, therefore lim,,_, o, ||A1xnl, —Alun/.,,»” = 0. Moreover, it follows
from the monotonicity of A that (y, — u,,/,,l-,Alyt —Alun/.'i) > 0. Hence, (A4) implies that

e — ¢ A1) = iy, @). (3.20)

Using (3.20), (A1) and (A4), the following estimate:

0 = filye,y:) < they) + A= i, q)
<th(,y) + A -y — g, A1yr)
= th(ys,y) + (1 = Oty — g, Arys),

implies that

Siey) + A=)y —q,Ary:) > 0. (3.21)

Letting t — 0, we have fi(q,y) + (y — ¢,A19) > 0 for all y € C. Thus, g € GEP(f;, A;).
In a similar fashion, we have some k > 1 such that f; = f,, and g € GEP(f;,A). There-
fore, q € ﬂf\il GEP(f;, A;). Since u,,; — ¢, so it follows from (3.14) and Lemma 2.2 that
qe ﬂf\il F(T;). Reasoning as above, we can show that g € ﬂf\il F(S;). Hence, g € F. Let
x = Prxy, which implies that x = Prx; € Cyyp1. Since %1 = P, 1nQ,,1%1 € Cui1, We have

1641 — 1]l < o — 1 ||
On the other hand, we have

llx =21l < llg =1l
< liminf [, — x1 |
]—)OO
< limsup [|x,; — x|
j—00

< Il =]l
That is,

llg —x1ll = lim {2, — 21| = [|oc — 21 ||
J—> 00

Page 10 of 13
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Therefore, we conclude that lim;_, o, %p; = q = Prx;. From the arbitrariness of {%n}, we get
that lim,,, o %, = Prx;. This completes the proof. O

In particular, if T; and S; - in algorithm (3.1) - are two finite families of nonexpansive

maps, then the following result holds.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H and let
T;(modN), S;(modN) : C — C be two finite families of nonexpansive maps. Let f;(mod N) :
C x C — R be a finite family of bifunctions satisfying (Al)-(A4) and let Ai(modN) : C - H
be a finite family of §-inverse-strongly monotone maps. Let {r,;} C (0,00) and {o,}, {Bn}
be two control sequences such that

(Cl) 0<k<a<au,Pn <b<l

(C2) O<r<ry;<s<28 foralli>1.

Assume that F := [ﬂﬁl F(T)]I N [ﬂf»\:[1 F(S)In [ﬂfil GEP(f;, A;)] # 0, then the sequence
{x,.} generated by (3.1) converges strongly to x = Prx,, where Pr is the metric projection of
H onto F.

In order to address variational inequality problems coupled with the fixed point prob-

lems, we prove the following result with a slight modification of algorithm (3.1).

Theorem 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H and
let T;(modN),S;(modN) : C — C be two finite families of k-strict pseudo-contractions.
Let f,(modN) : C x C — R be a finite family of bifunctions satisfying (Al)-(A4) and let
A;(modN) : C — H be a finite family of §-inverse-strongly monotone maps. Let {r,;} C
(0,00) and {a,,;}, { B} be two control sequences such that

(Cl) 0<k<a<au,Pn <b<l

(C2) O<r<ry;<s<2é foralli>1.
Assume that F := [ﬂfﬁl F(T)IN [ﬂﬁl F(S)IN [ﬂﬁl VI(C,A))] # @, then the sequence {x,}
generated by
xe€C=Q=C,
My = Pc( = 14,iA )%y,
Zp,i = O‘n,ihn,i +(1- an,i)Tihn,i:
Yni = Buizni + (L= Bui)Sizn,is (3.22)

Cun = {z€ Cuisup Iy — 21l < v 211},

i>1
Qn+1 = {Z € Qn : <Z_xmx1 _xn> > 0};

Xn+l = PC,H.lﬂlexb n>1,
converges strongly to x = Prx;, where Px is the metric projection of H onto F.

Proof Set fi(x,y) =0 for each i > 1, then

1
(Aixp, Y — tp) + V_ (Y — Un,is Ui —%4) = 0
n,i
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is equivalent to
<xn - rn,iAixn - un,i: un,i _y) Z 0.

This implies that #,,; = u,,; := Pc(x, — r,,;Aix,). The desired result then follows from The-
orem 3.1 immediately. g

As an application of Theorem 3.1 - by substituting A; = 0 for all i > 1 in algorithm (3.1)

- we have the following result for a finite family of equilibrium problems.

Theorem 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H and
let T;(modN), S;(mod N) : C — C be two finite families of k-strict pseudo-contractions. Let
filmodN) : C x C — R be a finite family of bifunctions satisfying (Al)-(A4). Let {ct,i}, { Bn,i}
be two control sequences such that

(Cl) O<k<a<ay,Bn<b<l

Assume that F := [ﬂf\il F(T)]I N [ﬂﬁ\il F(S)HIN [ﬂfﬁl EP(f;)] # 0, then the sequence {x,}
generated by

xeC=Q=¢C,

1
ﬁ(”n,iry) + (J’ — Up,i» Un,i _xn) > O; Vy € C,
7o

n,i

Yni = Buizni + (1= Bri)Sizni»
Zni = Opihpi + (1 - an,i)Tiun,ir (323)

Cu = |z € Cuisup Iy — 21l < v =211},

i>1
Qn+1 = {Z € Qn : (Z_xmxl _xn> > 0};

X1 = Pc,n0,u%, 121,
converges strongly to x = Prx;, where Px is the metric projection of H onto F.

Remark 3.5 Additionally - in Theorem 3.4 - if we set B,,; = 0, then Theorem 3.4 sets
analogue [17, Theorem 3.3] in the following aspects:
(i) from a single k-strict pseudo-contraction to a finite family of maps;

(i) from an equilibrium problem to a finite family of generalized equilibrium problems.
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