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Abstract

In this paper we prove an existence and uniqueness theorem for contractive type
mappings in fuzzy metric spaces. In order to do that, we consider a slight
modification of the concept of a tripled fixed point introduced by Berinde et al.
(Nonlinear Anal. TMA 74:4889-4897, 2011) for nonlinear mappings. Additionally, we
obtain some fixed point theorems for metric spaces. These results generalize, extend
and unify several classical and very recent related results in literature. For instance, we
obtain an extension of Theorem 4.1 in (Zhu and Xiao in Nonlinear Anal. TMA
74:5475-5479,2011) and a version in non-partially ordered sets of Theorem 2.2 in
(Bhaskar and Lakshmikantham in Nonlinear Anal. TMA 65:1379-1393, 2006). As
application, we solve a kind of Lipschitzian systems in three variables and an integral
system. Finally, examples to support our results are also given.

Introduction

In a recent paper, Bhaskar and Lakshmikantham [1] introduced the concepts of coupled
fixed point and mixed monotone property for contractive operators of the form F: X x
X — X, where X is a partially ordered metric space, and then established some interesting
coupled fixed point theorems. They also illustrated these important results by proving the
existence and uniqueness of the solution for a periodic boundary value problem. Later,
Lakshmikantham and Ciri¢ [2] proved coupled coincidence and coupled common fixed
point results for nonlinear mappings satisfying certain contractive conditions in partially
ordered complete metric spaces. After that many results appeared on coupled fixed point
theory (see, e.g., [2-8]).

Fixed point theorems have been studied in many contexts, one of which is the fuzzy set-
ting. The concept of fuzzy sets was initially introduced by Zadeh [9] in 1965. To use this
concept in topology and analysis, many authors have extensively developed the theory of
fuzzy sets and its applications. One of the most interesting research topics in fuzzy topol-
ogy is to find an appropriate definition of fuzzy metric space for its possible applications
in several areas. It is well known that a fuzzy metric space is an important generalization
of the metric space. Many authors have considered this problem and have introduced it in
different ways. For instance, George and Veeramani [10] modified the concept of a fuzzy
metric space introduced by Kramosil and Michalek [11] and defined the Hausdorff topol-
ogy of a fuzzy metric space. There exists considerable literature about fixed point prop-
erties for mappings defined on fuzzy metric spaces, which have been studied by many
authors (see [10, 12-16]). Zhu and Xiao [7] and Hu [6] gave a coupled fixed point the-
orem for contractions in fuzzy metric spaces, and Fang [3] proved some common fixed
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point theorems under ¢-contractions for compatible and weakly compatible mappings on
Menger probabilistic metric spaces. Moreover, Elagan and Segi Rahmat [17] studied the
existence of a fixed point in locally convex topology generated by fuzzy n-normed spaces.

Very recently, the concept of tripled fixed point has been introduced by Berinde and
Borcut [18]. In their manuscript, some new tripled point theorems are obtained using
the mixed g-monotone mapping. Their results generalize and extend the Bhaskar and
Lakshmikantham’s research for nonlinear mappings. Moreover, these results could be
used to study the existence of solutions of a periodic boundary value problem involving
y" =f(t,5,5). A multidimensional notion of a coincidence point between mappings and
some existence and uniqueness fixed points theorems for nonlinear mappings defined on
partially ordered metric spaces are studied in [19].

In this paper, our main aim is to obtain an existence and uniqueness theorem for con-
tractive type mappings in the framework of fuzzy metric spaces. In order to do that, we
consider a slight modification of the concept of a tripled fixed point introduced by Berinde
and Borcut for nonlinear mappings. The power of this result is two-fold. Firstly, we can
particularize it to complete metric spaces, obtaining a Berinde-Borcut type result (in non-
fuzzy setting). Moreover, our result, in a unified manner, covers also coupled fixed (see Zhu
and Xiao [7]) and fixed point theorems. Finally, examples to support our results are also

given.

Preliminaries

Henceforth, X will denote a non-empty set and X> = X x X x X. Subscripts will be used

to indicate the arguments of a function. For instance, F(x, y,z) will be denoted by F,,, and

M(x, y, t) will be denoted by M, (¢). Furthermore, for brevity, g(x) will be denoted by gx.
A metric on X is a mapping d : X x X — R satisfying, for all x,y,z € X,

(i) dyy=0 ifandonlyif x=y; (i) dyy <du+dy.

From these properties, we can easily deduce that d, > 0 and d,, = d,, for all x,y € X. The
last requirement is called the triangle inequality. If d is a metric on X, we say that (X, d) is
a metric space (briefly, a MS).

Let (X,d) be a MS. A mapping f : X — X is said to be Lipschitzian if there exists k > 0
such that d(f;,f,) < kd,, for all x,y € X. The smallest k (denoted by k) for which this
inequality holds is said to be the Lipschitz constant for f. A Lipschitzian mapping f : X — X
is a contraction if kr < 1.

Theorem 1 (Banach’s contraction principle) Every contraction from a complete metric

space into itself has a unique fixed point.

If X = R provided with the Euclidean metric, examples of Lipschitzian mappings f; : R —
R are f;(x) = K, fo(x) = ax, f3(x) = sinx, f4(x) = cosx, fs(x) = arctanx and f5(x) = 1/(1 + x2).

Definition 2 A triangular norm (also called a ¢-norm) is a map * : [0,1]> — [0,1] that
is associative, commutative, nondecreasing in both arguments and has 1 as identity. For
eacha € [0,1], the sequence {x"a}°°; is defined inductively by *'a = a and *"a = (¥"a) *a.
A t-norm x is said to be of H-type (see [20]) if the sequence {*"a}}°, is equicontinuous at
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a=1,ie.,forall ¢ € (0,1), there exists n € (0,1) such thatifa € (1 -1n,1], then *"a>1-¢
for all m € N.

The most important and well-known continuous ¢-norm of H-type is * = min, that veri-
fies min(a, b) > ab for all a, b € [0,1]. The following result presents a wide range of £-norms
of H-type.

Lemma 3 Let § € (0,1] be a real number and let * be a t-norm. Define *s as x x5 y = x * ¥,
ifmax(x,y) <1-3, and x *s y = min(x, y), if max(x, y) > 1 — 8. Then s is a t-norm of H-type.

Definition 4 [11] A triple (X, M, x) is called a fuzzy metric space (in the sense of Kramosil
and Michalek; briefly, a FMS) if X is an arbitrary non-empty set, * is a continuous £-norm
and M : X x X x [0,00) — [0,1] is a fuzzy set satisfying the following conditions, for each
x,9,z€ X,and t,s > 0:
(@) Mxy(o) =0;

(ii) M,y (¢) =1ifand onlyifx =y;

(iif) Mxy(t) = Myx(t);

(iv) M,y () : [0,00) — [0,1] is left continuous;

W) Mxy(t) *Myz(s) < My (t +5).
In this case, we also say that (X, M) is a FMS under . In the sequel, we will only consider
EMS verifying:

(vi) limy, oo M,y (£) =1 forall x,y € X.

Lemma 5 M,,(-) is a non-decreasing function on [0, 00).

Definition 6 Let (X, M) be a FMS under some ¢t-norm. A sequence {x,} C X is Cauchy
if, for any € > 0 and ¢ > 0, there exists 1y € N such that M, ,, (t) >1 — € for all n,m > ny.
A sequence {x,} C X is convergent to x € X, denoted by lim,,_, c x,, = x if, for any € > 0 and
t > 0, there exists ny € N such that M, .(t) >1 - € for all n > ny. A FMS in which every
Cauchy sequence is convergent is called complete.

Given any t-norm x, it is easy to prove that * < min. Therefore, if (X, M) is a FMS under
min, then (X, M) is a FMS under any (continuous or not) ¢t-norm. This is the case in the
following examples (in which, obviously, we only define M, (¢) for £ > 0 and x # y).

Example 7 From a metric space (X, d), we can consider a FMS in different ways. For ¢ > 0
and x # y, define:

ME(0) _dxy M) 0, ift<d,,
° =e . ) =
t+dy xy " 1L, ift>dy.

° M;iy(t) =

It is well known that (X, M?) is a FMS under the product * = -, called the standard EMS on

(X,d), since it is the standard way of viewing the metric space (X, d) as a FMS. However, it

is also true (though lesser-known) that (X, M%), (X, M¢) and (X, M) are FMSs under min.

Furthermore, (X,d) is a complete metric space if and only if (X, M%) (or (X, M¢) or

(X, M°®)) is a complete FMS. For instance, this is the case of any non-empty and closed
subset (or subinterval) of R provided with its Euclidean metric.
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Definition 8 A function g: X — X on a FMS is said to be continuous at a point x, € X if,
for any sequence {x,} in X converging to x,, the sequence {gx,} converges to gx,. If g is
continuous at each x € X, then g is said to be continuous on X. As usual, if xy € X, we will
denote g (xg) = {x € X : gx = x}.

Remark 9 If x € [0,1] and @, b € (0,00), then a < b implies that x* > x°. We will use this
fact in the following way: 0 < 2 < b < 1 implies that M,, (¢)* > Mxy(t)b > M,y (2).

The main result
Definition 10 Let F: X®> — X and g: X — X be two mappings.
+ We say that F and g are commuting if gFy,; = Fgxgye. for all x,y,z € X.
«+ A point (x,,2z) € X3 is called a tripled coincidence point of the mappings F and g if
Fyyz = g%, Fyzx = gy and Fryy = gz.

Theorem 11 Let * be a t-norm of H-type such that s x t > st for all s,t € [0,1]. Let k €
(0,1) and a, b, c € [0,1] be real numbers such that a + b + ¢ <1, let (X, M, *) be a complete
FMS and let F : X®> — X and g : X — X be two mappings such that F(X3) C g(X) and g is
continuous and commuting with F. Suppose that for all x,y,z,u,v,w € X and all t > 0,

MnyZFWW (kt) = nggu(t)a * nggv(t)b * Mgzgw(t)c' (1)

Then there exists a unique x € X such that x = gx = Fyyy. In particular, F and g have, at
least, one tripled coincidence point. Furthermore, (x,x,x) is the unique tripled coincidence
point of F and g if we assume that g™\ (xo) = {xo} only in the case that F = x, is constant
on X3,

In this result, in order to avoid the indetermination 0°, we assume that nggu(lf)0 =1 for
allz>0andallx,y € X.

Proof Suppose that F is constant in X3, i.e., there exists xg € X such that F,,, = xo for all
x,9,z € X. As F and g are commuting, we deduce that gx = gFx,; = Fgxgye. = %0. Therefore,
%0 = gx0 = Fyoxox, and (xo,%0,%0) is a tripled coincidence point of F and g. Now, suppose
that g1 (xo) = {x0} and (x,y,2) € X® is another tripled coincidence point of F and g. Then
gx = Fyy, = %0, 50 X € g Y(x0) = {x0}. Similarly, x = y = z = xo and (xp, %0, %) is the unique
tripled coincidence point of F and g.

Next, suppose that F is not constant in X3. In this case, (a, b, c) # (0,0, 0) and the proof is
divided into five steps. Throughout this proof, » and p will denote non-negative integers
and ¢ € [0, c0).

Step 1. Definition of the sequences {x,}, {y,} and {z,}. Let x,y0,20 € X be three arbi-
trary points of X. Since F(X3) C g(X), we can choose x1,y1,2; € X such that gx| = Froyozos
1 = Fyzoxe and gzy = Fyyy,. Again, from F(X?) c g(X), we can choose x3,y2,20 € X
such that gwy = Fy )21, @2 = Fy 21 and gz = F, 4y, . Continuing this process, we can con-
struct sequences {x,}, {y,} and {z,} such that, for n > 0, gx,,.1 = Fx,;,z,» @/n+1 = Fy,z,x, and
&Zni1 = Frynyy,

Step 2. {gx,,}, {gy,} and {gz,,} are Cauchy sequences. Define, forn > 0 and allt > 0, §,(¢) =
Mexgrn1 (£) ¥ Mgy oy, 1 (£) ¥ Myz,q..  (£). Since 8, is a non-decreasing function and ¢ — kt <
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t < t/k, we have that
8,(t — kt) < 8,(t) <8,(t/k) forallt>0andn>0.
From inequality (1) we deduce, for all » € Nand all £ > 0,

ngngxml (t) = MF

*n-1Yn-1%n-1 Fxnynzn (t)

£\ £\? £\¢
> Mgy, 1gxn (%) * Mgy, gy (%) * Mz, 10z (%) ;

ngngy”’*l (t) = MF}’n—lzn—lxn—l Eypznxn (t)

AN £\? £\¢
= Mon1zm (%) * My 1z <z> * Mgy, v, <%> ;

Mgz"gz"‘*l (t) = MFZn—lxn—lyn—l FZK"HJ’H (t)

t\* £\’ £\
z Mgzn—lgzn <%) * ngn—lgxn (E) * ngn—lgyn (%) .

According to (3), (4), (5) and Remark 9, we have that

Mg (0) = Mo, g, (1K) 56 Mgy, 0y, (1K) 5 Mgz, gz, (£1K)°

> Mg, 100, (t1K) % Mgy, gy, (E1K) % Mz, 1z, (E1K) = 8,11 (tK);

Mey,igy,n (8) = Mgy, 1y, (E1K)* % Mgz, gz, (E1K )b * Mg, 1gx, (1K)

> Mgy, 10y, (1K) % Mgz, oz, (E1K) % Mgy, gx, (E1K) = 8,1 (£/K);

Mezgona ) = Mz, 10 F1K) 5 Mg, 1o, (E1K)? % Moy, 1, (t1K)°

> Mgz, 1g0 (E1K) % Mg, g, (1K) % My, gy, (£1K) = 8,1 (£1K).

This proves that, forall £ >0 and all #» > 0,
ngngxml (t):ngngyn+1 (t)ngzngzml (t) > (Sn—l(t/k) > Sn—l(t)'
Swapping ¢ by ¢ — kt, we deduce, for all £ > 0 and n > 0, that

Mgsngry (& = KE), My, gy, (8 = kb)s Mgz, gz, (= kt) = 8,-1(£ — k).

Taking into account that * is commutative and * > -, and (3), (4), (5), we observe that

Sn(t) = Mangr,s (£) * Mgy, gy, (€)% Mgzygz,,, (£)
> (Mags, g0, (1K) 5 Mgy, 103, (t1K)" % Mz, gz, (t1K)°)
5 (Mar, 1y (E1K) 5 My, s gy, (81K)" 5 Mg, 2, (£1K)")
5 (Maga, g, (1K) 5 My, 1y, (E1K) % Mz, 0z, (t1K)%)
= (Mgx, 1 (E1K)* % Miga,, 1 gu, (E1K) % Migs,, g, (/K)P)

# (Mo, 109 (E1K)” % My, _1gy, (E16)" % My, g, (£1K)°)

()

3)

(4)

(6)

(7)

Page 50of 13
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s (Mazy 1gon (1K) % Mz, g2, (81K % Mgz, g2, (£1K)")
> (Mga, 1g0, (E1K)* - Mg, gy (01K)° - Mgy, 0, (£1K)")
* (Mg, 10n 1K) - Mey, g0, (81K)* - Mg,y g, (£1K)°)
* (Mg, 1gon (1K) - Mgz, 102, (t1K)? - Mg, 1z, (tK)%)
= Mgs, 10, (1K) % My, g3, (LK) % Mg, gz, (1K)

z ngn—lgxn (t/k) * ngn—lgyn (t/k) * Mgzrz—lgzn (t/k) = 8'7—1 (t/k)'
If we join this property to (2),
8u(t) = 8,1 (t/k) = 8,_1(t) > §,,.1(t —kt) forallt>0andn > 1. (8)

Repeatedly applying the first inequality, we deduce that §,(¢) > 8,_1(t/k) > 8, 2(t/k?) >
o> 8g(t/k™) for all £ > 0 and # > 1. This means that for all £ > 0,

lim 8,(t) > lim & (¢/k") =1 = lim §,() =1 9)
n—0oQ n— 00

n—00

Properties (6) and (8) imply that

ngngxml (t):ngngyml (t):Mgzngzml (t) > (Sn(t) > (Sn—l(t - kt) (10)
Next, we claim that

ng,,gxn+p (t)’ngngymp(t)’Mangzn+p(t) > P8, 1(t—kt) forallt>0, n,p>1. (11)

We prove it by induction methodology in p > 1. If p = 1, (11) is true for all #» > 1 and all
t > 0 by (10). Suppose that (11) is true for all # > 1 and all £ > 0 for some p, and we are going
to prove it for p + 1. Applying (1), the induction hypothesis and that * > -,

Mriganpi KE) = ME, 0 Feyypinsy (KE)

> Merugrn,y (0 % Mgy, gy,.., (0)" Mgz, (0

> (K81 (t = kb)) 5 (58,1 — k) s (8,1 (¢ — Kt))°
> (8,1 (t —kt))" - (+ 8,1 (¢ — kt))b (8 (t - kt))

= (8, — k£)) ™" = 428, 1 (¢ - ko).

Arguing in the same way, we come to Mgy, 15,1, (K8 Mgy, 10351, (KE), Mgz, 12,01, (KE) =
*P§,_1(t — kt). Applying the axiom (v) of a FMS, (7) and the induction hypothesis,

ngngxm-pﬂ (t) = ngngxn-v-pﬂ (t - kt + kt)

> Mgy, gr, (£ — kt) % Mgy (kt)

n+18¥n+l+p

> 81t — kt) * (x84 (¢ — kt)) = +*18,,, (¢ — ke).
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The same reasoning is also valid for M, nipil

Dnspil (¢) and My, (t). Therefore, (11) is true.
This permits us to show that {gx,} is Cauchy. Suppose that ¢ > 0 and ¢ € (0,1) are given.
By the hypothesis, as * is a -norm of H-type, there exists 0 < n <1 such that *”’a > 1- ¢ for
alla € (1-n,1] and for all p > 1. By (9), lim,,_, o, 8,(¢) = 1, so there exists ny € N such that
Sn(t—kt) >1-nforalln > ny. Hence (11), we get My, g, (£), Mgy, gy,., (£): Mgz,g2,,,, (£) > 1—¢
for all n > ny and p > 1. Therefore, {gx,} is a Cauchy sequence. Similarly, {gy,} and {gz,}
are also Cauchy sequences.

Step 3. We claim that g and F have a tripled coincidence point. Since X is complete,
there exist x, y,z € X such that lim,_, o, gx,, = %, lim,,_, oo gy, =y and lim,,, c gz, = 2. As g is
continuous, we have that lim,,_, o ggx,, = g, lim,,_, oo ggy,, = gy and lim,,_, - ggz,, = gz. The
commutativity of F with g implies that ggx,.1 = gF (%, Y, 2n) = F(€%1, €V, €2n)- By (1),

Mggxn+1nyz (kt) = Mngng)’ngzn Fyyz (kt) = Mggxngx(t)ﬂ * Mggyng;v(t)b * MggzngZ(t)C

= Mag,gn(t) * Mgy, gy(t) % Mgz, ez (£).

Letting n — oo, we deduce that lim,,_, o ggx, = Fyy,. Hence, F,; = gx. In a similar way,
we can show that F,, = gy and F,;, = gz, so (x,7,2) is a tripled coincidence point of the

mappings F and g.
Fyy. = g%, Fyx=gy and F,y =gz (12)

Step 4. We claim that x = F,yy, y = Fyy, and z = F,,,. We note that by condition (1),

nggyml (kt) = Mnysznann (kt) > nggy,, (t)a * nggzn (t)b * Mgzgxn (t)c$ (13)
nggzml (kt) = MFyszZ,,xnyn (kt) = nggzn (t)a * Mgzgxn (t)b * nggyn (t)ci (14)
Mgzgxn+1 (kt) = Msznyny,,zn (kt) = A/Igzgx,1 (t)a * nggy,, (t)b * nggzn (t)C« (15)

Let B,(t) = Mgygy,, () % Mgyqz, (£) % Mgz, () for all £ > 0 and # > 0. By (13), (14) and (15),

Bus1(kt) = Mgagy,,, (KE) % Mgygz,,,, (KE) % Mgzgy, (k)
> (Mg, ()" % My, (8)" % Mega, (£)°)
s (Mgyge,, (£)* % Miyzgs, (1) Mgy, (£)°)
o (Mgzge, ()"  Migvgy, (8)° % Migyge, (£)°)
= (Mgugy, (" % Mgagy, (£)° % Mgy, (0)°)
* (Mayga, (07 % Mgz, (8) % Moy, (£)°)
s (Mgzgu, (£)° % Mgzgn, (8)” % Mezgn, (£)°)
> (Mg, ()" - Migsgy, (0 - Mirgy, ()
# (Mgyga, (0)° - Miyge, (8)° - Moy, (£)°)
# (Mgage, (8)° - Mg, (8)" - Migege, (1))
= Mgy, (6% 5 Mgy (27 % Mg, (6714

> nggyn (t) * nggzn (t) * Mgzgxn (t) = ,Bn(t)~
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This proves that 8,,,1(kt) > B,(¢) for all n > 0 and all £ > 0. Repeating this process,
Bu(t) = Buor(t/k) = Bua(t/k*) = -+ = Bo(t/k") forallz>0andn> 1. (16)

Now, by (16), (13), (14) and (15),

Margy, oy (KE) = Migygy, (£ 5 Mayge, (£)° 5 Mg, (£)° = B(£) = Bo (£1K"); (17)
nggzml (kt) > nggzn (1) *Mgzgx,, (t)b *nggyn B = Ba(t) = Bo (t/kn); (18)
Mzgr,a (kt) = Mg, (0" * Mgygy, (t)b * Mgygz, (B)° = Bu(t) = Bo (t/kn)' (19)

Therefore, Myygy, ., (kt), Mgyez,., (kt), Mgzgx,,., (kt) = Bo(t/K") for all £ > 0 and # > 1. Since
lim,_, o0 Bo(t/k") = 1 for all t > 0, we have, taking limit in (17), (18) and (19), that
lim,,, o0 g%, = g2, limy,, 50 gy, = gx and lim,,_, o gz, = gy. This shows, using (12), that

Fyy,=gx=lim gy, =y, Fyx=gy= lim gz, =z, F,yy=gz= lim gx, = x.

Step 5. We will prove that x = y = z. Let 6(£) = My, (£) % M, (£) % M,.(¢) for all £ > 0. Then,
by condition (1),

Moy (kt) = M, g, (k8) = Mengy(£)* 5 Mo (0)" 5 Migen (0)°

= M, (£)" % Ma ()" % My (2); (20)
My (kt) = M, r, (kE) > Meyor(£)*  Migzgu(£)” 5 Migygy (£)°

= Mo(£)" 5 My (8)" % Mo (2)°; (21)
M.y (kt) = M,y ., (KE) > Mgzge(£)* % Mgy () % Migyer(£)°

= xy(t)LZ * Myz(t)b * sz(t)c' (22)
If we use these three inequalities at the same time,

0(kt) = Miyy(kt) % M, (KE) % M, (k)

> (Mye(0)® 5 Mo (£)” 5 Migy(£)°) 56 (Mza(0)® 5 Migy (2) 5 M, (2)°)
0 (May(£)® % My (£)° 5 M1 (2)°)

= (My(6)° % My (£)° 5 Moy (£)%) % (Myo(8)® 5 My () % M, (8)")
0 (Mex(8)” % Me()" 5 Mo (2)°)

> (M (£)° - May ()" - Mgy (£)*) 5 (M () - My (£)° - Miyo(2)°)
0 (Mex(0) - M) - Ma(2)°)

_ Mxy(t)‘””“ % Myz(t)‘”b“ % sz(t)mmc

> Mxy(t) * Myz(t) * M (£) = 0(2).
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We find that 6 (kt) > 6(¢) implies that 6(t) > 6(¢/k) > 0(¢/k*) > --- > (¢/k™) for all £ > 0
and n > 1. By (20), (21) and (22),

My (kt) = My (8)" % Mpa(2)” 5 May()° = Myo(8) % Mi(8) % Moy (2) = 6(2) > 0 (/K"),
My, (kt) = Mi(£) % My () 5 My (8)° = M) % My (8) % M, (2) = 0(2) = 0(¢/K"),

Mi(kt) = My () % My ()" 5 Mi(£)° = My (£) % Myo(8) % M(2) = 6(2) > 0 (£1K”).

Letting n — oo, we have lim,_, o, 8(¢/k") = 1 for all ¢ > 0, and this means that M,,(kt) =
M, (kt) = M.(kt) =1 forall £ > 0, i.e., x = y = z. The unicity of x follows from (1). O

Remark12 The unicity of the coincidence point of F and g is not always true. For instance,
if F = x is constant and g = x, is also constant, then every (x,7,z) € X® is a coincidence
point of Fand g.

Remark 13 In the previous theorem, we have only used the continuity of x at (1,1), that
is, if {x,}, {y,} C [0,1] are sequences such that {x,} — 1 and {y,} — 1, then {x, * y,} — 1.
And this is true because {x, x y,} > {x, - y,} > 1-1=1.

Example 14 Consider (X = R, M°®) as in Example 7. Let o, 8 > 0 and k € (0,1) be positive
real numbers such that 6« < Bk (in particular, «/k < B/6). Define F : R} >R andg:R —
R as F(x,y,z) = a(x — y) and gx = B« for all x,y,z € X. Clearly, g is continuous, F and g are
commuting and F(R?) = R = g(R). We also note that M°® verifies

(e )i

_ (e_%)max(\x—ul,\v—y\)

_ 2max(js=ullv-y)
t

(kt) = (el(x—u)+(v—y)l)*%

(e )

L, _IBs=pul _IBy-Bvl  _|Bz=pw]
>min(e” 3 ,e” x ,e” 3 )

Me

nyzFuvw

v

2 max(|x—ul,lv—y|)
- SR

B
6

. _Blx—ul  _Blvyl
:mln(e 3t ,€ 3t )

= min([M2,,, ()], [ME,0, (0], [ME, 0] 7).

Therefore, applying Theorem 11, we deduce that F and g have a tripled coincidence point.

Consequences

In the proof of the next result, the view of (X, d) as the crisp FMS (X, M¢, min) is used (see
Example 7). This approach allows us to deduce results for metric spaces from the corre-
sponding result in the fuzzy setting. Moreover, Theorem 15 is just a tripled coincidence
point result, similar to Berinde-Borcut one, see [18, Theorem 7] and [21, Theorem 4], in
a not necessarily partially ordered set.

Theorem 15 Let (X, d) be a complete metric space and let F: X> — X and g : X — X be
two mappings such that F(X®) C g(X) and g is continuous and commuting with F. Suppose
that F and g verify some of the following conditions for all x,y,z,u,v,w € X:

(@) dEyFop < kmax(dgugu, dgygys dgzgw) for some k € (0,1).

() dry. P, < k(atdgugy + Bdgygy + ¥ dgzgw) for some k € (0,1) and some o, B,y € [0,1/3].

(©) AEy.Funy < tdgugu + Blgygy + ¥ dgzgw for some o, B,y € [0,1) such thata + B +y < 1.
Then there exists a unique x € X such that x = gx = Fyy,.
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Proof (a) Consider M¢ defined as in Example 7. As (X, d) is complete, then (X, M€, min) is
a complete FMS. Fix x,y,z,u,v,w € X and ¢ > 0, and we are going to prove (1) usinga = b =
c¢=1/3 and * = min. If M¢__(¢£) =0 or M¢, (t) = 0 or M¢__ (£) = 0, then (1) is obvious. Sup-

grgu gV gzgw
pose that nggu(t) =1, nggv(t) =1land M;Zgw(t) = 1. This means that dgy, < £, dgyg < t and

dgzqw < t. Therefore, t > max(dgygy, dgyevs Agzgw) and kt > k max(dgxgu, Agygys Agzgw) = AFyy F-
Hence, M}xyz Fu (KE) =1 and (1) is also true.
(b) In this case,

1 1 1
deyzFuvw = k(adgxgu + ,Bdgygv + Vdgzgw) = k<3dgxgu + gdgygv + 3dgzgw)

k k
= 3 (dgxgu + dgygv + dgzgw) = gg max(dgxgw dgygv: dgzgw)

=k max(dgxgu, dgygw dgzgw)~
QUfk=a+B+y<],

deyZFuvw = adgxgu + ﬁdgygv + Vdgzgw <« max(dgxgur dgygv: dgzgw)
+ B max(dgxgu, Agygys Agzgw) + ¥ MaxX(dgxgur Agygys Agzgw)

=(a+pB+ )/) max(dgxgm dgygw dgzgw) = kmax(dgxguy dgygv; dgzgw)- O

Example 16 If X =R, d(x,y) = |x—y| forallx,y € Rand a4, b, ¢,d, M € R are such that M >
|a| + || +|c|, the mappings F : R — Rand g : R — R, defined as Fyy, = (ax + by + cz +d)/M
and gx = x for all x, y,z € R, verify the hypothesis of Theorem 15(c). It is easy to check that
(%0, %0,%0), where xg = d/(M — a — b — ¢), is the unique tripled coincidence point of F and
g and verifies F(xg, %0, %0) = Xo.

Now, we prove the existence of a coupled coincided point for F : X> — X and g that
generalizes Theorem 4.1 in [7], taking a = b = 1/2. That is, the main result of the paper
also covers the main theoretical results of Zhu and Xiao [7].

Corollary 17 Let * be a t-norm of H-type such that sxt > st forall s,t € [0,1]. Let k € (0,1)
and a,b € [0,1] be real numbers such that a + b <1, let (X, M, *) be a complete FMS and
let F: X* — X and g : X — X be two mappings such that F(X?) C g(X) and g is continuous
and commuting with F. Suppose that

MnyFW (kt) > nggu (t)u * nggv(t)b
forall x,y,u,ve X and all t > 0. Then there exists a unique x € X such that x = gx = Fy,.

Proof Define ¢ = 0 and F': X*> — X as F,, = Fy, for all x,59,z € X. Then F'(X?) = F(X*) €
g(X) and F’ is commuting with g (¢F},, = gFxy = Fyxgy = Fyy,,)- Furthermore,

MF/ 1:/

xyzt uvw

(kt) = MnyFw (kt) = ngxgu(t)éZ * nggv(t)b
= gxgu(t)a * nggv(t)b *1> nggu(t)a * nggv(t)b * Mgzgw(t)c'

Then there exists a unique x € X such that gx = F,,

F,, = Fy/yy, sox=y. O

If y € X verifies F,, = gy, then gy =

xXx*
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Corollary 18 ([1, Theorem 2.2]) Let (X, d) be a complete metric space and let F : X> — X
and g : X — X be two mappings such that F(X?) C g(X) and g is continuous and commuting
with F. Suppose that F and g verify some of the following conditions for all x,y,u,v € X:

(@) d,r,, < kmax(dggu, dgyg) for some k € (0,1).

(b) dk,r,, < k(adgg + Bdgygy) for some k € (0,1) and some o, B € [0,1/2].

(c) dpxypw < atdgyqy + PBdgygy for some a, B,y €[0,1) such thata + f < 1.

Then there exists a unique x € X such that x = gx = Fy,.
Proof Similar to the proof of Theorem 15. O
Remark 19 In fact, the previous result is proved for X, a partially ordered set in [1].

Moreover, from a similar procedure, we can deduce the celebrated Banach contraction

principle (Theorem 1).

Applications
Lipschitzian systems
Letfi,f2,fs : R = Rbe Lipschitzian mappings and let 81, 2, B3 € R be real numbers. Define
h:R — Ras h(x) = Bifi(x) + Bofa(x) + Bafs(x) for all x € R. Then /4 is another Lipschitzian
mapping and ky, < |B1lks + |B2lkp, + |Bslky. Obviously, if K = |Bilk; + |Ba2lky, + |B3lks < 1,
then / is a contraction, so there exists a unique x, € R such that 7, = x.

Next, define F : R® — R as Fyy. = B1i(x) + Bofo(¥) + Bafs(2) for all x,9,z € R. It is clear
that Fy,, = &, for all x € R. Furthermore,

3 3
d(FxlxzngFylyzyg,) = Z |ﬂt|lﬁ(xl) _ﬁ(yl)| = Z |ﬁl|kfl |xi —)’i| = Klrngas)%d(x],y])

i=1 i=1
If K <1, then F verifies (1) with gx = x for all x € R.

Corollary 20 Let fi,f>,f3 : R — R be Lipschitzian mappings on R (provided with the Eu-
clidean metric) and let By, B2, B3 € R such that |pi|ks + |B2lks, + |B3lks, < 1. Then the sys-
tem

BUAX) + Bafa () + Bafs(2) = x,
() BAY) + Bafa(2) + Bafs(x) =y,
Bifi(2) + Bafo(x) + Bafs(y) =2z

has a unique solution, which is (xo,x0,%o), where xq is the only real solution of Bifi(x) +

Baofa(x) + Bafz(x) = x.

Example 21 Consider the system

30sinx — % +150 = 72x — 15 arctan z,

(1) 30siny — 28, +150 = 72y — 15 arctanx,

1+22

30sinz — 12—82 +150 =72z — 15 arctan y.
+x
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If we choose fi(x) = 5 + sinx, fo(x) = 1/(1 + %) and f3(x) = arctanx, then f, o and f; are
Lipschitzian mappings, and & = kg, = 1 and kg, = 3+/3/8. Let B; = 5/12, B, = ~7/18 and
B3 = 5/24. Then |Bi|ks + |Balks, + |Bslky = (30 + 74/3)/48 < 1. As system (S;) is equal to
(S), then (S;) has a unique solution, which is of the form (xg,x, %), where xy is the only
solution of

28
30sinx — 5+ 150 = 72x — 15 arctan x.
x

Finding, for example, the root by the bisection method, we get, approximately, xy =
2.5212648363927.

An integral system

Let a,b € R with a < b and let I = [a,b]. Consider X = £}(I) with the distance d;(f,g) =
J; |f(¢) — g(¢)| dt, where [ represents the Lebesgue integral. It is well known that (£*(1), d;)
is a complete MS. Let k, 1, B2, B3 € R be real numbers and let G : R3 —> Rbea mapping
verifying G(0,0,0) = 0 and

3
|Gx1x2x3 - Gy1y2y3| =< kZﬂi|xi _yil for all (xl:xz,x?;)) ()/1,)’2,)/3) € R3~

i=1

If A € R, we want to find functions f;, f5,f; € £1(I) such that

Jfilx) = A+ (f ) fir1(8), fisa( t)) (23)
[ax

holds forallx € /1,i=1,2,3.
For all f;,f5,f3 € L1(I) and all x € I, define

Fflfzfs(x)=A+f[ G(A).£(0). f5(8)) dt.

On the one hand, it is not difficult to prove that Fyp, € £1(I), hence F : LY — LN) is
well defined. On the other hand,

d (Fflfsz ’ Fglgzgs) = /;’ﬂu&ﬁ () - Fyi003 (x)‘ dx

< /(/ |G(ﬁ(t)’ﬁ(t):ﬁ‘>(t)) - G(gl(t),gz(t),g3(t))|dt) dx
I \Jax]
3
= ﬁ(/[a,x] kZ ﬂ’lf‘(t) _gi(t)| dt) dx

i=1
3
= k;ﬁffl(/]lﬂ(f) - &(®)] dt) dx
& 3
= kZ Bi /I‘dl(ﬂ,gi)dx =k(b—a) Z Bidi (£, 20)-
= i=1

If we suppose that K = k(b — a)(B1 + B2 + B3) < 1, then F verifies (1) with g(f) = f for all
f € L(I). Then the system (23) has a unique solution, which is of the form (fy, fo, fo), where
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fo € £1(I) is the only solution of the equation

fo(x):A+/ G(fo®).fo(0),fo())dt forallxel

[ax]

(this exists as a simple application of the Banach contraction principle).
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