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Abstract

In this paper, we prove strong convergence theorems to a point which is a fixed point
of multi-valued mappings, a zero of an «-inverse-strongly monotone operator and a
solution of the equilibrium problem. Next, we obtain strong convergence theorems
to a solution of the variational inequality problem, a fixed point of multi-valued
mappings and a solution of the equilibrium problem. The results presented in this
paper are improvement and generalization of the previously known results.
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1 Introduction
Let E be a real Banach space with dual £%, and let C be a nonempty closed convex subset
of E. Let A: C — E* be an operator. A is called monotone if

(Ax—Ay,x—y)>0, Vx,yeC;

a-inverse-strongly monotone if there exists a constant « > 0 such that
(Ax— Ay,x—y) > al|Ax - Ayl|*>, Vx,yeC

L-Lipschitz continuous if there exists a constant L > 0 such that
|Ax — Ayl < Lllx - yll, Vx,y€C.

If A is a-inverse strongly monotone, then it is %—Lipschitz continuous, i.e.,

1

A monotone operator A is said to be maximal if its graph G(A) = {(x,x*) : * € Ax} is not
properly contained in the graph of any other monotone operator.
Let A be a monotone operator. We consider the problem of finding x € E such that

0cAx, (1.1)
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a point x € E is called a zero point of A. Denote by A~10 the set of all points x € E such that
0 € Ax. This problem is very important in optimization theory and related fields.

Let A be a monotone operator. The classical variational inequality problem for an op-
erator A is to find z € C such that

(Az,y-2) >0, VyeC. 1.2)

The set of solutions of (1.2) is denoted by VI(A, C). This problem is connected with
the convex minimization problem, the complementary problem, the problem of finding a
point x € E satisfying Ax = 0.

The value of x* € E* at x € E will be denoted by (x,x*) or x*(x). For each p > 1, the
generalized duality mapping ], : E — 2" is defined by

Jp(x) = {&* € E* : {x,2*) = ||x]|?,

x| = flalP

for all x € E. In particular, J = J; is called the normalized duality mapping. If E is a Hilbert
space, then J = I, where I is the identity mapping.
Consider the functional defined by

d(,%) = llyl* = 2(y, Jx) + |x||> forx,y€E, (1.3)

where J is the normalized duality mapping. It is obvious from the definition of ¢ that

(Iyl = 1x0)* < @) < (Iyll + Ix1)?,  Vay €E. (1.4)

Alber [1] introduced that the generalized projection Il¢ : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the functional ¢(x, y), that is, [Tcx = X, where

x is the solution of the minimization problem
¢(9_C1 x) = inf 45()’» x)) (1.5)
yeC

existence and uniqueness of the operator I1¢ follows from the properties of the functional
¢(x,y) and strict monotonicity of the mapping /.

liduka and Takahashi [2] introduced the following iterative scheme for finding a solution
of the variational inequality problem for an inverse-strongly monotone operator A in a

2-uniformly convex and uniformly smooth Banach space E: x; =x € C and
Xnsl = chil(]xn - )"nAxn)¢ Vn>1, (16)

where I1¢ is the generalized projection from E onto C, J is the duality mapping from E into
E*and {X,} is a sequence of positive real numbers. They proved that the sequence {x,} gen-
erated by (1.6) converges weakly to some element of VI(A, C). In connection, liduka and

Takahashi [3] studied the following iterative scheme for finding a zero point of a monotone
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operator A in a 2-uniformly convex and uniformly smooth Banach space E:

x=x€E chosen arbitrarily,

Y =Ty — AnAxy),

Xu={z € E:¢(z,91) < d(z,%4)}, 1.7)
Yy ={z€E:(xy—2Jx—Jx,) > 0},

X1 = My, Ay, (%),

where Ily,ny, is the generalized projection from E onto X, NY,, J is the duality map-
ping from E into E* and {A,} is a sequence of positive real numbers. They proved that
the sequence {x,} converges strongly to an element of A~10. Moreover, under the addi-
tional suitable assumption they proved that the sequence {x,} converges strongly to some
element of VI(A, C). Some solution methods have been proposed to solve the variational
inequality problem; see, for instance, [4—6].

A mapping T : C — C is said to be ¢-nonexpansive (7, 8] if

¢(Tx, Ty) < ¢(x,9), Vx,y€C.
T is said to be quasi-¢-nonexpansive [7, 8] if F(T) # ¢ and
o, Tx) < ¢(p,x), VxeC,peF(T).

T is said to be total quasi-¢-asymptotically nonexpansive, if F(T) # ¢ and there exist non-
negative real sequences vy, i, with v, — 0, i, — 0 as n — o0 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that

¢>(p, T”x) <o(p,x)+ v,,qo(qﬁ(p,x)) + Uy Yn>1,VxeC,peF(T).

Let 2¢ be the family of all nonempty subsets of C, and let S : C — 2¢ be a multi-valued
mapping. For a point g € C, n > 1 define an iterative sequence as follows:

Sq:={q1:q1 € Sq},

§*q=5S8q:= U Sq1,
q1€59

Sq=58q:= | S,

02eT?q

S'q=85"q:= | J Squ

qn-1 Esn—lq

A point p € C is said to be an asymptotic fixed point of S if there exists a sequence {x,}
in C such that {x,} converges weakly to p and

lim d(x,,Sx,):= lim inf |x,—x| =0.
n— 00 n— 00 xeSxy,

The asymptotic fixed point set of S is denoted by F(S).
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A multi-valued mapping S is said to be total quasi-$-asymptotically nonexpansive if
F(S) # ¥ and there exist nonnegative real sequences v, u, with v, — 0, u, - 0 asn — oo
and a strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that for all
xe€ C,p€eF(S),

o wn) <P, %) + v,0(d(D %)) + fw, Y1 >1Lw, € S"x.

S is said to be closed if for any sequence {x,} and {w,} in C with w, € Sx,, if x, — x and
w, — w, then w € Sx.

A multi-valued mapping S is said to be uniformly asymptotically regular on C if

lim <sup (18,41 —s,,||> =0, s,€8".

n—00 xeC

Every quasi-¢-asymptotically nonexpansive multi-valued mapping implies a quasi-¢-
asymptotically nonexpansive mapping but the converse is not true.

In 2012, Chang et al. [9] introduced the concept of total quasi-¢-asymptotically non-
expansive multi-valued mapping and then proved some strong convergence theorem by
using the hybrid shrinking projection method.

Let f: C x C — R be a bifunction, the equilibrium problem is to find x € C such that

f(x,y) >0, VyeC. (1.8)

The set of solutions of (1.8) is denoted by EP(f). The equilibrium problem is very general
in the sense that it includes, as special cases, optimization problems, variational inequal-
ity problems, min-max problems, saddle point problem, fixed point problem, Nash EP.
In 2008, Takahashi and Zembayashi [10, 11] introduced iterative sequences for finding a
common solution of an equilibrium problem and a fixed point problem. Some solution
methods have been proposed to solve the equilibrium problem; see, for instance, [12—21].

For a mapping A : C — E*, let f(x,y) = (Ax,y —x) for all x,y € C. Then x € EP(f) if and
only if (Tx,y —x) > 0 for all y € C; i.e., x is a solution of the variational inequality.

Motivated and inspired by the work mentioned above, in this paper, we introduce and
prove strong convergence of a new hybrid projection algorithm for a fixed point of total
quasi-¢-asymptotically nonexpansive multi-valued mappings, the solution of the equilib-
rium problem, a zero point of monotone operators. Moreover, we prove strong conver-
gence to the solution of the variation inequality in a uniformly smooth and 2-uniformly

convex Banach space.

2 Preliminaries

A Banach space E with the norm || - || is called strictly convex if || ’% I <1forallx,y€E
with |lx|| = ||yl =1 and x #y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. A Banach
space E is called smooth if the limit lim,_, ¢ w exists for each x,y € U. It is also called

uniformly smooth if the limit exists uniformly for all x,y € U. The modulus of convexity of
E is the function é : [0,2] — [0,1] defined by

5(e) =inf{1— H’ﬂ‘
2

%y € Elxll =yl =1 llx -yl = 8}.
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A Banach space E is uniformly convex if and only if §(¢) > 0 for all ¢ € (0,2]. Let p be a
fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if there
exists a constant ¢ > 0 such that §(¢) > ce” for all ¢ € [0,2]. Observe that every p-uniform
convex is uniformly convex. Every uniformly convex Banach space E has the Kadec-Klee
property, that is, for any sequence {x,} C E, if x, — x € E and ||x,,|| — | x||, then x,, — «.

Let E be a real Banach space with dual E*, E is uniformly smooth if and only if E* is
a uniformly convex Banach space. If E is a uniformly smooth Banach space, then E is a
smooth and reflexive Banach space.

Remark 2.1

« If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

« If E is reflexive smooth and strictly convex, then the normalized duality mapping J is
single-valued, one-to-one and onto.

« If E is a reflexive strictly convex and smooth Banach space and J is the duality
mapping from E into E*, then /™! is also single-valued, bijective and is also the duality
mapping from E* into E and thus JJ ™! = I+ and J 7Y = IE.

See [22] for more details.

Remark 2.2 If E is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) = 0
if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From (1.3) we have
lx]l = [ly]l. This implies that {(x,]y) = ||x||* = ||Jy||>. From the definition of /, one has Jx = Jy.
Therefore, we have x = y (see [22, 23] for more details).

Lemma 2.3 (Beauzamy [24] and Xu [25]) IfE is a 2-uniformly convex Banach space, then,
forall x,y € E, we have

2
llx =yl < 2 IJx = Jyll,
where ] is the normalized duality mapping of E and 0 < c <1.
The best constant % in the lemma is called the p-uniformly convex constant of E.

Lemma 2.4 (Beauzamy [24] and Zalinescu [26]) If E is a p-uniformly convex Banach
space, and let p be a given real number with p > 2, then, for all x,y € E, J; € ],(x) and
]y S ]p(y);

Cp

(x_yr]x_]y> = ”x_y”p’

= 2

where ], is the generalized duality mapping of E and % is the p-uniformly convex constant

of E.

Lemma 2.5 (Kamimura and Takahashi [27]) Let E be a uniformly convex and smooth Ba-
nach space, and let {x,}, {y,} be two sequences of E. If ¢(x,, y,) — 0 and either {x,} or {y,}
is bounded, then ||x, — y,|| — 0.
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Lemma 2.6 (Alber [1]) Let C be a nonempty closed convex subset of a smooth Banach
space E, and let x € E. Then xy = lcx if and only if

(xo =y, Jx=Jxo) =20, VyeC.

Lemma 2.7 (Alber [1]) Let E be a reflexive strictly convex and smooth Banach space, C be

a nonempty closed convex subset of E, and let x € E. Then

¢y, cx) + p(Mex, x) < d(,x), VyeC.

Lemma 2.8 (Changetal. [9]) Let C be a nonempty, closed and convex subset of a uniformly
smooth and strictly convex Banach space E with the Kadec-Klee property. Let S : C — 2€ be
a closed and total quasi-¢-asymptotically nonexpansive multi-valued mapping with non-
negative real sequence v, and ., with v, — 0, u, — 0 as n — 00 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0. If u; = 0, then the fixed point set F(S) is a
closed convex subset of C.

For solving the equilibrium problem for a bifunction f : C x C — R, let us assume that
f satisfies the following conditions:

(Al) f(x,x)=0forallx € C;

(A2) fis monotone, ie., f(x,y) +f(y,x) <0 forallx,y € C;

(A3) foreachw,y,z€C,

ltifglf(tz + (1 =0)xy) <f(xy);

(A4) for eachx € C, y+ f(x,y) is convex and lower semi-continuous.

Lemma 2.9 (Blum and Oettli [28]) Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (Al)-
(A4), and let r > 0 and x € E. Then there exists z € C such that

1
Sfzy) + ~-zjz-Jx) =0, VyeC

Lemma 2.10 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a uni-
formly smooth, strictly convex and reflexive Banach space E, and let f be a bifunction from
C x C to R satisfying conditions (Al)-(A4). For all r > 0 and x € E, define a mapping
T,:E — C as follows:

1
Tox = {ze C:flz,y) + ;(y—z,]z—]x) >0,Vye C}.
Then the following hold:
(1) T, is single-valued,

(2) T, is a firmly nonexpansive-type mapping [29], that is, for all x,y € E,

(Trx_ T, ;]Trx_]Try> = <Trx_ Try,]x_]y>;
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() E(T;) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.11 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a smooth,
strictly convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(Al1)-(A4), and let r > 0. Then, for x € E and q € F(T,),

o(q, Trx) + ¢(Trx, %) < Pp(g, %).

Let A be an inverse-strongly monotone mapping of C into E* which is said to be hemi-
continuous if for all x, y € C, the mapping /1 of [0,1] into E*, defined by h(£) = A(¢x+ (1-1)y),
is continuous with respect to the weak* topology of E*. We define by N¢(v) the normal cone
for C at a point v € C, that is,

Nc() = {x* € E*:(v-y,x*) > 0,¥y € C}. (2.1)

Theorem 2.12 (Rockafellar [30]) Let C be a nonempty, closed convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E*. Let B C E x E*
be an operator defined as follows:

Av+ Nc(v), veC;
Bv = c) (2.2)

@, otherwise.

Then B is maximal monotone and B0 = VI(4, C).

Theorem 2.13 (Takahashi [31]) Let C be a nonempty subset of a Banach space E, and let
A be a monotone, hemicontinuous operator of C into E* with C = D(A). Then

V[(A,C):{ueC:(v—u,Av}ZO,‘v’veC}. (2.3)

It is obvious that the set VI(4, C) is a closed and convex subset of C and the set A710 =
VI(A,E) is a closed and convex subset of E.

Theorem 2.14 (Takahashi [31]) Let C be a nonempty compact convex subset of a Banach
space E, and let A be a monotone, hemicontinuous operator of C into E* with C = D(A).
Then VI(A, C) is nonempty.

We make use of the following mapping V studied in Alber [1]:

V(x,x*) = ||x|? —2<x,x*> + Hx* 2

, VxeE,x"eE" (2.4)
that is, V(x,4%) = ¢ (x, /71 (x*)).

Lemma 2.15 (Alber [1]) Let E be a reflexive strictly convex smooth Banach space, and let
V be as in (2.4). Then we have

V(x,x*) + 2(]_1(96*) —x,y*) <V(x,x*+y*), VxeLx"y €L".
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Lemma 2.16 (Beauzamy [24] and Xu [25]) If E is a 2-uniformly convex Banach space,
then, for all x,y € E, we have

2
=yl < C—lelx—lyll,
where ] is the normalized duality mapping of E and 0 < c <1.

Lemma 2.17 (Cho et al. [32]) Let E be a uniformly convex Banach space, and let B,(0) =
{x € E: ||x|| <r} be a closed ball of E. Then there exists a continuous strictly increasing

convex function g : [0,00) — [0, 00) with g(0) = 0 such that

A + ey + yzll* < 1Ax)® + ey ll* + Ny zl® = Aug(llx - y1)
forall x,y,z € B,(0) and A, i,y € [0,1] with A+ p+y =1.

Lemma 2.18 (Pascali and Sburlan [33]) Let E be a real smooth Banach space, and let A :
E — 2F" be a maximal monotone mapping. Then A0 is a closed and convex subset of E
and the graph G(A) of A is demiclosed in the following sense: if {x,} C D(A) withx, —~x € E
and y, € Ax, with y, — y € E*, then x € D(A) and y € Ax.

3 Main results

Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A be an «-inverse-strongly monotone mapping of E into E*. Let
S: C — 2€ be a closed and total quasi-¢-asymptotically nonexpansive multi-valued map-
ping with nonnegative real sequences vy, (L, with v, — 0, i, — 0 as n — 00 and a strictly
increasing continuous function ¥ : R* — R* with ¥(0) = 0. Assume that S is uniformly
asymptotically regular on C with p, = 0 and F := F(S) N EP(f) N A~10 # (. For arbitrary

x1 € C, C, = C, generate a sequence {x,} by

2y =]y — AnAXy),

Uy = Ty, 2y,

Y =T uJ%n + BWn + ViJtbn), Wy € "%y, (3.1)
Cu1 ={ve€ Cy: ¢V, y0) < (v, 2) < (v, %) + Ky},

Xp+l = HC,,+1x1: ne N;

where K, = v, SUp cp Y (p(q, %)) + py. Assume that the control sequences {a,}, {Bn}, {Vu}s
{\.} and {r,} satisfy the following conditions:
1. {a,}, {Bn} and {y,} are sequences in (0,1) such that o, + By + vy =1,
liminf,_, o @, 8, >0,
2. {A,} Cla,b] for some a, bwithO<a<b< CZT“ and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,

then {x,} converges strongly to T1gx;.
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Proof We will show that C, is closed and convex for all # € N. Since C; = C is closed and
convex. Suppose that C, is closed and convex for all n € N. For any v € C,;, we know that
d (v, y,) < d(v,x,) + K, is equivalent to

200, 06w = Jyn) < %ull® = lyull® + K.

That is, C,,1 is closed and convex, hence C, is closed and convex for all # € N.
We show by induction that F C C, for all n € N. It is obvious that F C C = C;. Suppose
that F C C, where n € N. Let g € F, we have

#(q,24) = :jil(lxn _)\nAxn))

¢(
V( r]xn - )\nAxn)
v(

IA

@, Fon = AnAn) + hnAxn) = 2007ty = AnAn) — G, AnA)

Vg, Jxu) - 2)\n<]_1(]xn — MnAxy) — q:Axn)

= ¢(q, %) = 20 (X0 — @, Axy) + 2(]_1(]75;4 — AAXy) — X, —)\nAxn)~ 3.2)
Since A is an «-inverse-strongly monotone mapping, we get

=2Au %y — q, Axy) = —2Au (% — @, Axy — Aq) — 20y (X0 — 4, Aq)
< =2X,{x, — q, Ax, — Aq)

= —2aA,||Ax, — Aql®. (3.3)
It follows from Lemma 2.17 that

2(]_1 Uxn — AnAX) — X, _)\nAxn> = 2(]_1 Uxn — AnAx) — ]_1 %), —)\nAxn>

= 2”]71 Jn = AnAxyy) _jil(lxn) ” (12 A%, |

IA

4
S V77U = 2t} = 77 G| 1A |
4
= 0_2 ”]xn - )\nAxn _]xn “ ”)‘nAxrl ”
4 2
= 6_2 ”)\nAxn”
4
= zglﬁHAanZ
4., 2
SEE%NAxn_AQH« (3.4)
Replacing (3.2) by (3.3) and (3.4), we get

4
?(q,2,) < d(q, %) — 200, || Ax, — Aql)* + C—ZA%,nAxn - Aq|?

2 2
= ¢(q»xn) +2Ay C_Z)Ln - ||| Ax, — Aq||

< ¢(q,xn). (3.5)
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From Lemma 2.11, we know that

&(q, un) = d(g, Ty, 20) < P(q,24) < P, %) (3.6)

Since § is a total quasi-¢-asymptotically nonexpansive multi-valued mapping and w,, €
S"x,, it follows that

(@ yn) = (0T (nfxn + BuWn + ViJthn))
= [1q1I* = 2{q, @l + BuJWn + VuJtbn) + | €uJn + BuJWn + YJitn||®
< au®(q, %n) + Bu®(q Wn) + vu (> )
< and(q%n) + Bud(@:%n) + BuvnV (H(q, %)) + Bulbn + Yu(q, )

< an (%) + Bud(@,%n) + Vu sup Y (D(q,%n)) + tn + Vud(q, 1)
qe

= n@(q>%n) + Bu®(q%n) + YuP(q, 1) + Ky

< ou@(q,%n) + Bu®(q %) + Vud(q, Tr,20) + Ky

< an®(qs %n) + Bu®(q: %n) + Yn(q,20) + K,y

< an (g, %n) + Bud(q, %n) + Yu (%) + Ky

< (g, x0) + Ky, (3.7)

where K, = v, sup,cp ¥ (¢(q, 1)) + -

This shows that g € C,;1, which implies that F C C,;;. Hence F C C,, for all » € N and
the sequence {x,} is well defined.

From the definition of C,,; with x,, = Il¢,%; and x,,1 = I¢,,, %1 € Cypi1 C C,, it follows
that

¢(xmxl) =< ¢(xn+1,x1), Vn > 1; (38)

that is, {¢(x,,,x1)} is nondecreasing. By Lemma 2.7, we get

DXy x1) = ¢(HCnx1;x1)
= (b(qrxl) - ¢(qrxn)
S d)(qrxl)r VCI € F' (3'9)
This implies that {¢(x,,x1)} is bounded and so lim,_, o ¢(x,,x1) exists. In particular, by
(1.4), the sequence {(||%,|| — llx1])?} is bounded. This implies {x,} is also bounded. So, we

have {u,}, {z,} and {y,} are also bounded.
Since %,, = ¢, %1 € Cy, C C,, for all m, n > 1 with m > n, by Lemma 2.7, we have

¢(xm:xn) = ¢(xm: HCnxl)
< O@Xm,x1) — @I, 0, %1)

= ¢(xm:xl) - ¢(xmx1))
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taking m,n — oo, we have ¢(x,,,x,) — 0. This implies that {x,} is a Cauchy sequence.
From Lemma 2.5, it follows that ||x, — x,,]| — 0 and {x,} is a Cauchy sequence. By the
completeness of E and the closedness of C, we can assume that there exists p € C such
that

lim x, = p, (3.10)

n—00

we also get that

n—00

lim K, = lim v, sup ¥ (¢(q, %)) + 1, = 0. (3.11)
n—00 qeF

Next, we show that p € F := F(S) N A~10 N EP(f).
(a) We show that p € F(S). By the definition of I1¢,x;, we have

¢(xn+1:xn) = ¢(xn+17 HCnxl)
< (i1, %1) — (I, %1, %1)

= ¢(xn+1;xl) - ¢(xn)x1)'
Since lim,,_, o, ¢ (%, %1) exists, we get
lim ¢(x,.1,%,) = 0. (3.12)
n— o0
It follows from Lemma 2.5 that
lim ||x,41 — %, = 0. (3.13)
n— 00

From the definition of C,,; and x,,,1 = ¢, ;%1 € Cyi1 C Cyy, we have ¢ (41, Y1) < d(Ki1,
xy) + K, — 0 as n — 00. By Lemma 2.5, it follows that

lim %41 — 3,1l = 0. (3.14)
n— 00

From lim,,_, o x,, = p, we also have
lim y, = p. (3.15)
n—0oQ

By using the triangle inequality, we get %, — yu || < [% —%us1 || + X001 = Yull = O as m — oo.
Since J is uniformly norm-to-norm continuous, we obtain ||Jx, — Jy,|| — 0 as n — co. On
the other hand, we note that

(@ %0) = (@) = I%ull® = 1yull® = 2(q, Jn — Jyu)

< N = ll (16 + yll) + 211l 1o = Tyl

In view of ||x, — y,|| = 0 and ||Jx, — Jy,|| — 0 as n — 0o, we obtain that

&(q,%0) = P(q,y,) > 0 asn— oo. (3.16)


http://www.fixedpointtheoryandapplications.com/content/2013/1/297

Saewan Fixed Point Theory and Applications 2013, 2013:297 Page 12 of 19
http://www.fixedpointtheoryandapplications.com/content/2013/1/297

From Lemma 2.17, we have

(@ yn) = (0T nxn + BuJWn + ViJtin])
< N1qll* = 2(q, s + BuIWn + VuJttn) + | 0tufn + BuJWy + yuJutn |I*
— ot Bug (Itn — Iwa )
= 0u®(q,%n) + Bu® (@ Wn) + V(> thn) — uBug (110 — JWull)
< &(q@,%n) + K = ctuBug (Iloen = IWn ). (317)

It follows from liminf,_, o @, B, > 0, (3.16), (3.11) and the property of g that
lim ||Jx, —Jw,l|l = 0.
n—0o0

Since J!is uniformly norm-to-norm continuous, we obtain
lim ||x, —wy]|| = 0. (3.18)
n— o0

From (3.10) it follows that
lim [|w, - pl| =0. (3.19)
n—0oQ

For w, € §"x,, generate a sequence {s,} by

So €Swy C Sle,
3 € Swy C 33,

S4 € Swy C S*xs,

Sns1 € Swy, C Sy,

On the other hand, we have ||s,.1 — p|l < Isys1 — Waull + [lwn — p||. Since S is uniformly

asymptotically regular, it follows that

lim |, - pll =0, (3.20)
n—00

we have
lim | "%, - p| =0, (3.21)
n—00

that is, S§"x,, — p as n — co. From the closedness of S, we have p € F(S).
(b) We show that p € A™10.
From the definition of C,,; and %41 = T, %1 € Cpi1 C Cy, we have (%41, 2,) < P (K11,

%x4) + K, = 0 as n — oo. By Lemma 2.5, it follows that lim,_, « [|%4:+1 — 2u|l = 0. By the
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triangle inequality, we get [lx, — 2|l < ll%y — Xus1ll + %411 — 2ull = 0 as n — oco. From
lim,,— 0 |2 — %4 || = 0 and from (3.10), it follows that

lim z, = p. (3.22)
n— 00
Since J is uniformly norm-to-norm continuous, we also have

Jim 17z, = Jx, || = 0. (3.23)

Hence, from the definition of the sequence {z,}, it follows that

[z = Jxu |l
lAx, || = ———. (3.24)
An
From (3.23) and the definition of the sequence {1,}, we have
lim ||Ax,| =0, (3.25)
n—00
that is,
lim Ax, = 0. (3.26)
Since A is Lipschitz continuous, it follows from (3.10) that
Ap =0. (3.27)

Again, since A is Lipschitz continuous and monotone so it is maximal monotone. It follows
from Lemma 2.18 that p € A710.

(c) We show that p € EP(f).

From x,,y, — 0 and K, — 0 as n — oo and applying (3.7) for any g € F, we get
lim,,_, o0 #(q, u,) — ¢(q, p), it follows that

¢(umxn) = ¢(Trnrxn)
S ¢(q7xn) - ¢(q! Trnxn)
= ¢(q,%n) — $(q, un).-

Taking limit as » — oo on the both sides of the inequality, we have lim,,_, oo ¢ (1, %,,) = 0.
From Lemma 2.5, it follows that

lim [|s, — %, = 0 (3.28)
n— o0

and
lim u, =p. (3.29)
n— 00

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

lim ||Ju, —Jzu| = 0.
n—00
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— 0 asn— oo and

Since r,, > 0 for all # > 1, we have w

1
fluny) + r—(y—u,,,]un —Jzy) =0, VyeC.

From (A2), the fact that

ly = tnll =————— =
T T,

n

Vot ~Jzull l<y — Uy Jihy — J2n)

= —f(Mm}/)
zf(yr uy), VyeC,

taking the limit as # — oo in the above inequality and from the fact that 4, — p asn — oo,
it follows that f(y,p) <O forally € C.Forany 0 < ¢ < 1, define y, = ty+ (1 —t)p. Then y, € C,
which implies that f(y;, p) < 0. Thus it follows from (A1) that

0=Ffey) <tfyey) + A =00 p) <tf O1:9),

and so f(y;,y) > 0. From (A3) we have f(p,y) > 0 for all y € C and so p € EP(f). Hence, by
(a), (b) and (c), that is, p € F(S) N A~10 N EP(f).

Finally, we show that p = I1gx;. From %, = 1,1, we have (Jx; — Jx,,x, — z) > 0 for all
z € C,. Since F C C,,, we also have

(J1 = Jxn, %, —p) >0, VpeF.
Taking limit » — oo, we obtain
1 ~Jp,p-p) =0, VpeF.

By Lemma 2.6, we can conclude that p = I1gx; and x, — p as n — oo. The proof is com-
pleted. d

Next, we define z,, = [T/ (Jx,, — A,Ax,) and assume that ||Ay|| < ||Ay — Au| forally € C
and u € VI(A, C) # ). We can prove the strong convergence theorem for finding the set of
solutions of the variational inequality problem in a real uniformly smooth and 2-uniformly
convex Banach space.

Remark 3.2 (Qin et al. [7]) Let I1¢ be the generalized projection from a smooth strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then
I1¢ is a closed quasi-¢-nonexpansive mapping from E onto C with F(Il¢) = C.

Corollary 3.3 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (A1)-(A4), and let A be an «-inverse-strongly monotone mapping of C into E* sat-
isfying || Ay|| < ||Ay — Aul for all y € C and u € VI(A,C) #9. Let S : C — 2 be a closed
and total quasi-¢p-asymptotically nonexpansive multi-valued mapping with nonnegative
real sequences vy, (L, With v, — 0, i, — 0 as n — oo and a strictly increasing continuous
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Sfunction ¥ : R* — R* with y(0) = 0. Assume that S is uniformly asymptotically regular on
C with g = 0 and F := F(S) N EP(f) N VI(A, C) # . For arbitrary x; € C, C; = C, generate

a sequence {x,} by

2, = N7 Jay — AnAxy),

Uy = Tr,%p,

Y =T uJxn + B Wi + ViJtbn), Wy € "%y, (3.30)
Cun1 = {ve€Cr:d(v,yn) < d(v,24) < (v, ) + Ky},

Xp =g, %1, neN,

where K, = v, sup,cp ¥ (¢(q, %)) + [tn. Assume that the control sequences {a,}, {Bu}, {vu},
{\.} and {r,} satisfy the following conditions:
1. {on}, {Bn} and {y,} are sequences in (0,1) such that o, + By + vy =1,
liminf,_, » o, B, > 0,
2. {An} Cla,b) for some a, bwith0<a<b< EZT"’ and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,
then {x,} converges strongly to T1gx;.

Proof For g € F and I¢ is quasi-¢-nonexpansive mapping, we have
¢(Qy Zn) = ¢(q¢ chil(]xn - )"nAxn)) S ¢(q7]71(]xn - )\nAxn))
So, we can show that p € VI(A4, C).
Define B C E x E* by Theorem 2.14, B is maximal monotone and B0 = VI(4, C). Let
(z,w) € G(B). Since w € Bz = Az + N¢(z), we get w — Az € N¢(2).
From z, € C, we have
(z—z,,w—Az) > 0. (3.31)
On the other hand, since z, = [1¢J ' (Jx,, — A,Ax,). Then, by Lemma 2.6, we have

(2 = 2 Jzn — Jn — AnAx,)) > 0,

and thus

< ]xn _]Zn
Z—Zp,

n

—Axn> <0. (3.32)

It follows from (3.31) and (3.32) that

(z—2z4,w) = (z2—24,Az)

> (z—2z,,Az) + <z -2 ]x"): Jn —Ax,,>

n

= (z—2z,Az— Ax,) + <z —Zy, ————
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Xy — J2
= (2 -2, Az - Az,) + (2 — 2, AZy — Ax,) + <z—zn,] ")L / ">
n

12 — %] 1 — Jzu

> —|lz = zul /= — |z — zu| ————
o

- _M(Hzn — Xl . ”]xn_]Zn”),

o a

where M = sup,..; ||z - z,||. From ||x, — z,|| — 0 as n — oo and (3.23), taking lim,,_,, on
the both sides of the equality above, we have (z—p, w) > 0. By the maximality of B, we have
p € B0, thatis, p € VI(A, C). From Theorem 3.1, we have p € F(S)NEP(f)N VI(A, C). The
proof is completed. ]

Let A be a strongly monotone mapping with constant k, Lipschitz with constant L > 0,
that is,

lAx — Ayl < Lllx-yl, Vx,y € D(A),
which implies that
1
TlAx =y <=5l VayeDA).
It follows that
2k 2
(Ax — Ay, x —y) > kllx = y[” > Z||Ax—Ay||

hence A is a-inverse-strongly monotone with « = % Therefore, we have the following

corollaries.

Corollary 3.4 Let C be a nonempty closed and convex subset of a uniformly smooth
and 2-uniformly convex Banach space E. Let f be a bifunction from C x C to R sat-
isfying conditions (A1)-(A4), and let A : E — E* be a strongly monotone mapping with
constant k, Lipschitz with constant L > 0. Let S: C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
Vy, Un With v, — 0, u, — 0 as n — oo and a strictly increasing continuous function
Y RY — R* with ¥(0) = 0. Assume that S is uniformly asymptotically regular on C with
w1 =0 and F := F(S) N EP(f) N A™L0 # @. For arbitrary x; € C, C| = C, a sequence {x,} is
generated by

2y =] ey — MnAXy),

Uy = Tr, 2y,

Vn =T @J%n + B Wn + YuJthn)s Wy € S"%y (3.33)
Cr1 ={v € Cy: 0, 30) < (v, 24) < P(v,x0) + Kir},

xXpi1 = Mg, %1, nE N,

where K, = v, SUP,cr Y (d(q, %)) + Wy Assume that the control sequences {a,}, {Bu}, {vu}
{\y} and {r,} satisfy the following conditions:
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1. {au}, {Bn} and {y,} are sequences in (0,1) such that o, + B, + vy =1,
liminf,_, » o, B, > 0,
2. {An} Cla,b) for some a, bwith0<a<b< CZZ—L" and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,
then {x,} converges strongly to T1gx;.

Corollary 3.5 Let C be a nonempty closed and convex subset of a uniformly smooth and
2-uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying con-
ditions (Al)-(A4), and let A : C — E* be a strongly monotone mapping with constant k,
Lipschitz with constant L > 0 satisfying || Ay|| < ||Ay—Au|| forally € Candu € VI(A,C) # 0.
Let S: C — 2 be a closed and total quasi-¢-asymptotically nonexpansive multi-valued
mapping with nonnegative real sequences v, (L, With v, — 0, i, — 0 as n — 0o and a
strictly increasing continuous function  : R* — R* with y(0) = 0. Assume that S is uni-
formly asymptotically regular on C with puy = 0 and F := F(S) N EP(f) N VI(A, C) #@. For
arbitrary x; € C, C; = C, generate a sequence {x,} by

2y = Ny — AnAxy),

Uy = Tr,%n,

Y =T uJxn + BWn + ViJtbn), Wy € "%y, (3.34)
Cun1 = {v€Cr:d(v,yn) < ¢V, 24) < (v, ) + Ky},

Xn+l = HC,Hlxl’ ne N:

where Ky, = vy Sup cp ¥ (¢(q, %)) + iy Assume that the control sequences {ct,}, {Bu}, {vu}s
{L.} and {r,} satisfy the following conditions:
1. {au}, {Bn} and {y,} are sequences in (0,1) such that o, + By + vy =1,
liminf,_, » o, B, > 0,
2. {An} Cla,b] for somea, bwithO<a<b< CZZ—L" and % is the 2-uniformly convex
constant of E,
3. {ru} C [d, 00) for some d > 0,

then {x,} converges strongly to T1gx;.

Let F be a Fréchet differentiable functional in a Banach space E and VF be the gradient
of F, denote (VF)™'0 = {x € E: F(x) = min,ee F(y)}. Baillon and Haddad [34] proved the

following lemma.

Lemma 3.6 (Baillon and Haddad [34]) Let E be a Banach space. Let F be a continuously
Fréchet differentiable convex functional on E and VF be the gradient of F. If VF is é—

Lipschitz continuous, then VF is an a-inverse strongly monotone mapping.
We replace A in Theorem 3.1 by VF, then we can obtain the following corollary.
Corollary 3.7 Let C be a nonempty closed and convex subset of a uniformly smooth

and 2-uniformly convex Banach space E. Let | be a bifunction from C x C to R satisfy-
ing conditions (Al)-(A4). Let F be a continuously Fréchet differentiable convex functional


http://www.fixedpointtheoryandapplications.com/content/2013/1/297

Saewan Fixed Point Theory and Applications 2013, 2013:297

http://www.fixedpoi

on E and VF be é—Lipschitz continuous. Let S : C — 2€ be a closed and total quasi-
¢-asymptotically nonexpansive multi-valued mapping with nonnegative real sequences
Vi, Un With v, — 0, w, — 0 as n — oo and a strictly increasing continuous function
¥ RY — R* with ¥(0) = 0. Assume that S is uniformly asymptotically regular on C with
w1 =0 and F := F(S) N F(T) N EP(f) N A™10 # @. For an initial point x, € E, C, = C, define

nttheoryandapplications.com/content/2013/1/297

the sequence {x,} by

where u, = sup{ies, (11}, v, = sup{vs, v}, ¥ = sup{y®, 7}, ky = vy sup,c x ¥ (@(g, %)) + -
Assume that the control sequences {,}, {Bu}, {Vn}, {An} and {r,} satisfy the following

2y =] %y — A VEx,),

Uy = Trnxn:

Cn+1 = {V € Cn :¢(V)yn) < ¢(V’ Zn) < ¢(V’xn) + I(n}:

X =g, %1, neEN,

conditions:

1. {a,}, {Bn} and {y,} are sequences in (0,1) such that o, + B, + vy =1,
liminf,_, o &, B8, > 0 and liminf,_, ., &,y > 0,

2. {An} Cla,b] for some a, bwithO<a<b< ”27"‘ and the 2-uniformly convex constant %
of E,

3. {ru} C [d, 00) for some d > 0,

then {x,} converges strongly to T1gx;.
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