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1 Introduction

The Banach contraction principle asserts that a contraction on a complete metric space
has a unique fixed point and its proof hinges on ‘Picard iterations’ This principle is appli-
cable to a variety of subjects such as integral equations, partial differential equations and
engineering of image processing.

Many important nonlinear problems of mathematics reduce to nonlinear functional
equations such as nonlinear integral equations and boundary value problems for non-
linear ordinary or partial differential equations which can be translated in terms of a fixed
point equation Tx = x for a given nonlinear mapping 7 on a Banach space or a metric
space.

Browder and Petryshyn [1] solved the equation

x—Tx=f (1.1)

for a given element f of X (Banach space) and described its relation with the properties of

Picard iterates, i.e., the sequence {x,} where
Xn+l = Txn +f

for an initial value xg.

We know that Picard iterates of nonexpansive mappings fail to converge even on a Ba-
nach space. Therefore, Mann [2] iterates were introduced to approximate fixed points of
nonexpansive mappings. Mann iterates were not adequate for the approximation of fixed

points of pseudocontractive mappings and this led to the introduction of Ishikawa iterates

[3].
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Let C be a nonempty subset of a metric space (X,d). A mapping T of C into itself
is (i) asymptotically nonexpansive if there is a sequence {k,} C [1,00) with k, — 1 as
n — oo and d(T"x, T"y) < k,d(x,y) for all x,y € C (when k, =1 for each n > 1, it be-
comes nonexpansive); (ii) semi-continuous if for any bounded sequence {x,} in C sat-
isfying d(x,, Tx,) — 0, there exists a subsequence {x,,} of {x,} such that x,, — x € C;
(iii) completely continuous if every bounded sequence {x,} in C implies that {Tx,} has a
convergent subsequence.

Nonexpansive mappings (the class of nonlinear mappings containing contractions as a
subclass) remain a popular area of research in various fields. The iterative construction of
fixed points of these mappings is a fascinating field of research. The fixed point problem
for some nonlinear mappings has been studied on linear as well as nonlinear domains
[4-8].

Numerous papers have appeared on the iterative construction of fixed points of asymp-
totically nonexpansive and asymptotically quasi-nonexpansive mappings in uniformly
convex Banach spaces [3, 4, 7, 9-18].

The Ishikawa iterative scheme for two asymptotically nonexpansive mappings S and T
is defined as

x1=x€C,
KXnel = Oy T"J/n + (1 - an)xm (12)
Yn = ﬂnsnxn + (1= Bu)xy, n=>1,
where «,, 8, € I = [0,1].
For S = T in (1.2), we have an Ishikawa type iterative scheme for one mapping [19]
x1=x€C,
Xn+l = Oy T"}’n + (1 —ap)xy, (1.3)

In = ﬂn Tnxn + (1 - ﬂn)xm n>1
When g, = 0 in (1.2), we have the Mann [2] type iterative scheme

x1=x€C,
(1.4)
Xpe1 =0 T, + (1 —a)x,, n>1.

Rhoades [16] established Mann and Ishikawa type convergence results as two separate
results as follows.

Theorem 1 ([16], Theorem 2) Let C be a nonempty bounded, closed and convex subset of
a uniformly convex Banach space. Let T be a completely continuous asymptotically non-
expansive mapping on C with k, > 1 satisfying > -, (k, — 1) < cc. Define {a,} to satisfy
e<a,<l-c¢foralln>1ande>0. Then the Mann type iterative scheme {x,} in (1.4)
converges to a fixed point of T .

Theorem 2 ([16], Theorem 3) Let C be a nonempty bounded, closed and convex subset of
a uniformly convex Banach space. Let T be a completely continuous asymptotically nonex-
pansive mapping on C with k, > 1 satisfying Y .-, (k, — 1) < 0o. Define {o,}, { B} to satisfy
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e<l-a,l-B,<1-c¢foralln>1ande >0. Then the Ishikawa type iterative scheme
{x,.} in (1.3) converges to a fixed point of T.

An extension of a linear version (usually in Banach spaces) of a known result to metric
fixed point theory has its own importance. As Mann and Ishikawa iterative schemes in-
volve general convex combinations, we need some convex structure in a metric space to
investigate their convergence on a nonlinear domain.

Let (X, d) be a metric space. Suppose that there exists a family / of metric segments such
that any two points x, y in X are endpoints of a unique metric segment [x,y] € F ([x,y] is
an isometric image of the real line interval [0, d(x, y)]). We shall denote by ax & (1 — «)y
the unique point z of [x, y] which satisfies

dix,z)=(1-a)d(x,y) and d(z,y) =ad(x,y) forael.

Such metric spaces are usually called convex metric spaces [20]. One can easily deduce
0x®1ly=y,1x® 0y =x and ax @ (1 — @)x = x from the definition of a convex metric space
[21-24].

A convex metric space X is hyperbolic if
d(ax S1l-a)y,azd(1- a)w) <adx,z)+ 1 -a)d(y,w)

forall x,7,z,w € X and « € I (see also [25]).

For z = w, the hyperbolic inequality reduces to convex structure [26]
d(ax e 1-w)y, z) <adx,z)+ (1 -a)d(y,z). (1.5)

A nonempty subset C of a convex metric space X is convex if ax & (1 — o)y € C for all
x,y€Candx €1.

Normed spaces and their subsets are linear hyperbolic spaces while Hadamard mani-
folds [27], the Hilbert open unit ball equipped with the hyperbolic metric [28] and the
CAT(0) spaces qualify for the criteria of nonlinear hyperbolic spaces [21, 23, 24, 29].

A convex metric space X is uniformly convex if
. 1 1 1
8(r,e) = 1nf{1 - —d(a, Ex ® 53/) sd(a,x) <r,d(a,y) <r,dx,y) > re} >0
r

foranyae X,r>0and ¢ > 0.

From now onwards we assume that X is a uniformly convex hyperbolic space with the
property that for every s > 0, ¢ > 0, there exists 7(s, ¢) > 0 depending on s and ¢ such that
8(r,e) > n(s, &) > 0 for any r > .

Xu [30] extensively used the concept of p-uniform convexity (see also [31, p.310]); its
nonlinear version for p = 2 was introduced by Khamsi and Khan [8] as follows:

Forafixedae X,r>0, ¢ >0, define

WY(r,e) =inf la’( )2+ld( V2 —d leal ’
,€) = 5 a,x 5 a,y a,zx 2y )
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where the infimum is taken over all x,y € X such that d(a,x) < r, d(a,y) < r and
d(x,y) > re.
We say that X is 2-uniformly convex if

.| W(re)
cy = inf T:r>0,e>0 > 0.
r’e

It was shown in [8] that any CAT(0) space is 2-uniformly convex with ¢y = %.

Using the concept of a unique point ax @ (1 — )y in a metric segment [x, y], we express
(1.2)-(1.4) in a convex hyperbolic space as follows:

Ishikawa iterative scheme for two mappings

x1=x€C,
Xp+l = Oy Tn_yn ® (1 - an)xn: (16)

Vn = PuS" % ©@ (L= Bu)x,, n>1,

where 0 <, 8, <1.

Ishikawa iterative scheme for one mapping

x=x€C,
Xp+l = Oy Tnyn ) (]- - an)xn: (17)

V=BT "%, ® Q- Bp)xy,, n>1.
Mann iterative scheme

x1=x€C,
(1.8)
Kntl = Oy Tnxn @ (1 - an)xn: n>1.

In the sequel, the following results are needed.

Lemma 1 [7] Suppose that X is a 2-uniformly convex hyperbolic space. Then, for any o €
(0,1), we have that

d(u, ax® (1- a)y)2 <ad(u,x)? + (1 - a)d(u,y)? - 4cy min{az, (1-a)? }d(x,y)2
forany u,x,y € X.
Lemma 2 [18] Let {r,}, {s,} and {t,} be nonnegative real sequences and satisfy

ol <A +s)rn+t, foralln=>1.
IfFY 2 su<ooandy ) by < 00, then lim,,_, o0 1, €xists.

Our purpose in this paper is to approximate a common fixed point of two asymptoti-
cally nonexpansive mappings through iterative scheme (1.6) in 2-uniformly convex hyper-
bolic spaces. This work provides a unified approach to convergence results for Mann and
Ishikawa iterative schemes.
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2 Convergence in 2-uniformly convex hyperbolic spaces
Weset F(T)={x e X:Tx=x}and F=F(S)NF(T) # 0.

Lemma 3 Let C be a nonempty convex subset of a hyperbolic space X, and let S,T : C — C
be asymptotically nonexpansive mappings with sequence {k,} C [1,00) such that -, (k, -
1) < co. Then, for the sequence {x,} in (1.6), lim,,_, o d(x,, p) exists for all p € F.

Proof Let p € F. By (1.5) and (1.6), we have

A1, p) = (@ Ty, & (1 - )%, p)
< aud(T"yn,p) + (1 — ) (%, p)
< auknd(y, p) + (1 - a)d(xn, p)
= auknd(BrS"%, @ (1 = Bu)xn, p) + (1 — ) (%, p)
< k[ Bud ("%, p) + (1= Bu)d (%, p) | + (1 = ) (%1, p)
< 0, B,k; (%, p) + (1 = B)knd (%, ) + (1 - @,)d (%1, )
< uBukyd () + (1 = Bk (s, p) + (1~ o)k (6, p)
= k2d(x,, p).

That is,

(%1, p) < krd(x,, p). (21)
Since {k,} is bounded, therefore

d(xpa1,p) < [1+ Mk, - 1)]d(xp),

where M = sup,.(k, +1). As M > (ky — 1) < 00, so by Lemma 2, lim,,, o0 d(x,,, p) exists.
|

Lemma 4 Let C be a nonempty convex subset of a hyperbolic space X, and let S,T : C — C
be asymptotically nonexpansive mappings with sequence {k,} C [1,00) such that -, (k, -
1) < co. Then, for the sequence {x,} in (1.6), we have that

A, p) < (% p)
foralln>ny>2,peF and somes> 0.

Proof With the help of inequality x < &*! for x > 1 and (2.1), we have

d(xml?) = kZ,ld(xn—l»p)
<&V d(x, 1, p)
<...

S...
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S 32 Z/"q:_nlo (kj_l)d(xno;P)
< @2 d ()

= sd(x,,,p) wheres=é LD, O

Theorem 3 Let C be a nonempty closed and convex subset of a complete hyperbolic space
X, and let S, T : C — C be asymptotically nonexpansive mappings with sequence {k,} C
[1,00) such that y .-, (k, — 1) < cc. Then {x,} in (1.6) converges to a point in F if and only
ifliminf,_, o d(x,, F) = 0, where d(x, F) = inf{d(x, p) : p € F}.

Proof We only prove sufficiency. Suppose that liminf,,_, o d(x,, F) = 0. It has been shown
in the proof of Lemma 3 that d(x,,1, p) < k>d(x,, p). By the properties of inf, we have that
d(x41, F) < k2d(x,, F) and hence, by Lemma 2, lim,,_, o, d(x,, F) exists. Therefore the hy-
pothesis liminf,_, o d(x,, F) = 0 gives that lim,_, o d(x,, F) = 0. Next we show that {x,}
is a Cauchy sequence. Let ¢ > 0. Since lim,,_, o d(x,,, F) = 0, there exists ny > 1 such that
d(xny, F) < 5.. Hence there must exist g € F such that d(x,,,¢) < 5.

Now, for any n > m > ny, we have from the estimate in the proof of Lemma 4

d(xn+mxxn) = d(xnwmp) + d(xnxp)

< 25d(x,,p) < €.

This proves that {x,} is a Cauchy sequence. Since X is complete and C is its closed subset,
therefore lim,,_, oo x, = g € C. Now lim,,_, o d(x,,, F) = 0 gives that d(g, F) = 0. As F is closed,
sogeF. g

Lemma 5 Let C be a nonempty convex subset of a 2-uniformly convex hyperbolic space X,
andletS,T : C — C be asymptotically nonexpansive mappings with sequence {k,} C [1,00)
such that Y., (k, — 1) < 00. Define {a,} and {B,} to satisfy 0 < & < ay, By <1— ¢ for all
n > 1. Then, for the sequence {x,} in (1.6), lim,_, oo d(Sx,,x,) = 0 = lim,,_, oo d(Tx,, %,,).

Proof Let p € F. Then, by Lemma 1, we have

A1, p)? = (0 Ty & (1— )% p)°
< @, d(T"yp)" + (L= ) (%, p)?
— 4cyminfe, (1 - oz,,)z}d(T"yn,xn)2
< 6ud(T"yn,p)” + (1 - ), p)?
—deya(l - oz,,)zd(T"yn,xn)2
< auknd(yn, p)* + (1= ), p)°
_ 4cMs"‘d(T”yn,xn)2
= 0uk2d(BuS"%n ® (1 B)%m,p)”
+(1- ozn)al(x,,,p)2

- 4CM012(1 - Ol)zd(Tnymxn)z
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< QKB (S 50,)” + k(L= Bo)el ()
- 4cMa,,k5 min{f}ﬁ, 1- /3,,)2}a,’(T"y,,,xn)2
+ (1= n)d(xn, p)* — depre*d(T" Yy %)
< @uBukyd (%, p)? + au(1 = B)kd (%, p)?
+ (1 - a,)d(x,, p)*
- 4chﬁ£5d(T”x,,,x,,) - 4cM84d(T"yn,xn)
< auBukd (%, p)* + (1 = o)k d (%, p)*
+(1- oz,,)k:d(x,,,p)2
— 4eyk2 e d(T %, x0) — dce>d( Ty %)
= kfla’(xn,p)2 - 4ch£85d(S”x,,,xn) - 4cM84d(T”yn,xn)
= d(x,,p)* + (kﬁ - l)d(x,,,p)2 — 4ch585d(S”xV,,x,,)

—dcye*d(T" Y, %)
Since lim,,_, » d(x,, p) exists, therefore we have
Axni1,p)* < dx, p)* — depe® d(T" %0, %) — depr®d(T"yn x0) + (Ky = 1)M

for some M > 0.

This inequality implies the following two important inequalities:
depe*d(T Y %n) < d(xnp)* — A1, p)* + (K} —1)M (2.2)
and
4cM85d(S”x,,,xn) <d(x,,p)* — dxp1,p)* + (kﬁ - l)M. (2.3)

Let m be any positive integer. Summing up the terms from 1 to 7 on both sides in in-
equality (2.2), we have

dcppet Zd(T”y,,,x,,) <d(x,p)* —dxma,p)* + Z(kﬁ - l)M
n=1 n=1
<d,p) + ) (ki -1)M.
n=1
When m — oo in the above inequality, we get that
o0
4cpre* Z A(T"yn, %) < 00,
n=1
and hence
lim d(T"y,,,x,,) =0. (2.4)

n—00
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Adapting a similar procedure for inequality (2.3), we get that

lim d(S”x,,,x,,) =0. (2.5)

n—00

Therefore the inequality

(T 50 50) < (T T") + ATy )
< knd (%, yn) + A(T" Y1, %)
= knd (%0, BuS"%0 ® (1 = B)xn) + d(T" s %)
= knBud (% S"%) + d(T" Y1, %)
< Ky (20, S" ) + d(T"y, %)

together with (2.4) and (2.5) gives that

lim d(T"%,,%,) = 0.

n—00

Next we prove that
lim d(Sx,,x,) =0 = lim d(Tx,,x,).
n—00 n—00

Note that

d(xnﬂrxn) = d((xn Tnyn ® (1 - arz)xnxxn)
= oe,,d(T”yn,x,,)

<(1-&)d(T"yu,x,) >0 asn—> oo.
Finally,

A% i1, S%pi1) < d(xnﬂx Sn+lxn+l) + d(sxnﬂ» Sn+1xn+1)
= d(xnﬂx Sn+lxn+1) + kld(xml: Snanrl)
<k [d(x,,+1,x,,) + d(x,,, S”x,,) + d(S”x,,,S"x,,+1)] + d(x,,+1, S”*lxml)
E d(xn+17 Sn+lxn+1) + kld(xm Snxn) + kl(l + kn)d(xnﬂr xn)
gives that
lim d(Sx,,x,) = 0.
Similarly,
lim d(71x,,x,) = 0.

That is,

lim d(Sx,,x,)=0= lim d(Tx,,x,). O
n—00

H—>0Q
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The following concept is needed to proceed further.
Let f be nondecreasing on [0, 00) with f(0) = 0 and f(¢) > O for all £ € (0, 00). Then the
mappings S, T : C — C with F # ) satisfy Condition (A) if

d(x, Tx) Zf(d(x,F)) or d(x,Sx) Zf(d(x,F)) forx e C.

Using Condition (A) and Theorem 3, we prove a convergence theorem in complete 2-
uniformly convex spaces as follows.

Theorem 4 Let C be a nonempty convex subset of a complete 2-uniformly convex hyper-
bolic space X. Let S, T : C — C be asymptotically nonexpansive mappings with sequence
{ky} C [1,00) such that y .-, (k, —1) < 0o and satisfy Condition (A). Define {a,} and {B,} to
satisfy 0 < & < ay, B, <1—¢ for n > 1. Then the sequence {x,} in (1.6) converges to a point
inF.

Proof By Lemma 5, lim,,_, oo d(Sxy,%,,) = 0 = lim,,, o d(Tx,, x,). Using Condition (A), we
get that lim,_, o d(x,, F) = 0. Now Theorem 3 gives that {x,} converges to a point in F.
O

Another convergence theorem is established in the following result under any of Con-
ditions (ii)-(iii) without requiring the completeness of the space X.

Theorem 5 Let C be a nonempty convex subset of a 2-uniformly convex hyperbolic space X .
Let S,T : C — C be asymptotically nonexpansive mappings with sequence {k,} C [1,00)
such that ", (k, — 1) < 0o and either S or T is semi-compact. Define {a,} and {B,} to
satisfy 0 < & < oy, B, <1 —¢ for all n > 1. Then the sequence {x,} in (1.6) converges to a
pointinF.

Proof Lemma 5 gives that lim,,—, oo d(Sxy, %) = 0 = limy,—, o0 d(Txy,, x,). Suppose that T is
semi-compact. Since lim,,_, o, d(x,, p) exists, therefore {x,} is bounded. As lim,,_, o, d(Tx;,
x,) = 0 and T is semi-compact, so there is a subsequence {x,} of {x,} such that
x4, = q € C, and hence Tx,, — Tg and Sx,, — Sq. Therefore lim,_, o d(Sx,,,%,,) = 0 =
lim;_, oo d(T%y,,%,,) implies that d(Sq,q) = 0 = d(1q,q). That is, g € F. As lim,,_, oo d(%, p)
exists and x,, — g, therefore x, — q. g

Let{T;:i=1,2,...,k} be a family of mappings on C. The multi-step iteration scheme of
Khan et al. [12] may be adapted in a convex hyperbolic space as follows:
X1 = (1 — )% D T/?y(k—l)m
V-1 = (1 = e-1yn)%n © e1)n Ty 1Y k-2
Yk-2)n = (L = &—2yn)%n B tk—2yn Ti_oV(k=3)n>
(2.6)
Yon = (1 - aZn)xn @ a2y T;yln:

Yin = 1 — o1)%, ® 1, T1 Yon,

where yo, = x, forall n > 1.
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Following the line of action of the proofs of Theorem 3 and Lemma 5, we can easily

prove the following results.

Theorem 6 Let C be a nonempty closed and convex subset of a complete 2-uniformly
convex hyperbolic space X, and let {T;:i=1,2,...,k} be a family of asymptotically quasi-
nonexpansive self-mappings of C, i.e., d(T}'x, p;) < u;,d(x,p;) for all x € C and p; € F(T;),
i=1,2,...,k. Suppose that F, = ﬂfﬂF(Ti) #0,x1 € Candy . (i —1) < 0o for all i. Then
the iterative sequence {x,}, defined by (2.6), converges to a common fixed point of the family
of mappings if and only if liminf,_, o d(x,, F;) = 0.

Theorem 7 Let C be a nonempty closed and convex subset of a 2-uniformly convex hy-
perbolic space X, and let {T;:i=1,2,3,...,k} be a family of asymptotically nonexpansive
mappings of C, i.e., d(T]'x, p;) < uind(x, p;) for all x € C and p; € F(T;), where {u;,} are se-
quences in [1,00) with Y -, (i, —1) < 00 foreach i € {1,2,3,...,k}. Assume that F, # ) and
the sequence {x,} is in (2.6) with «;, € [3,1 - §] for some § € (0, % Af for some i,1<i<k,

T; is semi-compact, then {x,} converges to a point in F).

Remark 1 (1) Theorem 5 extends (unifies) Theorem 2 of Khan and Takahashi [14] (The-
orems 1-2) in the setting of 2-uniformly convex hyperbolic spaces.

(2) Theorem 6 establishes Theorem 1 by Qihou [15] together with its Corollaries 1 and 2,
which are themselves extensions of the results of Ghosh and Debnath [11] and Petryshyn
and Williamson [32], for two asymptotically nonexpansive mappings on a 2-uniformly
convex hyperbolic space.

(3) All the results of this paper, in particular, hold in CAT(0) spaces.

Remark 2 In a uniformly convex Banach space B, iterative scheme (2.6) for nonexpansive
mappings becomes the scheme (x) of Kuhfittig ([29], p.137) which he applied to solve the
system of equations of the type

x=Sx=f; fori=1,2,3,...,m,

where each §; is a nonexpansive self-mapping on X and each f; is a given element of X.
Following Kuhfittig [29], we can apply our iteration scheme (2.6) to find a solution of the

system of equations of the type
x-Slx=f fori=1,2,3,...,m (2.7)

for a family {S;} of asymptotically nonexpansive mappings on B.
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