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Abstract

In this paper we utilize the notion of £2-distance in the sense of Saadati et al. (Math.
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1 Introduction

The concept of G-metric space was introduced by Mustafa and Sims [1]. After that, many
authors constructed fixed point theorems in G-metric spaces. In [2] and [3], common fixed
points results for mappings which satisfy the generalized (¢, ¥/)-weak contraction are ob-
tained. In [4], the author proves a common fixed point theorem for two self-mappings
verifying a contractive condition of integral type in G-metric spaces. In [5, 6] and [7],
tripled coincidence point results for a mixed monotone mapping in G-metric spaces are
established; also see [8]. Some common fixed point results for two self-mappings, one of
them being a generalized weakly G-contraction of type A and B with respect to the other
mapping, are stated in [9]. Fixed point theorems for mappings with a contractive iterate
at a point are formulated in [10] and in [11]. Papers [12] and [13] refer to common fixed
point theorems for single-valued and multi-valued mappings which satisfy contractive
conditions on G-metric spaces. In [14] and [15], theorems from G-metric spaces are used
to obtain several results on complete D-metric spaces. Various contractive conditions on
G-metric spaces which lead to fixed point results are stated in [16]. Paper [17] deals with
the existence of fixed point results in G-metric spaces. In [18], common fixed point theo-
rems with ¢-maps on G-cone metric spaces are established. In [19], a general fixed point
theorem for mappings satisfying an ¢-implicit relation is proved. Paper [20] states fixed
point theorems for mappings satisfying ¢-maps in G-metric spaces. Mohamed Jleli and
Bessem Samet [21] in their nice paper pointed out that the quasi-metric spaces play a ma-
jor role to construct some known fixed point theorems in a G-metric space. For other
recent results in G-metric spaces, please see [22-24].

The coupled fixed point is one of the most interesting subjects in metric spaces. The
notion of coupled fixed point was introduced by Bhaskar and Lakshmikantham [25], and
the notion of coincidence coupled fixed point was introduced by Lakshmikantham and
Ciri¢ [26]. In recent years many authors established many nice coupled and coincidence
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coupled fixed point theorems in metric spaces, partial metric spaces and G-metric spaces.
For some works on this subject, we refer the reader to [27-38].

2 Preliminaries

It is fundamental to recall the definition of G-metric spaces.

Definition 2.1 ([1]) Let X be a nonempty set. G: X x X x X — X is called G-metric if the
following axioms are fulfilled:

(1) G(x,9,2) =0 if x = y = z (the coincidence);

(2
(3

) G(x,x,y)>0forallx,ye X, x#y;
)

(4) G(x,9,2) = G(p{x,y,2}) for each permutation of {x,y,z} (the symmetry);
)

G(x,x,z) < G(x,9,2) for each triple (x,7,z) from X x X x X with z #y;

(5) G(x,5,2) < G(x,a,a) + G(a,y,z) for each x, y, z and a in X (the rectangle inequality).

Definition 2.2 ([1]) Consider X to be a G-metric space and (x,,) to be a sequence in G.
(1) () is called a G-Cauchy sequence if for each ¢ > 0, there is a positive integer ny so
that for all m, 1,1 > ngy, G(x,, %, %;) < €.
(2) (x,) is said to be G-convergent to x € X if for each ¢ > 0, there is a positive integer ng
such that G(x,,,%,,x) < & for each m,n > ny.

Now, we recall the definitions of coupled and coincidence coupled fixed points.

Definition 2.3 ([25]) Consider X to be a nonempty set. The pair (x,y) € X x X is called a
coupled fixed point of the mapping F: X x X — X if

F(x,y) = x, F(y,x) = y.

Definition 2.4 ([26]) Let X be a nonempty set. The element (x,y) € X x X is a coupled
coincidence point of mappings F: X x X - X andg: X — X if

F(x,y) = gx, F(y,x) = gy.

In 2010, Saadati et al. [39] utilized the notion of G-metric spaces to introduce the con-
cept of Q-distance. Moreover, Saadati et al. [40] constructed some fixed point theorem in
G-metric spaces by using the notion of Q-distance.

Definition 2.5 ([39]) Consider (X, G) to be a G-metric space and Q: X x X x X —
[0, +00). 2 is called an Q2-distance on X if it satisfies the three conditions as follows:
(1) Qx,y,2) <Qx,a,a) + Q2a,y,z) for all x, y, z, a from X.
(2) Foreachx, y from X, Q(x,y,), 2(x,-,) : X — [0, +00) are lower semi-continuous.
(3) Foreach e >0, thereis § > 0, so that Q(x,a4,a) < § and Q(a,y,z) < § imply
Gx,y,2z) <e.

The following lemma is very useful in this paper.

Lemma 2.1 ([39, 40]) Let X be a metric space endowed with metric G, and let Q2 be an
Q-distance on X. (x,), (y,) are sequences in X, («,) and (B,) are sequences in [0, +00), with
limy,— 400 0ty = liMy—s 400 B = 0. If %, ¥, z and a € X, then
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1) If 2y, x0%xn) < oty and QUxy,y,2) < By, for n € N, then G(y,,2) < &, and, by
consequence, y = z.
(2) Inequalities QYu, Xu, %) < &ty and QL xy, Y, 2) < Bu, for m > n, imply
G Ym»2) = 0, hence y, — z.
(3) If Qxp, 2y x1) < 0y for l,m,n € Nwithn <m <1, then (x,) is a G-Cauchy sequence.
(4) If Qxy,a,a) <ay, neN, then (x,) is a G-Cauchy sequence.

The following two sets are very useful to build our nonlinear contraction in this paper:

o= {(p : [0, +00) — [0, +00)|¢ is continuous, increasing, ¢(¢) = 0 if and only if £ = 0},
v = {1/f : [0, +00) — [0, +00) |y is lower semi-continuous,
¥(t)=0ifand onlyift = 0}.
For some works on fixed point theorems based on the above sets, see, for example, [1, 7,
14-20, 23, 33-39, 41-44].
In the present paper, we utilize the concept of Q2-distance and the sets ®, ¥ to estab-

lish some fixed and coupled fixed point theorems. Also, we introduce an example as an
application of our results.

3 Main results
In the first part of the section, we introduce and prove the following fixed point theorem.

Theorem 3.1 Let (X, G) be a G-metric space and Q2 be an Q-distance on X. Consider ¢ €
O,y eVandT:X— X such that

©QTx, Ty, Tz) < pQ2x,y,2) — ¥ Q2x,,2) 1)

holds for each (x,y,z) € X x X x X.
Suppose that if u # Tu, then

inf{Q(x, Tx,u) : x € X} > 0.
Then T has a unique fixed point.

Proof Let xy € X and x,,,; = Tx,, for each n € N. If there is n € N for which x,,,; = x,, then
x,, is a fixed point of T

In the following, we assume x,,,; # x,, for each n € N.

First we shall prove that lim,,_, ;o (%, %41, %541) = 0.

Forn e N, n>1, we have

gosz(xn:xnﬂ:xnﬂ) = wQ(Txn—lr Txm Txn)
S (pQ(xn—l:xnrxn) - wg(xn—lyxnrxn)
< 9Q%xp-1, X, Xn)- ()
¢ isanondecreasing function, hence Q(x,,, %11, %41) < Q(%y-1, %4, X,1), 1 > 1. It follows that

(2%, %441, %441)) is @ nondecreasing sequence, therefore there exists lim,_, ;o0 (%), %441,
x}’H—l) =r>0.

Page3of 16
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Taking n — +00 in inequality (2) and using the continuity of ¢ and the lower semi-

continuity of ¥, we get
or < gr —liminf  Q(x,_1, X, X4) < or — Y7,
n—+00

imposing ¥ r = 0, that is, r = 0.

Analogously, it can be proved that lim,,—, 100 Q(*,141, %1, %,) = 0 and also that
lim Q(x,,%,,%,41) = 0.

n—+00

The next step is to prove that lim,, ;- 40 (X, Xy %) = 0, m > 1.
By reductio ad absurdum, suppose the contrary. Hence, there exist ¢ > 0 and two se-
quences (1) and (my) such that
Q(xnk:xmermk) =6, Q(xnk’xmk—l’xmk—l) <& Mi>Hg.

As lim,,_, o0 (%), X011, X41) = 0, it follows

&= Q(xnermermk) f Q(xnermk—lrxmk—l) + Q(xmk—lrxmk’xmk)

< &+ QX1 %y Xy ) = € as k — +00.

Therefore, limy_, oo (X Xy » Xy ) = €.
On the other hand,

€= Q(xnk)xmk¢xmk) = Q('x}’lk’x}’lk+1!xnk+1) + Q(xnkﬂ:xmkyxmk)

=< Q(‘xnk’ x”k"'l’ xnk+l) + Q(xnk+l’ xmk"’l’ xmk+1) + Q(xmk+lr Ky xmk)- (3)
The contraction condition (1) yields

(pQ(xnk+1)xmk+17xmk+l) S QDQ(xnkvxmk;xmk) - wQ(xnijmk;xmk)

= wQ(xnermk:xmk),
80 Q(Xry +15 Xy +15 Xmg+1) < (X » Xy » Xy ), and relation (3) becomes

&= Q(xnk:xnkﬂ:xnkH) + Q(xnk+1:xmk+1’xmk+1) + Q(xmk+1;xmermk)

= Q(xnk’x}’lk+11x}’lk+1) + Q(xnk’xmk;xmk) + Q(xmk+1’xmk;xmk)~

Letting k — +00, we get limg_, o0 (%X 41 Xy +1) Xy +1) = &-
Having in mind the continuity of ¢ and the lower semi-continuity of v, we obtain

pe < @e —liminf Q(xy, , Xy, X, ) < @€ — VP,
k—+00

which is impossible, since ¢ > 0.
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It follows that limy,; ;- 400 (X, Xy %) = 0, m > 1.

In a similar manner, it can be proved that lim,, ;,— .00 (X, %, %) = 0, m > 1.
Consider now [ >m > n, I,m,n € N. Since

Q(xmxmjxl) =< Q(xnrxm;xm) + Q(xm’xmyxl) —0

as [,m,n — +oo, we conclude that lim, ;- 00 (%, %, %7) = 0. By Lemma 2.1, (x,,) is a
G-Cauchy sequence in the G-complete space (X, G), so it converges to u € X.

Suppose u# # Tu. Consider ¢ > 0. As (x,) is a Cauchy sequence, there is ny € N such that
Qs Xy 1) < &, Vu,m,l > ng.

Thus

liminf Q(x,, x,,,x;) < liminfe =¢, Vn,m > ny.

l—+00 l—+00

From the lower semi-continuity of € in its third variables, we have

Qx5 %, 1) < llimian(xn,xm,x;) <&, VYn,m>ng. (4)
— +00

Considering m = n + 1 in inequality (4), we get
Q(xn,xwrl; Ll) <e.
On the other hand, we have

0 < inf{Q(x, Tx,u): x eX}

< inf{ Q% X1, 4) 11 = 1o} <,

which contradicts the hypotheses.
Therefore, u = Tu and hence u is a fixed point of 7.
We shall deal now with the uniqueness of the fixed point of 7'

Suppose that there are # and v in X fixed points of the mapping 7.
It follows that

eQW,u,u) = QUTv, Tu, Tu) < v, u, u) — ¥ Q2(v, u,u),

which is possible only for ¥ Q(v, u, u) = 0, that is, Q(v,u, u) = 0.

Similarly, it can be proved that Q(u, v, u) = 0.

According to the definition of an Q-distance, (v, 4, ) = 0 and Q(x, v, u) = 0 imply u = v.
Hence, T has a unique fixed point. d

Haghi et al. [45] in their interesting paper showed that some common fixed point the-
orems can be obtained from the known fixed point theorems; for other interesting article

by Haghi et al., please see [46]. By using the same method of Haghi ez al. [45], we get the
following result.
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Theorem 3.2 Let (X, G) be a G-metric space and Q2 be an Q-distance on X. Consider ¢ €
D,V eVandT,S: X — X such that

©QTx, Ty, Tz) < p2(Sx, Sy, Sz) — ¥ Q2(Sx, Sy, Sz)

holds for each (x,y,z) € X x X x X.
Suppose the following hypotheses:
(1) TX C SX.
(2) If Su +# Tu, then
inf{Q(Sx, Tx,Su) :x € X} > 0.
Then T and S have a unique common fixed point.

As consequent results of Theorem 3.1 and Theorem 3.2, we have the following.

Corollary 3.1 Let (X,G) be a G-metric space and Q2 be an Q-distance on X. Consider
Y eVand T:X — X such that

Q(Tx, Ty, Tz) < Qx,9,2) — ¥ Qx, y, 2)

holds for each (x,7,2) € X x X x X.
Suppose that if u # Tu, then

inf{Q(x, Tx, u) : x € X} > 0.
Then T has a unique fixed point.

Corollary 3.2 Let (X,G) be a G-metric space and Q2 be an Q2-distance on X. Consider
Y eWVandT,S: X — X such that

Q(Tx, Ty, Tz) < Q2(Sx, Sy, Sz) — ¥ Q2(Sx, Sy, Sz)

holds for each (x,7,z) € X x X x X.
Suppose the following hypotheses:
(1) TX C SX.

(2) If Su+# Tu, then

inf{Q(Sx, Tx, Su) : x € X} > 0.
Then T and S have a unique common fixed point.

In the second part of the section, we introduce and prove the following coincidence
coupled fixed point theorem.

Theorem 3.3 Consider (X,G) to be a G-metric space endowed with an Q-distance

called Q. Let F: X x X — X and g : X — X be two mappings with the properties

Page 6 of 16
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F(X x X) C gX, and gX is a complete subspace of X with respect to the topology induced
by G.
Suppose that there exist ¢ € ® and y € V such that
9(QF(x,9), F(x*,5%), F(z,2")) + Q(F(y,x), F(y*,%%), F(z",2)))

< o(Qgx.gx" g2) + gy 2", 82%)) - ¥ (Q2gx g™, 22) + gy 2" g27)) (5)

for each (x,y), (x*,y*),(z,2") € X x X.
Additionally, suppose that if F(u,v) # gu or F(v,u) # gv, then

inf{Q(gx, F(x, ), gu) + gy, F(5,%),gv) : %,y € X} > 0.

Then F and g have a unique coupled coincidence point (u,v), with F(u,v) = gu = gv =
F(v,u).

Proof Let (x0,y0) € X x X. Having in mind that F(X x X) C gX, for each n € N, there is a
pair (%41, ¥n41) € X X X such that

gxn+1 = F(xmyn): gyn+1 = F(ymxn)'

First, we prove that

lim Q(gxmgxnﬂ:gxnﬂ) =0 and lim Q(gyn;gynﬂrgynﬂ) =0.

n—+00

Using inequality (5), we get

0 (X @11, 85ns1) + LV Qi1 @Vns1))
= 0(Q(F(n-1, Y1) F G Yn)s F (o Y))
+ Q(FWn-1,%1-1)s Qs %), (s %) ) )
< 0(2gxn-1,8%n, %n) + gVn-1,LYn>&Vn))
— Y (Qn1, 8% 8%n) + V1,8V V)
< 0(QgXn-1,8%n &%n) + QULVn-1,LVn» n))- (6)

Since ¢ is a nondecreasing function, we obtain
Q(gxnrgxwrl,gxnﬂ) + Q(gymgynﬂ,gynﬂ)
< Q(gXn-1,8%n, g%n) + 2In-1,8Yn &¥n)y NEN,n=1,

that is, (2(gxy, 86141, €%n+1) + (V> Vn+1,€Vn+1)) is @ nondecreasing sequence. Denote by
r > 0 its limit.

Letting n — +00 in relation (6), the continuity of ¢ and the lower semi-continuity of v
imply

¢r < gr — iminf yr (Q(gxy, @us1,@ns1) + QLY i1, QYna1)) < @r =V,

which forces ¢r = 0, that is, r = 0.
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Since Q2 takes nonnegative values,

lim €(gx,, g%ne1,8%01) =0 and lim Q(gYn &Yn+1:8Yn41) = 0.

n—+00

A similar procedure leads us to

lim  (gxy41, 8%, g%n) = 0, lim  Q(gy+1,8Vn gVn) = 0;

n—+00

lim Q(gxmgxmgxnﬂ) =0, nErPoo Q(gymgymgyml) =0.

n—+00

Now, our purpose is to show that

lim  Q(gx,, g%, gx,) =0 and lim  Q(gx,, g, gxm) =0, m>n.

m,n—>+00 m,n— +00

Supposing the contrary, there exist ¢ > 0 and two subsequences (#;) and (m1;) for which

Qg% » Gy > Fmy) + UV &mi» &Vmy) = &5

Qg% r §Xmp—1) §Xmp-1) + UV > &Y mp—1) &Ymy-1) < &, Mg > M.
We obtain

&< Q(gxnkrgxmk:gxmk) + Q(gynkrgymk)gymk)
S Q(g'xnk;gxmk—lygxmk—l) + Q(gynk;gymk—lrgymk—l)
+ Q(gxmk—lrgxmk;gxmk) + Q(gymk—lrgymk;gymk)

< &+ QUGXy—1,8%my s 8%my) + RV -15&Vimys &Y my)-
As k — +00 and 1imy,—, o0 (2(8%, 81, §¥n41) + 2(&Vns EVns1,8Vn+1)) = 0, we get
kEIPOO(Q(gx”k’gxmk’gxmk) + QYo &Ymo &my)) = 0.
Also, using the properties of €2, we have

& < QgXny> Gy &%y ) + LY ni> &V &V )
< Qg Gy 115 & s1) + 2Ky 11 8y Sy )
+ Q(gV @i +1:8m1) + Vi1V » &Ymy)
< Q%> Gy +15 &y +1) + Q(GXny 415 8y 415 8y +1)
+ Q&% 11, Gy 8y ) + ULYVnger &Yy +1, 8y +1)

+ Q(gynkﬂ»gymkﬂ:gymkﬂ) + Q(gymkﬂ;gymk;gymk)' (7)

Taking advantage of the contraction condition, it follows

@ (Q(gxnkﬂygxmkﬂ»gxmkﬂ) + Q(gynkﬂ;gymkﬂ;gymkﬂ))

< @(QgHny» G my) + LULnr QY @y
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- ‘/’(Q(gxnk,gxmk:gxmk) + Q(gynk)gymk;gymk))
< @(QgHny» Gy omy) + RULnr QY @my))-

Hence

Q(gxnk+1!gxmk+lrgxmk+l) + Q(gynk+l)gymk+l)gymk+l)

< Q(gxnk,gxmkrgxmk) + Q(gynk’gymk;gymk))

and relation (7) becomes

& = Q2@ 8y +1:8%m 1) + 241, Gy 115 oy +1)
+ QX +1, 8y &%y ) + RYVngr &V +1 &y +1)
+ Q@1 Qmy 15 Qmys1) + LYy 41, Ly &)
< Q(gXn> &1, Gmi 1) + Xy EXnyer &y )
+ Q(GXm 115 Gy 8my) + LYy &Y s15 Ly +1)
+ QY &mp &Ym) + ULV 11 &Y &Yy )-

For k — +00, hmk—>+oo(Q(gxnkﬂrgxmkﬂrgxmkﬂ) + Q(gynkﬂygymkd’gymkﬂ)) =é.
The properties of ¢, ¥ lead us to

pe = lim @(Qgxn 41, 5mg+1:@my+1) + L 115 g +1: Qg s1))

k—+00

<gpe- lkigljgofl//(ﬂ(gxnk,gxmk,gxmk) + QU Qo Qmy)) < pE — Ve

Since ¢ > 0, we obtain a contradiction. Therefore, lim; ;o0 2(g%y, g%, g%m) = 0 and

1imy,; s 400 2(€Yi> V> &Ym) = 0, m > n.
Analogously, it can be proved that limy,;,—, ;00 $2(g%, g%, g%m) = 0 and also

lim gy, & gm) =0, m>n.

m,n—+00

Consider [ > m > n. Then
Q(gxy, g% m> gx1) < UKy Gy GXm) + GXp1 G gx1) — 0 as n,m, [ — +00.

By Lemma 2.1, we get limy, - 100 2(g%, g%, gx1) = 0, [ > m > n. Hence, (gx,) is a
G-Cauchy sequence in gX, which is complete. Similarly, (gy,) converges in gX. Let
gu =1lim,_, .00 gx, and gv = lim,,_, ;o0 @Y, 4, v € X.

Let us show now that (u,v) is a coupled coincidence point of F and g. In that respect,
consider ¢ > 0. Since (gx,) is a Cauchy sequence, then there exists #y € N such that for
each n,m,l > ny, Qgx,, gxm, gx1) < €. The properties of lower semi-continuity of €2 imply

Q(gxy, g, gu) < liminf Q(gx,, gxm, gx,) < &, (8)
p—>+00

QY gYmrgV) < l;g Inf Q(gYn> &Ym>gYp) < €. )
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Considering m = n + 1 in (8) and (9), we obtain

(g, (s yn)r gt) + (g F s ), gv) < 2.

On the other hand, we get

0 < inf{Q(gx, F(x,7),gu) + gy, F(7,%),gv) : %,y € X}

=< inf{Q(gme(xmyn)rgu) + Q(gymF(Yn;xn);gV) nz= VIO} <2,

which is a contradiction.
Therefore, F(u,v) = gu and F(v,u) = gv.
In the following, we refer to the uniqueness of the coupled coincidence point of F and g.
Consider (u,v) and (1*,v*) to be two coupled coincidence points of F and g.

By using the contraction condition, we obtain

o (Q(gu*, gu,gu) + Q(gv*, gv. gv))
@(QUE(u*,v*), F(u,v), F(u,v)) + QF (v, u*), F(v, u), F(v, )))

IA

o (Q(gu*, gu,gu) + Q(gv*, gv.gv)) — ¥ (Qgu*, gu, gu) + Q(gv*,gv.gv))
< o(Q(gu*, gu,gu) + Q(gv*, gv.gv)),

which leads us to ¥ (Q2(gu*, gu, gu) + Q(gv*, gv, gv)) = 0, or Q(gu*, gu, gu) = Q(gv*,gv,gv) = 0.
In a similar manner, we prove that Q(gu, gu*, gu) = Q2(gv,gv*,gv) = 0.
Lemma 2.1 implies that gu = gu™ and gv = gv*.
Having in mind that gu = F(u,v) and gv = F(v, u), we get

10 (Q (gu,gv,gv) + Q(gv, gu,gv))
= (QF(,v), F(v,u), F(v,u)) + Q(F (v, u), F(u,v), F(,v)))

< (p(Q(gu,gv,gV) + Q(gv,gu,gv)) - w(Q(gu,gv,gv) + Q(gv,gu,gv)),

hence v (Q2(gu, gv, gv) + Q(gv, gu, gv)) = 0, or Q2(gu, gv,gv) = 0 and Q(gv, gu,gv) = 0. Apply-
ing Lemma 2.1, it follows that gu = gv. g

Taking g = Idy, the identity mapping, in Theorem 3.3 we obtain a theorem of coupled
fixed points.

Corollary 3.3 Consider (X, G) to be a complete G-metric space endowed with an Q-dis-
tance called Q. Let F : X x X — X be a mapping.
Suppose that there exist ¢ € © and y € V such that

@(QUE @), F(x*,5*),F(z,2)) + Q(F (3, %), F(y*,x%), F(z%,2)))
< (p(Q(x,x*,z) + Q(y,y*,z*)) - W(Q(x,x*,z) + Q(y,y*,z*))

holds for each (x,y), (x*,5%),(z,2*) € X x X.
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Additionally, suppose that if F(u,v) # u or F(v,u) # v, then
inf{SZ(x,F(x,y), u) + Q(y,F(y,x), v) 1x,y € X} > 0.
Then F and g have a unique coupled coincidence point (u,v), with F(u,v) = u = v = F(v, u).

Taking ¢ = i[p,+o0), the identity function, in Theorem 3.3 and Corollary 3.3, we get the
following results.

Corollary 3.4 Consider (X,G) to be a G-metric space endowed with an Q-distance

called Q. Let F: X x X — X and g : X — X be two mappings with the properties F(X x X) C

gX, and gX is a complete subspace of X with respect to the topology induced by G.
Suppose that there exists W € V such that

Q(F(x,y),F(x*,y*),F(z,z*)) + Q(F(y,x),F(y*,x*),F(z*,z))
< Q(gr,gx",g2) + gy, @, 82%) - ¥ (Qgw. gx*, g2) + Q2,991 g2%))

holds for each (x,y), (x*,y*), (z,2*) € X x X.
Additionally, suppose that if F(u,v) # gu or F(v,u) # gv, then

inf{Q(gx, F(x,), gu) + 2(gy, F(5,%),gv) : %,y € X} > 0.

Then F and g have a unique coupled coincidence point (u,v), with F(u,v) = gu = gv =
F(v,u).

Corollary 3.5 Counsider (X, G) to be a complete G-metric space endowed with an Q-dis-
tance called Q. Let F : X x X — X be a mapping.
Suppose that there exist ¢ € © and y € V such that

Q(F(x,y), F(x*,5%),F(2,2%)) + QF(y,%), F(y*,x%), F (", 2))
< Q(xx"2) + (1,5 2%) — ¥ (2% 2%, 2) + Q(y,y",2"))

holds for each (x,y), (x*,y*),(z,z2*) € X x X.
Additionally, suppose that if F(u,v) # u or F(v,u) # v, then

inf{Q(x, F(x,y), u) + Q(y, F(y,%),v) : %,y € X} > 0.
Then F and g have a unique coupled coincidence point (u,v), with F(u,v) = u = v = F(v, u).

Corollary 3.6 Consider (X,G) to be a G-metric space endowed with an Q-distance

called Q. Let F: X x X — X and g : X — X be two mappings with the properties F(X x X) C

gX, and gX is a complete subspace of X with respect to the topology induced by G.
Suppose that there exists k € [0,1) such that

Q(F(x,y), F(x*,5%),F(2,2%)) + QF(,%), F(y*,x%), F (", 2))
< k(R(gx, gx*, g2) + gy, 0", 82"))

holds for each (x,y), (x*,y%),(z,2*) € X x X.

Page 11 of 16
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Additionally, suppose that if F(u,v) # gu or F(v,u) # gv, then

inf{Q(gx, F(x, ), gu) + gy, F(5,%),gv) : %,y € X} > 0.

Then F and g have a unique coupled coincidence point (u,v), with F(u,v) = gu = gv =
F(v,u).

Proof The proof follows from Corollary 3.4 by defining v : [0, +00) — [0, +00) via ¥ (£) =
1 -k O

Corollary 3.7 Consider (X,G) to be a complete G-metric space endowed with an Q-
distance called Q. Let F : X x X — X be a mapping.
Suppose that there exists k € [0,1) such that

Q(F(x,y),F(x*,y*),F(z,z*)) + Q(F(y,x),F(y*,x*),F(z*,z))
< k(Q(xx%2) + Q(y.y",2"))

holds for each (x,y), (x*,y*), (z,2*) € X x X.
Additionally, suppose that if F(u,v) # u or F(v,u) # v, then

inf{Q(x, F(x,y), u) + Q(y, F(y,%),v) : %,y € X} > 0.
Then F and g have a unique coupled coincidence point (u,v), with F(u,v) = u = v = F(v, u).

Proof The proof follows from Corollary 3.5 by defining v : [0, +o0) — [0, +00) via ¥ (¢) =
(1-k)e. O

The following example supports our results.

Example 3.1 Take X ={0,1,2,3,...}. Define G: X x X x X — [0, +o0) by the formula

0 ifx=y=z
G(x,9,2) =
x+y+z ifx#y orx#z ory+z

Define
Q:XxXxX—X, Q(x,y,2) = x + 2max{y, z}
and

0 ifx=0,1;

x—1 ifx>2.

T:X— X, Tx =

Also, define ¢ : [0, +00) — [0,+00) via ¢(¢) = t* and ¥ : [0, +00) — [0, +00) via ¥ (¢) = ¢.
Then:

(1) (X, @) is a complete G-metric space.

(2) pe®and ¥ € V.
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(3) Qisan Q-distance function.
(4) If u # Tu, then

inf{Q(x, Tx, u) : x € X} > 0.
(5) The following inequality:
©QTx, Ty, Tz) < pQx,y,2) — Y Q(x, 9, 2)
holds for all x,7,z € X.
Proof The proofs of (1) and (2) are clear. To prove part (3), consider x,y,z,a € X. Since
x+2max{y,z} <x+2a+a+2max{y,z},
we get
Qw,y,2) < Qx,a,a) + Qa, y,z2).

This finishes the proof of the first item of the definition of Q-distance.

To prove the second item of the definition of Q-distance, let x,y € X and (z,) be any
sequence in X converging to z with respect to the topology induced by G in X. Thus z, = z
for all n € N except finitely many terms. Therefore

x + 2max{y,z,} = x + 2max{y,x} asun— +00.

So, Q(x,¥,z,) = Q(x,y,2) and hence Q(x,y,-) : X — [0, +00) is lower semi-continuous.

Similarly, we can show that Q(x, -,z) : X — [0, +00) is lower semi-continuous.

To prove the last item of the definition of Q-distance, consider ¢ > 0. Take § = 5. Given
x,9,z € X such that Q(x,a,a) < § and Q(a,y,z) < §, by the definition of a G-metric space,
we have

Gx,y,2) < G(x,a,a) + G(a,y,2)
<x+2a+a+y+z
<x+2a+a+2max{y,z}
= Q(x,a,a) + Qa,y,2)
<e.

This completes the proof of an ©2-distance.
To prove part (4), given u € X such that 4 # Tu, then u # 0. Note that
inf{Q(x, Tx,u):x € X}
> inf{x + 2u+: x € X}

>2u > 0.

To prove part (5), given %, y,z € X, we divide the proof into the following four cases.
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Case 1: x =y =z = 0. Here, Q(x,9,2) = 0 and Q(Tx, Ty, Tz) = 0. Thus
©0QTx, Ty, Tz) < pQUx, y,2) — Y Q(x, ¥, 2).

Case 2: x>0 and y = z = 0. Here, Q(x,7,2) = x and Q(Tx, Ty, Tz) = x — 1. Since (x — 1)? <
x% —x, we have

©QTx, Ty, Tz) < pQUx, ¥, 2) — Y Qx, ¥, 2).

Case 3:x = 0 and y or z are not equal to 0. Without loss of generality, we may assume that
y > z. Thusy # 0. Here, Q(x, 7, z) = 2y and Q(Tx, Ty, Tz) = 2(y—1). Since 4(y—1)* < 4y* -2y,
we have

©QTx, Ty, Tz) < pQUx, y,2) — Y Q(x, ¥, 2).

Case 4: x, y, z are all different from 0. Without loss of generality, we assume that y > z.
Then Q(x,9,2z) = x + 2y and Q(Tx, Ty, Tz) = x — 1 + 2(y — 1). Since (x — 1)> < x?> — x and
4(y —1)? < 49* - 2y, we have

0QUTx, Ty, T2) = [x—1+2(y-1)]
= (k-1 +4x-Dy-1) +4(y-1)*
<a’—x+day+ 49> -2y
= (x+29)% - (x+2y)

= 0Q(x,y,2) - U Q(x,9,2).

Note that Example 3.1 satisfies all the hypotheses of Theorem 3.1. Thus T has a unique
fixed point. Here, 0 is the unique fixed point of T |
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