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1 Introduction
Let H be a real Hilbert space with the inner product (-, -) and the induced norm | - ||. Let
C be a nonempty closed convex subset of H, and let T': C — C be a self-mapping on C.
We denote by F(T) the set of fixed points of T, thatis, F(T):={x € C: Tx = x}.

Let A : C — H be a single-valued nonlinear mapping, and let B: H — 2/ be a multival-
ued mapping. Then we consider the monotone inclusion problem (MIP) of finding x € H
such that

0 € Ax + Bx. (11)

The set of solutions of the MIP (1.1) is denoted by (4 + B)~10. That is, (4 + B)~10 is the set
of zeros of A + B. The MIP (1.1) provides a convenient framework for studying a number of
problems arising in structural analysis, mechanics, economics and others; see, for instance
[1, 2]. Also, various types of inclusion problems have been extended and generalized, and
there are many algorithms for solving variational inclusions. For more details, see [3-5]
and the references therein.

The class of pseudocontractive mappings is one of the most important classes of map-

pings among nonlinear mappings. We recall that a mapping T : C — H is said to be
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k-strictly pseudocontractive if there exists a constant k € [0,1) such that

ITx— Ty|1* < llx =yl + k|| (1 = T)x = (I = Dy,

Vx,y € C.

Note that the class of k-strictly pseudocontractive mappings includes the class of non-
expansive mappings as a subclass. That is, T is nonexpansive (i.e., || Tx — Ty| < |lx -y,
Vx,y € C) if and only if T is 0-strictly pseudocontractive. The mapping T is also said to be
pseudocontractive if k = 1, and T is said to be strongly pseudocontractive if there exists
a constant A € (0,1) such that T — AI is pseudocontractive. Clearly, the class of k-strictly
pseudocontractive mappings falls into the one between classes of nonexpansive mappings
and pseudocontractive mappings. Also, we remark that the class of strongly pseudocon-
tractive mappings is independent of the class of k-strictly pseudocontractive mappings
(see [6]). Recently, many authors have been devoting the studies on the problems of finding
fixed points for pseudocontractive mappings (see, for example, [7-10] and the references
therein).

Recently, in order to study the MIP (1.1) coupled with the fixed point problem, many au-
thors have introduced some iterative schemes for finding a common element of the set of
solutions of the MIP (1.1) and the set of fixed points of a countable family of nonexpansive
mappings (see [4, 5, 11] and the references therein).

Inspired and motivated by the above-mentioned recent works, in this paper, we intro-
duce new implicit and explicit iterative schemes for finding a common element of the set
of the solutions of the MIP (1.1) with a set-valued maximal monotone operator B and an
inverse-strongly monotone mapping A and the set of fixed points of a k-strictly pseudo-
contractive mapping T. Then we establish results of the strong convergence of the se-
quences generated by the proposed schemes to a common point of two sets, which is a
solution of a certain variational inequality. As a direct consequence, we find the unique
solution of the quadratic minimization problem:

|11 = min{||x[|* : x € F(T) N (A + B)'0}.

Moreover, as applications, we consider iterative algorithms for the Hartmann-Stampacchia
variational inequality problem and the equilibrium problem coupled with fixed point
problem of nonexpansive mappings.

2 Preliminaries and lemmas
Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. In
the following, we write x, — x to indicate that the sequence {x,} converges weakly to x.
x, — x implies that {x,} converges strongly to x.

Recall that a mapping f : C — C is said to be contractive if there exists [ € [0,1) such that

lf@) —f)| <llx—yl, V¥xyeC.

A mapping A of C into H is called inverse-strongly monotone if there exists a positive
real number o such that

(x =y, Ax - Ay) = a||Ax - Ay||?
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for all x,y € C. For such a case, A is called a-inverse-strongly monotone. If A is an
a-inverse-strongly monotone mapping of C into H, then it is obvious that A is é-
Lipschitzian and continuous. Let B be a mapping of H into 2. The effective domain of B
is denoted by dom(B), that is, dom(B) = {x € H : Bx # #}}. A multi-valued mapping B is said
to be a monotone operator on H if (x —y,u—v) > 0 for all x,y € dom(B), u € Bx, and v € By.
A monotone operator B on H is said to be maximal if its graph is not properly contained
in the graph of any other monotone operator on H. For a maximal monotone operator
B on H and r > 0, we may define a single-valued operator J, = (I + rB)™! : H — dom(B),
which is called the resolvent of B for r. Let B be a maximal monotone operator on H, and
let B7'0 = {x € H : 0 € Bx}. It is well known that B™10 = F(J,) for all > 0 and the resolvent
J; is firmly nonexpansive, i.e.,

Wox=Tyl* < =y, Jix~Jy), Vxy€H, 21

and that the resolvent identity

Lx =Ty (%x + (1 - %)Ax) (2.2)

holds for all &, # > 0 and x € H. It is worth mentioning that the resolvent operator J; is
nonexpansive and 1-inverse-strongly monotone, and that a solution of the MIP (1.1) is a
fixed point of the operator J, (I — AA) for all A > 0 (see [11]).

In a real Hilbert space H, we have

lle = 11> = llll® + lIyl* = 2¢x, 9) (2.3)

for all v,y € H and A € R. For every point x € H, there exists a unique nearest point in C,
denoted by Pcx, such that

[[x — Pex|| = inf{||x—y|| S C}.

D¢ is called the metric projection of H onto C. It is well known that P¢ is nonexpansive,
and P¢ is characterized by the property

u=Pcx <+ (x-uu-y)>0, VxeH,yeC. (2.4)

It is also well known that H satisfies the Opial condition, that is, for any sequence {x,} with
%, — x, the inequality

liminf ||x, — x| < liminf|x, — ||
n—0o0 n— 00

holds for every y € H with y # x. For these facts, see [12].
We need the following lemmas for the proof of our main results.

Lemma 2.1 In a real Hilbert space H, the following inequality holds:

I +y1% < lxll* + 2¢p,2 +y),  Va,y € H.
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Lemma 2.2 [12] For all x,y,z € H and o, 8,y € [0,1] with a + B + y = 1, the following
equality holds:

lax + By + vzl = allx) + BlylI* + v lzl1* - aBllx = ylI* = By lly - 2I* - yerllz - x]*.
Lemma 2.3 [13] Let H be a Hilbert space, let C be a closed convex subset of H. If T is a
k-strictly pseudocontractive mapping on C, then the fixed point set F(T) is closed convex,
so that the projection Pr(ry is well defined, and F(PcT) = F(T).

Lemma 2.4 [13] Let H be a real Hilbert space, let C be a closed convex subset of H, and
let T : C — H be a k-strictly pseudocontractive mapping. Define a mapping T : C — H by
Sx=Ax+(1—-A)Ix forallx € C. Then, as A € [k, 1), S is a nonexpansive mapping such that
F(S)=F(T).

Lemma 2.5 [14] Let C be a nonempty closed convex subset of a real Hilbert space H. Let

the mapping A : C — H be «-inverse strongly monotone, and let r > 0 be a constant. Then

we have
”(I —rA)x - (I - ;’A)yH2 < |lx—y|I* + r(r - 2a) | Ax — Ay||?>, Vx,yeC.
In particular, if 0 <r < 2a, then I — rA is nonexpansive.

Lemma 2.6 [15] Let B: H — 2/ be a maximal monotone operator,and let A : H — H bea
Lipschitz continuous mapping. Then the mapping B+ A : H — 2" is a maximal monotone

operator.

Remark 2.1 Lemma 2.6 implies that (A + B)~!0 is closed and convex if B: H — 2/ is a

maximal monotone operator and A : H — H is an inverse-strongly monotone mapping.
The following lemma is a variant of a Minty lemma (see [16]).
Lemma 2.7 Let C be a nonempty closed convex subset of a real Hilbert space H. Assume

that the mapping G : C — H is monotone and weakly continuous along segments, that is,
G(x + ty) = G(x) weakly as t — 0. Then the variational inequality

xeC, (Gx,p-x>0, VpeC,
is equivalent to the dual variational inequality
xeC, (Gpp-x)>0, VpeC.

Lemma 2.8 [17] Let {x,} and {z,} be bounded sequences in a real Banach space E, and let

{vu} be a sequence in [0,1], which satisfies the following condition:

0 <liminfy, <limsupy, <1.

n—00 Hn—00
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Suppose that x,,1 = Yuxy + 1 — )z, for alln > 1, and

lim Sup(”ZVl+1 _Zn” - ”xn+1 _xn”) <0.
n—00

Then lim,_, » ||z, — x| = 0.
Lemma 2.9 [18] Let {s,} be a sequence of non-negative real numbers satisfying
Suat < (1 =&2)s, + €., YR 21,

where {§} and {8,} satisfy the following conditions:
(D) {&} C[0,1] and Y72, &4 = 005
(i) limsup, 8, <0or Y o £,8, < 00.

Then lim,_, o s, = 0.

3 Iterative schemes
Throughout the rest of this paper, we always assume as follows: Let H be a real Hilbert
space, and let C be a nonempty closed convex subset of H. Let A : C — H be an «-inverse
strongly monotone mapping, and let B be a maximal monotone operator on H such that
the domain of B is included in C. Let J; = (I + AB)™! be the resolvent of B for A > 0. Let f :
C — C be a contractive mapping with constant / € (0,1), and let 7: C — C be a k-strictly
pseudocontractive mapping. Define a mapping S: C — C by Sx = Ax + (1 — 1) Tx, Vx € C,
where A € [k,1). Then, by Lemma 2.4, S is nonexpansive.

In this section, we introduce the following iterative scheme that generates a net {x;} in

an implicit way:
%= tf (%) + (L= )8, (0 — LeAxy), £ €(0,1), 3.1)

where 0 < a < X, < b < 2. We prove strong convergence of {x;}, as £ — 0, to a point ¥ in
F(T) N (A + B)™10, which is a solution of the following variational inequality:

(U-fx,p-%)>0, VpeF(T)N(A+B)"0. (3.2)

Equivalently, ¥ = Pr(yn5)-10(2] —f)X.
If we take f = 0 in (3.1), then we have

Xt = (1 - t)S])Lt (xt - )\.tAxt), te (0, 1) (33)

We also propose the following iterative scheme which generates a sequence {x,} in an

explicit way:
KXntl = ar(f(xn) + Buky + 1-a,- ,Bn)S]A,, (xn — AyAx,), VYn=>0, (3.4)

where {a,},{B,} C (0,1), {*,} C (0,2c) and x, € C is an arbitrary initial guess, and estab-
lish the strong convergence of this sequence to a fixed point X of T', which is also a solution
of the variational inequality (3.2). If we take f = 0 in (3.4), then we have

Kpe1 = Pk + (L— o0ty — ,Bn)S]M (%0 — XuAxy,), Yn=0. (3.5)


http://www.fixedpointtheoryandapplications.com/content/2013/1/272

Jung Fixed Point Theory and Applications 2013, 2013:272 Page 6 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/272

3.1 Strong convergence of the implicit algorithm
For ¢t € (0,1), consider the following mapping Q; on C defined by

Que=tf(x)+ (1-t)S],(x — rAx), VxeC.
By Lemma 2.5, we have

Q% — Quyll
= @) + (= ST, (6 — 7Ax) — () + (1= OOSTs, (v — hAp) |
<t|f& -fO| + Q-0 & - rAx) - ST, (y - 1.Ay) |
<tllx-yl+A-0)|U - rA)x- T -2A)|
<tlx-yll + A =2)llx -yl
= [1-@-Dt]x - yll.
Since 0 <1 - (1-1I)t <1, Q, is a contractive mapping. Therefore, by the Banach contrac-

tion principle, Q; has a unique fixed point x; € C, which uniquely solves the fixed point

equation
x = tf (%) + A= 0)S)h, (x: — MAxy), te(0,1).

Now, we prove strong convergence of the sequence {x;}, and show the existence of x €
F(T) N (A + B)!0, which solves the variational inequality (3.2).

Theorem 3.1 Suppose that F(T) N (A + B)™10. Then the net {x;} defined by the implicit
method (3.1) converges strongly, as t — 0, to a point ¥ € F(T) N (A + B)~10, which is the

unique solution of the variational inequality (3.2).

Proof First, we can show easily the uniqueness of a solution of the variational inequality
(3.2). Infact, if ¥ € F(T) N (A + B)™'0 and X € F(T) N (A + B)~'0 both are solutions to (3.2).
Then we have

(U-fxz2-%)=0, (3.6)

(T-f)z,x-%)=0. (3.7)
Adding up (3.6) and (3.7) yields
(T-Hx-U-f)zz-x)<0.

This implies that (1 - [)[|x —%||?> < 0. So X = &, and the uniqueness is proved. Below, we use
% € F(T) N (A + B)™10 to denote the unique solution of the variational inequality (3.2).
Now, we prove that {x;} is bounded. Set y; = J;,(x; — A;Ax;) for all ¢ € (0,1). Take
p € F(T) N (A + B)™0. 1t is clear that p = J;,(p — MAp) = SJ;,(p — M:Ap) and p = Sp (by
Lemma 2.4). Since J;, is nonexpansive and A is «-inverse-strongly monotone, we have
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from Lemma 2.5 that

2
lye = pI? = ||[J (0 = AeAxy) = T, (p — 1.AP) |
2
= ”xt - AiAx — (p — A:Ap) ”
< llxe = pI* + Ae(A — 200) | Az, — Ap|®

<l - pl*. (3.8)

So, we have that

lye = pll < llx: = pll. (3.9)
Moreover, from (3.1), it follows that

e = pll = || of (%) + (T = )], (e, — MAx,) - |
< |t @) —f@) | + £|f @) - p|| + A= O)|| ]2, (x: = 1A%, - p
<t - pll + t|f(p) - p| + A= Dy - pl
< dllx. - pll + t|f @) - p[ + L= Dllx. - pll
<[1-t@-D]lx - pll +¢|f(p) -p

) (3.10)

that is,

If (p) —pll.

—pl <
I = pll < =

Hence, {x;} is bounded, and so are {y;}, {f(x;)}, {Ax;} and {Sy,}.
From (3.8) and (3.10), we have

(=% - plI* < [A = Ollye - pll + £ ) - p|| ]
= @- 0%l -pl* + 2| f ) - p|*
+201 - )t|f(p) - p||lye - pll
< llye —pII? + M,

< llxe = pII* + Ae(he — 20) | Ax, ~ Ap|® + M, (3.11)
where M; > 0 is an appropriate constant. This means that

a(2a - b)||Ax; — Ap||* < A2 — &) [ Ax, - Apl|®

<t(20—tP)|x - pl> +tM; — 0 ast— 0.

Since a(2a — b) > 0, we deduce that

lim [[Ax, - Ap|| = 0. (3.12)
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From (2.1) and (2.3), we also obtain

ly: - I
= | G = i) = T, (0 = 2AD) |

< (e — 2Ax) = (p = :Ap),y: — p)
= 5 ([~ 20x) ~ (o= 2,4p) [+ - pI?
| @ - p) = i(Axe - Ap) - e - p)|)
< 5 (b= pIP + I I = | =30 2ol ~ 4p) )
= %(le: =pIP + lye = pI? = 1% = yelI* + 20e(xe — yi, Axe — Ap) — A7 |\ Ax, — Apl|®).

So, we get

Ily: —P||2 <% —P”z — |l —)’t||2
+ 24 (%, — Y1, Ax, — Ap) — A2||Ax, — Ap||*. (3.13)

Since || - ||? is a convex function, by (3.13), we have

Il = pI12 = £ () = p) + (1= 1) (ST, (x — AeAx) — p) |*
<t([fx) -f®| + |f®) - pl)* + @ - D1y, - SpII®
< t(llx - pll + [f ) - p])* + @ = Dlly: - pI?
< t(llx - pll + |f @) - p|)?
+ (=) (e = pII* = 1% = yel1* + 22 (0 — 1, A%, — Ap)). (3.14)

We deduce from (3.14) that
A=)l —yell* < (t + || Ax, —AP”)Mz, (3.15)
where M, > 0 is an appropriate constant. Since ¢ — 0 and ||Ax; — Ap|| — 0, we have
lim ||x; — y;|| = 0. (3.16)
t—00
Observing that

1Sy — 2]l = ||SJ’: - (tf(xt) +(1- t)SJ’z) ”
= t||Syt —f(x[)” —0 ast—0,
by (3.16), we obtain

1Sx: — xell < 11Sx — Syell + |Sye — ¢ ||

< llxe = yell + 11Sye =%/l = 0 ast — 0. (3.17)
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Let {z,} C (0,1) be a sequence such that ¢, — 0 as n — oo. Put x,, := x;,, ¥, := y;, and
An i= Ag,. Since {x,} is bounded, there exists a subsequence {x,,} of {x,}, which converges
weakly to x.

Next, we show that x € F(T) N (A + B)™10. Since C is closed and convex, C is weakly
closed. So, we have x € C. Let us show X € F(T). Assume that x ¢ F(T) (= F(S)). Since
%y, — % and X # S%, it follows from the Opial condition and (3.17) that

liminf ||, — %|| < liminf ||x,, — SX||
11— 00 1—> 00
< liminf(llx,,,, = Sxu, || + 1|18y, —Sfc||)
11— 0

< liminf [lx,, - &,
1— 00

which is a contradiction. So we get x € F(T).

We shall show that % € (A + B)™0. Since |x; — y;]| — 0 as t — 0, it follows that (¥}
converges weakly to x. We choose a subsequence {A,,} of {A,} such that A,, = A. Letve
Bu. Noting that

Ve =T, (e — MAx) = (T + )\rB)fl(xt — MAXy),
we have that
Xt — )\.[Axt €Y+ )LtByt,

and so,

Xt — Yt

t

- Axt € Byt

Since B is monotone, we have for (i, v) € B,

<xt =t

—Ax; — v,y — u> > 0. (3.18)
At

Since (x; — %, Ax, — AX) > a||Ax, — A%||? and X, — %, we have Ax,, — AX. Then by (3.16)
and (3.18), we obtain

(-Ax—v,x—u) > 0.

Since B is maximal monotone, this implies that —Ax € Bx, that is, 0 € (A + B)x. Hence, we
have % € (A + B)™10. Thus, we conclude that ¥ € F(T) N (4 + B)~!0.
On the one hand, we note that for p € F(T) N (A + B)~!0,

x—p=t(f(x) - f(p)) +t(f(p) - p) + A = )(STs, (x — 1, Ax,) — p).
Then it follows that

| —P||2 = (% =P, % = p)
= (t(f(xt) _f(p))¢xt —P> + L‘(f(p) — DXt —P)

Page 9 of 23
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+(1- t)(S],\t(xt = AeAxe) = pr —P>
<tllx, - pl* + tf (p) - p,x: — p) + (L= 1) | — pl|®
= (1- A= Dt)llx - plI* + t{f (p) - p,%: — ).

Hence, we have
5 1
[l = plI* < m(f (p) - p, %~ p). (3.19)

In particular,

: —{f(p) - p, %, — p). (3.20)

2 <
I = PI" = 7

Since x € F(T) N (A + B)~'0, by (3.20), we obtain

[ xll—(f(x — X, X, — ). (3.21)

Since x,,, — %, it follows from (3.21) that x,,, — X as i — oo.

Now, we return to (3.20) and take the limit as i — oo to get
. 9 1 .
12 -pI* < (U =)p.p - ). (322)
In particular, X solves the following variational inequality
xeF(T)NA+B)'0, (U-flp,p-%=0, peF(T)N(A+B)"0,
or the equivalent dual variational inequality (see Lemma 2.7)
xeF(T)NA+B)'0, ([-flxp-% >0, peF(T)NA+B)"0. (3.23)
Finally, we show that the net {x;} converges strongly, as ¢t — 0, to X. To this end, let
{sx} C (0,1) be another sequence such that sy — 0 as kK — oo. Put x := x,, yx := ¥, and
A = Ag,. Let {xy} be a subsequence of {x;}, and assume that X — X. By the same proof
as the one above, we have & € F(T) N (A + B)"10. Moreover, it follows from (3.23) that
(U-fxx-z)=<0. (3.24)
Interchanging ¥ and %, we obtain
(T-fz,z-z)<o0. (3.25)

Adding up (3.24) and (3.25) yields

(T-pr-Ud-HHr,x-%)<0.
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Hence,

1% - %1% < {f&) - fR),% - &) < L% - %1%,
thatis, (1-)[|¥—%||> < 0. Since € (0,1), we have ¥ = &. Therefore, we conclude that x, — %
ast— 0.

Note that Pr(yn4.5)-10 is well defined by Lemma 2.3 and Remark 2.1. The variational

inequality (3.2) can be rewritten as
(@I-f)x-%p-%)>0, VpeF(T)N(A+B)"0.
By (2.4), this is equivalent to the fixed point equation

% = Prrynasp10(2] —f)X.
This completes the proof. O
From Theorem 3.1, we can deduce the following result.

Corollary 3.1 Suppose that F(T)N (A +B)™10 # (. Then the net {x,} defined by the implicit
method (3.3) converges strongly, as t — 0, to X, which solves the following minimum norm
problem: find ¥ € F(T) N (A + B)™'0 such that

%]l = min [l (3.26)
xeF(T)N(A+B)~10

Proof From (3.22) with f =0 and [ = 0, we have
I%-pl> < (p,p-%), VpeF(T)N(A+B).
Equivalently,
(%#p-% >0, VpeF(T)N(A+B)™o.
This obviously implies that
IZII” < (p,%) < lIplllIZll, VpeF(T)N(A+B)™0.

It turns out that ||| < ||p|| forall p € F(T)N (A +B)0. Therefore, X is the minimum-norm
point of F(T) N (A + B)™0. O

3.2 Strong convergence of the explicit algorithm

Now, using Theorem 3.1, we establish the strong convergence of an explicit iterative
scheme for finding a solution of the variational inequality (3.2), where the constraint set
is the common set of the fixed point set F(T) of the k-strictly pseudocontractive mapping
T and the solution set (4 + B)~'0 of the MIP (1.1).
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Theorem 3.2 Suppose that F(T) N (A +B)™0 #@. Let {a,,}, {B,} C (0,1) and {1} C (0,2a)
satisfy the following conditions:

(C1) lim,_, o oy = 0;

(C2) Y02y oy = 00;

(C3) 0<c<Bu<d<1l;

(C4) 0<a<ir, <b<2aandlim,_, (A, —Au1)=0.
Let the sequence {x,} be generated iteratively by (3.4):

KXn+l = anf(xn) + ﬁnxn + (1 — 0y — ,Bn)S]}m (xn - )"nAxn): Vn > 0; (34)
where xo € C is an arbitrary initial guess. Then the sequence {x,} converges strongly to a
point x in F(T) N (A + B)~10, which is the unique solution of the variational inequality (3.2).

A-Doy

Proof First, from condition (C1), without loss of generality, we assume that 21_% 7 <1,and

we note that F(T) = F(S). From now, we put y, = /5, (*, — 1,A%,,).

We divide the proof several steps as follows.

Step 1. We show that ||x,, — p|| < max{|xo — pl|, W} forallm>0andall p € F(T) N
(A+B)™'0 (= F(S)N(A +B)™0). Indeed, let p € F(T)N(A+B)™0.Fromp = J;,,(p — A,Ap) =
Sh,.(p — 1, Ap), Sp = p and Lemma 2.5, we get

2
190 = BI* = | T @ = AnAn) = T, (p — rAD) |
2
= ” (Xn = AnAxn) = (p = LuAp) ”
2
= || (xn —P) - )W(Axn _AP)H
= ”xn —P||2 - 2}‘n<xn _p’Axn —AP) + }“;Zq”Axn —AP”Z
< lln = pII* = 224l| A, — Ap|1* + ;.| Ax,, — Ap|)?
= [|xn —19||2 + Au(hy — 20) || Ax, —AP||2

< llx - plI. (327)
Using (3.27), we have

%01 =PIl = [|etnf () + Bun + (L=t = Bu) ST, (6 — AnAx) — p|
= en(F®n) = P) + Bul@n — p) + (A = 0tw — Bu)(Syn — Sp) |
< au|[f (o) D) + @ |[f @) = P + Bullxs P
+ (1= an = Bu)llyn - pl

< aulllxy = pll + o |[f®) = p| + Bullxn — pll + A =ty = B s — Pl

V)=l

2(1_(1_l)an)”xn_p” + (1= Doy 1-1

Using an induction, we have

)l

_ < _
1% Pll_maX{llxo pl, 11

Hence, {x,} is bounded, and so are {y,}, {Ax,}, {f(x,)} and {Sy,}.

Page 12 of 23
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Step 2. We show that lim,,_,  ||%,+1 — %, || = 0. Put u,, = x,, — ,,Ax,,, and define

Xn+l = ,ann + (1 - ,Bn)zm Vn > 0. (328)

Then we have

Zn+l — Zn

_ Xn+2 — Brs1¥ni s Bnn
~ 1-Bua 1-B,

pitf K1) + Brr®nsr + (L= i1 — Bus1) ST, Unal — BrsiXnn

1- ﬁn+l
of (%) + Buy + (1 =y — Bu)STh, tn — Bun
B 1-B,
pitf K1) + (L= i1 = Bus1)Sh, Uit
1- :Bnﬂ
o () + (1= n = Bu)STh,
1-B,
= T ) = 1S ) 4 STt = STt
il

oy
1- Isn+1 1- ﬁn
(07778 ]

Ay
= 1- B (f(xwrl) - S])\ml un+1) + 1-8,

+ 8T, Une1 — ST, Un. (3.29)

S]An+1un+l + S]An Up

(STt = f(x0))

Since I — A,41A is nonexpansive for A,,; € (0,2«) (by Lemma 2.5), we have
”(1 = A1 A)pa1 — (= A1 A)xy ” < %1 = %l (3.30)
By the resolvent identity (2.2) and (3.30), we get

||/'x,,+1 Ups1 — o, Unl

An An
]An Ups1 t 1- ]A,Hl Upsl _]A,,un
)\n+1 )\n+1

An An
S| Unaa T 1- ]An+1 Upsl — Upn
)&n+l n+l
A A
< l2tys1 — wnll + |1 - ||]Kn+1un+1 — Uy ||
)Lml )Ln+1
n
< ltns1 =t + |1 = (”unﬂ —uu|l + ”])L,Hl Upl — un”)
)\n+1

= || (xn+1 - )‘-n+1Axn+1) - (xn - )\nAxn) ||

)“Vl+1 - }\n
L (”Mn+l — Uyl + ”])\mlunﬂ - Mn”)

=< || (1 - )\n+lA)xn+1 - (1 - )\n+1A)xn || + |)¥n+1 - )‘n| ”Axn ”

Page 13 of 23
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1
+ A1 — }Ln|;(”un+l — | + ||/x,,+114n+1 - un”)

=< ||xn+1 _xn” + |)‘-n+1 - An|M1r (331)
where M; > 0 is an appropriate constant. Hence, from (3.29) and (3.31), we obtain
1Zns1 = zall
Upil Ay
< ——(f@ua) | + 1S5, s l}) + (1SS, 1l + [ f (x)])
1- /3n+1 1- lgn
+ ”S]A,,H Upsl — S]An Uy ”
(07788 ] ay
< ——(FfGensd) | + 1T pa i ll) + (1SS, tull + ) )
1- ﬂn+1 1- ,Bn
+ a1 Unr = T, |
Upil Ay
< (f @na) | + 1T, s 1) + (1SS, 1ll + [ f (x)])
1- ﬁml 1- ﬁrz
+ ||xn+1 _xn” + |)\n+1 - )"n |M1 (332)
It follows from conditions (C1) and (C4) that
lim Sup(”ZVl+1 - Zn” - ”xn+1 _xn”) <0.
n—0o0
Thus, by Lemma 2.8, we have
lim ||z, — x| = 0. (3.33)
n— o0

Consequently, we obtain
lim [[x,1 =%, = lim (1= B,)llzn — %ll = 0.
n—0o0 n—0o0

Step 3. We show that lim,,_, . |[Ax,, —Ap|| = 0 for p € F(T) N (A + B)~'0. From (3.4), (3.27)
and Lemma 2.2, we have
%1 = pII>
= et () + Bu + (L= ctn = B)ST, (= Anxn) = |
= Jlota (F G6n) = ) + Bl =) + (1 = 0t = Bu)(Syu — )|
= o [f @) = p||* + Bulltu — pI* + (L= @ = B) 1S — pII?
= 6 Bl ) = % | = Bl = @ = B) 10 — Syull?
— (1= oty = B) |y — f )|
< au([f@n) -f @) + |[f @) - p[)* + Bullw = pI* + A= @ = B Iy — 211>
< (Pl — pII? + 20— plI|f @) — | + |f @) ~ [ + Ballxa — I
+ (1= oty = Bu) 1w = pII* + (A = s = Bu)hn(hn — 200) | A, — Ap|)?
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= (1 -(1- l)an) [l —P||2 + (L= ap = Bu)hn(hy — 20) | Axy, —AP||2

+a, (2% - pl|[F @) - p| + [F@) - p[?)
< 1% = pI* + (L = &y = Bi)hu(hn — 20) [ A, — Apl|* + M,

(3.34)

where M, > 0 is an appropriate constant. From (3.34) and conditions (C3) and (C4), we

deduce that

1 -, —d)a2a - b)|Ax, — Apl* < (1 - &y — Bu)An(20 — 1) | Ax,, — Ap?

< % _xn+1||(”xn =Pl + 1% —P”) + M.

Since o, — 0 (by condition (C1)) and ||x,41 — x| = O (by Step 2), we conclude that

lim ||Ax, — Ap|| = 0.

Step 4. We show that lim,_, o ||x, — y,|| = 0. First, from (2.1) and (2.3), we get for p €

F(T)N (A + B)™o,

lyn =PI = [ Gon = 2nAx,) = |
= ”]An (xn - )"nAxn) _]An(p - )"nAp)

< ((xn - )\nAxn) - (19 - )\nAP):)’n _p)

I

= (6= 20Am) = = 2,4p) | + Iy~ I
— [0 = 2uda) = (0 = 2ndp) = G = D))
< 5 (b= I + =PI = [ =3~ (A~ 4] )
S (R A O A
+ 2 (@0 = Yn Ay = Ap) = 43| A%y — Ap|?).

So, we have

Iy =PI < 1% =PI = 1% = ll* + 20 (X = Y, Ay — Ap)
- A2||Ax, — Apl|®

< 1% = pI* = 1% = yull* + 220 (2 — Y A% — Ap).
Using (3.34) and (3.35), we obtain

2
”xn+l —-p ”

< &, (P, = plI* + 2%, - pll|f @) - 2| + |[f @) - 2|*) + Bullw — pII>

+(1-a, - ,Bn)”_yn —P||2

2 2
< dulllxn = plI” + 0nMa + Bullx, — pll

(3.35)
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+(1-a, - /3,,)(||xn —P||2 = llxn _yn||2 + 200 {Xn = Y, A%y —AP))
= (1 -(1- l)an)”xn —19||2 = (== B)llxn _ynllz
+ 20Xy — Y, Axy — Ap) + 0, My

< % = pI* = A= ot = Bu) % = yull” + 26M5]| Axy — Ap|| + Mo, (3.36)
where M, M3 > 0 are appropriate constants. This implies that

(1-a,—d)|x, _yn”z
=< (1 — 0y — lgn)”xn _yn”z

< %0 = % ll (121 =PIl + 10 = plI) + 26M3 || Ax,, — Ap|| + €, Ma.
Thus, from condition (C1), Step 2 and Step 3, we deduce that
lim |[x, — yull = 0.
n— 00
Step 5. We show that lim,_, « |Sx, — %, || = 0. First, by (3.4), we have

1Syn = xull < 11SYn = X1l + 101 — %l
= ”Syn - (a,,(f(x,,) + Buxn + (1 -y — ﬂn)Syn) ” + (%41 — x4l

< || Sy —f@n) | + Bull®n = Syull + 1%ns1 — %,

and so,

1SYn = xull < (an ||Syn _f(xn)H + {141 —an)

1
1- :Bn
By conditions (C1) and (C3) and Step 2, we obtain

lim ||Sy, — x|l = 0.
n—0Q
This together with Step 4 yields that

5% =2l < 5% = Syull + 15¥n — %l

< %0 = Yull + 1Y% — x4l = 0 as n— oo.
Step 6. We show that

lim sup(f(ic) — X, Xy — 56) <0,
n—0o0
where ¥ = lim;_, o x; with x; being defined by (3.1). We note that from Theorem 3.1, x €
Fix(T) N (A + B)7'0, and % is the unique solution of the variational inequality (3.2). To
show this, we can choose a subsequence {x,,} of {x,} such that

lim (f(ic) — X, Xy — 56) =lim sup(f(ic) — X, X, — 56)

i—00 11— 00
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Since {x,,} is bounded, there exists a subsequence {xmj} of {x,,}, which converges weakly
to w. Without loss of generality, we can assume that x,, — w. By the same argument as in
the proof of Theorem 3.1 together with Step 5, we have w € F(T) N (4 + B)™10. Since ¥ =
Pr(rynasp)-10(2] — f)% is the unique solution of the variational inequality (3.2), we deduce
that

lim sup(f %) —%,x, — 56) = lim (f (%) — %, %, — 5c)

n—00

= f&) -%w-i)<0.

Step 7. We show that lim,_, « [|x, — %|| = 0, where x = lim,_, ¢ x; with x; being defined by
(3.1), and x is the unique solution of the variational inequality (3.2). Indeed, from (3.4), we
note that

Kyl — X = anf(xn) + Buxy + (I—oty— ﬁn)S]A,, (X — ApAx,) — %

= an(f(xn) - 5‘) + By — %) + (1 =y = Bu) (S, — %)
Applying Lemma 2.1, we have

1 = Z1% < | Buln = F) + (1= s = Ba) STy —B) |
4 200{f (00) = f B, a1 = F) + 200{f (R) — %, X1 — &)
< (Bulltn = &l + (1= s = Bo) lym - #1)°
+ 200,120 = E [ [rs1 = FI + 205 {f B) = F, 211 — )
< (1= o) (1 = Z01% + @l (16 = FI? + 1201 — %112

+ 2an{f(5c) — X, Xyl — 5c>

This implies that

1-2-Da, +a? 20,

~ 2 ~ 2 ~ ~ ~
Xps1 — X7 < Xy — x|+ X) — X, Xp1 — X
1%n1 = 21" < 1—a,l %, — %Il 1_Olnl(f() el — )
1-2-Day, - o? I
=— %, — X" + Xy — X
e R v | R
2a, — -
X) — X, Xp41 — X
1—Oly,l<f() n+l1 )
21 - Do . ao? ~
= (1= =—" ) llw — &II* + —= [l — ZII
1-a,l 1-aw,l
2a,,

+ 1_anl(f(5c)—9~c,x,,+1—5c>
21 - Doy, -
< (122020 s
1-w,l

2(1 _ l)a” Ol,,M4 1 - ~ ~
1-and (2O—J)+Ii7V@)-%xml—@)

= (L - &)y — X1 + 480
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where M, > 0 is an appropriate constant, &, = % and
o M4
(Sn = 2(” — (f(x x’xn+l - )

From conditions (C1) and (C2) and Step 6, it is easy to see that &, — 0, Y o) &, = 00
and limsup,,_, . 8, < 0. Hence, by Lemma 2.9, we conclude that x,, — X as # — oo. This
completes the proof. g

From Theorem 3.2, we deduce immediately the following result.

Corollary 3.2 Suppose that F(T)N (A +B)™0 #@. Let {,,}, {B,} C (0,1) and {1} C (0,20)
satisfy the following conditions:

(C1) 1imy,_ o oty = 0;

(C2) Yo gan =00

(C3) 0<c<B,<d<1;

(C4) 0<a<ir,<b<2a.
Let the sequence {x,} be generated iteratively by (3.5):

X1 = BuXn + (1 -0y — ﬂn)S]kn (%n — ApAx,), VYn>0, (3'5)

where xo € C is an arbitrary initial guess. Then the sequence {x,} converges strongly to a
point x in F(T) N (A + B)~10, which is the unique solution of the minimum norm prob-
lem (3.26).

Proof The variational inequality (3.2) is reduced to the inequality
(%x,p—-% >0, VpeF(T)N(A+B)™0.

This is equivalent to [|X]|> < (p,%) < ||p|l||IX|| for all p € F(T) N (A + B)~10. It turns out
that ||X| < ||p|l for all p € F(T) N (A + B)™'0 and ¥ is the minimum-norm point of F(T) N
(A +B)70. O

Remark 3.1 It is worth pointing out that our iterative schemes (3.1) and (3.4) are new
ones different from those in the literature. The iterative schemes (3.3) and (3.5) are also
new ones different from those in the literature (see [5, 11] and the references therein).

4 Applications
Let H be a real Hilbert space, and let g be a proper lower semicontinuous convex function
of H into (—00, 00]. Then the subdifferential dg of g is defined as follows:

dgx) = {z€ H | gx) + (z,y —x) <g(y),y € H}

for all x € H. From Rockafellar [19], we know that dg is maximal monotone. Let C be a
closed convex subset of H, and let ic be the indicator function of C, i.e.,

) 0, x€C,
ic(x) = (4.1)
oo, x¢C.
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Since ic is a proper lower semicontinuous convex function on H, the subdifferential dic
of i¢ is a maximal monotone operator. It is well known that if B = di¢, then the MIP (1.1)

is equivalent to find # € C such that
(Au,v—u) >0, VveC. (4.2)

This problem is called Hartman-Stampacchia variational inequality (see [20]). The set of
solutions of the variational inequality (4.2) is denoted by VI(C, A).
The following result is proved by Takahashi et al. [11].

Lemma 4.1 [11] Let C be a nonempty closed convex subset of a real Hilbert space H, let Pc
be the metric projection from H onto C, let dic be the subdifferential of ic, and let ], be the
resolvent of dic for A > 0, where ic is defined by (4.1) and J, = (I + Ldic)™L. Then

u=hx <= u=Pcx, VxeH,yeC.

Applying Theorem 3.2, we can obtain a strong convergence theorem for finding a com-
mon element of the set of solutions to the variational inequality (4.2) and the set of fixed

points of a nonexpansive mapping.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be
an a-inverse strongly monotone mapping of C into H, and let S be a nonexpansive mapping
of C into itself such that F(S)NVI(C,A) # 0. Let {a,}, {B,} C (0,1) and {Ar,} C (0,2«) satisfy
the following conditions:

(C1) limy— o0 0y = 0;

(C2) Y02, oy = 00;

(C3) 0<c<Bu<d<l;

(C4) 0<a<r,<b<2aandlim,_, (A, —Ay1)=0.
Let the sequence {x,} be generated iteratively by

Xn+l = O[r(f(xn) + Buy + 1-a,- ,Bn)SPC(xn - MAxy,), VYn=>0,

where xo € C is an arbitrary initial guess. Then the sequence {x,} converges strongly to a
point % in F(S) N VI(C, A).

Proof Put B = dic. It is easy to show that VI(C,A) = (A + 3ic)™10. In fact,

xe(A+0ic)'0 = 0ecAx+dicx
— —Ax€dicx
— (Ax,u—-x)>0 MueC)

< x€VI(CA).

From Lemma 4.1, we get J,,, = Pc for all ,,. Hence, the desired result follows from Theo-
rem 3.2. O
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Asin [11, 21], we consider the problem for finding a common element of the set of solu-
tions of a mathematical model related to equilibrium problems and the set of fixed points
of a nonexpansive mapping in a Hilbert space.

Let C be a nonempty closed convex subset of a Hilbert space H, and let us assume that
a bifunction ® : C x C — R satisfies the following conditions:

(Al) O(x,x)=0forallx € C;

(A2) © is monotone, that is, @(x,y) + O(y,x) <0 for all x,y € C;

(A3) foreachx,y,z€C,

ltlfg@)(tz +(1- t)x,y) < 0O(,y);

(A4) foreachx € C, y— O(x,y) is convex and lower semicontinuous.
Then the mathematical model related to the equilibrium problem (with respect to C) is
find % € C such that

O,y >0 (4.3)

for all y € C. The set of such solutions x is denoted by EP(®). The following lemma was
given in [22, 23].

Lemma 4.2 [22, 23] Let C be a nonempty closed convex subset of H, and let © be a bifunc-
tion of C x C into R satisfying (A1)-(A4). Then for any r > 0 and x € H, there exists z € C
such that

1
O(zy)+-(y-zz-x)>0, VyeC.
r

Moreover, if we define T, : H— C as follows:

1
Tox = {zeC:@(z,y)+ -(y—-zz-x)>0,Vy€e C}
r

for all x € H, then the following hold.:
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, that is, for any x,y € H,

” T,x— Try”2 f (Trx_ Tr ;X—y);

(3) F(T,) =EP(®);
(4) E

P(®) is closed and convex.

We call such 7, the resolvent of ® for r > 0. The following lemma was given in Takahashi
et al. [11].

Lemma 4.3 [11] Let C be a nonempty closed convex subset of a real Hilbert space H, and
let © be a bifunction of C x C into R satisfying (Al)-(A4). Let Ag be a multivalued mapping
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of H into itself defined by

{zeH:O,y) > (y-x2)}, x€C,
, x¢ C.

A@JC =

Then EP(®) = Ag'0, and Ae is a maximal monotone operator with dom(Ag) C C. More-
over, for any x € H and r > 0, the resolvent T, of ® coincides with the resolvent of Ae; i.e.,

Tx = +rde) .
Applying Lemma 4.3 and Theorem 3.2, we can obtain the following results.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
® be a bifunction of C x C into R satisfying (Al1)-(A4). Let Ag be a maximal monotone
operator with dom(Aeg) C C defined as in Lemma 4.3, and let T) be the resolvent of ©
for A > 0. Let A be an «-inverse strongly monotone mapping of C into H, and let S be a
nonexpansive mapping from C into itself such that F(S)N (A + Ag)™10 # . Let {,}, {8} C
(0,1) and {A,} C (0,2) satisfy the following conditions:

(C1) limy— 0 @0y = 0;

(C2) Y02y oy = 00;

(C3) 0<c<B,<d<1;

(C4) 0<a<:r,<b<2aandlim,_, (A, —Ay1)=0.
Let the sequence {x,} be generated iteratively by

Xn+l = O[r(f(xn) + Buy + 1-a,- ,Bn)STAﬂ (n — ApAx,), Vn=>0,

where xo € C is an arbitrary initial guess. Then the sequence {x,} converges strongly to a
point % in F(S) N (A + Ag)0.

Theorem 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
® be a bifunction of C x C into R satisfying (Al)-(A4). Let Ag be a maximal monotone
operator with dom(Ae) C C defined as in Lemma 4.3, and let T;, be the resolvent of © for
A >0, and let S be a nonexpansive mapping from C into itself such that F(S) N EP(®) # ?.
Let {a,},{B4} € (0,1) and {X,} C (0,2«) satisfy the following conditions:

(C1) limy— o0 0y = 0;

(C2) Y02y oy = 00;

(C3) 0<c<B,<d<1;

(C4) 0<a<:r,<b<2aandlim,_ (A, —Ay1)=0.
Let the sequence {x,} be generated iteratively by

Xn+l = Olr(f(xn) + Buy + (-0t — lgn)ST)»n (%4), Vn=>0,

where xy € C is an arbitrary initial guess. Then the sequence {x,} converges strongly to a
point x in F(S) NEP(G®).

Proof Put A = 0 in Theorem 4.2. From Lemma 4.3, we also know that J,, = T;, for all
n > 0. Hence, the desired result follows from Theorem 4.2. O
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Remark 4.1 (1) As in Corollary 3.2, if we take f = 0 in Theorems 4.1, 4.2 and 4.3, then
we can obtain the minimum-norm point of F(S) N VI(C,A), F(S) N (A + Ag) ™10 and F(S) N
EP(®), respectively.

(2) For several iterative schemes for zeros of monotone operators, variational inequality
problems, generalized equilibrium problems, convex minimization problems, and fixed
point problems, we can also refer to [24—29] and the references therein. By combining our
methods in this paper and methods in [24—29], we will consider new iterative schemes
for the above-mentioned problems coupled with the fixed point problems of nonlinear

operators.
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