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1 Introduction and preliminaries
Banach’s contraction principle [1] is one of the pivotal results in nonlinear analysis. Ba-
nach’s contraction principle and its generalizations have many applications in solving non-

linear functional equations. In a metric space setting, it can be stated as follows.

Theorem 1.1 Let (X,d) be a complete metric space. Suppose that a mapping T : X — X

satisfies
d(Tx, Ty) < kd(x,y) forallx,y € X,

where 0 < k <1.

Then T has a unique fixed point in X.

Ciri¢ [2] introduced quasi contraction, which is one of the most general contraction

conditions.

Theorem 1.2 Let (X,d) be a complete metric space. Suppose that a mapping T : X — X

satisfies
d(Tx, Ty) < kmax{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}

forallx,y € X, where 0 <k <1.
Then T has a unique fixed point in X.

In [3], Berinde generalized Ciri¢’s result.
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Theorem 1.3 Let (X,d) be a complete metric space. Suppose that a mapping T : X — X
satisfies

d(Tx, Ty) < ¢(max{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)})

for all x,y € X, where ¢ : [0,00) — [0,00) is nondecreasing and continuous such that
lim,_, o0 ¢"(¢) =0 forall t > 0.
If T has bounded orbits, then T has a unique fixed point in X.

Recently, Samet et al. [4] introduced the notion of @-1 contractive mapping and gave
some fixed point theorems for such mappings. Then, Asl et al. [5] gave generalizations of
some of the results in [4], and Mohammadi et al. [6] generalized the results in [5].

The purpose of the paper is to introduce a concept of «-1-quasi contractive mappings
and to give some new fixed point theorems for such mappings.

2 Fixed point theorems
Let W be the family of all nondecreasing functions ¢ : [0, 00) — [0, 00) such that

lim ¢¥"(t) =0
n—0oQ
forall £ > 0.

Lemma 2.1 Ify € U, then the following are satisfied.
(@) Y@ <tforallt>O0;
(b) ¥(0) =0;

(c) ¥ is right continuous at t = 0.

Remark 2.1
(a) If ¢ : [0,00) — [0,00) is nondecreasing such that Y -, ¥"(t) < oo for each £ > 0,
then ¥ € W.
(b) If ¥ : [0,00) — [0, 00) is upper semicontinuous such that ¥ (¢) < £ for all £ > 0, then
lim,, 0 ¥"(¢) =0 for all £ > 0.

Let (X, d) be a metric space, and let « : X x X — [0, 00) be a function.
A mapping T : X — X is called a-y-quasi contractive if there exists ¢ € W such that,
forallx,y € X,

a(x,y)d(Tx, Ty) < ¢ (M(x,)),

where M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.
For A C X, we denote by §(A) the diameter of A.
Let A be the family of all functions « : X x X — [0, 00).

Theorem 2.1 Let (X, d) be a complete metric space, « € A, and let € V be such that
is upper semicontinuous. Suppose that T : X — X is a-y-quasi contractive. Assume that
there exists xo € X such that

O(xg, T;00) = {T"xo :n=0,1,2,.. } is bounded anda(Tixo, zjo) >1 (2.1)

foralli,j e NU{0} withi<j.
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Suppose that either T is continuous or

lim infa(7"xg,%) > 1 (2.2)

n—00

for any cluster point x of {T"x}.
Then T has a fixed point in X.

Proof Let xo € X be such that O(xo, T; 00) is bounded and a(T%xq, T/xo) > 1 for all ,j €
NU {0} with i <.

Define a sequence {x,} C X by x,,; = Tx, for n € NU {0}.

If x,, = x,,41 for some n € NU {0}, then x,, is a fixed point.

Assume that x,, # x,,,; for all » € NU {0}.

We now show that {x,} is a Cauchy sequence.

LetB, ={x;:i>mn},forn=0,1,2,...,and let §(By) = B.

We claim that for n = 0,1,2,...,

8(By) < y"(B). (2.3)

If n = 0, then obviously, (2.3) holds.
Suppose that (2.3) holds when 7 = k, i.e., §(B) < ¥*(B).
Let x;,%; € By, for any i,j > k + 1. Then

d(x;, %)) = d(Txiy, Txjoa)

< a (i1, %-1)d(Tx;-1, Txj1)
< (max{d(x;-1, 1), dxi1, Trina), d(x1, Taj), d(xim, Txj-), A1, Trin) })
= W(max{d(xi-lyxj—l),d(xi-hxi),d(xj-hxj),d(xi—l,xj)»d(xj-bxi)})
<V (8(Bx))
<y (v*(B))
= y“(B).

Therefore, (2.3) is true for n = 0,1,2,....

Hence, from (2.3), we have lim,_, o 8(B,) = 0. Thus, {«x,} is a Cauchy sequence in X. It

follows from the completeness of X that there exists

X, = lim x,, € X.
n— 00

If T is continuous, then lim,_, o x,, = Tx,, and so x, = Tx.,.
Assume that (2.2) is satisfied.
Then, lim,,_, o infa(x,,%,) > 1, and so there exists N € N such that «(x,,x,) > 1 for all

n > N. Thus, we have

d(xn+lr Tx*)

= d(Txn; Tx*)

Page 3 of 12
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1

<
a(xn:x*)

< ¥ (M(x,,x.)) (2.4)

1»[f(jw(xm?‘:*))

for all n > N, where
M(xm x*) = max{d(xm x*), d(xm K1)y Ay Tx*): d(xm Tx.), A% Xni1) }

Assume that d(x,, Tx.) > 0.
We obtain 1im,,_, oo M (%, %) = d (%4, Ty).
Using (2.4), and using upper semicontinuity of ¥, we have

d(xy, Tx,) = lim supd(x,.1, Tx.)
< lim supt//(M(xn,x*)) < w(d(x*, Tx*)).
n—oQ0
Since d(x,, Tx,) > 0,
d(x., Tr) < (d(xs, Tx,)) < d(xy, Tx,),
which is a contradiction. Hence, d(x,, Tx,) = 0, and hence, x, = Tx,. O

Example 2.1 Let X = [0,00) and d(x,y) = |x — y| for all x,y € X, and let

o) = 1, ifre(1,2],

-, if otherwise.

Then ¢ € W.
Note that ¥ is not continuous at £ =1, and ), ¥"(3) = Y_ne) 50 = 00
Define a mapping 7: X — X by

x+1, ifxe]0,1),
Tx = 2—%x, ifxe[1,2],
20 -3, ifxe(2,00).

We define « : X x X — [0, 00) by

1, ifx,ye(lL,2],

alx,y) =
0, ifx¢[1,2]ory¢|[1,2].
Clearly, T is an a-¥ quasi contractive mapping. Condition (2.1) holds with xy = %, and
O(xp, T;00) is bounded. Obviously, (2.2) is satisfied.
Applying Theorem 2.1, T has a fixed point. Note that 3 and 3 are two fixed points of 7.

The following example shows that if we do not have the condition of which O(xy, T’; 00)
is bounded for some xy € X, then Theorem 2.1 does not hold. Thus, we have to have the

condition above.

Page 4 of 12
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Example 2.2 Let X = N, and let

Zlei% w=my=n+kk=>1),

d(x’y) =
0 (x=y)

forallx,y € X.
Then (X, d) is a complete metric space.
LetT:X — X be a mapping defined by T'(n) = n + 1, and let «(x,y) =1 for all x,y € X.
Lettk—Z S fork=1,2,3,.
Define a functlon Y :[0,00) = [0, 00) by

o) = it (O0=<t<?),

Lt - )+t (<t <t k=2,3,4,..).

Then, it easy to see that y € W.
We show that T is a-y-quasi contractive.
For x,,, %,k € X (k> 1), we have

a(n,n+k)d(T(n), T(n+k))
=d(T(n), T(n +k))
=dn+1L,n+k+1)
-
= Y (tks1)
Y (d(mn+k+1))
v (n, T(n+k))
<y (M(n,n+k)).

Hence, T is a-1r-quasi contractive. But the orbits are not bounded, and 7 has no fixed

points.

Corollary 2.2 Let (X, d) be a complete metric space, a« € A, and let € V be such that
is upper semicontinuous. Suppose that T : X — X is a-y-quasi contractive. Assume that

there exists xo € X such that

d(xo, Txo) < im (¢ —yr(t)) and (T %0, Txo) > 1
t—00
foralli,j e NU{0} withi<j.
Suppose that either T is continuous or lim,_, o infa(T"xy,x) > 1 for any cluster point x
of {T"xy}.
Then T has a fixed point in X.

Proof Define a sequence {x,} C X by x,, = T"x forn=1,2,....
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By assumption, d(xo, 1) < lim, | (¢t — ¢(t)). Hence, there exists M > 0 such that for all
t>M,
d(xo,x1) < t — $(2). (2.5)

If1 <i<j<mn,then we have

a(xi—lrxj—l)d(xi:xj)
=y (max{d(xi—b x1), d(xi1, %), d(x-1, %7), d (%1, %7), d (-1, ;) })
=< 1/’(‘/1),
where v = max{d(x;_1, xj_1), d(xi_1, %), d(xj_1, %)), d(xi_1, %)), d(xj_1, %)} < 8(O(wimr, Tim — i +

1)).

Thus, we have

d(x;, %))
< a1, %j-1)d (%, %7)
< 1//(8 (O(xH, T;n—i+ 1)))

< ¥(8(O(xo, T3 m))). (2.6)
So we obtain
d(xi,x7) < ¥ (8(0lxo, T3 m))) < 8(Olao, T; m)).
Hence, we have
8(O(xo, T; 1)) = max{d(xo,x¢) : 1 < k < n}.
From (2.6), we obtain

8(O(xo, T3 m)) = d(x0, xx)
< d(x0,%1) + d(x1, %)

< d(x0,%1) + ¥ (8(Ox0, T3 m))).
Thus, we have
8(O(x0, Ts ) — Y (8(O(wo, T3 m))) < d(x0, 1) (2.7)

From (2.5) and (2.7), we have 8§(O(xg, T;n)) < M for all n € N. Hence, O(xg, T;n) is
bounded. By Theorem 2.1, T has a fixed point in X. O

Corollary 2.3 Let (X,d) be a complete metric space, a € A, and let v € V be such that
is upper semicontinuous. Suppose that T : X — X is a-\-quasi contractive. Assume that
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lim;_, oo (£ — Y (2)) = 00, and there exists xo € X such that
a(T'x0, T'x) > 1

foralli,j e NU{0} withi<j.

Suppose that either T is continuous or lim,_, o infa(T"xy,x) > 1 for any cluster point x
of {T"x0}.

Then T has a fixed point in X.

Corollary 2.4 Let (X, X,d) be a complete ordered metric space, and let € WV be such that
Y is upper semicontinuous.
Suppose that a mapping T : X — X satisfies

(T, Ty) < ¥ (M(x,))

for all comparable elements x,y € X. Assume that there exists xo € X such that O(xo, T; n)
is bounded, and T'xy and T'x, are comparable for all i,j € NU {0} with i <.

Suppose that either T is continuous, or T"xy and x are comparable for all n € N U {0}
and for any cluster point x of {T"x}.

Then T has a fixed point in X.

Proof Define « : X x X — [0,00) by

1 (x and y are comparable),
alx,y) =
0 (otherwise).

Using Theorem 2.1, T has a fixed point in X. g

Remark 2.2 Let (X, d) be a metric space, and let @ € A.
Consider the following conditions:
(1) foreachx,y,z€ X, a(x,y) > 1 and «(y,z) > 1 implies (%, z) > 1;
(2) foreachx,y € X, a(x,y) > 1 implies a(Tx, Ty) > 1;
(3) there exists xg € X such that a(xg, Tx¢) > 1;
(4) if {x,} is a sequence with «(x,,x,,1) > 1 forall n € NU {0} and lim,,, o x,, = x € X,
then a(x,,x) > 1 for all n € NU {0};
(5) there exists xo € X such that a(T%xg, T/xo) > 1 for all i,j € NU {0} with i < j;
(6) liminfa(T"xg,x) > 1 for all cluster point x of {T"xo}.
Then conditions (1), (2) and (3) imply (5), and condition (4) implies (6).

Remark 2.3 If we replace condition (2.1) of Theorem 2.1 with the conditions (1), (2)
and (3) above and replace condition (2.2) of Theorem 2.1 with the condition (4) above,
then T has a fixed point.

Corollary 2.5 Let (X, <,d) be a complete ordered metric space, and let € V be such that
V is upper semicontinuous. Suppose that a nondecreasing mapping T : X — X satisfies

d(Tx, Ty) < ¥ (M(x,))

forallx,y e X withx < y.
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Assume that there exists xg € X such that O(xy, T; n) is bounded, and xy < Txy. Suppose

that either T is continuous or if {x,} is a sequence in X such that x, < x,,1 for alln € N and
limy,—, 00 X = X, then x, < x for all n € N.
Then T has a fixed point in X.

Proof Define o : X x X — [0, 00) by

1 (x=y)
a(x,y) =
0 (kA
Using Remark 2.3, T has a fixed point in X. (]

In Theorem 2.1, if a(x, y) = 1 for all x, y € X, we have the following corollary.

Corollary 2.6 Let (X,d) be a complete metric space, and let € V be such that  is upper
semicontinuous. Suppose that a mapping T : X — X satisfies

d(Tx, Ty) < ¥ (M(x,y))

forall x,y € X. If there exists xy € X such that O(xy, T;n) is bounded, then T has a fixed
pointin X.

Remark 2.4 Corollary 2.6 is a generalization of Theorem 2 in [3].

Theorem 2.7 Let (X, d) be a complete metric space, « € A, and let v € V. Suppose that a
mapping T : X — X satisfies

a(x,9)d(Tx, Ty) < ¥ (d(x,9))

forallx,y e X.

Assume that there exists xq € X such that O(xq, T; 00) is bounded and
a(T'x0, T'x) > 1

foralli,j e NU{0} withi<j.

Suppose that either T is continuous, or
liminfo (T"x0,x) > 0 (2.8)

for any cluster point x of {T"x}.
Then T has a fixed point in X.

Proof Define a sequence {x,} C X by x,,; = Tx, for all » € NU {0}. As in the proof of

Theorem 2.1, {x,} is a Cauchy sequence in X. Since X is complete, there exists x, € X such
that

lim x,, = x,.
n— 00

Page 8 of 12
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If T is continuous, then x, is a fixed point of 7.

Assume that (2.8) is satisfied.

Then, L :=liminfa(x,,x,) > 0.

Let € > 0 be given.

Then there exists N € N such that d(x,,x,) < Le and a(x,,x,) >0 for all # > N.
Since v is nondecreasing, ¥ (d(x,, %)) < ¥ (Le) for all n > N.

Thus, we have

AXpe1, Ty = d(Txy, Tx,)
1 1
<1y (dboen) <

o a(xn;x*)

¥ (Le)

a(xmx*)
foralln>N.

Hence, we obtain

d(xy, Tx,) = limsup d(x,41, Txy)

1

< yto-lywe
= fminfag,xy) VL€ = Ve <e

and so x, = Tx,. O
Remark 2.5 Theorem 2.7 is a generalization of Theorem 2.1 and Theorem 2.2 in [4].

Corollary 2.8 Let (X,d) be a complete metric space, @ € A, and let € V. Suppose that
a mapping T : X — X satisfies

a(x,)d(Tx, Ty) < ¥ (d(x,))

forallx,y € X.
Assume that there exists xq € X such that

d(xo, Tx) < lim (t - w(t)) and a(Tixo, zjo) >1
t—>00
foralli,j e NU{0} withi<j.
Suppose that either T is continuous, or lim,_, » infa(T"x¢,x) > 0 for any cluster point x
of {T"x0}.
Then T has a fixed point in X.

Proof Define a sequence {x,} C X by x,, = T"x forn=1,2,....
As in the proof of Corollary 2.2, O(x, T; n) is bounded. By Theorem 2.7, T has a fixed
point in X. O

Corollary 2.9 Let (X, d) be a complete metric space, @ € A, and let y € V. Suppose that
a mapping T : X — X satisfies

Ol(x,y)d(Tx, Ty) = I//(d(x’y))

forallx,y € X.
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Assume that lim,_, oo (t — ¥ (£)) = 00, and there exists xy € X such that
a(T'x0, T'x) > 1

foralli,j e NU{0} with i <j.

Suppose that either T is continuous or lim,,_, o infa(T"xg,x) > 0 for any cluster point x
of {T"x0}.

Then T has a fixed point in X.

Corollary 2.10 Let (X, <,d) be a complete ordered metric space, and let € V. Suppose
that a mapping T : X — X satisfies

d(Tx, Ty) < ¥ (d(x,))

for all comparable elements x,y € X.

Assume that there exists xq € X such that O(xy, T; 00) is bounded, and T'xy and T/xy are
comparable for all i,j e NU {0} with i <.

Suppose that either T is continuous or T"xo and x are comparable for alln e NU{0} and
for any cluster point X of {T"x,}.

Then T has a fixed point in X.

Corollary 2.11 Let (X, <,d) be a complete ordered metric space, and let € V. Suppose
that a mapping T : X — X is nondecreasing such that d(Tx, Ty) < ¢ (d(x,y)) forall x,y € X
withx <y.

Assume that there exists xo € X such that O(xg, T; 00) is bounded, and xo < Tx,. Suppose
that either T is continuous, or if {x,} is a sequence in X such that x, < x,.1 for all n € N
and lim,,_, oo X, = X, then x,, < x for all n € N.

Then T has a fixed point in X.

Remark 2.6 Corollary 2.10 and Corollary 2.11 are generalizations of the results of [7].

3 An application to integral equations
We consider the following integral equation:

x(t) = /tl((t, s,x(s)) ds + g(t), tel, (3.1)

where K : I x I x R” — R” and g : I — R” are continuous.
Recall that the Bielecki-type norm on X,

-4 forallx € X,

lxllz = max|x(t)‘e’
tel
where 7 > 0, is arbitrarily chosen.
Let d(x,y) = |x — yll3 = maxse(qp) |%(t) — y(£)|e "¢ for all x,y € X.
Then it is well known that (X, dg) is a complete metric space.

Theorem 3.1 Let & : R” x R" — R be a function. Suppose that the following conditions
(1)-(5) are satisfied:
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(1) forallu,v,w e R", &(u,v) > 0 and &(v,w) > 0 implies & (u,w) > 0;
(2) foralls,t €I and forallu,v e R" with &(u,v) > 0

|K (£, 8,u) = K(t,5,v)| < ¥ (lu—vl),

where W € V such that lim,_, oo (t — Y (t)) = 0o and Y (At) < AY(t) for all t > 0 and for
all > 1;

(3) there exists xo € X such that forall t € 1,

é(xo(t), /tl((t, $,%0(s)) ds + g(t) ds) > 0;

4) forallx,y € X and forall t € I,

£(x(2),y(t)) =0 implies E(/tl((t, s,%(s)) ds+g(t), ftK(t, s,)(s)) ds +g(t)> > 0;

a

) if {x,} is a sequence in X such that lim,_, oo x, = x € X and &(x,,%,,1) > 0 for all
neN, then &(x,,x) > 0 for all n € N.
Then the integral equation (3.1) has at least one solution x* € X.

Proof

Tx(t) = ft K(t,s,x(s)) ds+g(t) foralltel

Let x,y € X such that &(x(£), y(¢)) > 0 for all t € I.
From (2), we have

!Tx(t) - Ty(t)|

t

[K (t s,x(s)) K (t, S, y(s))] ds

/ K (t,5,%(5)) = K(£,5,5(5))| ds
f/a ¥ (Jals) - y(s)]) ds

/ | ¥ (|(s) - y(s)|e T Det-) ds
/ (Jw(s) ~ y(5) ™) ds

< v (lx-yls) f (- gg

—_

<=y (llx—yllg)e’™™® forallsel.
T

Hence, for T > 1, we obtain dg(Tx, Ty) < ¥ (dp(x,y)) for all x,y € X with &(x,y) > 0.
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We define « : X x X — [0, 00) by

1, if&@x(),y()=>0,tel,

0, otherwise.

alx,y) =

Then, for all x,y € X, we have
a(x,)dp(Tx, Ty) < ¥ (dp(x,)).

It is easy to see that conditions (1)-(4) of Remark 2.2 are satisfied. By Corollary 2.9, T has

a fixed point in X. 0
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