Liu et al. Fixed Point Theory and Applications 2013, 2013:267 ® Fixed Point Theory and App|icati0n5
http://www.fixedpointtheoryandapplications.com/content/2013/1/267 a SpringerOpen Journal

RESEARCH Open Access

Fixed point theorems for mappings satisfying
contractive conditions of integral type

Zeqing Liu', Yan Lu' and Shin Min Kang?”

“Correspondence:
smkang@gnu.ac.kr

’Department of Mathematics and
RINS, Gyeongsang National
University, Jinju, 660-701, Korea
Full list of author information is
available at the end of the article

@ Springer

Abstract

Two results involving the existence, uniqueness and iterative approximations of fixed
points for two contractive mappings of integral type are proved in complete metric
spaces. Two nontrivial examples are included.

MSC: 54H25

Keywords: contractive mappings of integral type; fixed point; complete metric
space

1 Introduction

In recent years, there has been increasing interest in the study of fixed points and common
fixed points of mappings satisfying contractive conditions of integral type, see, for exam-
ple, [1-14] and the references cited therein. Branciari [4] introduced first the contractive

mapping of integral type as follows:

d(fx,fy) d(xy)
/ p(t)dt < c/ p(t)dt, Vx,yeX,
0 0

where ¢ € (0,1) is a constant, ¢ € ® = {¢ : ¢ : R* — R* satisfies that ¢ is Lebesgue in-
tegrable, summable on each compact subset of R* and fos @(t)dt > 0 for each & > 0} and
proved the existence of a fixed point for the mapping in complete metric spaces. Rhoades
[10] and Liu et al. [8] extended Branciari’s result and obtained a few fixed point theorems

for the contractive mappings of integral type below:

d(fx,fy) M(x.y)
/ p(t)dt < c/ p)dt, Vx,yeX
0 0

and

d(fx,fy) d(x,y)
/ p(t)dt < ot(d(x,y)) / p()dt, Vx,yeX,
0 0

where ¢ € (0,1) is a constant, ¢ € ® and o : R* — [0,1) is a function with limsup,_, , «t(s) <
1, V¢ > 0. Mongkolkeha and Kumam [9] proved fixed point and common fixed point theo-
rems for p-compatible mapping satisfying a generalized weak contraction of integral type
in modular spaces. Sintunavarat and Kumam [11, 12] gave common fixed point theorems
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for single-valued and multi-valued mappings satisfying strict general contractive condi-
tions of integral type.

Inspired and motivated by the results in [1-14], in this paper, we introduce two new
classes of contractive mappings of integral type in complete metric spaces and study the
existence, uniqueness and iterative approximations of fixed points for the mappings. The
results obtained in this paper generalize and improve Theorem 2.1 in [4], Theorem 3.1 in

[8] and Theorem 2 in [10]. Two nontrivial examples are constructed.

2 Preliminaries
Throughout this paper, we assume that R = (—oo, +00), R* = [0, +00), N denotes the set of
all positive integers, Ny = {0} UN,

®; = {¢p:¢:R" - R* is upper semi-continuous on R* \ {0}, ¢(0) = 0 and ¢(¢) < ¢,
Vi >0}

D, = {¢:¢:R* — R* is right upper semi-continuous on R* \ {0}, ¢(0) = 0 and ¢(t) < £,
vVt >0}

®3 = {¢p:¢:R* - R is continuous, ¢(0) = 0, ¢(¢) > 0, V£ > 0 and lim,_, £, = 0, for
each sequence {t,},cy C R* with lim,,_, o ¢(t,) = 0};

D, = {¢:¢:R* — R* is strictly increasing, ¢(0) = 0, continuous at 0 and lim,,—, o £, = 0
for each sequence {£,},cn in R* with lim,,_, o ¢(£,) = 0};

®s5 = {¢: ¢ is in P4 and is left continuous on R* \ {0}};

(al) (9,9, ¥) € ® x &1 x P35

(@2) (@, Y) € P x Py x Py

(a3) (¢, ¢, %) € ® x Py x Ds.

Let T be a mapping from a metric space (X,d) into itself, and let ¢ : R* — R* be a
function. Put

M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), % [d(x, Ty) + d(y, Tx)] }, Vx,y € X,

¥ (s+) and ¥ (s—) denote the right and left limits of the function ¥ at s € R*, respectively.

The following lemmas play important roles in this paper.

Lemma2.1 (8] Letg € ®and {r,},cn be a nonnegative sequence withlim,,_, r, = a. Then

lim / " o(t)dt = / o(t)dt.
n—0o0 0 0

Lemma 2.2 [8] Let ¢ € ® and {r,},cn be a nonnegative sequence. Then

1im/ e()dt=0
0

n—00
if and only if lim,_, o, 1, = 0.

3 Fixed point theorems and examples
In this section, we prove two fixed point theorems for two classes of contractive mappings

of integral type and display two examples as applications of the theorems.
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Theorem 3.1 Let (X,d) be a complete metric space, and let T : X — X be a mapping
satisfying

Y (d(Tx,Ty)) Y (d(xy))
/ p(t)dt < ¢(/ o(t) dt), Vx,y € X, (3.1)
0 0

where ¢, ¢ and  satisfy (al) or (a2). Then T has a unique fixed point a € X and
lim,,—, oo T"x¢ = a for each xo € X.

Proof Let xy be an arbitrary point in X. Put x,, = Tx,,_; for each #n € N. Assume that x,,, =
%1 for some ny € N. It is easy to see that x,,,_; is a fixed point of T, and there is nothing
to prove. Assume that x,, # x,,_; for all # € N. From (3.1) and one of (al) and (a2), we obtain
that

Y (d(Xp41%0)) Y (d(Txn, Txy-1)) Y (d(xnxn-1))
f o()dt - f o()dt < ¢( f o(0) dt)
0 0 0

Y (d(xnxn-1))
</ p(t)dt, VneN, (3.2)
0

which implies that
0< 1»[/(('i(xwrl»xn)) < w(d(xmxn—l)), VneN. (3.3)

Note that (3.3) yields that the sequence {{ (d(x,, x,-1))}sen is positive and strictly decreas-
ing. Thus, there exists a constant ¢ > 0 with

Tim ¢ (d(wnx,1)) = . (3.4)

Suppose that ¢ > 0. Taking upper limit in (3.2) and using (3.4), Lemma 2.1 and one of (al)
and (a2), we conclude that

¢ VU (d@ni1%n)) Y (d(nxn-1))
f o(t)dt = lim sup/ o(t)dt <lim supgb(f o(t) dt)
0 0 0

n—0o0 n—00

§¢</Oc<p(t)dt> <foc<p(t)dt,

which is absurd, and hence ¢ = 0, that is,
lim ¥ (d(xy,%41)) = 0,
n— o0
which together with one of (al) and (a2) guarantees that

lim d(x,,x,_1) = 0. (3.5)

n—00

Now, we show that {x,,},cn, is a Cauchy sequence. Suppose that {x, },en, is not a Cauchy
sequence, which means that there is a constant ¢ > 0 such that for each positive integer &,
there are positive integers m(k) and n(k) with m(k) > n(k) > k satisfying

AKX (k) Xnik)) > €.
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For each positive integer k, let m(k) denote the least integer exceeding #(k) and satisfying

the inequality above. It follows that
AXmk), %ny) > € and  dXmg)-1,%n) <&,  VkeN. (3.6)
Note that

& < AKXty Xnk)) < AXm)s Xm()-1) + AXm(k)-1s Xn()-1) + AXn()-15 Xn(k))

< d®m(k), Xm()-1) + A X1, %) + 2dXnr) Xn(r)-1), Yk € N. (3.7)
Letting k — oo in (3.7) and using (3.5) and (3.6), we conclude that
lim d(Xmk), Xn)) = im d@mp)-1, %ni)-1) = €. (3.8)
k— 00 k— 00

In view of (3.1), we deduce that

V(A n(k)))
/ o(0)dt

Y (A(Txpm(r)-1, Tn(k)-1))
o0ds- [
0

Y (A p(r)-1%n(k)-1))
< ¢</ o(t) dt), Vk € N. (3.9)

0

0

Assume that (al) holds. Taking upper limit in (3.9) and using (3.8) and Lemma 2.1, we
get that

¥ (e) Y (dXpm(k) (k)
/ @(t)dt = lim sup/ o(t)dt
0 0

k— o0

Y (AE (k) -1 %n(k)-1)
§limsup¢(/ ‘/’(t)dt>
0

k— 00

V(e) ¥(e)
< qb(/(; o(t) dt) </0 o(t) dt,

which is a contradiction.
Assume that (a2) holds. In view of (3.8), there exists K € N satisfying

£
AKX -1) Xn(iy-1) > X Vk > K.

It follows from the inequality above and € ®, that

&
w(d(xm(k),l,xn(k),l)) > 1,0(5) >0, Vk=>K,

which together with (3.9) and ¢ € @, gives that

Y (dGom() Fn(k)) Y (d@p(k)-1%n(k)-1))
/ p(0)dt < ¢( | o) dt)
0

0

p(t)dt, Yk=>K,

/ V(A -1%n(k)-1))
<

0
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which ensures that

Y (A %n(x) < ¥ (d@m-1:%n0-1)), Yk = K,
that is,

AKXt Xnik)) < A X1, Xnk)-1), Yk > K,
which together with (3.6) and (3.8) implies that

klggo A Xy Xni)) = klilglo AXm()-1, Xn(i)-1) = €.

Taking upper limit in (3.9) and using Lemma 2.1, (a2) and the equations above, we con-
clude that

V(e+) V(A (k)
/ o(t) dt = lim sup/ o(t) dt
0 0

k—o00
Y (dF (k) -1 % (k) -1))
< lim sup¢(/ () dt)
k—o00 0

Y(e+) ¥(e+)
§¢>( / o(t) dt) < / o () dt,
0 0

which is a contradiction.
Thus, {*,},en, is a Cauchy sequence. Since (X, d) is a complete metric space, there exists
apoint 4 € X such that lim,_, %, = a. By (3.1), Lemma 2.2 and one of { € ®3 and { € @y,

we arrive at

(A1, Ta)) V(dn,a))
0< / p(t)dt < ¢</ o(t) dt)
0 0

Y (d(xn,a))
/ p{)dt -0 asn— oo,
0

IA

that is,

Y (d(xy41,Ta))
lim o(t)dt =0,

n— o0 0
which together with Lemma 2.2 means that

Tim ¥ (d(xnn1, Ta)) = 0. (3.10)

Note that (3.10) and one of ¥ € ®3 and ¥ € &4 ensure that lim,,_, o d(x,,,1, Ta) = 0. Con-
sequently, we conclude immediately that

d(a, Ta) < d(a,x,1) + d(x,.1, Ta) — 0 asn — oo,

which gives that a = Ta.

Page 5 of 14
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Next, we show that a is a unique fixed point T in X. Suppose that 7 has another fixed
point b € X \ {a}. It follows from (3.1) and one of (al) and (a2) that

¥ (d(a,b)) ¥ (d(Ta,Th))
0 </ o(t) dt:f o(t) dt
0 0

Y (d(a,b)) ¥ (d(a,b))
5¢>( / w(t)dt) < / o(0)dt,
0 0

which is a contradiction. This completes the proof. d

Remark 3.2 Theorem 3.1 generalizes Theorem 2.1 in [4] and Theorem 3.1 in [8]. The
example below is an application of Theorem 3.1.

Example 3.3 Let X = [0,1] U {3,5} be endowed with the Euclidean metric d = | - |. Define
T:X — Xand ¢,¢,¢¥ : R* — R* by

3 Yxe[0,1],
1, Vielo,1],
Tx = O; X = 3; (p(t) =
ef, Vte(l,+00),
1, x=5,
2 3
zt, vVt e [0, 2],
3 4 1t, vtelo,1],
p(t) =12t-1, Vee(3,1), w(t) =
2 2, Vte(l,+00).
e Vt € [1, +00),

It is easy to see that (a2) holds. Put x,y € X with x < y. To verify (3.1), we need to consider
four possible cases as follows.
Case 1. Let x,y € [0,1]. It follows that

¥ (d(TxTy)) (3l 1 1
[ etwae [ = Gix-yi = Sl
0 0 4 3

3] V(dy)
o[ et - [ war),
0 0
Case 2. Let x € [0,1] and y = 3. Note that |y — x| > 2 and e?*" + 1 — e > e. It follows that
W (d(T,Ty)) v(%) [ AT
| o0di= [ o0t~ S
0 0 1+ (eb=° +1-¢)?

1 ly—=I?
_ ¢(e|y—x|2 +1-¢)= ¢</0 p(t)dt + /1 ’ @(t) dt)

¥ (d(x.y))
:¢(/0 ’ w(t)dt);

Case 3. Let x € [0,1] and y = 5. Notice that |y — x| > 4. It follows that

V(T T9)) w(1-§1)
/ o(0)dt - f o(6)dt -
0 0

(e +1-e)*

< 2
1+ (e +1-e¢)

1 1
—x<-<
4 4

1
2

5= qb(e"""'z +1- e)

Page 6 of 14
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1 Iyl

¢</0 o0 t+/1 o(® t)
¥ (d(x,y))

=¢< /0 <p(t)dt);

Case 4. Let x = 3 and y = 5. It follows that

v (d(Tx,Ty)) Q) 1 1 41 e
/ w(t)dt:/ (p(t)dt:/2<p(t)dt:_<u
0 0 0

2 l+et+l-e

4
=¢(e* +1-e) =¢(1+/ <p(t)dt)
1

1 4
= d d
¢</0 @(2) L‘+/1 @(2) t)
v (d(x)
:¢(/0 w(t)dt).

That is, (3.1) holds. Thus, Theorem 3.1 implies that 7" has a unique fixed point 0 € X and
lim,,_, oo T"x9 = 0 for each xy € X.

Theorem 3.4 Let (X,d) be a complete metric space, and let T : X — X be a mapping
satisfying

Y (d(Tx, Ty)) ¥ (M(x,9))
/ o(t)dt < ¢>( / o(t) dt), Vxy € X, (311)
0 0

where ¢, ¢ and  satisfy (al) or (a3). Then T has a unique fixed point a € X and

lim,—, oo T"x¢ = a for each xo € X.

Proof Let xo be an arbitrary point in X. Put x,, = Tx,_; for each #n € N. Assume that x,,, =
%,-1 for some ny € N. It is easy to see that x,,,_; is a fixed point of T, and there is nothing to
prove. Assume that x,, # x,,_; for all # € N. From (3.11) and one of (al) and (a3), we obtain
that

Y (d(xp41%0)) Y (d(Txn, Txp-1)) Y (M(xn%0-1))
/ o(0)dt - f o) dt < ¢( f o(0) dt)
0 0 0
Y (M(xn,%0-1))
</ p(t)dt, VneN, (3.12)
0

where
M (xn »Xn-1 )

1
= max{d(xm xn—l)’ d(xm Txn): d(xn—h Txn—l), 5 [d(xm Txn—l) + d(xn—l» Txn)]}

1
= max{d(xm xn—l); d(xnr xn+l)x d(xn—ly xn)v E [d(xnr xn) + d(xn—ly xn+1)] }

= max{d(Xu, Xn1), d(xp, %001)},  VneN. (3.13)

Page 7 of 14


http://www.fixedpointtheoryandapplications.com/content/2013/1/267

Liu et al. Fixed Point Theory and Applications 2013, 2013:267 Page 8 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/267

Suppose that d(x,,,, %5-1) < d(%y,%n,+1) for some 1y € N. It follows from (3.12) and (3.13)
that

W(d(xnoﬂ:xno)) ‘/’(M(xno vxno—l)) 1//(d(x,,0+1,xn0))
/ o()dt < / () dt = / o(0)dt,
0 0 0

which is a contradiction. Consequently, we deduce that
A, xn) < dxy,x,-1) and  M(x,,x,-1) = d(x,,%,-1), VYneN. (3.14)

In view of (3.12), (3.14) and one of (al) and (a3), we get that

Y (d(xn1%1)) Y (M(p,20-1))
/ o) dt < ¢>( | o) dt)
0 0

Y (d(xn,xn-1))
- ¢( | o(t) dt)
0
Y (d(%n,x0-1))
< p(t)dt, VneN, (3.15)
0
which implies that

l/f(d(x,,+1,x,,)) < I/f(d(x,,,x,,_l)), VneN, (3.16)

which means that there exists a constant ¢ > 0 with lim,,_, oo ¥ (d(x,;, x,,-1)) = c.
Now we show that ¢ = 0. Otherwise, ¢ > 0. Taking upper limit in (3.15) and using Lem-

ma 2.1 and one of (al) and (a3), we conclude that

c Y (d(®n1.%n)) Y (d(xn,xn-1))
/ o(t) dt = lim sup/ o(t)dt <lim sup¢(/ o(t) dt)
0 0 0

n—00 n—00

§¢(foc¢<t)dt)</0c¢(t)dt,

which is impossible. Hence ¢ = 0, that is,
lim ¥ (d(x,%,1)) = 0,
n— 00
which together with one of (al) and (a3) gives that
lim d(x,,%,-1) = 0. (3.17)
n—00

Next, we claim that {x,},cn, is a Cauchy sequence. Suppose that {x,},cn, is nota Cauchy
sequence, which means that there is a constant ¢ > 0 such that for each positive integer &,

there are positive integers m(k) and n(k) with m(k) > n(k) > k such that

AKX (k) Xnik)) > €.
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For each positive integer k, let m(k) denote the least integer exceeding #(k) and satisfying
the inequality above. Obviously, (3.6)-(3.8) hold. Note that

M(E(i)-1> Xn(i)-1)
= max{ AX(i)-1> Xn()-1)> AXm-1, Tom(-1)> BXniie-1, Thn()-1)»
1
5 [d@mi)-1> Ton(i-1) + AXn(i)-1» Tom-1)]
= max{d (Em()-1> %n)=1)s AErmik)—15 Xm(k) ) A(Xn(k)=1, Xn(k) )»
1
3 (A mi)-1%n(1) + AFngo-1 %m)) |
< maX{d(xm(k)-l, Xn()-1)s A Xm()-15 Fm(k))» AXn()-15 Xn(i))»
1
5 [dm(-1%n(t)-1) + 2 -1, %ni)) + AXniiys Xmy) ] 1, Yk € N. (3.18)
Combining (3.8), (3.17) and (3.18), we infer that
lim M (X1, Xn)—1) = €. (3.19)
k—o00

In light of (3.11), we deduce that

Y (d@m(k) *n(k))) V(A (D)1 Ton(i)-1)
/ o(t)dt =/ o(t)dt
0 0

Y (M (k)1 %n(k)-1))
< ¢</ ®(2) dt), Vk e N. (3.20)
0

Assume that (al) holds. Taking upper limit in (3.20) and using (3.8), (3.19) and Lem-
ma 2.1, we get that

¥ (e) Y (dFm(r) Fnik)))
/ @(t)dt = lim supf o(t)dt
0 0

k—o0
Y (M (k)1 % (k)-1))
<lim suqu(/ o(t) dt)
k— 00 0

V(e) ¥(e)
qu(fo w(t)dt>< /0 o0)dt,

which is a contradiction.
Assume that (a3) holds. Note that (3.19) implies that there exists K € N with

£
M(Xp(k)-15 Fn(iy-1) > 7 Vk > K. (3.21)

By virtue of (a3) and (3.21), we deduce that

U (M1 X)) > ¥ (%) >0, Vk=K. (3.22)


http://www.fixedpointtheoryandapplications.com/content/2013/1/267

Liu et al. Fixed Point Theory and Applications 2013, 2013:267 Page 10 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/267

In terms of (3.20), (3.22) and (a3), we get that

V(A p(k) % (k) Y (M@ (k)1 % n(k)-1))
/ o) dt < ¢>( | o(0) dt)
0 0

/ Y (Ma(k0)-1 % (k)-1))

< p(t)dt, Vk=>K,

0

which yields that
Y (dEm)r Xn)) < ¥ (MEmiy-1,%n9-1)), Yk = K,
that is,
AKXy %nk)) < MEm()-1,%n0)-1), Yk =K,
which together with (3.6), (3.8) and (3.19) implies that
klglolo AKXy Xnk)) = kl_i)H;oM (Km()-15 Xn(k)-1) = €. (3.23)

Taking upper limit in (3.20) and using (3.23), (a3) and Lemma 2.1, we conclude that

V(e+) Y (dEm(k) (k)
/ o(t) dt = lim sup/ o(t)dt
0 0

k— o0
Y (M) -1%n(k)-1))
<limsup¢ ( /

k— 00

o(t) dt)

0

Yle+)
< ¢( fo o(t) dt)

Y(e+)
< / o(0)dt,
0

which is a contradiction.
Thus, {%,}sen, is a Cauchy sequence. It follows from completeness of (X, d) that there
exists a point a € X with lim,_, o x, = a.

Next, we show that a is a fixed point of T in X. Suppose that a # Ta. Notice that

M(xy,a) = max{d(xy,, a),d(xy, Txy), d(a, Ta), % [d(x,, Ta) + d(a, Tx,,)]}

1
= max{d(xm ﬂ), d(xnr xn+1)’ d(ﬂ: Td), E [d(xm Tﬂ) + d(ﬂ’ xn+1)]}
— d(a,Ta) asn— oo,

which guarantees that there exists K; € N satisfying

M(x,,a) =d(a, Ta), VYn=>K. (3.24)
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Let (al) hold. In light of (3.11), (3.24) and Lemma 2.1, we infer that

¥ (d(a,Ta)) Y (d(xne1,Ta)
/ () dt = lim sup/ o(t) dt
0 0

n—00

Y (d(Txn, Ta))
= limsup / o(t) dt
0

n—00

Y (M(xn,a))
<lim sup¢(/ o(t) dt)
0

n—00

Y (d(a,Ta)) Y (d(a,Ta))
- ¢( f o(0) dt) < / o()dt,
0 0

which is a contradiction.
Let (a3) hold. In view of (3.11) and (3.24), we deduce that

W(d(XVHI:Tﬂ)) ‘/f(d(Txn,Tﬂ)) "/f(M(xnﬂ))
/ o(t) dt = / o(f)dt < ¢>< / o(t) dt)
0 0 0

v (d(a,Ta)) ¥ (d(a, Ta))
= ¢</ @(t) dt> < / p(t)dt, Yn=>Kj,
0 0

which yields that

w(d(xn+1, Ta)) < W(d(a, Ta)), Vn > K,
that is,

d(x,.1, Ta) < d(a, Ta), VYn=> Ky,

which together with (3.25) and (¢, ¢, ) € ® x Oy x P5 means that

¥ (d(a,Ta)) ¥ (d(a,Ta)-) Y (d(xp41,1a))
/ o(t)dt = / o(t)dt = lim sup/ o(t)dt
0 0 0

n— 00
¥ (d(a,Ta)) Y (d(a,Ta))
< ¢( [ e dt) [ e,
0 0

which is a contradiction.

Page 11 of 14

(3.25)

Hence T has a fixed point a € X. Finally, we show that a is a unique fixed point of T"in X.
Suppose that T has another fixed point b € X \ {a}. It follows from (3.11) and one of (al)

and (a3) that

¥ (d(a,b)) ¥ (d(Ta,Tb))
0 </ go(t)dt:/ o(t)dt
0 0

Y (d(a,b)) Y (d(a,b))
< ¢( f o0 dt) < f o0) dt,
0 0

which is a contradiction. This completes the proof.

O

Remark 3.5 Theorem 3.4 extends Theorem 2 in [10]. The following example is an appli-

cation of Theorem 3.4.
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Example 3.6 Let X =[0,1] U {2n: n € N} be endowed with the Euclidean metricd = | - |.
Define T: X — X and ¢, ¢, ¢ : R* — R* by

3 Vx€[0,1],
Tx = p(t)=2t, VteR",
1, Vxe{2n:neNj}
L, Vveelo,1], £, Vveelo,1],
¢ =12 v =17
i Vte(l,+00), %, Vte(l,+o00).

Clearly, (al) holds, ¢ and ¢ are strictly increasing in R*. Put x,y € X with x < y. To prove
(3.11), we need to consider three possible cases as follows.
Case 1. Let %,y € [0,1]. It follows that
1 1
S X — =
A

1

EJ’

1
x—=x|,|y- +
¥

’

M(x,y) = max{lx—yl,

and

V(T 13) (3 le-y) 1 , 1 )
[ e [ et ot < ga-y)
0 0

_ 1 2\ Y (d(xy)) Y (M(x,y))
~o(3e-0) o[ vwar) <o [T wtrae).

Case 2. Let x,y € {2n : n € N}. Notice that

sl b
y——-L-l|x—=|+y—-
2 y x

Suppose that M(x,y) € (1,4]. It follows that

M(x,y) = max{|x—y|,
x

11 1 W

Y (M(x,9))
=¢ (/ o(t) dt).
0

Suppose that M(x,y) > 4. It follows that

1

(T, 1)) vz-5D | 1/1 1\2
/ ¢(t)dt:/ p(t)dt :/ o(t)dt = _(_ - _>
0 0 0 4\x y

Ry M(xy) M%)
16 16 +4M(x,y) 1+ 1M(x,y)

IM 1/ Mxy) 4

o =Mx,y) ) = £ dt

o(e0) =0 [ otrar)
Y (M(x))

:¢</(; go(t)dt).

LU=

1
1-

(ST
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Case 3. Letx € [0,1] and y € {21 : n € N}. It follows that

1
2

Y (d(Tx, 7)) v(I5-5D 315-31
| o0di= [ g [ otoan
0 0 0

1/x 1)\ 1 1 M(x,9)
=—|---) <—<maxj{ -Mx,y), ——————
\275 16 8 16 + 4M(x,y)

1 ¥ (M(x,))
=¢<ZM(x,y)) =¢</0 sv(t)dt),

that is, (3.11) holds. Thus, Theorem 3.4 implies that 7" has a unique fixed point 0 € X and
lim,,_, oo T"x¢ = 0 for each x( € X.

1
y__
Y

X
X — —

) X— =
:

M(x,y) = max{|x—y|,

and
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