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1 Introduction and preliminaries

The study of fixed points of mappings satisfying certain contractive conditions has been
in the center of rigorous research activity. For a survey of common fixed point theory in
metric and cone metric spaces, we refer the reader to [1-9]. In 2006, Bhaskar and Lak-
shmikantham [10] initiated the study of a coupled fixed point in ordered metric spaces
and applied their results to prove the existence and uniqueness of solutions for a periodic
boundary value problem. For more works in coupled and coincidence point theorems, we
refer the reader to [11-13].

Some authors generalized the concept of metric spaces in different ways. Mustafa and
Sims [14] introduced the notion of G-metric space, in which the real number is assigned
to every triplet of an arbitrary set as a generalization of the notion of metric spaces. Based
on the notion of G-metric spaces, many authors (for example, [15-33]) obtained some
fixed point and common fixed point theorems for mappings satisfying various contractive
conditions. Fixed point problems have also been considered in partially ordered G-metric
spaces [34-39].

The purpose of this paper is to obtain some common coupled coincidence point theo-
rems in G-metric spaces satisfying some contractive conditions.

The following definitions and results will be needed in the sequel.

Definition 1.1 [14] Let X be a nonempty set, and let G: X x X x X — R* be a function
satisfying the following axioms:

(G1) Gx,y,2)=0ifx=y=z;

(G2) 0<G(x,x,y) forallx,y € X with x # y;

(G3) G(x,x,9) < G(x,y,2) for all x,y,z € X with z #y;
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(G4) G(x,9,2) = G(x,2,9) = G(y,z,%) = - - - (symmetry in all three variables);

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality),
then the function G is called a generalized metric, or more specifically, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Definition 1.2 [14] Let (X, G) be a G-metric space, and let {x,} be a sequence of points
in X, a point x in X is said to be the limit of the sequence {x,} if lim,, ,,_, oo G(x, %, x,,) = 0,
and one says that the sequence {x,} is G-convergent to x.

Thus, if x, — x in a G-metric space (X, G), then for any € > 0, there exists N € N such
that G(x,x,,x,,) < € for all n,m > N.

Proposition 1.3 [14] Let (X, G) be a G-metric space, then the following are equivalent:
(1) {xn} is G-convergent to x.
(2) G(x,%,%) = 0 as n— oo.
(3) G(x,,%,%) = 0 as n— oo.

(4) G(xyy%,x) — 0 as n,m — 00.

Definition 1.4 [14] Let (X, G) be a G-metric space. A sequence {x,} is called G-Cauchy
sequence if for each € > 0, there exists a positive integer N € N such that G(x,, %, %) < €

for all n,m,l > Nj; i.e., if G(x,,,%,,,,%;) — 0 as n,m,l — oo.

Definition 1.5 [14] A G-metric space (X, G) is said to be G-complete if every G-Cauchy

sequence in (X, G) is G-convergent in X.

Proposition 1.6 [14] Let (X, G) be a G-metric space, then the following are equivalent:
(1) The sequence {x,} is G-Cauchy.
(2) Forevery € > 0, there exists k € N such that G(x,, %, %) < € for all n,m > k.

Proposition 1.7 [14] Let (X, G) be a G-metric space. Then the function G(x,y,z) is jointly
continuous in all three of its variables.

Definition 1.8 [14] Let (X, G) and (X', G’) be G-metric space, and let f : (X, G) — (X', G)
be a function. Then f is said to be G-continuous at a point a € X if and only if for every
€ > 0, there is § > 0 such that x,y € X and G(a, x,y) < § implies that G'(f(a),f (x),f (y)) < €.
A function f is G-continuous at X if and only if it is G-continuous at all 2 € X.

Proposition 1.9 [14] Let (X, G) and (X', G') be G-metric spaces, then a function f : X — X’
is G-continuous at a point x € X if and only if it is G-sequentially continuous at x; that is,
whenever (x,) is G-convergent to x, (f (x,)) is G-convergent to f(x).

Proposition 1.10 [14] Let (X, G) be a G-metric space. Then for any x,y, z, a in X, it follows
that
(i) if Gx,9,2) =0, thenx =y =z;
(i) G(x,9,2) <Glx,x,9) + Gx,x,2);
(i) G(x,37) <2G(,%,%);
(iv) Gx,9,2) < G(x,a,2) + G(a,y,2);
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v) G(x,9,2) < %(G(x,y,a) +Gx,a,2) + G(a,y,2));
(vi) Gx,9,2) < G(x,a,a) + G(y,a,a) + G(z,a, a).

Definition 1.11 [10] An element (x,y) € X x X is called a coupled fixed point of a mapping
F:X xX— Xif Fx,y) =x and F(y,x) = y.

Definition 1.12 [11] An element (x,y) € X x X is called a coupled coincidence point of
the mappings F: X x X — X and g: X — X if F(x,y) = gx and F(y,x) = gy.

Definition1.13 [11] Let X be a nonempty set. Then we say that the mappings F : X x X —
X and g: X — X are commutative if gF(x,y) = F(gx, gy).

2 Main results
We start our work by proving the following crucial lemma.

Lemma 2.1 Let (X, G) be a G-metric space. Let F|,F5,F3: X X X —> X and g : X — X be
four mappings such that

G(Fi(x,9), F(u,v), F3(w,2)) < a1G(gw, gu, gw) + a>G(gy, gv, g2) + a3 G(gx, gu, gu)
+aaG(gy,gv,gv) + asG(gu, gw, gw) + acG(gv, gz, g2)
+a; G(gw, gx, gx) + asG(gz, 89, 8)) (2.1)
forallx,y,u,v,w,z € X,wherea; >0,i=1,2,...,8and a; +ay +as +as +a; +ag < 1. Suppose

that (x,y) is a common coupled coincidence point of the mappings pair (F,g), (F»,g) and
(F3,8). Then

Fi(x%,y) = F>(x,y) = F3(x,y) = gx = gy = F1(9,%) = F2(y, %) = F3(y,%).

Proof Since (x,y) is a common coupled coincidence point of the mappings pair (Fy,g),
(Fa,2) and (F3,g), we have gx = Fi(x,y) = F(x,y) = F3(x,y) and gy = Fi(y,x) = F2(y,%) =
F;3(y,x). Assume that gx # gy. Then by (2.1), we get

G(gx,29,8y) = G(Fi(x,9), F2 (3, %), F3(y, %))
< a1G(gx, gy,8y) + a2G(gy, gx, gx) + a3 G(gx, gy, gy) + aa G(gy, gx, gx)

+asG(gy, gy, gy) + asG(gx, gx, gx) + a; G(gy, gx, gx) + asG(gx, gy, gy)
= (a1 + as + ag)G(gx, gy, gy) + (az + as + a;)G(gy, gx, gx).

Also by (2.1), we have

Glgy,gx,gx) = G(F1(y,%), Fa(%,y), F3(x,7))
< a1G(gy, gx, gx) + a2 G(gx, g9, &Y) + asG(gy, gx, gx) + a.G(gx, £9, &)
+asG(gx, gx, gx) + as G(gy, &9, &Y) + a7 G(gx, g9, &) + as G(gy, gx, gx)
= (a1 + a3 + ag) G(gy, gx, gx) + (az + aa + a7)G(gx, g, 2Y).
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Therefore,

Glgr. gy, 8y) + G(gy, g%, g%)
< (a1 +ay +az +as + az + as)[G(gx, gy, gy) + G(gy, gx, gx)].

Since 0 < a; +ay +as +as +a; +ag <1, we get

Glgx, gy,8y) + G(gy, gx, gx) < G(gx, gy, gy) + G(gy, gx, gx),

which is a contradiction. So, gx = gy, and hence,

Fi(x,y) = Fy(x,y) = F3(x,y) = gx = gy = F1(y, %) = F,(y, %) = F5(y,%). O

Theorem 2.1 Let (X, G) be a G-metric space. Let F1,F),F3: X x X > X and g: X — X be
four mappings such that

G(F1(x,9), F>(u,v), F3(w,2)) < a1G(gx, gu, gw) + a>G(gy, gv, g2) + a3 G(gx, gu, gu)
+asG(gy,gv,gv) + asG(gu, gw, gw) + asG(gv, gz, gz)
+a;G(gw, gx, gx) + asG(gz, gy, gY) (2.2)

forall x,y,u,v,w,z € X, wherea; > 0,i=1,2,...,8 and a1 + a; + as + as + 2as + 2a¢ + a; +
ag < 1. Suppose that Fy, F,, F5 and g satisfy the following conditions:
(i) AX xX) CgX, H(X x X) € gX, F[(X x X) CgX;
(i) gX is G-complete;
(iii) g is G-continuous and commutes with Fy, Fy, Fs.
Then there exist unique x € X such that

gx = Fi(x,x) = Fo(x,%) = F3(x,%) = x.

Proof Let x¢,y0 € X. Since Fi(X x X) C gX, Fo(X x X) C gX, F3(X x X) C gX, we can
choose x1,x7,%x3,91,92,¥3 € X such that gx; = Fi(x0,%0), 21 = F1(yo,%0), gx2 = Fa(x1, 1),
gy = Fx(y1,%1), gxs = F3(x2,72) and gys = F3(y2,%2). Combining this process, we can con-
struct two sequences {x,} and {y,} in X such that

%3, = F3(X34-1,Y3n-1)5 Y30 = F3(y3p-1,%34-1), n=1,2,3,...,
X301 = F1(%3, Y31), 3n41 = F1(030,%34), n=0,1,2,3,...,

X342 = Fo (X341, Y3011)s 3n:2 = Fo(Y3ui,%3001), 1=0,1,2,3,....

If gxs, = gx3u41, then gx = Fi(x,7), where x = x3,,, ¥ = ¥3,. If g¥3,41 = gX3442, then gx =
Fy(x,y), where x = %3541, ¥ = Y3ns1. If @¥3,10 = gx3,43, then gx = F3(x,y), where x = x3,,42,
¥ = Y3us2. On the other hand, if gys, = gysu.1, then gy = Fi(y, %), where y = y3,,, x = x3,,. If
ZY3n+1 = Y3042, then gy = Fy(y,x), where y = y3,,1, X = ¥3,1. If g¥3,40 = @343, then gy =
F5(y,x), where y = y3,142, X = x3,,2. Without loss of generality, we can assume that gx, #

gxn and gy, # gYus1, foralln=0,1,2,....
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By (2.2) and (G3), we have

G(gX3m @%3n41,@X3ms2) = G (F3 (X301, ¥3n-1)s F1 (%3, Y3)s F2 (X341, Y3m41))
= G(F1(%3m Y3n)s F2 (Y3041, ¥3n1)> F3(%30-1, ¥3n-1))
< a1G(g¥34, g¥30+1,8%3n-1) + A2 G (Y31, &Y3n+1,&YV3n-1)
+ a3 G (X3, §X3n11,8%3n+1) + A4 G(€V31, &V3n+1,8Y3n+1)
+ a5 G (X341, 88301, €%3n-1) + A6 G (Y3141, &Y3n-1,&YV3n-1)
+a7G(gx3-1,8%3n, §%3n) + s G(&Y3n-1, Y3, EV3n)
< (@ +az + as + a7)G(gx3u-1,8%31, §¥3n+1)

+(ay + as + as + ag) G(gY3n-1,€Y3n &Y3n+1)- (2.3)

Similarly, we have

G(gV31: QY3n+1,&Y3ns2) < (a1 + az + as + a7)G(gY34-1, Y31 8Y3n+1)

+ (a2 + aa + ae + ag) G(g¥3n-1, §X31 EX3n41)- (2.4)

By combining (2.3) and (2.4), we get
G(g%31, 831415 8%3n+2) + G(V315 &Y3n+1,8V3n+2)

8
< (Z ﬂi) [Ggx3n-1, %3, @53m41) + G(€Y3n-1, Y30 QY3ns1) |- (2.5)

i=1

In the same way, we can show that
G(gx3-1,8%30> &X341) + G(€V31-1, 83 8Y3n41)

8
< (Z ﬂi) [G(g%3n-2, &X3n-1,8%3n) + G(2V3n-2,&Y3n-1,V3n) ] (2.6)

i=1

and
G(g%31-2, 8%3n-1,8%3n) + G(€Y31-25ZV31-1,&Y3n)

8
< (Z ﬂi) [G(gX3n-3,8%3n-2, 8%3n-1) + G(V31-3, QV3n-2,LY3n-1) |- (2.7)

i=1
It follows from (2.5), (2.6) and (2.7) that for all n € N, we have
G(gxn;gxnﬂ»gxnﬂ) + G(gymgymhgynﬂ)
8
=< (Z ai) [G(gxn—ngmgxnﬂ) + G(gyn—hgymgynd)]

i=1

= k[ G(g%n-1,8%n g5ns1) + G(Vn-1, &V ns1) ]
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< k*[G(g%n-2,8%n-1,8%n) + G(€n-2LVn-1,8Vn) ]

< K"[ Glgro, gx1,gx2) + G(gyo, gy1,€92) - (2.8)

Where k = Z?:l a; € [0,1). From (G3), we have G(gx,, @u+1,8%n+1) < G(@%u, 8%n41, S¥n+2)
and G(gV, 8Vn+1,&Vn+1) < G(&Vn>&Vn+1,Yn+2). Hence, by the (G3) and (2.8), we get

G(gxn;gxnﬂ»gxnﬂ) + G(gymgynﬂ;gynﬂ)
=< G(gxn;gxn+1ygxn+2) + G(gyn:gyn+lrgyn+2)
< K"[G(gxo, gx1,8%2) + G(gY0,801,892) ] (2.9)

Therefore, for all n,m € N, n < m, by (G5) and (2.9), we have

G (g% %> &m) + G(&Vn> &Ym> &Ym)
< [G(gXn %1, 8%n1) + G(&Vns &Vns1,@Yns1) |
+ [ G(@%ns1, @ns2: @ns2) + G(Qns1r @ns2s Qns2) ]
oo+ [ G@Hm-1, m &5m) + G (@Y1 Qi 8Ym)]
< (K" + K™ 4+ K[ Ggro, gx1,g%2) + G(gY0, 81,292 ]

n

1-k

=<

[G(gxo,gxl,gxz) + G(gyo,gyl,gyz)] — 0 asnm— oo. (2.10)
Which implies that
G(gxy, @m> gxm) — 0 and  G(gVu> EVm>&Vm) — 0 asn,m — oo.

Thus, {gx,} and {gy,} are all G-Cauchy in gX. Since gX is G-complete, we get that {gx,,} and
{gy.} are G-convergent to some x € gX and y € gX, respectively. Since g is G-continuous,
we have {ggx,} is G-convergent to gx and {ggy,} is G-convergent to gy. That is,

ggx, — gx and ggy, —> gy asm— oo. (2.11)

Also, since g commutes with Fy, F; and F3, respectively, we have

88x3n = gF3(%34-1, ¥3n-1) = F3(g%31-1,€Y3n-1),
89Y3n = 8F3(V3n-1,%3n-1) = F3(€YV31-1,&%3n1),
88%3n1 = gF1 (X34, ¥3n) = F1(g%30, 8Y30),
89Y3n+1 = 8F1(V3n, %3u) = F1(€Y31,8%30),
88%3n2 = 8F2 (X341, Y3n41) = F2(€%3141, 8Y3041),

g8Y3n+2 = ng (Y3n+1, x3n+1) = FZ (gy3n+1:gx3n+1)'
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Thus, from condition (2.2), we have

G(ggx3m g8¥3n1, Fa(,))
= G(F1(g%3ngY3n), F2(%,9), F3(g%34-1,€Y3n-1))
< a1G(ggx3n, g%, 88%3n-1) + A2G(g8Y31, &Y> &&Y3n-1) + a3 G (ggx31, &%, G%)
+ a4 G(ggysn g, 8Y) + a5 G(gx, §8x3-1,88%3n-1) + A6 G(€Y, €8Y3n-1,88YV3n-1)
+ a7 G(ggx3n-1,88%3n 88%3n) + As G(8Y3n-1,£8Y3n 8LY3n)-

Letting n — 00, using (2.11) and the fact that G is continuous on its variables, we get that

G(gx,gx, F>(x,9)) = 0.
Hence, gx = F(x,y). Similarly, we may show that gy = F;(y, x). Also for the same reason, we
may show that gx = Fi(x,y), gy = F1(y,%), gx = F3(x,y) and gy = F3(y,x). Therefore, (x,y) is

a common coupled coincidence point of the pair (F,g), (F»,g) and (F3,g). By Lemma 2.1,

we obtain
g =Fxy) = F(xy) = B(x,y) = F1(y,x) = F2(y,%) = F3(y,%) = . (2.12)
Since the sequences {gxs,-1}, {gxs,} and {gxs,.,1} are all a subsequence of {gx,}, then they

are all G-convergent to x. Similarly, we may show that {gys,_1}, {gys.} and {gys,.1} are all
G-convergent to y. From (2.2), we have

G(gx3n g%, gx) = G(Fi(x,9), F2(%, ), F3(%3-1, ¥3n-1))
< a1G(gx, gx, gx3,-1) + a2 G(gy, &V, gVsn-1) + a3 G(gx, gx, gx)
+asG(gy,2y,8Y) + asG(gx, gx3n-1,8%3n-1) + a6 G(gY, &Y3n-1,8Y3n-1)
+ a7 G(gx3,-1,8%, gx) + asG(gYsu-1,8Y,8Y).

Letting n — o0, and using the fact that G is continuous on its variables, we get that

G(x,gx,gx) < (a1 + a7)G(gx, gx,x) + (ap + ag)G(gy, gy, ) + asG(gx, x,x) + acG(gy, y, ).
Similarly, we may show that

Gy, gy,2y) < (a1 + a7)G(gy,gy,y) + (az + ag)G(gx, gx, x) + asG(gy,y,y) + asG(gx, x, x).
Thus, using the Proposition 1.10(iii), we have

G(x,gx,gx) + G(y,gy,8Y) < (@1 +az + a; + ag)[G(gx,gx, x) + G(gy,gy,y)]

+ (as + a(,)[G(gx,x,x) + G(gy,y,y)]

<(ay +ay +2as +2a¢ +ay + ag)[G(gx,gx, x) + G(gy,gy,y)].
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Since 0 < ay + ay + as + aq + 2as + 2as + a7 + ag < 1, so the last inequality happens only if
G(x,gx,gx) = 0 and G(y,gy,gy) = 0. Hence, x = gx and y = gy. From (2.12), we have x = gx =
gy =y, thus, we get

gx = Fi(x,x) = Fr(x,x) = F3(x,x) = x.
To prove the uniqueness, let z € X with z # x such that
z =gz =F|(z,2) = F2(2,2) = F3(z,2).
Again using condition (2.2) and Proposition 1.10(iii), we have

G(z,2,%) = G(Fi(z,2), F2(z, 2), F3(, %))
< a1G(gz, gz, gx) + a2 G(gz, gz, gx) + a3 G(gz, gz, g2) + a4 G(gz, gz, gz)
+ asG(gz, gx, gx) + as G(gz, gx, gx) + a; G(gx, gz, 82) + agG(gx, gz, gz)

< (a1 +ay + 2as + 2a¢ + a; + ag)G(z, z, x).

Since 0 < ay +ay + as + aq + 2as + 2ae + a; + ag < 1, we get G(z,z,x) < G(z,z,x), which is a
contradiction. Thus, Fi, F,, F3 and g have a unique common fixed point. O

Remark 2.1 Theorem 2.1 extends and improves Theorem 3.2 of Shatanawi [26].
The following corollary can be obtained from Theorem 2.1 immediately.

Corollary 2.1 Let (X, G) be a G-metric space. Let F1,Fy,F3: X x X —> X and g: X — X be
mappings such that

G(Fi(x,9), Fy(u,v), F3(w, 2)) < a1G(gx, gu, gw) + a2 G(gy, gv, g2) (2.13)

forall x,y,u,v,w,z € X, where a; > 0, i =1,2 and a1 + ay < 1. Suppose that F, F,, F3 and g
satisfy the following conditions:

(1) AX x X) CgX, H(X x X) CgX, H(X x X) CgX;

(2) gX is G-complete;

(3) g is G-continuous and commutes with Fy, F;, Fs.
Then there exist unique x € X such that

gx = Fi(x,x) = F5(x,x) = F3(x, %) = x.

Remark 2.2 If Fi(x,y) = Fa(x,y) = F3(x,y) and a; = ay = k, then Corollary 2.1 is reduced to
Theorem 3.2 of Shatanawi [26].

Now, we give an example to support Corollary 2.1.

Example 2.1 Let X = [0,1]. Define G: X x X x X — R* by

G(x,y,2) = lx—y| + |y —z| + |z —«]
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for all x,7,z € X. Then (X, G) is a complete G-metric space. Define a map

Fl,Fz,Fg X xX—>X

X+

<=

Fi(x,y) = Fy(x%,y) = F3(x,y) =

m ‘

for all x, y € X. Also, define g: X — X by gx = 5 for x € X. Then F(X x X) C gX. Through

calculation, we have

G(Fi(x,p), F>(u,v), F5(w,2))

-G x+y’u+v,w+z
- 8 8 8

1
=§(|x—u+y—v|+|u—w+v—z|+|w—x+z—y|)
=

(|x—u| +ly—-vi+lu-wl+|lv—z|+|w—x|+ |z—y|)

(Glgx, gu, gw) + G(gy, gv, g2)).

ol e Y

Then the mappings Fy, F,, F3 and g are satisfying condition (2.13) of Corollary 2.1 with
ay =ady = %. So that all the conditions of Corollary 2.1 are satisfied. By Corollary 2.4, Fj,
F,, F3 and g have a unique common fixed point. Moreover, 0 is the unique common fixed

point for all of the mappings Fy, F,, F3 and g.
If a1 = a; = 0, then Theorem 2.1 is reduced to the following.

Corollary 2.2 Let (X, G) be a G-metric space. Let F{,Fy,F3: X x X — X and g: X — X be
four mappings such that

G(Fi(x,9), F2(u,v), F3(w,2)) < c1G(gx, gu, gu) + c2G(gy,gv,gv)
+¢c3G(gu, gw, gw) + ¢4 G(gv, gz, 2)
+ ¢ G(gw, gx, gx) + ¢ G(gz, 2, 2Y) (2.14)

for all x,y,u,v,w,z € X, where ¢c; > 0,i=1,2,...,6 and ¢; + c; + 2¢3 + 2¢c4 + ¢5 + ¢ < 1.
Suppose that Fy, Fy, F3 and g satisfy the following conditions:
(i) AX xX) CgX, F(X x X) CgX, F3(X x X) C gX;
(i) gX is G-complete;
(iii) g is G-continuous and commutes with Fy, F,, F.
Then there exist unique x € X such that

gx = Fi(x,x) = F5(x,x) = F3(x,x) = x.

If we take Fi(x,y) = Fa(x,y) = F5(x,y) in Corollary 2.2, then the following corollary is

obtained.
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Corollary 2.3 Let (X, G) be a G-metric space. Let F: X x X — X and g : X — X be four
mappings such that

G(F(x,y),F(u, v), F(w, z)) < a1 G(gx, gu, gu) + c2G(gy, gv, gv)
+c3G(gu, gw, gw) + ¢4 G(gv, gz, g2)

+csG(gw, gx, gx) + ¢6 G (g2, 2y, 8Y) (2.15)
for all x,y,u,v,w,z € X, where ¢c; > 0,i=1,2,...,6 and ¢; + c; + 2¢3 + 2¢c4 + ¢5 + ¢ < 1.
Suppose that F and g satisfy the following conditions:
() F(X x X) € gX;
(i) gX is G-complete;
(iii) g is G-continuous and commutes with F.
Then there exist unique x € X such that

gx = F(x,x) = x.
Now, we give an example to support Corollary 2.3.
Example 2.2 Let X = [0,1]. Define G: X x X x X — R* by
Gx,y,2) = lx =yl + |y — 2| + |z - x|

for all x,y,z € X. Then (X, G) is a complete G-metric space. Defineamap F: X x X - X
by

xy

Fxy) ==

W)=

for all x,y € X. Also, define g: X — X by gx = x for x € X. Then F(X x X) € gX. Through
calculation, we have

G(F(x,9), F(u,v), E(w,2))

1
= §(|xy— uv| + luv — wz| + |wz — xyl)
1
= g(lyllx—ul+ lully = vl + [Vllu—wl + [wllv 2| + |z]|w — x| + |||z - y])
1
< g(lx—ul +ly—vi+lu—wl+v—z|+|w-x|+|z-y|)
1
= E(G(gx, gu, gu) + G(gy, gv,gv) + G(gu, gw, gw) + G(gv, gz, gz)

+ Glgw, g, gx) + csG(g2, 2, 2)))-

Then the mappings Fy, F>, F5 and g are satisfying condition (2.15) of Corollary 2.3 with
C1=C =C3=C4 =C5=Cg = %. So that all the conditions of Corollary 2.3 are satisfied.
By Corollary 2.3, F and g have a unique common fixed point. Moreover, O is the unique
common fixed point for all of the mappings F and g.


http://www.fixedpointtheoryandapplications.com/content/2013/1/266

Gu and Yin Fixed Point Theory and Applications 2013, 2013:266
http://www.fixedpointtheoryandapplications.com/content/2013/1/266

If we take F(x,7) = Fo(x,y) = F3(x, ) in Theorem 2.1, then the following corollary is ob-
tained.

Corollary 2.4 Let (X, G) be a G-metric space. Let F: X x X — X and g : X — X be map-
pings such that
G(F(x,y), F(u,v), F(w,2))
< a,G(gx, gu,gw) + a, G(gy, gv, gz) + a3 G(gx, gu, gu)
+aaG(gy,gv,gv) + asG(gu, gw, gw) + acG(gv, gz, g2)
+ a;G(gw, gx, gx) + asG(gz, gy, gy) (2.16)
forall x,y,u,v,w,z € X, wherea; > 0,i=1,2,...,8 and a; + ay + as + as + 2as + 2a¢ + a; +
ag < 1. Suppose that F and g satisfy the following conditions:
(1) FOXx X) € gX;
(2) gX is G-complete;

(3) g is G-continuous and commutes with F.
Then there exist unique x € X such that gx = F(x,x) = x.

Now, we introduce an example to support Corollary 2.4.

Example 2.3 Let X = [-1,1]. Define G: X x X x X — R* by
Gxy,2)=lx—yl+|y—z|+|z—x|

for all x,y,z € X. Then (X, G) is a complete G-metric space. Define a map

F: XxX—>X
by
1 1
Fxy)= —x*+ —y* -1
(x,9) TR

for all x,y € X. Also, define g: X — X by gx = x for x € X.

Clearly, we can get F(X x X) = [—1,—%] C gX, and g is G-continuous and commutes
with F.

By the definition of the mappings of F and g, for all x,y,z, u,v,w € [-1,1], we have

G(F(x,9), F(u,v), F(w,2))

A
Q

1 1 1 1 1 1
—xP =y 1, =t =V -1, —wP s —ZA -1
16 16 16 16

3 (|x2—u2+y2—v2| + |u2—w2+vz—z2| + |w2—x2+z2—y2|)

IA

1 (|x2—u2| + |_)/2—V2| + |M2—W2| + |V2—ZZ| + |w2—x2| + iZz—_)/2|)

IA

Sl &~ &=

(2|x—u| +2|y—v|+2lu—-w|+2v-2| +2|w—x|+2|z—y|)

Page 11 of 16
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1 1 1
= EG(gx,gu,gu) + EG(gy,gv,gv) + EG(gu,gw,gw)
Glag0.89) + - Glow, g g) + - Glez,29,0)
+ 6 v,82,4%2) + 6 w, g%, 8X) + 16 2, 8Y,8Y)-

Then the mappings F and g are satisfying condition (2.16) of Corollary 2.4 with a; = a, = 0,
a3 =d4=d5=d¢=0d; =dg = %. So that all the conditions of Corollary 2.4 are satisfied. By
Corollary 2.4, F and g have a unique common fixed point. Here x = 4 — 2+/6 is the unique
common fixed point of mappings F and g; that is, F(x,x) = gx = x.

3 Application to integral equations
Throughout this section, we assume that X = C[0,1] is the set of all continuous functions
defined on [0,1]. Define G: X x X x X — R* by

G(x,9,2z) = sup |x(t) —y(t)‘ + sup ’y(t)—z(t){ + sup |z(t) —x(t)‘
te[0,1] te[0,1] te[0,1]

for all x,7,z € X. Then (X, G) is a G-complete metric space.
Consider the following integral equations:

1
Fi(x,y)(t) = /0 k(t,s)(fi(s, () + gi(s,(s))) ds, ¢ €[0,1] (i=1,2,3). (3.1)

Next, we will analyze (3.1) under the following conditions:
(i) k:[0,1] x [0,1] = R* is continuous.
(ii) f,gi:[0,1] x R — R (i = 1,2, 3) are continuous functions.
(iii) There exist constants A;, u; >0 (i = 1,2, 3) such that

[fi(t,x) =26, 9)] < Malx =y, lg1(t, %) — gt y)| < palx - yl,
It x) —f3(6,9)] < Aalx—y|, and lg2(t, %) — g (£, )| < palx —yl,
(L) —filt, 9)] < Aslx -yl lgs(t, %) —g1(t, )] < uzlx -yl

forall t € [0,1] and x,y € R.
(iv) [lkllco(max{Ai, i1} + 2 max{As, o} + max{As, us}) < 1, where

lklloo = sup{k(t,s) :t,s €10, 1]}.

The aim of this section is to give an existence theorem for a solution of the above integral
equations by using the obtained result given by Theorem 2.1.

Theorem 3.1 Under conditions (i)-(iv), integral equation (3.1) has a unique common so-
lution in C[0,1].

Proof First, we consider F; : X x X — X (i =1,2,3). By virtue of our assumptions, F; is well
defined (this means that for x,y € X then Fi(x,y) € X (i =1,2,3)). Then we can get
G(Fi(x,), F2(u,v), F3(w; 2))

= sup |Fi(%,9) — F2(u,v)| + sup |Fa(u,v) — F3(w,2)| + sup |F3(w,2) - Fi(x,)]
te[0,1] te[0,1] te[0,1]
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= sup
te[0,1]

1 1
/ k(t,s)(fi(s,%()) + g1 (s,¥(5))) ds - / k(t,s)(fa (s, u(s)) + g2 (s, v(s))) ds

+ sup
te[0,1]

f k(t,)(f2 (s, u(s)) + g2 (s, v(s))) ds - / k(t,s)(f3(s, w(s)) + g3(s,2(5))) ds

+ sup
te[0,1]

/ k(t,9)((f (s,2(5) = fo (s, u(5))) + (&1(5,(5)) — 2(s, ¥(5)))) ds

/ k(t, S)(fg s, w(s)) +g3 (s z s) ds — / k(t, s)(f1 S,x(s)) +g (S, (s)))

= sup
te0,1]

+ sup
te[0,1]

/ k(t,s)((fa (s u s)) fg(s w s))) (gz(s v(s)) g(s, z(s))))

+ sup
te[0,1]

< sup / k(z, S)([fl(s,x(s)) -f (s,u(s))| + |g1 (5,7(5)) — g2(s,(s)) |) ds

tel0,1] JO

f k(t, s) (f3 S, W s)) ﬁ(s,x(s )) + (g3 (S, z(s)) -@ (s,y(s)))) ds

+ sup /1 ts([fg(su ) fg(SW )|+|g2(s,v(s))—gg(s,z(s))’)ds

te[0,1]

+ sup f k(& 5)(|fs (s, w(s)) = fi (s, %(9)) | + | g3 (5:2(5)) — g1 (s, ¥(5)) |) dIs. (3.2)

te[0,1]
By conditions (iii),
fi(s,x(5)) = fols, u(s))| < A1lx(s) — u(s)],

fa(s, u(s)) = f3(s, w(s))| < Aauls) — w(s)l,
f(s, w(s)) = fi(s,%(s))| < Az|w(s) —x(s)|

and

1g1(s,(5)) — g2(s, v(s))| < p1ly(s) — v(s)l,
lg2(s, v(s)) — g3(s,2(5))| < palv(s) — z(s)l,
g3 (s, 2(5)) — gi(s, y(5)) < wslz(s) — y(s)|.

Taking these inequalities into (3.2), we obtain

G(Fl(x’y),FZ(ur V)’FS(W, Z))

1
< sup / k(t, s)(kl‘x(s) — u(s)’ + 1 ’y(s) - v(s)|) ds

tef0,1] Jo

1
+ sup / k(t,S)()\,2|M(S) - w(s)| + u2|v(s) —z(s)|)

te[0,1]

+ sup / k(t, s) Ag|w(s) x(s)| +u3|z(s s)!)

te[0,1]

< max{A;, U1} sup / k(t,s)(|x(s) - u(s)|+|y(s) - v(s)|) ds

te[0,1]1 J O
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1
+ max{Ag, o} sup /0 k(t, s)({u(s) - w(s)| + |v(s) —z(s)|) ds

te[0,1]

1
+ max{Asz, u3} sup /o k(t,s)(\w(s) —x(s)| + !z(s) —y(s)|)ds. (3.3)

te[0,1]

Using the Cauchy-Schwartz inequality in (3.3), we get

1
/0 k(t,s)(\x(s) - u(5)| + |y(s) - v(s)|) ds

1

1 1/ 1 2
< (/0 K2 (t,5) ds) (/0 (|e(s) = u(s)] + [y(s) - v(s)|)2 ds)

< Ikl sup [+(6) - u®)] + sup |y(®) - v(e)])- (3.4)
te(0,1] te(0,1]

Similarly, we can obtain the following estimate

1
/0 k(t,s)(‘u(s) - w(s)’ + ’V(S) —z(s)‘)ds

< 1kl sup [uee) ~ w(e)| + sup |v(®) - z(2)]), (35)
te(0,1] tefo1]

1
/(; k(t,s)(‘w(s) —x(s)’ + }z(s) —y(s)|) ds
< Kl sup [w(e) = (&) + sup |2() ~5(0)])- (3.6)
te(0,1] te[0,1]

Substituting (3.4), (3.5) and (3.6) into (3.3), we obtain that

G(Fl(xry)!FZ(ur V),Fg(W, Z))

< max({Ay, m}llklloo( sgri]lx(t) —u(t)| + sup ly(®) - V(t)|>
tel0, tel0,

 max{Az, ) Kl sup [16) = w(@)] + sup [v(0) - 2(0)])
te(0,1] tel0,1]

max{is, ) Kl sup [w(®) =]+ sup |20~ 5(0)])
t€[0,1 t€[0,1

1
= — max{Ay, w1} [1klloo - 2 sup |w(£) — u(t)]
2 te[0,1]

1
+ = max{iy, wi}llklloo - 2 sup |y(8) — v(2)]
2 te[0,1]

1
+ = max{Aa, wo}l|klloc - 2 sup |u(t) — w(t)]
2 te0,1]

1
+ — max{Az, t2} [kl - 2 sup [v(2) - 2(0)]
2 te[0,1]

1
+ = max{As, u3}llklloo - 2 sup |w(t) —x(2)]
2 te[0,1]

1
+ = max{Az, u3}llkllo - 2 sup |2(£) — y(8)]
2 tel0,1]

Page 14 of 16


http://www.fixedpointtheoryandapplications.com/content/2013/1/266

Gu and Yin Fixed Point Theory and Applications 2013, 2013:266 Page 150f 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/266

1 1
=5 max Ay, i} | klloo G(x, u, u) + 3 max{Ag, 1}kl G, v, V)
1 1
t3 max{Az, o}l klloo G, w, w) + 2 max{Ay, 2} klloo G(V; 2, 2)
1 1
t3 max{A3, w3}kl G(W, %, %) + 5 max{A3, U3}kl G(z, y, ). (3.7)

Taking gx = x for all x € X, and

1
ar=a;=0, as=ds =7 max{Ay, p1} 1kl cos
1 1
a5 =ds =3 max{Az, w2}l kllcos a7=dag =7 max{As, w3} kllcos
then inequality (3.7) becomes

G(Fi(x,9), F2(u,v), F3(w,2)) < a1G(gx, gu,gw) + a,G(gy, gv, g2) + a3 G(gx, gu, gu)
+asG(gy,gv,gv) + asG(gu, gw, gw) + asG(gv, gz, g2)

+ a;G(gw, gx, gx) + asG(gz, gy, 2y)- (3.8)
By condition (iv), we know that

ay+as +asz +ay +2(as +ag) +a; +ag

= ||l<||oo(max{kl,ptl} + 2max{Asy, o} + max{As, ,bbg}) <1

This proves that the operator F; (i =1,2,3) and g = [ satisfy contractive condition (2.2)
appearing in Theorem 2.1 with g = I. Therefore, F, F,, F3 have a unique common coupled
fixed point, that is, Fy(x,x) = F>(x,x) = F3(x,x) = x, and so, (x,x) is the unique solution of
equation (3.1). O
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