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Abstract

In this paper, we first prove the existence of a solution for a generalized equilibrium
problem with a bifunction defined on the dual space in a Banach space setting.
Second, by the virtue of this result, we construct the hybrid projection method for
solving a solution of a generalized equilibrium problem. Consequently, we establish
the strong convergence theorem by using sunny generalized nonexpansive
retraction in the dual of Banach spaces.
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1 Introduction
Let R be the set of real numbers. Let E be a real Banach space with the norm || - ||, and (-, -)
is the dual pair between E and E*, where E* is the dual space of E. Let C be a closed and
convex subset of a real Banach space E with the dual space E*, and let C* be a closed and
convex subset of E*. We recall the following definitions:

(1) A mapping A : C — E* is said to be monotone if for each x,y € C such that

(x—y,Ax —Ay) > 0.

(2) A mapping A : C — E* is said to be §-strongly monotone if there exists a constant
8 > 0 such that

(x—y,Ax — Ay) > 8|lx—y|?, Vx,yeC.

(3) A mapping A : C — E* is said to be §-inverse strongly monotone if there exists a
constant § > 0 such that

(x —y,Ax — Ay) > 8||Ax - Ay|*, Vx,yeC.
(4) A mapping A : C* — E is said to be skew monotone if for each x*,y* € C* such that
(Ax* - Ay, x* —y*) = 0.
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(5) A mapping A : D(A) C E* — E is said to be a-inverse strongly skew monotone if there
exists a constant o > 0 such that

(Ax* - Ay, x* — y*) = a|| Ax* - Ay* ?

,  Vx*,y" € D(A).
(6) A mapping A : D(A) C E* — E is said to be hemicontinuous if for all x*,y* € D(A),
the mapping f of [0,1] into E defined by f(¢) = A(tx* + (1 — £)y*) is continuous.
Let C be a nonempty, closed and convex subset of E, and let / be the duality mapping
from E into E* such that J(C) is closed and convex of E*, let us assume that a bifunction
F :J(C) x J(C) — R satisfies suitable conditions, and A : C* — E is a skew monotone

operator from J(C) into E.
The generalized equilibrium problem is to find z € C such that

The set of solutions of (1.1) is denoted by GEP(F, A), that is,
GEP(F,A) = {2 € C:F(z,Jy) + (AJz,Jy - J2) = 0,Vy € C}. (1.2)

If A =0, then problem (1.1) reduces to the equilibrium problem, which is to find z € C
such that

F(3J5) >0, YyeC. (13)
The set of solutions of problem (1.3) is denoted by EP(F), that is,
EP(F) = {2 € C:F(Jz,Jy) > 0,Vy € C}. (1.4)
The above formulation (1.3) was considered in Takahashi and Zembayashi [1], and they
proved a strong convergence theorem for finding a solution of the equilibrium problem
(1.3) in Banach spaces.
If F =0, then problem (1.1) reduces to variational inequality, which is to find Z € C such
that
(AJz,]y-Jz) =0, VyeC. (1.5)
The set of solutions of problem (1.5) is denoted by VI(J(C), A), that is,

VI(J(C),A) = {ze C: (AJ2,Jy - J2) = 0,¥y e C}. (1.6)

In the sequel, let T': C — C be a mapping, we denote by Fix(T') the set of fixed points of
T, that is,

Fix(T) = {x € C: Tx = x}. (1.7)

We denote the strong convergence, weak convergence {x,} by x, — x, x, — x, respec-
tively.
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Let C be a nonempty, closed subset of a smooth, strictly convex and reflexive Banach
space E such that J(C) is closed and convex. For solving the equilibrium problem, let us
assume that a bifunction F : J(C) x J(C) — R satisfies the following conditions:

(DA1) F(x*,x*) =0 for all x* € J(C);

(DA2) F is monotone, i.e., F(x*,y*) + F(y*,x*) < 0 for all x*,y* € J(C);

(DA3) for all x*,y*,z* € J(C),

limsup F(¢z* + (1 - t)x*, %) < F(x*,y");
£40

(DA4) forall x* € J(C), F(x*,-) is convex and lower semicontinuous.

The following result is in Blum and Oettli [2], and see the proofin [3].

Definition 1.1 Let E be a Banach space. Then,
(1) E is said to be strictly convex if ”le” <lforallx,ye Ur={z€E:|z| =1} withx #y.
(2) E is said to be uniformly convex if for each € € (0, 2], there exists § > 0 such that
“’62&” <1-4forallx,ye Ur with lx—y| > €.
(3) E is said to be smooth if the limit (1.8)

L 12+ o1 — Dl
m ————

t—0 t

exists for each &,y € Ug.

(4) E is said to be uniformly smooth if the limit (1.8) is attained uniformly for all
x,y € UE.

(5) E is said to have uniformly Gateaux differentiable norm if for all y € U(E), the limit
(1.8) converges uniformly for x € Uf.

Definition 1.2 Let E be a Banach space. Then a function pg : R* — R* is said to be the
modulus of smoothness of E if

%+ Il + llx -yl

—-1:||x|| =1, =ty.
5 llxll =1, Iyl }

pE(t) = SUP{

(1) E is said to be smooth if pg(t) >0, Vt > 0.

2) E is said to be uniformly smooth if and only if lim;_, o+ LE® _ 0,
( Y y £

Definition 1.3 Let E be a Banach space. Then the modulus of convexity of E is the function
3£ :[0,2] — [0,1] defined by

. X +
b (c) = mf{l— HTyH ETESHITESH IR e}.

(1) E is said to be uniformly convex if and only if §£(€) > 0 for all € € (0,2].
(2) Let p be a fixed real number p > 1. Then E is said to be p-uniformly convex if there

exists a constant ¢ > 0 such that 8g(€) > ce? for all € € [0,2].
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Observe that every p-uniformly convex is uniformly convex. One should note that no
Banach space is p-uniformly convex for 1 < p < 2. It is well known that a Hilbert space is

2-uniformly convex and uniformly smooth.

For any p > 1, the generalized duality mapping J, : E — 2F is defined by

Jpx = {f* €E*: (x,f*) = |||,

IF*]| = ="}, vxeE. (1.9)

In particular, J = J; is called the normalized duality mapping. If E is a Hilbert space, then
J =1, where I is the identity mapping. That is,

Jox = Jx = {f* € E*: (x,f*) = Il = |f*]|*}, VxeE. (1.10)

Remark 1.4 The basic properties below hold, see [4-6].

(1) If E is a uniformly smooth real Banach space, then J is uniformly continuous on
each bounded subset of E.

(2) If E is a uniformly smooth real Banach space, then J* : E* — 2F is a normalized
duality mapping on E*, then J™' = J*, (J*)] = Ig and J(J*) = I+, where on I and Ip+
are the identity mappings on E and E*, respectively.

(3) Let E be a smooth, strictly convex reflexive Banach space and J be the duality
mapping from E into E*. Then /™! is also single-valued, one-to-one, onto, and it is
also the duality mapping from E* into E.

(4) If E is a reflexive, strictly convex Banach space, then J -1 {s hemicontinuous, that is,
J71 is norm-to-weak*-continuous.

(5) If E is a reflexive, smooth and strictly convex Banach space, then J is single-valued,
one-to-one, and onto.

(6) A Banach space E is uniformly smooth if and only if E* is uniformly convex.

(7) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for any
sequence {x,} C E, ifx, — x € E, and ||x,|| — |#||, then x,, — x.

(8) A Banach space E is strictly convex if and only if J is strictly monotone, that is,

{(x—y,x*~»*)>0, wheneverx,y € E,x#y, andx* € Jx,y* € Jy.

(9) Both, uniformly smooth Banach space and uniformly convex Banach space, are
reflexive.

(10) If E* is uniformly convex, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

(11) If E* is a strictly convex Banach space, then J is one-to-one, that is, x # y implies
that Jx N Jy # 0.

Let J be the normalized duality mapping, then ] is said to be weakly sequentially contin-
uous if the strong convergence of a sequence {x,} to x € E implies the weak* convergence
of a sequence {Jx,} to Jx in E*.

Let E be a smooth and strictly convex reflexive Banach space, and let C be a nonempty,
closed and convex subset of E. We assume that the Lyapunov functional ¢ : E x E — R*
is defined by [6, 7]

o, y) = llxl> = 2(x, Jy) + Iyl>,  Vx,y € E.
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Let C be a nonempty, closed and convex subset of a Banach space E. The generalized
projection [6] I1¢ : E — C is defined by, for each x € E,

[¢(x) = argmin ¢ (x, y).
yeC

Remark 1.5 From the definition of ¢. It is easy to see that
@ Ul = y1)* < o) < (x|l + llyl)* for all x,y € E.
(2) d(x,9) = d(x,2) + P(z,9) + 2(x — z,Jz - Jy) for all x,y,z € E.
(3) ¢x,3) = (x, Jx = Jy) + (y =, Jy) < IlxllllJx = Jyll + Ily = x[lllyll for all x,y,z € E.
(4) If E is a real Hilbert space H, then ¢(x,y) = |lx — y||?, and TI¢ = Pc (the metric
projection of H onto C).

Lemma 1.6 [6, 7] If C is a nonempty, closed and convex subset of a smooth and strictly
convex reflexive real Banach space E, then
(1) forx € E,and u € C, one has

u=Tcx) <« (u-yJx—Ju)>0, VyeC.

(2) o, c()) + ¢(Mc),y) < px,y), Vx e C,y € E.
(3) ¢(x,9) =0 ifand only ifx =y, Vx,y € E.

In 2007, Takahashi and Zembayashi [1] introduced an iterative algorithm for finding
a solution of an equilibrium problem with a bifunction defined on the dual space of a
Banach space by using the shrinking projection method, and they established the strong
convergence as follows.

Theorem TZ Let E be a uniformly convex Banach space whose norm is uniformly Gdteaux
differentiable, and let C be a nonempty, closed and convex subset of E such that J(C) is
closed and convex of E*. Assume that a mapping F : J(C) x J(C) — R satisfies the condi-
tion (DA1)-(DA4) such that EP(F) # (. Let {x,} be a sequence generated by the following
algorithm:

x9 € C chosen arbitrary, Co=C,

u, € C  suchthat F(Ju,,Jy)+ i(un =%, Jy—Juny) 20, VyeC,

Y = Wy + (L — )y, (1.11)
Crin={z€ Cy: ¢, 2) < P(xn,2)},

%u11 =Rc,,, (%0), VYneNU({0},

where ] is the duality mapping on E, the sequence {«,} C [0,1] such thatlimsup,,_, ., oty < 1,
1y C [a,00) for some a > 0, and Rc,,, is the sunny generalized nonexpansive retraction from
E onto C,1.

Then the sequence {x,} converges strongly to some point p = Rep(r)(x0), where Rep(r) is the
sunny generalized nonexpansive retraction from E to EP(F).

In 2010, Plubtieng and Sriprad [8] proved the existence theorem of the variational in-
equality problem for skew monotone operator defined on the dual space of a smooth Ba-
nach space, and they established a weak convergence theorem for finding a solution of the
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variational inequality problem using the projection algorithm method with a new projec-
tion, which was introduced by Ibaraki and Takahashi [9] and liduka and Takahashi [10] in
Banach spaces.

Theorem PS Let E be a uniformly convex and 2-uniformly smooth Banach space whose
duality mapping ] is weakly sequentially continuous. Let C be a nonempty, closed and con-
vex subset of E such that J(C) is closed and convex, and let A be an a-inverse-strongly-skew-
monotone operator of J(C) into E such that VI(J(C),A) # 0 and ||AJz|| < ||AJy —AJz||, for all
y € Candze VI(J(C),A). Let {x,} be a sequence defined by x; = x € C and

Kntl = RC(xn - )"nA]xn) (112)

for every n =1,2,3,..., where R¢ is the sunny generalized nonexpansive retraction of E
into C, {a,} C [a, b], for some a, b with 0 <a < b < %, where ¢ > 0 is a constant satisfying
lJx=Jy|l < cllx—yl|l forallx,y € C. Then the sequence {x,} converges weakly to some element
z € VI(J(C),A). Further z = lim,,_, o Ryi((c),4) (%)

In this paper, motivated and inspired by the previously mentioned results, we study the
existence theorem for a generalized equilibrium problem with a bifunction defined on the
dual space of a Banach space, and we also construct an iterative procedure generated by a
hybrid method for solving the solution of a generalized equilibrium problem by using the
sunny generalized nonexpansive retraction. Under some suitable assumptions, the strong
convergence theorems are established in Banach spaces. The results obtained in this paper
extend and improve several recent results in this area.

2 Preliminaries
Definition 2.1 Let C be a nonempty and closed subset of a smooth Banach space.
(1) A mapping T: C — C is said to be closed if for each {x,} C C, x, - x and Tx,, —> y
imply that Tx = y.
(2) A mapping T': C — C is said to be nonexpansive if

1Tx - Tyl < llx—yll, VxyeC.
(3) A mapping T': C — C is said to be ¢-nonexpansive if Fix(T) # ¢, and
&(Tx, Ty) < p(x,y), Vx,y€C.
(4) A mapping T : C — C is said to be generalized nonexpansive [11] if Fix(T) # @, and
O(Tx, p) < dp(x,p), Vxe C,peFix(T).
Definition 2.2 [11] Let C be a nonempty and closed subset of a smooth Banach space E.
A mapping R: E — C is called
(1) a retraction if R* = R;

(2) asunnyif R(Rx + t(x — Rx)) = Rx for allx € E and £ > 0.

We also know that if E is a smooth, strictly convex and reflexive Banach space, and C
is nonempty, closed and convex subset of E, then there exists a sunny generalized nonex-
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pansive retraction R¢ of E onto C if and only if J(C) is closed and convex. In this case, R¢
is given by

Rc =)' o).

Definition 2.3 [11] Let C be a nonempty and closed subset of a smooth Banach space E.
The set C is called a sunny generalized nonexpansive retraction of E if there exists a sunny
generalized nonexpansive R from E onto C.

Lemma 2.4 [9] Let C be a nonempty and closed subset of a smooth and strictly convex
Banach space E, and let R be a retraction from E onto C. Then the following are equivalent:
(1) R is sunny generalized nonexpansive;
(2) (x—Rx,Jy—JRx) <0 forallx e Eandy e C.

Lemma 2.5 [9] Let C be a nonempty, closed and sunny generalized nonexpansive retrac-
tion of a smooth and strictly convex Banach space E. Then the sunny generalized nonex-
pansive retraction from E onto C is uniquely determined.

Lemma 2.6 [9] Let C be a nonempty and closed subset of a smooth and strictly convex
Banach space E such that there exists a sunny generalized nonexpansive retraction R from
E onto C. Let x € E and z € C. Then the following hold:

(1) z=Rx ifand only if (x —z,Jy - Jz) <0 for all y € C;

(2) ¢(x,Rx) + (R, 2) < p(x,2).

Lemma 2.7 [12] Let C be a nonempty and closed subset of a smooth, strictly convex and
reflexive Banach space E. Then the following are equivalent:

(1) C is a sunny generalized nonexpansive retraction of E;

(2) J(C) is closed and convex.

Remark 2.8 From Lemmas 2.5 and 2.7. If E is a Hilbert space, then a sunny generalized
nonexpansive retraction from E onto C reduces to a metric projection operator P from E

onto C.

Lemma 2.9 [12] Let E be a smooth, strictly convex and reflexive Banach space, let C be
a nonempty, closed and sunny generalized nonexpansive retraction of E, and let R be the
sunny generalized nonexpansive retraction from E onto C. Let x € E and z € C. Then the
following are equivalent:

(1) z=Rx;

(2) $(x,2) = min,cc B, ).

Lemma 2.10 [7] Let E be a uniformly smooth and strictly convex real Banach space, and
let {x,,} and {y,} be two sequences of E. If ¢(x,,y,) — 0 and either {x,} or {y,} is bounded,
then ||x, — yu|l — 0.

Lemma 2.11 [13] Let E be a uniformly smooth and strictly convex real Banach space with
the Kadec-Klee property, and let C be a nonempty, closed and convex subset of E. Let {x,}
and {y,} be two sequences in C and p € E. If x,, — p and ¢(x,,y,) — 0, then y, — p.
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Lemma 2.12 [14] Let {a,} and {b,} be two sequences of nonnegative real numbers satisfy-

ing the inequality
Aps1 = ap + bm Vn > 1

IFY "5 o by < 00, then lim,,_,  a, exists.
Now, let us recall the following well-known concept and the result.

Definition 2.13 [15] Let B be a subset of a topological vector space X. A mapping G :
B — 2% is called a KKM mapping if conv{xy,x2,%3,...,%,} C L_Jl”':1 G(x;), for x; € B and
i=1,2,3,...,m, where conv A denotes the convex hull of the set A.

In [16], Ky Fan gave the following famous infinite-dimensional generalization of Knaster,
Kuratowski and Mazurkiewicz’s classical finite-dimensional result.

Lemma 2.14 [16] Let B be a subset of a Hausdor{f topological vector space X, and let G :
B — 2% be a KKM mapping. If G(x) is closed for all x € B and is compact for at least one
x € B, then [, G(x) # 0.

3 Existence theorem

In this section, we prove the existence theorem of a solution for a generalized equilibrium
problem with a bifunction defined on the dual space of a Banach space. Now, we use the
concept of KKM mapping to prove the lemma for our main result.

Lemma 3.1 Let C be a nonempty, compact and convex subset of a uniformly smooth,
strictly convex and reflexive Banach space E, and let ] be the duality mapping from E into
E* such that J(C) is closed and convex, let us assume that a bifunction F : J(C) x J(C) - R
satisfies the following conditions (DA1)-(DA4), let C* be a nonempty, closed and convex
subset of E*, and let A : C* — E be an a-inverse strongly skew monotone. Let any r > 0 be a
given real number, and let x € E be any point. Then there exists z € C such that

1
F(z,Jy) + (AJz, ]y — Jz) + ;(z ~x%J(y-2)>0, VyeC.
Proof Let xq be any point in E. For each y € C, we define the mapping H : C — 2F as
follows:
1
H(y) = {z € C:F(zJy) + (Alz,Jy - Jz) + =(z —%0,] (y —2)) = 0,Vy € C}.
r
It is easy to see that y € H(y), and hence H(y) # (.
(a) First, we show that H is a KKM mapping.
Suppose that H is not a KKM mapping. Then there exists a finite subset {y1,¥2,..., ¥}
of Cand o; >0 with )" o;=1suchthatx =) " ayy; ¢ 2, H(y;) foralli =1,2,3,...,m.
It follows from the definition of a mapping H that

FU,Jy) + (AJ&, Jy; — J&) + %(& ~x0,J(yi —%)) <0 foralli=1,2,3,...,m.


http://www.fixedpointtheoryandapplications.com/content/2013/1/264

Phuangphoo and Kumam Fixed Point Theory and Applications 2013, 2013:264 Page 9 of 22
http://www.fixedpointtheoryandapplications.com/content/2013/1/264

By the assumptions of (DA1) and (DA4), we get

0 = FUZ,JX) + (AJ&,]% - J%) + <x x0,J (% — %))

= . 1
Z <F(]x7]yl (A]x;]yz ]x> <x xO’](yz _x ))
<0,

which is a contradiction. Thus, H is a KKM mapping on C.
(b) Next, we show that H(y) is closed for all y € C.
Let {z,} be a sequence in H(y) such that z, — zp, as n — oo.
It then follows from z, € H(y) that

1
F(Jzn, Jy) + (AJzns Jy — Jzu) + ;(zn —%0,J(y —24)) = 0. (3.1)

By assumption (DA3), the continuity of / and the lower semicontinuity of || - |2, we obtain
from (3.1) that

0 < lim ior.gf(F(]ZnJy) + (AJzn, Jy = Jzn) + %(zn —x0,J(y - zn)>>

1
<limsup( F(Jzu, Jy) + (AJzu,Jy — Jzu) + ;( —xo,](y—zn))>

n— 00

1
= limsup( F(Jzn, Jy) + (AJzu, Jy — Jzn) + ;((zn -y + (y—xo),](y—zn)>>
1 1
= limsup| F(zu, Jy) + (AJzu, Jy — Jzu) + r( ~3.J(y—z,)) + ;(y—xo,](y—zn)))

(
o
(
(

1 1
= limsup| F(zu, Jy) + (AJzu, Jy — Jzn) + r(y—xo,](y—zn))—;(y—zm](y—zn)))

n—00

n— 00

1 1
= limsup (F(/zn,]y) + (ATzw, Jy = Jzn) + ;(y —%0,](y — z)) — —ly -z IIZ)

< limsup F(Jz,, Jy) + limsup(AJz,, ]y — Jz,)

n—o0 n—00

—hmsup(y x0,J (y — z,,))—hmmf ly - zall?

n—00

< F(Jz0,]y) + (AJz0, Jy — J20) + %(y—xo,](y ~2)) - %ny— 2>

= F(Jz0,Jy) + (AJz0, ]y — Jz0) + 1()’—960,]()’—20)) - %(y—zOJ(y—zO»
= F(Jz0,Jy) + (AJz0, Jy — Jz0) + %(y—xo,](y—Zo)) + ’1j<ZO -]y - 20))
= F(Jzo,Jy) + (AJzo, ]y — Jzo) + i((y %0) + (20 =), (y — 20))

1
= F(Jz0,Jy) + (AJz0,Jy — Jzo) + ;(ZO - %0,J(y - z0)).
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Now, we get

F(Jz0,y) + (AJzo, Jy — Jzo) + %(ZO —x0,J(y — 20)) = 0.
Therefore, zo € H(y), and so H(y) is closed for all y € C.
(c) We show that H(y) is weakly compact.
Now, we know that H(y) is closed and subset of C.
Since C is compact. Therefore, H(y) is compact, and then H(y) is weakly compact.
By using (a), (b), (c) and Lemma 2.14, we can conclude that ﬂyGCH(y) Z0.
Therefore, there exists z € C such that

F(z,Jy) + (AJz,Jy - Jz) + %(z—x,](y—z)) >0, VyeC. O

Theorem 3.2 Let C be a nonempty, closed and convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E, and let ] be the duality mapping from E into E* such
that J(C) is closed and convex, let us assume that a bifunction F : J(C) x J(C) — R satisfies
the following conditions (DA1)-(DA4), let C* be a nonempty, closed and convex subset of E*,
and let A : C* — E be an «a-inverse strongly skew monotone and hemicontinuous. Let any
r > 0 be a given real number, and let x € E be any point. We define a mapping T, : E — C
as follows:

T,(x) = {z € C:F(Jz,Jy) + (Alz,Jy — Jz) + %(z—x,](y—z)) >0,Vye C}. (3.2)

Then the following conclusions hold:
(1) T, is single-valued,
Q) (Tx- Ty, J(Trx—-Twy)) < x—9J(Trx—T:y)), Vx,y € E;
(3) Fix(T,) = GEP(F, A);
(4) J(GEP(F,A)) is closed and convex.

Proof We complete this proof by four items below.

(1) We show that T, is single-valued.

From the definition of T,(x), it is easy to see that

1
F(y Jy) + (AlyJy =J9) + ~{z =9, ](y =)} = 0 = 0.

Therefore, y € T,(x). Hence, T;(x) # 0.
Indeed, for any x € E and r > 0, let z;, 2o € T,(x). Then

1
F(Jz1,Jz2) + (AJz1,Jzo — Jz1) + ;(Zl -x%J(za-21)) = 0,
and

1
F(lzy,]z1) + (A)za, Jz1 = Jz2) + ;(Zz -%,J(z1-2)) = 0.
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Adding the two inequalities, we have

0 < F(Jz1,Jz0) + F(z2,)z1) + (Alz1,Jza — Jz1) + (AJz2,Jz1 — Jz2)
1 1
+ ;(Zl -x,J(z2 - 21)) + ;(Zz -x,](z21 - 2))
= F(z1,Jz2) + F(Jz2,J21) + (AJz1, )22 — J21) — (AJz2,J20 — J21)

+ %(zl -x,J(z2 — 1)) - %(zz -x,](z2 — 1))
= F(Jz1,]20) + F(Jzo,J21) + (AJz1 — AJzo,Jz0 — Jz1) + %((z1 - %) = (22 —%),] (22 — 21))
= F(Jz1,]z2) + F(Jz0,J21) + (AJz1 — AJza,Jz0 — Jz1) + ;<z1 - 23, (22 — 21))
= F(Jz1,]z2) + F(Jz2,Jz1) — (AJz1 — AJza, Jz1 — Jz2) + %(z1 -23,](z2 — 21))-
Therefore, we obtain
F(Jz1,Jz2) + F(z3,)21) — (AJz1 — AJzo, Jz1 — Jz) + %(21 -23,J(z0 - 21)) > 0. (3.3)

From condition (DA2) and the fact that A is an «-inverse strongly skew monotone, we

have
1
0 < F(lz1,)z) + F(z2,J21) — (AJzr — Alza,Jz1 — Jz2) + ;(21 - 23,) (22 — 1))

1
< —(X”A]Zl —A]ZQH2 + ;(Zl - Zz,](Zz - Zl))

—_

= ;(21 - 22,/ (22~ Z1)>'

Since r > 0, ] is monotone, and E is strictly convex, we obtain
z1 = 2.

This implies that 7, is single-valued.

(2) We show that (T,x — T,.y,J(T,x — T,y)) < {(x —y,J](Tyx — T,y)) forall x,y € E.
Indeed, for any %,y € C and r > 0, we have

F(T,x,JT,y) + (AJT,x,J T,y — JTyx) + %(T,x —x,J(T,y - Trx)) > 0,
and
F(Ty,JT:x) + (AJT,,JTrx — JT,y) + %(T,y - y.J(Tx = Tyy)) = 0.
Adding the two inequalities, we have
0 < FUT,x,JT,y) + FJT,y,]JTix) + (AJT,x,J Ty —JTox) + (AJT,y,J Trx — JT,)
+ %(T,x —x,J(Ty - Trx)) + L (Toy =y, J(Tyx - T))

r

= F(]Trx:]Try) + F(]Tr ,]T,JC) + (A]Trxr]Try —]T,JC) - (A]Tr ;]Try - ]T;JC)
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1
- ;(Try— v J(Ty - Tix))

= F(]Trx:]Try) + F(]Tr :]Trx) +(AJTx _A]Try;]Try —JT,x)

+ %(Trx —x,](Try - Trx))

1
+ ;((Trx_x) —(Try =), J(Tyy - Trx))
= F(]Trx:]Try) + F(]Tr r]Trx) + <A]Trx _A]Try:]Try _]Trx)

- %((Trx = Ty) - (x—),](Tyy - Trx))

= FUT.x,JT,y) + EGT,9,JT,x) — (AJ T, — AJT,9,J T,x — JT,9)
¢ (T~ T) ~ = ) Iy~ T (3.4)
It follows that
F(JT,x,JT,y) + FJT,y,]JTwx) — (AJT,x — AJT,9,JT,x — JT,y)
(T T) = =PI (Ty ~ T,0) 2 0. (35)
From condition (DA2) and the fact that A is an «-inverse strongly skew monotone, we get
0 < FUTwx,JT,y) + FUT,y,)T,x) = (AT = AJT,y, ] Ty = JTry)
(T T) — (e ) J(Ty = T,)
< ~@IATTx— AT + (T~ T) — (x =), J(Tyy ~ T,)

= }((Trx -Ty) - (x -9, (T,y - T,x))

~

< (T T) ~ (x-S (T~ T,).
Since r > 0, we have
(T2 = Ty) - (= 9),J(Tyx — Ty)) < 0,
Therefore, we also have
(Tyx = Ty, )(Tox = Try)) = (x — 3, J(Tox = T,y)) < 0.
This implies that
(T,x - T.y,]J(Twx — T,y)) < (x -y, J(Trx - T,y)).

(3) We show that Fix(T,) = GEP(F, A).
It is easy to see that

zeFix(T,) & z=Tz

1
& FUzJy)+(AJz )y - Jz) + ;(z -zJ(y-2))=0
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& FUzJy)+(AJz,Jy—Jz) = 0
& ze€ GEP(F,A).

This implies that Fix(7;) = GEP(F, A).
(4) We show that J(GEP(F, A)) is closed and convex.
For each y € C, we define the mapping G : C — 2F as follows:

GO) = {z€ C:FUzJy) + (AJz,Jy — Jz) = 0}.

It is easy to see that y € G(y), so that G(y) # .

Next, we show that G is a KKM mapping.

Suppose that G is not a KKM mapping. Then there exists a finite subset {21, 25, . ..,z;} of
C,and B; >0 with "7, B; =1 such that =Y, Biz; ¢ G(z;) forall i =1,2,3,...,m. Then
we have

F(z,Jz) + (AJz,Jzi - JZ) <0, i=1,2,3,...,m.

It follows from (DA1) and (DA4) that

m

0=FU2J2) + (AJ2,J2-J2) < > Bi(FUZJz) + (AJ2,Jz: - J2)) < O,

i=1

which is the contradiction. Hence, G is a KKM mapping on C.
(4.1) Next, we show that G(y) is closed for each y € C.
For any y € C, let {z,,} be any sequence in G(y) such that z,, — z¢, as 1 — 00.
Hence, z,, — xo — 2o — %9, as 1 — 00.
Next, we show that zg € G(y). Then for each y € C, we have

F(zu,Jy) + (AJzu,Jy — Jzu) > 0. (3.6)
It follows from assumption (DA3) that

F(Jzo,Jy) + (AJzo, Jy — Jz0) > liylg sup E(zy Jy) + lim (AJz,,Jy = Jzn) = 0.

This implies that zy € G(y), and hence G(y) is closed for each y € C.

Since J is continuous. Therefore, myeC G(y) = J(GEP(F, A)) is closed.

(4.2) Next, we show that J(GEP(F,A)) is convex.

Let z{,2z5 € J(GEP(F,A)), then we have zf = Jz; € J(C) and 25 = Jzp € J(C), where
z1,20 € C.

For k,t € (0,1), let z* = kzj + (1 — k)z} and for any y € C, we set x] = tJy + (1 — £)z*.

It follows from (DA1) and (DA4) that

0= F(x,x)
< F(x;", gy +(1- t)z*)
< tF(x,Jy) + (1 - t)F(x},2%)

< tF(x},Jy), (3.7)
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and

0 = (Ax},x} — %)
= (AxL (37 =) + (= 7))
= (Axt ;) + (At Jy )
= (Ax;,; ) - (Axt, %5 ~ )
< (Axi, x5 - Jy)
= (Ax, gy + (L-0)z* - Jy)
= (Ax}, gy + (L-0z" - (t+ 1 -1))]y)
= (Ax}, 1= 0)(2" - Jy))
= (1-t)(Ax}, 2" - Jy)
= (t-D)(Ax}, Jy - 2°)
< t{dx;,Jy - 2°). (3.8)

Adding two inequalities (3.7) and (3.8) and dividing by ¢ > 0, we get

0 < tF(xf,Jy) + H{Ax, Jy - 2*)

< F(x},Jy) + (Axf,]y - z*).
Letting ¢ to 0 by (DA3) and the hemicontinuous of A, we obtain
F(z,Jy) +(Az*, Jy-z*)> 0 forallyeC.

Hence, z* € J(GEP(F, A)), and thus, J(GEP(F, A)) is convex.
This completes the proof. O

4 Convergence theorem
In this section, we use the hybrid projection method for finding a solution of a generalized

equilibrium problem in the dual space of Banach spaces.

Theorem 4.1 Let E be a uniformly smooth, strictly convex and reflexive real Banach space,
which has a Kadec-Klee property, let C be a nonempty, closed and convex subset of E,
and let ] be the duality mapping from E into E* such that J(C) is closed and convex of
E*, let us assume that a bifunction F : J(C) x J(C) — R satisfies the following conditions
(DA1)-(DA4), let C* be a nonempty, closed and convex subset of E*, and let A : C* — E
be an wo-inverse strongly skew monotone. For x € E, we define a mapping T,, : E — C as
follows:

T,, (x) = {z € C:F(Jz,Jy) + (Alz, Jy - Jz) + rl(z—x,](y—z)) >0,Vye C}. (4.1)

n


http://www.fixedpointtheoryandapplications.com/content/2013/1/264

Phuangphoo and Kumam Fixed Point Theory and Applications 2013, 2013:264
http://www.fixedpointtheoryandapplications.com/content/2013/1/264

Suppose that GEP(F,A) # (. Let {x,} be a sequence generated by

x9 € C  chosen arbitrary, Co=C,
Uy = Trnxm
Vi = Uy + (L= o)y, (4.2)

Cin={zeCy: ¢0’nr Z) =< ¢(xm Z)},

Xptl = RC”+1 (xO)) Vn > 0,

where ] is the duality mapping on E, {«,,} is the sequence in [0,1] such that limsup,,_, ., o, <
1, {r,} C [a, 00) for some a > 0 and Rc,,, is the sunny generalized nonexpansive retraction
from E onto C,.,. Then the sequence {x,,} converges strongly to Rgep(r,a)(x0), Wwhere Rgep(r,4)
is the sunny generalized nonexpansive retraction from E onto GEP(F, A).

Proof We complete this proof by seven steps below.

Step 1. We show that J(C,) are closed and convex subsets of E for each n € NU {0}.

It is obvious that /(Cy) is closed and convex. Suppose that J(Cy) is closed and convex for
some k € NU {0}.

For each z € C,;, we see that

POw2) <Pxnz) & lyal> = 20mJ2) + llzl* < lxall® = 2450, J2) + |21
& Myl = 1%l =2 J2) + 2(x,J2) < O
& yall® = 1%l = 2(yn — %, J2) <O.
Hence, /(Cy,1) is closed and convex. Therefore, J/(C,) are closed and convex subsets of E
for each n € NU {0}.
Step 2. We show that GEP(F,A) C C, for all » € NU {0}.
Note that u, = T,,x, and T, is generalized nonexpansive.
From Cy = C, we have GEP(F,A) C Cy. Suppose that GEP(F,A) C Ck, for some k €
NuU{0}.

For any p € GEP(F, A), from algorithm (4.2) and the fact that T}, is generalized nonex-
pansive, we compute

¢ p) = ¢(otnxr + (1 — an)uis, p)
= [|enr + (1 = o) ||2 = 2{agxx + (1 = e )ur, Jp) + lIplI*
< gl ) + (1= o) o l|* = 2k (i, Jp) — 2(1 = @) o, Jp) + I
= alloee 1 + (1= ) [l |I* = 200k (3, Jp)
= 2(1 = o) ur, Jp) + (ax + (1 =) P
= alloe ) = 20 (i, Jp) + allpll® + (1 — o)l |1
= 2(1 - &) (g, Jp) + (1 - ) I p >
= axp(xr, p) + (1 — ar)d(ux, p)

= ak¢(xk:l9) + (1 - ak)¢(Trkxk:p)
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< axp(xr, p) + (1 — ap)p(xe, p)

= ¢(xk719)

Therefore, p € Ci. Hence, we get p € Cyy1.
This implies that GEP(F,A) C C,, Vn € NU {0}, and also the sequence {x,} is well de-

fined.

Step 3. We show that {x,,} is bounded.
From the definition of {x,}, we know that x, = R, (x0) and x,,,1 = Rc,,, (%0) € Cyrs1 C C,.

For all p € GEP(F,A) C C,, we have

P(x%0) = ¢(Rc, (%0), %0)
< ¢(prx0) - ¢(P:RCn(x0))

< ¢(p’x0)-

Then ¢(x0,%,) is bounded. Therefore, {x,} is bounded, and also {7}, x,} is bounded.
Step 4. We show that there exists p € C such that x, — p, as n — oo.
Since x, = R¢, (x0) and %41 = Rc,,,, (%0) € Cys1 C Cyy, we have

(X %0) < P(X41,%0), YmeNU {0}

Therefore, the sequence {¢(x,,%0)} is nondecreasing. Hence, lim,,_, oo ¢(x,,, x0) exists.
By the definition of C,, one has that C,, C C, and x,, = R¢,,(x0) € C, for any positive

integer m > n. It follows that

(s xn) = ¢(xm7RC,,(xO))
< (m>%0) — d(Re, (%0), %0)

< ¢(xmrx0) — (x4, %0)
— 0, asm,n— oo.

It follows from Lemma 2.10 that ||x,, —x,|| — 0, as m,n — oo.

Thus, the sequence {x,} is a Cauchy sequence.
Without loss of generality, we can assume that x,, — p. Since {x,} is bounded, and E is

reflexive.
We know that C,,,; C C,, and C, is closed and convex, for p € C,, we have

liminf ¢ (x,, %0) = liminf(Jla, 1% = 2 Jxo) + %01
n—00 n—oo
> [1P11* = 2(p, Jxo) + ll%o0]l>
= (P, %0).
It follows that

(,b@,JCo) S hmlnf(p(xn: xO) S ({b@’x())'
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This implies that
lim ¢ (x,,%0) = (P, %0).
n—oQ
So |lx,|l = ||pll. Since x,, — p. By the Kadec-Klee property of E, we obtain that
X, —> p, asm— 0. (4.3)
From J is uniformly norm-to-norm continuous on bounded subset of E, we also have
Jx, — Jp, asn— 00. (4.4)

Step 5. We show that ||x,, — y,|| = 0 and ||x,, — u,|| — 0, as n — oo.

Since %, = R¢, (%0) and lim,,_, o (%, %) exists. We get

¢(xmxn+1) = ¢(RCn(x0):xn+1)
< ¢(x0,%n41) — P(%0, Rc, (%0))
= ¢ (%0, %ns1) — P(%0, %)

— 0, asn— oo.
From x,,,1 = R¢,,,, (%0) € Cpi1 C C,, we have
OV %ns1) < OXn, %001) > 0,  asnm— o0.
By Lemma 2.10, we obtain
%0 = %ni1ll > 0 and  [lyy = %p1ll > 0, asn— oo.
Therefore,
[|%2 —yull = 0, asn— oo. (4.5)

Since

(=]
|

= lim ”xn _yn”
n—0o0

Tim [}, — (et + (1= ety |

n—0o0

lim (1 - ) ||%, — wnl|-
n—0o0
By the assumption, we have limsup,_, . &, < 1, we obtain
[, = 1, || = 0, asn— oo. (4.6)

Step 6. We show that p € GEP(F, A), that is, Jp € J(GEP(F, A)).
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From (4.3), (4.5) and (4.6), it follows that
u,—~p and y,—p, asun—> oo. (4.7)
From J is uniformly norm-to-norm continuous on bounded subset of E, we also have
Ju, —Jp and Jy,—Jp, asn— oo. (4.8)
It follows from (4.5) and (4.6) and the property of J that
stw —Jyull = 0 and [, — Jutull > 0 as n— oo, (4.9)
Since {x,} is bounded. Therefore, {u,} and {y,} are bounded.
Hence, {Jx,}, {Ju,,} and {Jy,} are also bounded.
So, there exists a subsequence {Jx,, } of {Jx,} such that Jx, — p* and there exists a

subsequence {Ju,, } of {Ju,} such that Ju, — p*.
From (4.6) and r,, C [a, 00), we have

1
lim —|jx, —u,|| = 0.
n—00 1y,

Since u,, = T,,x,, we have

1
F(Jun, Jy) + (AJun, Jy — Ju,) + r—(un — X, J(y — u,,)) >0, VyeC.

n

It follows from (DA2) that

1
(A, Jy = Ju) + r—(un = %0, J(y = tn)) = =F(Ju, Jy) = F(Jy,Ju.), Vye€C.

n

From x,, — p and u,, — p, we get

WibJy=Jp) + Ap=D.J - 5) = FOnJp), ¥yecC.

Therefore,
(AJp,Jy—Jp) = F(Jy,]Jp), VyeC.

Forany 0 <t <1, y € C and setting y; = tfy + (1 — t)Jp. Then we get y; € J(C), and so
(ATb,y; —=Jp)= F(y},Jp), VyeC.

It follows from (DA1) and (DA4) that

0=F(y;,)
<tF(y;,Jy) + 1= )F(y;,]P)

<tF(y;,Jy) + (1= 0){ATp,y; —Jb).
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Letting ¢ | 0, we obtain from assumption (DA3) that
F(p,Jy) +(Alp,y; - Jp) = 0.

This implies that
Jb € J(GEP(F, A)).

Step 7. We show that the sequence {x,} converges strongly to Rgep(r,4)(*0)-
We know that x,, = Rc, (xo) € GEP(F,A) C C,,.
Let w = Rgep(r,4)(%0). It follows from Lemma 2.9 that

¢(x0,xn) = ¢(x0r W)

Since the norm is weakly lower semicontinuous, and from (DA4), we have

b (x0,J7'D%) = lloll® = 2(xo, J(J'2%)) + 12117
= |l 1> — 2{x0, p*) + DI
< timinf(llxo||* = 2{x0, Jng) + lls6n I
= liminf ¢(xo, )

< limsup ¢(x9, %, )

k— o0

= ¢(x0, W)

From the definition of Rgep(r,4), we have J71p* = w.
Finally, we show that x,, — w, where w = Rggp(r,4) (o).

Now, we have
D (%0, %4) < P(x0, W) = ¢ (%, RoEp(,4) (%0))
and from Remark 1.5(2), we get
oW, xn) = d(w,x0) + P(%0, %) + 2(W — X0, JX0 — J&u).
Therefore,
limsup ¢p(w,x,) = lim sup(d)(w,xo) + P(xg,%,) + 2{w — x0, Jx0 —]xn))

n—0oQ0 n—00

< limsup(¢p(w, x0) + ¢ (xo, w) + 2(w — %o, Jico — Jx))

= ¢(w,x0) + P (x0, W) + 2(w — %0, Jxg — JW)

= ¢p(w,w) =0.
This implies that

lim ¢(w,x,) = 0.

n—00
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By Lemma 2.10, we get
lim [[w—x,| = lim ||RGEP(F,A)(xo) — X, H =0.
n—>0o0 n—00

Hence,
%n — RGep(F.4)(X0), asn— oo.

Therefore, the sequence {x,} converges strongly to Rggp(r,a)(xo). This completes the
proof. d

If we substitute x = x,, and z = u, in equation (4.1), then we obtain the following result
which extends the following results by Takahashi and Zembayashi [1] from an equilibrium

problem to a generalized equilibrium problem.

Corollary 4.2 Let E be a uniformly smooth, strictly convex and reflexive real Banach space
which has a Kadec-Klee property, let C be a nonempty, closed and convex subset of E, and
let ] be the duality mapping from E into E* such that J(C) is closed and convex of E*, let
us assume that a bifunction F : J(C) x J(C) — R satisfies the following conditions (DA1)-
(DA4), let C* be a nonempty, closed and convex subset of E*, and let A : C* — E be an
a-inverse strongly skew monotone. Suppose that GEP(F,A) # (). Let {x,} be a sequence gen-
erated by

x9 € C chosen arbitrary, Co=C,

u, € C  such that

F(up, Jy) + (AJun, Jy = Jun) + 5 Atk = 20, J(y = 1)) = 0, ¥y € C,
Vn = Xy + (1= o) thy,

Cun={z2€ Cy: 0 2) < p(xn,2)},

Xn+l = RC,Hl (xO)r Vn=>0,

(4.10)

where ] is the duality mapping on E, {«,,} is the sequence in [0,1] such that limsup,,_, . o, <
1, {ry} C [a, 00) for some a > 0 and Rc,,, is the sunny generalized nonexpansive retraction
from E onto Cy.1. Then the sequence {x,,} converges strongly to Rgep(r,a)(%0), where Rgep(r,4)

is the sunny generalized nonexpansive retraction from E onto GEP(F, A).

If we set A = 0 in Corollary 4.2, then we obtain the following result which extends the

following results by Takahashi and Zembayashi [1].

Corollary 4.3 Let E be a uniformly smooth, strictly convex and reflexive real Banach
space which has Kadec-Klee property, let C be a nonempty, closed and convex subset
of E, and let ] be the duality mapping from E into E* such that J(C) is closed and
convex of E*, let us assume that a bifunction F : J(C) x J(C) — R satisfies the follow-
ing conditions (DA1)-(DA4). Suppose that EP(F) # (). Let {x,} be a sequence generated
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by

xo0 € C  chosen arbitrary, Co=C,

u, € C suchthat F(Ju,Jy)+ i(un %]y —u,)) >0, VyeC,

Vi = Xy + (1= @)ty (4.11)
Cun={z€ Cy:¢(yn,2) < p(¥m,2)},

Xn+l = RCnH (xO)) Vn > 0,

where ] is the duality mapping on E, {«,} is the sequence in [0,1] such that limsup,,_, . o, <
1, {r,} C [a,0) for some a > 0 and Rc,,, is the sunny generalized nonexpansive retraction
from E onto Cy.1. Then the sequence {x,} converges strongly to Rgpr)(%o), where Rpp(r) is
the sunny generalized nonexpansive retraction from E onto EP(F).

If we set F = 0 in Corollary 4.2, then Corollary 4.2 is reduced to the following corollary.

Corollary 4.4 Let E be a uniformly smooth, strictly convex and reflexive real Banach space
which has a Kadec-Klee property, let C be a nonempty, closed and convex subset of E such
that J(C) is closed and convex of E*, let C* be a nonempty, closed and convex subset of E*
and A : C* — E be an a-inverse strongly skew monotone. Suppose that VI(J(C),A) # . Let

{x,} be a sequence generated by

x9 € C  chosen arbitrary, Co=C,
u, € C  suchthat (AJu,,Jy—Ju,) + Liu, - X, J(y—un)) =0, VyeC,

n

In = Xy + (L= o)ty (4.12)
Cu1 = {2 € C: P(yn, 2) < P, 2)},

Xnil = RCn+1 (xO)r Vn=>0,

where ] is the duality mapping on E, {«,} is the sequence in [0,1] such that limsup,,_, . o, <
1, {ry} C [a, 00) for some a > 0, and Rc,,, is the sunny generalized nonexpansive retrac-
tion from E onto C,.1. Then the sequence {x,} converges strongly to Ryiy(c)a)(*o), where
Rvig(0),a) is the sunny generalized nonexpansive retraction from E onto VI(J(C), A).
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