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Abstract

In this paper, some common fixed point theorems for Lipschitz-type fuzzy mappings
in complete metric spaces are obtained. As applications, we establish some common
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spaces. Also, we give an example to show the validity of our results, which indicates
that our results improve and extend several known results in the existing literature.
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1 Introduction and preliminaries

The study of fixed point theorems in fuzzy mathematics was instigated by Weiss [1] and
Butnariu [2]. Heilpern [3] introduced the concept of fuzzy contractive mappings and
proved a fixed point theorem for these mappings in metric linear spaces. His result is a
generalization of the fixed point theorem for point-to-set maps of Nadler [4]. Afterwords
several fixed point theorems for fuzzy contractive mappings have appeared in the litera-
ture (see [5-14]). Especially, Vijayaraju and Marudai [5], Azam and Arshad [6], Bose [14],
Frigona and O’Regan studied some fixed point results for fuzzy (multi-valued) mappings
T:X — Z(X) in a metric space X respectively. This result is significant as it does not re-
quire the condition of approximate quantity for 7T'(x) and linearity for X. Recently, Zhang
[15] established some new common fixed point theorems for Lipschitz-type mappings in
cone metric spaces. These theorems extended the known contractive-type conditions.

The aim of this paper is to investigate some common fixed point theorems for Lipschitz-
type fuzzy mappings in complete metric spaces. As applications, we establish some com-
mon fixed point theorems for Lipschitz-type multi-valued mappings in complete metric
spaces. Also, we give an example to show the validity of our results, which indicates that
our results improve and extend several known results in the existing literature.

Throughout this paper we shall use the following notations and lemmas which were
taken from [2-6, 16, 17].

Let X and Y be nonempty sets. A multi-valued mapping T from X to Y, denoted by
T : X — 2Y, is defined to be a function that assigns to each element of X a nonempty
subset of Y. Fixed points of the multi-valued mapping T : X — 2% will be the points x € X
such that x € T'(x).
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Let (X, d) be a metric space, and let ¥ Z(X) denote the set of all nonempty closed and
bounded subsets of X. For A, B € € #(X) define

H(A,B) = max{sup d(x, B) supd(4, y)},
x€A yE

where
d(x,A) = inf d(x, y).
yeA

A fuzzy set in X is a function with domain X and values in [0,1]. If A is a fuzzy set and
x € X, then the function value A(x) is called the grade of membership of x in A. The «-level
set of A is denoted by [A], and is defined as follows:

[Aly = {x:A(x) > a} ifa €(0,1],

[Alg = {x:A(x) > O}.

Here, B denotes the closure of the set B. Let .7 (X) be the collection of all fuzzy sets in a
metric space X. For A,B € % (X), A C B means A(x) < B(x) for each x € X.

A mapping T from X to .#(Y) is called a fuzzy mapping if for each x € X, T'(x) (some-
times denoted by Tx) is a fuzzy set on Y and Tx(y) denotes the degree of membership of
y in Tx. Let #(X) denote the set of all fuzzy sets on X such that each of its «-level is a
nonempty closed bounded subset of X.

Lemma 1.1 (Nadler [4]) Let (X,d) be a metric space and A, B € € B(X), then
(1) foreachx € A, d(x,B) < H(A, B);
(2) foreachye X, d(x,A) <d(x,y) +d(y,A).

Lemma 1.2 (Nadler [4]) Let (X,d) be a metric space and A,B € € B(X), then for each
x € A and ¢ > 0 there exists an element y € B such that d(x,y) < H(A,B) + ¢.

2 Main results
In this section, we will establish some common fixed point theorems for a pair of Lipschitz-
type fuzzy mappings in complete metric spaces.

Theorem 2.1 Let (X,d) be a complete metric space, and let S, T : X — F(X) be two
Lipschitz-type fuzzy mappings satisfying the following conditions:
(a) foreach x € X, there exists a(x) € (0,1] such that [Sx]a(), [Tx]a(x) are nonempty
closed bounded subsets of X, and
(b) forallx,yeX,

H([Sx]a(x)r [Ty]ot(J’))
= A®)d (%, [Sxlatn) + A2 9)d (3 [Dat) + As®)d (% [TY]ar)
+ Ag(,9)d (7, [Sxlat) +As (%, )d(x,y), =

where Ay, Ay, As, Ay, As are five functions from X x X to [0, +00) such that
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(i) As(x,y) +Aalx,y) + As(x,9) <1 forall x,y € X;
(ii) infx,yeX{l _Al(x;y) - A4(x,}/)} =a, infx,yeX{l _AZ(x,y) —AB(?C»J’)} =b,
sup, e x{A1(x,7) + A3(x, ) + As(x, )} = A, sup, e x {A2(x,7) + Aax, y) + As(x,9)} = B,
with a,b,A,B >0 and AB < ab. Then there exists z € X such that z € [Sz]uz) N [12]a(z)-

Proof Letxy € X. For this x¢, by condition (a), there exists o (o) € (0,1] such that [Sxo]a(x)
is a nonempty closed bounded subset of X. For convenience, we denote a(xy) by «;.
Choose %1 € [Sx¢],, for this x;, there exists oy € (0,1] such that [Tx;],, is a nonempty
closed bounded subset of X. Since 1 > 0, by Lemma 1.2, there exists x; € [Tx:]q, such that

d(x, %) < H([Sxo]ap [Tx1]ay) + 1.

Since a,b,A,B > 0, by the same argument, we can find o3 € (0,1] and x3 € [Sx,]q; such
that

AB

(2, %3) < H([Sx2]cys [T1]a) + — .

By induction we produce a sequence {x,} of points of X,
Xok+1 € [Ska]azkH’ Xok+2 € [Tx2k+1]a2k+2r k= 0,12,..., (22)

such that

AB\*
A% %2x:2) < H([S%or)angyr [T¥2ks1langn ) + —

AB k+1
A% %2kr3) < H([Sxoku2 gy [T2ks1)a,n ) + (E) .

For k=0,1,2,..., applying (2.1), (2.2) and condition (i), we obtain
AB\*
d(x2k+17 x2k+2) = H([szl(]a2k+l’ [Tx2k+1]a2k+2) + (E)
< Ay (o> %21 (%260 [S%r ey )
+ Ag (%oser %21 (%2041, [ T2k41 ), 5)
+ A3 (2t %2101 (%26 [ T2k 11 s )

+ Ag (%o %2151)A (%2041, [S%ok gy 1)

AB\*
+ As (%k, Kok 1)A Kok Xoke1) + (E)

< Ay (Kokr Xok1) A (Xoks Xoka1) + Az (Koks Xoker 1) (Koker1, Xokr2)

+ Az (Ko, Xok1) A Kok Xoks2) + Aa(oks Xokr1)A(X2k 11, X2k41)

AB\*
+AS(ka;x2k+l)d(x2k,x2k+l) + (E)

< A1k Xok1) A (Ko Xokr1) + Az (Ko Xoks1)A (B2k+15 Xoks2)
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+ Az (ks Xoke1)A(Xok Xoka1) + Az Kok Xor1)d (X2k1, X2k42)

AB\*
+ As (%k, Xok41)A (Ko Xoke1) + (E) .

It implies that

A1 %ok Xoga1) + Az Kok, Xokr1) + As Kok Xoge1)
1 — Ao (X, Xoks1) — Az (®oks Xok41)

A(Xoks1, X2kr2) < AKXk Xok1)

AB 1
" (E) 1= Ay (%ok, X2441) — Az (%24, X2k41)
_ SUPxyex {A1(x, ) + A3(x,p) + As(x, )}
inf, yex {1 — Aa(x,y) — Az(x, y)}

A%k, X2k+1)

(AB) 1
+| — ) - .
ab ) inf,,ex{l—As(x,y) — Az(x, )}

Note that by condition (ii), we have

A 1 /AB\*
A(Xoks1,%X2k42) < Zd(ka:kaﬂ) + A (z) .

Similarly, we have

AB>/<+1

B
A(Xok42s Xoke3) < d(xzkm Xoks2) + = (
a\ ab

Using the inductive method, for k = 0,1,2,..., by (2.3) and (2.4), we can obtain

A AB
A(Xaks1, %2ks2) = ) —d (X, X2k11) + 7 5 ( s )

<AB( e A IE AB
~ ab a1, %2k +ab ab +b ab

AB
ab

1 /AB\F
—d(Xok—, Xok-1) + b(%)

A

b

(%) 5(5)

AB 2d ) 1 A\/AB

(-) x2k 3, X2k~ 2) + (Z + E) (E)

AB e A\ [(AB

= (4 (G 5) (55)
@ AB\* ' 1 A\/AB\*
"°”“)+Z<E) ' (VE)(E)

k
d(xg,x1) + (k + 1)(% + %) (%)

IA
Q

I/\
I/\

IA
/

wl’:n wl?b

)
v

(2.4)
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and

AB\* A 1 AN/AB\YN 1 /AB\F1
(—ab> . Zd(xO;xl) + (k+ 1)(5 + E) (E) ) + ;(_ﬂb)
A k+1 B 1 A AB k 1/AB k+1
w) A g (G ) (%) (%)
1 1\ (AB\"' 1/AB\""
) d(xo,x1)+(k+1)<z+;)(ﬁ) +;(_ab)

k+1
d(xo,%1) + (k + 2)<% " i) <’%) )

Obviously, taking M = max{% + ;“—b, % + %}, we have

k+1

AB\* A AB\*
AXops1s Xoke2) < | — | - —d(wo,x1) + M(k+1)| — (2.5)
ab b ab
and
k+1 AB k+1
d(%oks2,%0k43) < | — d(xo,x1) + M(k +2)| — . (2.6)
ab ab

Next, we prove that the sequence {x,} is a Cauchy sequence in X. For any k < p, it follows
from (2.5) and (2.6) that

d(x2k+17x2p+1) < d(Xoks1,X2ks2) + -+ - + d(x2p7x2p+l)

p-1 i p i
< (‘% - Z(%) P (%) )d(xo,xn

i=k i=k+1
p-1 i r i
. AB ) AB
+ (M-Z(l+1)(E> +M- 4Z(l+1)<E) )
i=k i=k+1
A = (ABY' >, . (ABY'
< (E + l)d(xo,xl) . ;(E) +2M - ;(z + 1)<E> .
By a similar reasoning process, we can obtain
A X (AB\' >, ABY'
d(xak, X2p11) < (Z + 1>d(x0,x1) - ;(5) +2M - %{:(l + 1)(3) ,

A = (AB\' > AB\'

d(ka,pr) =< (Z + l)d(xo,xl) . ;(E) +2M - lgk:(z + 1)<E> ,
A * 7 AB\’ > AB\!
A(Xoks1,%2p) < (Z + l)d(xo,xl) : ;(E) +2M - ;(z + D(E) )

Then there exists k with "T’l <k< g, for any 0 < 7 < m, such that

A r) < (% +1)d(xo,x1> - Zk(%) e ;(in)(%) . (2.7)
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Since a,b,A,B > 0 and AB < ab, i.e., 0 < % < 1, it follows from Cauchy’s root test that

Z(‘%)" and ) (n + 1)(%)" are convergent and hence {x,} is a Cauchy sequence in X.
Since X is a complete metric space, then there exists z € X such that x, — z as n — oo.
Without loss of generality, let us assume that # is even. Then by (2.1), (2.2) and Lemma 1.1,
we have

(e [T@)], ) = deman) +d(wan [TE), )
< d(z,%00) + H([S%20)arys [T@)], )
< d(z,%9u1) + A1 (%2, 2)d (%2, [SX2n] sy )
+ Az (020, 2)d(2,[T(2)] ) + A3 D) (%2 [ T(2)] )
+ Ay (x9,,2)d (z, [ngn]azm) + As (X4, 2)d (%21, 2)
< d(z,%2011) + A1 (%20, 2)d (X2, X241)

+ Ay (%2, 2)d(2, [ T(2)] () + A3 (X2 2)d (%2, 2)

Ot(Z))

+ Az(xX2p, Z)d(Z, [T(z)]a(z))

+ Ag (%2, 2)d(2, X3011) + As (X2, 2)A (X211, Z).
It implies that

(1 _AZ(me Z) _A?: (xZn,Z))d(zf [T(Z)]at(z))
< d(z,%n41) + A1(X2n, 2)A (X205 X2 11) + Az (X2, 2)d (X215 2)
+ Ag (X2, 2)d(2, X2p41) + As (X2, 2)d (X2, 2).

Note that Az(x,y) + As(x,y) + As(x,y) <1 for all x,y € X, infyyex {1l — Az(x,y) — Az(x,y)} =
b>0and supryEX{Al(x,y) +As(x,y) + As(x,9)} = A, we have

bd(z, [T(Z)] ) = d(Z, x2n+1) + Ad(x2mx2n+l) + d(me Z) + d(zl x2n+1) + d(me Z),

a(z)

and hence d(z, [T(2)]a(z) — 0 as 1 — oco. Thus z € [1Z]y ().
Similarly, we can prove that z € [Sz]a(;). Hence z € [Sz]a(;) N [TZ]4 (). This completes the
proof. O

Next, we establish a fuzzy version of Kannan-Reich-type theorem (see [18—-20]).

Theorem 2.2 Let (X,d) be a complete metric space, and let S, T : X — % (X) be two
Kannan-Reich-type fuzzy mappings satisfying the following conditions:
(a) foreach x € X, there exists a(x) € (0,1] such that [Sx]a(), [Tx]a(x) are nonempty
closed bounded subsets of X, and
(b) forallx,y € X,

H([Sx]a(x)» [Ty]ot(y)) < ,31 (xxy)d(x» [Sx]a(x))

+ Ba (6, 9)d (¥, [TVag)) + B3 (%, )d(x, ), (2.8)

where B1, B2, Bs are three functions from X x X to [0, +00) such that
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(i) Bs(x,y) <1 forallx,yeX;
(ii) sup,yex{Bi(%3)} = v, sup, ex{B2(%,9)} = v2, sup, yex {Br(%,9) + B3(x,7)} = A,
sup, e x{B2(%,9) + B3(x,9)} = B,
with y1 <1, Yo <1, A,B> 0 and AB < (1 — 1)1 — y»). Then there exists z € X such that
zZ € [SZ]O,(Z) n [Tz]a(z).

Proof Let A1(x,y) = B1(x,9), A2(x,y) = B2(%,9), A3(x,9) = 0, Aa(x,y) = 0, As(x,y) = B3(%,y)
for all x,y € X, then we have

As(x,y) + As(x,y) + As(x,y) = B3(x,y) <1 forallx,y € X,

and

inf {1-A1(x,y) - Aslx,y)} =1- sup {Bi(x,9)} =1- 1,
x,yeX xyeX

inf {1-A>(.5) - As(x7)} =1- sup {B2(5,3)} =112,

X x,yeX

sup {A1(x,9) + A3(x,y) + As(x,9)} = sup {Bi(x,9) + B3(x,9)} = 4,

xyeX xyeX
sup {A(x,) + Aa(x,y) + As(x,9)} = sup {Ba2(x,9) + Bs(x,)} = B,
xyeX x,yeX

with1-1y1,1- 95, A,B>0and AB < (1 - ) - ), which imply the conditions of Theo-
rem 2.1 are satisfied. Therefore, by Theorem 2.1, Theorem 2.2 is proved. O

Remark 2.1 Since each nonlinear contraction includes the case of linear contraction as its
special case, each fixed point theorem in the above theorem implies a fixed point theorem

for linear contraction. From Theorem 2.1 we obtain the following corollary.

Corollary 2.1 Let (X,d) be a complete metric space. Let S, T : X — F(X) be two fuzzy
mappings. Suppose that for each x € X, there exists a(x) € (0,1] such that [Sx]a), [TX]a)
are nonempty closed bounded subsets of X and

H([Sx]ot(x)¢ [Ty]a(y)) =< ald(x: [Sx]a(x)) + ﬂzd(% [Ty]a(y))

+ azd(x, [TV]ag)) + @ad (3, [Sx]a(w) + asd(x, ), (2.9)

for all x,y € X, where ay, ay, as, as are non-negative real numbers as > 0 and n > 0 with
Z?ﬂ“i =l+n,az3+as+as<l,a+as<1,ay+asz<1and(a —as)(as —ay) >2n. Then
there exists z € X such that z € [Sz]o(z) N [TZ]a ().

Proof Let A1(x,y) = a1, Ax(x,y) = az, As(x,y) = as, Ae(x,y) = ag, As(x,y) = as forallx,y € X.
Itis evident that 0 < a3 + a4 + a5 <1,0<1—a; —a4,0<1—ay —asz, 0 <a; +az + as and
0<ay+ay+as.

In addition, note that a5 < 1 and (a; — a3)(as — a4) > 21, we have

as(1+n) + maq + asas < ds + n + a1dg + axas < ds — 1 + a1as + dad.
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. 5 .
Since Zi:l a;=1+ n, we can obtain
5
das E a; | +ta1dqgq +ardsz +aidy +adsay < 1 —a)—ay)—dad3z—aq4t+aias +axas+aidy +dasdy,
i=1

i.e,(a +as+as)(ay +as+as) < (l—ay—as)(l—ay —as). Then we easily see that conditions
(i) and (ii) of Theorem 2.1 are satisfied. Therefore, by Theorem 2.1, Corollary 2.1 is proved.
d

Applying Theorem 2.1, we easily obtain the following fixed point theorem for Bose-type
fuzzy mappings.

Theorem 2.3 (Bose [14]) Let (X,d) be a complete metric space. Let S,T : X — % (X) be
two fuzzy mappings. Suppose that for each x € X, there exists o(x) € (0,1] such that [Sx]u (),
[Tx]o(x) are nonempty closed bounded subsets of X and

H([Sx]a) [TV]ap)) < brd (%, [Sxlaw) + b2d (v, [TV]ary)

+ b3d(y, [Sxla() + bad (%, [TV]a(y) + bsd(%, ), (2.10)

forall x,y € X, where by, by, b3, bs, bs are non-negative real numbers and Z‘L b; <1 and
by = by or by = by. Then there exists z € X such that z € [Sz] () N [T2]a ().

Proof 1f by = by and b3 = by, we can take 35 =1 — (Zil b;) > 0 and let A;(x,y) = by + 6,
Ax(x,9) = by, As(x,y) = ba + 8, Au(x,y) = b3, As(x,y) = bs + § for all x,y € X, then we have

Asz(x,y) + Ag(x,y) + As(x,y) =b3 + by + bs + 256 <1 forallx,y € X,

and
inf {1-A;(x,y) —As(x,9)} =1-b -8 -b3>0,
xyeX
inf {1-As(x,9) —A3(x,))} =1-by —bs—5>0,
x,yeX

sup {Al(x,y) +As(x,y) +A5(x,y)} =by+by+bs+38>0,
xyeX

sup {A2(x,9) + Aa(x,y) + As(x,)} = by + b3 + bs + 5 > 0.
x,yeX

Note that § > 0, b; = b, and b3 = by, it is not difficult to see that
(bl+b4+b5+38)(b2+b3+h5+8)=(b1+b3+b5+38)(b1+b3+b5+5)
< (b1 + b3 + bs + 28)(b1 + b3 + bs + 28)

= (by + by + bs + 28) (b1 + b3 + b5 + 25)
=(1=b1-8-b3)A—by—by-96).

Then we know that conditions (i) and (ii) of Theorem 2.1 are satisfied.
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In addition, it is evident that

H([Sx)a@w) [TVat)) < brd (%, [Sxlaw) + b2d (3, [TH]a)
+ bsd (3, [Sx)ate) + bad (%, [ TYaty) + bsd(x,)
< (b1 +8)d (%, [Sxlaw) + b2d (3, [TV]ary)
+ (by + 3)d(x, [Ty]a(y)) + bgd(y, [Sx]a(x)) + (bs + 8)d(x,y)

for all x,y € X, which satisfies inequality (2.1) of Theorem 2.1. Therefore, by Theorem 2.1,

the conclusion of Theorem 2.3 holds.
If by = by and b3 > by, we can take 26 =1 — (Z?:1 b;) > 0 and let A;(x,y) = by, Aa(x,y) =

by + 8, As(x,y) = ba, Ag(x,y) = b3, As(x,y) = bs + § for all x, y € X, then we have
Asz(x,y) + Ag(x,y) + As(x,y) =b3 + by + bs + § <1 forallx,y € X,

and
inf {1-A;(xy) —As(x,9)} =1-b - b3>0,
x,yeX
inf {1 —As(x,%) —Ag(x,y)} =1-by—by—5>0,
xyeX

sup {Al(x,y) +As(x,y) +A5(x,y)} =b1+bs+bs5+5>0,
x,yeX

sup {Ag(x,y) + Aalx,y) +A5(x,y)} =by+ b3 +bs+25>0.

xyeX

Note that § > 0, b; = by and b3 > by, it is not difficult to see that

(bl+b4+b5+5)(b2+h3+b5+25)=(b1+l’)4+b5+8)(l’)1+b3+l’)5+28)
< (b1 + by + bs +28)(by + b3 + bs + )

=(1-b1—b3)Q—-by—bs-9).

Then we know that conditions (i) and (ii) of Theorem 2.1 are satisfied.

In addition, it is evident that

H([S%aty [Daty) < brd(x, [Sxlag) + b2d (3, [TY]ary)
+ b3d(y, [Sxlaw) + bad (%, [TV + bsd(x,y)
< bld(x, [Sx]a(x)) +(by + S)d( , [Ty]a(y))
+ b4d(x, [Ty]a(y)) + bgd(y, [Sx]a(x)) + (bs + 8)d(x,y)

for all x,y € X, which satisfies inequality (2.1) of Theorem 2.1. Therefore, by Theorem 2.1,

the conclusion of Theorem 2.3 holds.
Similarly, we can prove some cases of by = by, b3 < by or by > by, by = by or by < by, b3 = by,

respectively. Then by Theorem 2.1, the theorem is proved. O
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Note that by the conditions of Theorem 2.3, we can obtain the following fixed point
theorem for Vijayaraju-Marudai-type fuzzy mappings.

Corollary 2.2 (Vijayaraju and Marudai [5], Azam and Beg [21]) Let (X,d) be a complete
metric space. Let S, T : X — 7 (X) be two fuzzy mappings. Suppose that for each x € X,
there exists a(x) € (0,1] such that [Sx]a(x), [TX]aw) are nonempty closed bounded subsets of
X and

H([SX]at)s [TV]ay) < brd (%, [Sx)awy) + b2d (v, [TH]a))
+ bsd(y, [Sxla@) + bad (%, [TV]a(y)) + bsd(%, ), (2.11)

for all x,y € X, where by, by, bs, bs, bs are non-negative real numbers and Zil b;<1and
either by = by or by = by. Then there exists z € X such that z € [Sz]a@) N [1Z]a(z)-

In Corollary 2.2, if b3 = by, then we can obtain the following fixed point theorem for

Azam-Arshad-type fuzzy mappings.

Corollary 2.3 (Azam and Arshad [6]) Let (X, d) be a complete metric space. Let S, T : X —
F(X) be two fuzzy mappings. Suppose that for each x € X, there exists a(x) € (0,1] such
that [Sx]a(), [Tx]a(x) are nonempty closed bounded subsets of X and

H([Sx](x(x)’ [Ty]a(y)) = ald(x’ [Sx]oc(x)) + ﬂ2d(y, [Ty]a(y))
+as [d(x, [Ty]a(y)) + d(y, [Sx]a(x))] +asd(x, ), (2.12)

forallx,y € X, where ay, a,, as, as are non-negative real numbers with a, + a; +2as + as < 1.
Then there exists z € X such that z € [Sz]a(z) N [TZ]a ().

Remark 2.2 Azam and Arshad [6] pointed out that the proof [5, Theorem 3.1] is incorrect
and incomplete, and presented the right version of this result. In fact, by Corollary 2.2
we easily see that although there exist mistakes in the proof of Theorem 3.1 in [5], its
conclusion is correct. Moreover, Corollary 2.2 also shows that Theorem 4 in [6] is not the
right version of Theorem 3.1 in [5], but the special case of Theorem 3.1 in [5].

Similarly, applying Corollary 2.1 or Theorem 2.3, we can establish the following fixed
point theorem for generalizing Park-Jeong-type fuzzy mappings (see [11]).

Theorem 2.4 Let (X,d) be a complete metric space. Let S, T : X — F(X) be two fuzzy
mappings. Suppose that for each x € X, there exists a(x) € (0,1] such that [Sx]aw), [TX]a(x)
are nonempty closed bounded subsets of X and

D=

H([Sx]a(x)y [Ty](x(y)) = k[d(x¢ [Sx]rx(x)) . d( ) [Ty]a(y))] ’ (213)
forall x,y € X, where 0 < k < 1. Then there exists z € X such that z € [Sz]a(z) N [TZ]a(z)-

Proof Since0 < k <1,wecantakel—k =46 >0,n =82 >0andleta, = §+36,a2 = §,a3 =34,
as=0,a5=n=8thenwehave Y2 a;=1+n,a3+as+as=8+8><l,a;+ay, = §+38<1,
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as +ds = g—‘ +8 <1and (a; — as)(as — aa) = 38% > 26 = 2n. Moreover, it is evident that

N

H([SX]a)s [DVay) < k[d(%, [S¥aw) - (3 [TV]ay) ]
k k
(% 1S5laco) + 300 [Dlaty)
= ald(x: [Sx]a(x)) + a2d( ’ [Ty]a(y))

+ asd (%, [TV]a(y)) + aad(y, [Sxla@) + asd(x, ).

Then we know that the conditions of Corollary 2.1 are satisfied. Therefore, by Corol-
lary 2.1, the theorem is proved. O

3 Application and example

In this section, we first establish some common fixed point theorems for Lipschitz-type
multi-valued mappings in complete metric spaces. After that, we give an example to dis-
cuss the validity of the hypotheses of Theorem 2.1, by which we can claim that our results

improve and extend several known results in the existing literature.

Theorem 3.1 Let (X,d) be a complete metric space. Let S,T : X — € B(X) be two
Lipschitz-type multi-valued mappings. Suppose that for each x,y € X,

H(Sx, Ty) < Ay(x,y)d(x, Sx) + A2 (x,y)d(y, Ty) + As(x, y)d(x, Ty)
+ Ag(x,y)d(y, Sx) + As(x,y)d(x, y), 3.1)

where Ay, Ay, A3, Ay, As are five functions from X x X to [0, +00) such that
(i) As(x,y) +Aalx,y) + As(x,y) <1 forall x,y € X;
(ii) infyyex{l —Ai(x,y) — Aa(x, )} = a, infy yex {1 - Az(x,y) — A3(x, )} = b,
SUp,yex {A1(x, ) + A3(x,9) + As(x, y)} = A, sup, e x {A2(x, ) + Aalx,y) + As(x,9)} = B,
with a,b,A,B > 0 and AB < ab. Then there exists z € X such that z € SzN Tz.

Proof Let the fuzzy mappings S, T : X — % (X) be defined as S(x) = xs() and T'(x) = x71),
where x4 is the characteristic function on any subset A of X. Using the facts [Sx]y () = S(x),
[Tx]a) = T(x) for any a(x) € (0,1], it is evident that S and T satisfy the conditions of
Theorem 2.1. Then, by Theorem 2.1, the theorem is proved. O

By the proofs of Corollary 2.1 and Theorem 3.1, we can get the following theorem.

Theorem 3.2 Let (X,d) be a complete metric space. Let S, T : X — € B(X) be two multi-
valued mappings. Suppose that for each x,y € X,

H(Sx, Ty) < ad(x, Sx) + axd(y, Ty) + azd(x, Ty) + asd(y, Sx) + asd(x, y), (32)
where a1, ay, as, as are non-negative real numbers, as > 0 and n > 0 with Z?:l a;=1+n,

az+ag+as<l,a; +aq<1,ay +as<1and (a; — az)(az — aq) > 2n. Then there exists z € X
such that z € SzN Tz.
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Using the same method as in the proof of Theorem 2.3, by Theorem 3.1, it is easy to
establish the following fixed point theorem for Bose-Mukherjee-type multi-valued map-
pings (see [16]).

Corollary 3.1 (Bose and Mukherjee [16]) Let (X, d) be a complete metric space. Let S, T :
X — € AB(X) be two multi-valued mappings. Suppose that for each x,y € X,

H(Sx, Ty) < a1d(x, Sx) + axd(y, Ty) + asd(y, Sx) + asd(x, Ty) + asd(x, y), (3.3)

, 5
where ai, ay, as, ds, as are non-negative real numbersand y ;| a; < landa, = a; or as = ay.
Then there exists z € X such that z € Sz N Tz.

Example1 Let X ={0,1,2,3,...}, d be a discrete metric, then (X, d) is a complete metric
space. Define two fuzzy mappings S, T : X — % (X) as follows:

1 ifz=0,
(Sx)(z) = forall x € X;
0 ifze{l,23,..],

1 ifz=1,
(T2)(2) =
0 ifze{0,2,3,..),
and for y € X\{2},
1 ifz=0,
(Ty)(2) =

0 ifze{l,2,3,..}.
Then we have
[Sx]; = [Sx]e = {0} forallx € X and @ € (0,1],
and

{1} ifty=2,
[Ty] = [Ty]a = for all @ € (0,1].
{0} ifyeX\{2},

Now we take A;(%,y) = 75, A2(%,y) = %,As(&ﬁ = 150 Aa(x,y) = 3, As(x,y) = 75 for

all x, y € X, then we have

11
As(x,y) + As(x,y) + As(x,y) = 30 <1 forallx,yeX,

and

. 19
xlyfg({l —Ai(xy) - As(x,9)} = 20" 0,

. 1
xlyllef;({l —Ay(%,y) - As(x,p)} = 3 0,
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3
sup {A1(x,9) + As(x,y) + As(x,9)} = — >0,
xyeX 40

sup {Az(x,7) + As(x,9) + As(x,9)} =1> 0,
xyeX

with 5 3 1< 5 < 40 2, which imply that conditions (i) and (ii) of Theorem 2.1 are satisfied.
Moreover, 1fx € X and y € X\{2}, then

19d(x,y) + 9

40d(x,y) + 20 d(%[Ty)

1 1
H([S]as [Tyla) = 0 < o [Sxla) + A (D) + 15

1 1
+ Ed(y, [Sx]a) + Ed(x,y) for all @ € (0,1].

Ifx=0and y = 2, then for all @ € (0,1],

1 1 1
H(1S0lo, [T2]a) = H({0), (1}) = 1= 55+ 75+ 5+ o5
19+9
< Rd(o,{O})+m (2.(1})

1 1 1

Ifx=1and y =2, then for all « € (0,1],

1 9 1 1
H([S1],[T2]s) = H({0},{1}) =1= 0 23" 10
19+9
< —Oa’(l, {0}) + 207 200[(2, {1})

1 1 1
+ %d(l, {1}) + Ed(z, {0}) + 4—Od(1,2).

If x =2 and y = 2, then for all @ € (0,1],

1 9 1 1
H([Sz]w [T2]a) :H({O}’ {1}) =1= E + % E 2
0+9
= —ffl(2 (0)) + 5554(2. 1)

1
+ 4_od(2’ {1}) + Ed(z’ {0}) + E61(2,2).

Ifxe(3,4,...} and y = 2, then for all @ € (0,1],

1 o9 1.1 1
H([Sx]a, [T2]0) = H({0},{1}) = 1< 55553 8
19+9

40 + 2od(2’ m)

1 1 1
+ 4—0d(x, {1}) + Ed(z’ {0}) + 4—0d(x,2).

Hence, the conditions of Theorem 2.1 are satisfied, and there exists 0 € X such that 0 €
{0} = [SO], N [T0], for all @ € (0,1]. But for any non-negative real numbers a3, a3, as, aa,
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as with a; + ay + az + aq + as <1, we have

H([SZ]O,, [T2]a) = H({O}, {1}) =1>a;+ay+as+ayg+as

> ald(Z, {0}) + an(2, {1}) + agd(Z, {1}) + u4d(2, {0}) +asd(2,2)

for all « € (0,1]. Thus S, T cannot satisfy the general contractive condition a; + ay + a3 +
as +as<1.

4 Conclusion

In this paper, some common fixed point theorems for Lipschitz-type fuzzy mappings
and Kannan-Reich-type fuzzy mappings in complete metric spaces are obtained respec-
tively. As applications, we establish some common fixed point theorems for Lipschitz-type
multi-valued mappings in complete metric spaces. Also, we give an example to show the
validity of our results, which indicates that our results improve and extend the results in
5, 6, 11, 13, 16] and [14].
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