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1 Introduction

It is well known that the Banach contraction principle is one of the most important results
in classical functional analysis. It is widely considered as the source of metric fixed point
theory. Also, its significance lies in its vast applicability in a number of branches of math-
ematics (see [1-15]). The study of coupled fixed points in partially ordered metric spaces
was first investigated in 1987 by Guo and Lakshmikantham [16], and then it attracted many
researchers; see, for example, [3, 5] and references therein. Recently, Bhaskar and Laksh-
mikantham [12] presented coupled fixed point theorems for contractions in partially or-
dered metric spaces. Luong and Thuan [17] presented nice generalizations of these results.
Alsulami et al. [3] further extended the work of Luong and Thuan to coupled coincidences
in partial metric spaces. For more related work on coupled fixed points and coincidences,
we refer the readers to recent results in [13-30].

In recent years, several authors have obtained coupled fixed point results for various
classes of mappings on the setting of many generalized metric spaces. The concept of
metric-type space appeared in some works, such as Czerwik [8], Khamsi [9] and Khamsi
and Hussain [10]. Metric-type space is a symmetric space with some special properties.
A metric-type space can also be regarded as a triplet (X, d, K), where (X, d) is a symmetric
space and K > 1 is a real number such that

d(x,2) <K(d(x,y) +d(y,2))
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for any x,y,z € X. In this paper, we adopt a different and constructive method to prove
some coupled fixed and coincidence point results for contractive mappings defined on an
ordered closed convex subset of a quasi-Banach space. Moreover, an application to integral

equations is given to illustrate the usability of the obtained results.

2 Preliminaries

The aim of this section is to present some notions and results used in the paper.

Definition 2.1 Let X be a non-empty set and d: X x X — [0, +00). (X, d) is a symmetric
space (also called E-space) if and only if it satisfies the following conditions:

(W1) d(x,y) =0 if and only if x = y;

(W2) d(x,y) =d(y,x) forany x,y € X.

Symmetric spaces differ from more convenient metric spaces in the absence of triangle
inequality. Nevertheless, many notions can be defined similar to those in metric spaces.

For instance, in a symmetric space (X, d), the limit point of a sequence {x,} is defined by

lim d(x,,x)=0 ifandonlyif lim x,=x.
71— 400 n—+00
Also, a sequence {x,} C X is said to be a Cauchy sequence if, for every given ¢ > 0, there
exists a positive integer n(e) such that d(x,,, x,) < ¢ for all m,n > n(e). A symmetric space
(X, d) is said to be complete if and only if each of its Cauchy sequences converges to some
xeX.

Definition 2.2 Let X be a nonempty set and let K > 1 be a given real number. A function
d: X x X — R, is said to be of metric type if and only if for all x,y,z € X the following
conditions are satisfied:

(1) d(x,y) =0ifand only if x = y;

2) d(x,y) = dy,x);

(3) d(x,2) = Kld(x,y) +d(y,2)].
A triplet (X, d, K) is called a metric-type space.

We observe that a metric-type space is included in the class of symmetric spaces. So the
notions of convergent sequence, Cauchy sequence and complete space are defined as in
symmetric spaces.

Next, we give some examples of metric-type spaces.

Example 2.3 [4] The space [, with (0 <p <1)

I, = {{xn} CR:Z [, 1P < +oo},

n=1

together with the function d : [, x [, — R, defined by

+00 Up
d(x,y) = (Z % —ynl") ,

n=1
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where x = {x,,},y = {y.} € ,,, is ametric-type space. By an elementary calculation, we obtain
d(x,y) < 2"P[d(x,y) + d(y,2)].

Example 2.4 [4] The space L? (0 < p < 1) of all real functions x: [0,1] — R such that

1
/ ’x(t)‘p dt < +00
0

is a metric-type space if we take

1 1/p
dlx,y) = ( [ b-5op dt)

for each x,y € L. The constant K is again equal to 27,

For more examples of metric-type (or b-metric) spaces, we refer to [8, 10, 11]. We recall
that a quasi-norm || - || defined on a real vector space X is a mapping X — R, such that:

(1) llzll > 0 if and only if x # 0;

(2) lIax]l = |Alllx|| for A € R and x € X;;

(3) lle+yll < K[|lx|l + ||y]l] for all %,y € X, where K > 1 is a constant independent of x, y.
A triplet (X, || - ||, K) is called a quasi-Banach space.

What makes quasi-Banach spaces different from the more classical Banach spaces is
the triangle inequality. In quasi-Banach spaces, the triangle inequality is allowed to hold
approximately: [|x + y|| < K(||x|| + |[y]]) for some constant K > 1. This relaxation leads to
a broad class of spaces. Lebesgue spaces L? are Banach spaces for 1 < p < +oo and only
quasi-Banach spaces for 0 < p < 1.

Remark 2.5 Let (X, || - ||, K) be a quasi-Banach space, then the mapping d: X x X — R,
defined by d(x,y) = ||x —y|| for all x,y € X is a metric-type (b-metric). In general, a metric-
type (b-metric) function d is not continuous (see [23, 26]).

The following result is useful for some of the proofs in the paper.

Lemma 2.6 Let (X,d,K) be a metric-type space and let {x;};_, C X. Then
d(xnr xO) =< I<d(x0,x1) L ]<n_1d(xn—2;xn—l) + 1<n_ld(xn—lr xn)~
From Lemma 2.6, we deduce the following lemma.

Lemma 2.7 Let {y,} be a sequence in a metric-type space (X, d, K) such that

d(xn)xnﬂ) + d())n:yrﬁl) < A[d(xn—ljxn) + d(yn—lryn)]

forsome X, 0 < A <1/K, and each n € N. Then {x,} and {y,} are two Cauchy sequences in X.

Definition 2.8 (Mixed monotone property) Let (X, <) be a partially ordered set and
F:X x X — X.We say that the mapping F has the mixed monotone property if F is mono-
tone non-decreasing in its first argument and is monotone non-increasing in its second
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argument. That is, for any x,y € X,
X1, %2 EX! X1 =< X2 = F(xlry) =< F(xz;y) (21)
and

Yy €X, 1 =ys = Fxy) > F(xy). (2.2)

Definition 2.9 [13] Let F: X x X — X. We say that (x,y) € X x X is a coupled fixed point
of Fif F(x,y) =x and F(y,x) = y.

Lakshmikantham and Ciri¢ [13] introduced the following concept of a mixed g-
monotone mapping.

Definition 2.10 [13] Let (X, <) be a partially ordered set, F: X x X - X and g: X — X.
We say that F has the mixed g-monotone property if F is monotone g-non-decreasing in
its first argument and is monotone g-non-increasing in its second argument, that is, for

any x,y € X,
x,% € X, glw) <glxp) implies F(x;,y) < F(x2,)
and

yy2€X, gOn) =g(y2) implies  F(x,y1) = F(x,52).
Note that if g is the identity mapping, then this definition reduces to Definition 2.8.

Definition 2.11 [13] An element (x,y) € X x X is called a coupled coincidence point of
the mappings F: X x X - Xand g: X — X if

F(x,y) = g(x), F(y,x) = g(y).

3 Main results
Let (C, <) be an ordered subset of a quasi-Banach space (X, || - ||, K). Throughout this paper,
we assume that the partial order < have the following properties:

(A) Ifx <yand A € R,, then Ax < Ay;

(B) Ifx<yandze C,thenx+z=<y+z.

The following theorem is our first main result.

Theorem 3.1 Let (C, X) be an ordered closed and convex subset of a quasi-Banach space
X, || - I, K) where 1 <K < ~/2 and d : X x X — R, is such that d(x,y) = ||x — y||. Assume
that F : C x C — C is a mapping with the mixed monotone property on C and suppose that
there exist non-negative real numbers o, f and y with 0 <y +2a + 28 +1 < 2/K? such that

d(F(x,y),F(u, v)) < ad(x,F(x,y)) + ﬁd(y, F(y,x)) + g[d(x, u) +d(y, V)] (3.1)

forall x,y,u,v € C, for which u < x and y < v. Also suppose that either
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(a) F is continuous, or
(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x for alln > 0,

if a non-increasing sequence {y,} — y, theny <y, for all n > 0.

If there exist xg,y0 € C such that xy < F(xo,0) and F(yy,x0) < ¥o, then there exist x,y € C
such that x = F(x,y) and y = F(y,x), that is, F has a coupled fixed point in C.

Proof Let x9,70 € C be such that xy < F(xo,%0) and yo > F(yo,%0). Then

_ %o +%o _ %o +F(x0,50)

+ + F(yo, %
%o = and :yo yo>yo ()’0 o).

2 - 2 0T Ty =Ty

Yo+F(yo.x0

x0+F (%090 ) Qipnn: _
s 3 . Similarly, x, =

) and yi= xl*F(leJ’l) and

Define 1,1 € X such that x; =

Yy = WZM We construct two sequences {x,} and {y,} such that
Y1 = “Ffwx) for all > 0, (3.2)
and
Kpsl = W for all n > 0. (3.3)
Let us prove that
Xy <xyy1 and  y, >y, foralln>0. (3.4)

Since

F ’
x0<xo+ (%0, %0)

Yo + F(yo,%0)
- 2 2

=x; and yo> =y,

then (3.4) hold for n = 0. Suppose that (3.4) hold for n > 1. Since F has the mixed mono-

tone property, so we have

Xn + F(xm_yn) ~ Xn + F(xn+1¢yn)

KXn+l = 5 = )
Xnsl + F(xwrl’yn) Xntl + F(xnﬂ:ynﬂ)
= = =Xn+2
2 2
and
Ynt F(yn;xn) Yns1 + F(,men)
Yn+1 = =
2 2
Yn+1 t+ F(yn+1:xn) Yn+1 t+ F(Yn+1:xn+l)
> 9 > 9 = Vn+2-.

Then, by mathematical induction, it follows that (3.4) hold for all n > 0.
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By (3.2) and (3.3) we have

Xn —Xp-1 + [F(xnryn) _F(xn—lryn—l)]

KXnel —Xp =

2
and
Yn—Yn1+t [F(yn:xn) _F(yn—lrxn—l)]
Y1 —=Yn = .
2
Thus
K n = “n— K||F n:n_F n-1» Jn—
o — 2] < 1961 = K|l + KF s Y1) = F (-1, Y1)
2
and
Kllyn = yn-all + KIEYn, %0) = FYn-1,%5-1)
”yn+1 _yn” S y yn ! (;Vl (yn ! ! .
Therefore
2
I?d(xnﬂ;xn) - d(xn:xn—l) < d(F(xn;yn)xF(xn—lryn—l)) (35)
and
2
I_<d(,)/n+1)yn) - d()/nvyn—l) =< d(F(Yn;xn)rF()’n—hxn—l))~ (36)
Also,

w1 + FGopty Yo
Xp-1 _F(xn—lryn—l) = 2(xn—l - Tnat (xn ! yn 1)) = 2(xn—l _xn)'

2
Then
A (%1, F®n1, Yn1)) = 2 (1, %). 3.7)
Similarly,
d(yn—lrF(yn—hxn—l)) =2d(Yn-1,Yn)- (3.8)

On the other hand, by (3.1) and (3.4), we have

d(P(xn—l:yn—l),F(xn’yn)) = ad(xn—lrF(xn—l:yn—l)) + ﬁd(yn—hF(yn—hxn—l))

¥ g[d(xnfl,xn) + A, ym)]
and

d(F(yn—lrxn—l),F(Yn:xn)) =< ad(yn—lrF(yn—bxn—l)) + ﬂd(xn—hF(xn—byn—l))

+ g[d(yn—lryn) + d(xn—l:xn)]'
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Hence, by (3.5), (3.6), (3.7) and (3.8), we have

2
I_(d(xnﬂ;xn) - d(xn: xn—l) =< zad(xn—b xn) + Zﬂd(yn—l,yn)
+ [ (drr1,%,) + d0t, )]

and

2
I—(d(ynﬂryn) - d(y,,,y,,,l) < Z(Jld(yn,l,yn) + 2/3d(xn71,xn)
+ %[(d(ynfl’yn) + d(xn—l;xn))]~

Thus

K
d(xn+1rxn) + d(yn+11yn) < E(y + 20 + 2/3 + 1)(d(xn—1:xn) + d(yn—lryn))~

By Lemma 2.7 we conclude that {x,} and {y,} are two Cauchy sequences. Then there exist
x*,y* € C such that x,, - x* and y, — y*.
At first, we assume that F is continuous. Hence

x* = lim x, = im F(x,_1,y,1) = F(x*,y*).

n—00 n—00

Similarly,
y* — F(y*,x*)

That is, F has a coupled fixed point.

Now we assume that (b) holds. Since x,, — x* and y,, — y* as n — 00, then (b) implies
that x, < x* and y* <y, for all n > 0. Now, by (3.1) with x = x,,, y = y,, u = x*, v = y*, we
have

A(F @ yn), F(x*,9%)) < ad (o F@n yn)) + BAY» F (s %)) + g[d(xn,x*) +d(yny")],
which implies

A(F(tn yn), F (2 57)) < 20, %11) + 2BV Yus1) + g[d(xmx*) +d(ny*)]-
Taking the limit as # — oo in the above inequality, we have

Tim d(Fle ), F(+,5°)) =0.
Also, by (3.3) we get im0 F(x,, ) = &*. Now we can write

d(x", F(x*,5")) < K lim d(x*, FGen,ya)) + K lim d(F(on ), F(x*,5%)),

and hence d(x*, F(x*,y*)) = 0. That is, * = F(x*,y*). Similarly, y* = F(y*,x*) as required.
O

If in Theorem 3.1 we take a = B = 0, we obtain following result.
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Corollary 3.2 Let (C, <) be an ordered closed and convex subset of a quasi-Banach space
XN - N1, K), where1 < K < /2, and letd : X x X — R, be such that d(x,y) = ||x—y||. Assume
that F : C x C — C is a mapping such that F has the mixed monotone property on X and
there exists a non-negative real number y with 0 <y +1 < 2/K? such that

d(F(x,y), F(u,v)) < = [d(x,u) + d(y,v)]

NN

forall x,y,u,v € X, for which u < x and y < v. Also suppose that either
(a) F is continuous, or
(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x foralln >0,

if a non-increasing sequence {y,} — vy, theny <y, for alln > 0.

If there exist xg,yo € C such that xy < F(xo,0) and F(yy,x0) < yo, then there exist x,y € C
such that x = F(x,y) and y = F(y,x), that is, F has a coupled fixed point.

The following theorem is our second main result.

Theorem 3.3 Let (C, <X) be an ordered closed and convex subset of a quasi-Banach space
X |- |I,K), where1 < K < %ﬁ, and let d : X x X — R, be such that d(x,y) = ||x - y|.
Assume that F : C x C — C is a mapping such that F has the mixed monotone property on

X and there exists a non-negative real number o with 0 < o + 2K — 1< 2/K such that

d(F(x,y),F(u,v)) < %\/d(x, u)> +d(y,v)? + %@d(x, F(x,9))d(y, F(5,%)) (3.9)

forall x,y,u,v € C, for which u < x and y < v. Also suppose that either
(a) F is continuous, or
(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x for alln > 0,

if a non-increasing sequence {y,} — v, theny <y, for alln > 0.

If there exist xy,y0 € X such that xy < F(xo,y0) and F(yo,%0) < Yo, then F has a coupled
fixed point.

Proof Let x9,y9 € X be such that xy < F(xo, o) and yo > F(yo,%o). Then

(2K —1)xg + %9 < (2K — 1)x¢ + F(x0, y0)
X0 =

0 2K = 2K
and

(2K = 1)yo + 50 . (2K = 1)yo + F(y9,%0)
2K - 2K '

Yo =
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(2K—-1)x +F(x0,y0 2K-1)yo +F(yo,x0
2

Define %1,y € X such that x; = ) and Yy = ¢ e ), Similarly, x, =

% and y, = QK%% We construct two sequences {x,} and {y,} such that
2K = 1)y, + F(y,,
Vel = ( W+ EQnr ) forallm >0 (3.10)
2K
and
2K -1 F(x,,
Kyl = ( Jn + FGon ) for all n > 0. (3.11)
2K
Let us prove that
Xy <%y, and  y, >y, foralwn=>0. (3.12)
As
(2K —1)x0 + F(x0,0) (2K —1)yo + F(y0,%0)
%o X =x1 and yo > =)

- 2K 2K

so (3.12) hold for # = 0. Suppose that (3.12) hold for # > 1. As F has the mixed monotone
property, so

(2K - 1)x, + F(xmyn) < (2K - 1)x, + F(xnﬂ’yn)
2K - 2K
~< (21( - l)xnﬂ + F(xnﬂ’yn)
- 2K
~< (21( - 1)xn+1 + F(xn+1:yn+l)
- 2K

n+l =

= Xne2

and

(2K = 1)yui1 + FYus1s %ne1) - (2K = 1)ypi1 + F(Yni1r%n)
2K - 2K
(2K = 1)yps1 + F(yn, %)
2K
(2K = 1)yy + F (s %)
2K

Yn+2 =

=

=

= Yn+l-

Then, by mathematical induction, it follows that (3.12) holds for all n > 0.
By (3.10) and (3.11), we have

(2K = 1)(xy — xp_1) + [F(xmyn) - F(xn—liyn—l)]
2K

Kn+l —Xp =

and

_ _ (2K - 1)(yn _yn—l) + [F(ymxn) _F(yn—lyxn—l)]
Yni1 = Yn = 2K .

Page9of 18
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Thus

(21< - l)llxn _xn—IH + ”F(xmyn) _F(xn—lxyn—l)”

”xn+l _xn” =

2
and
QK = Dlyn = yn-all + IF @ %) = F(yn-1,%0-1)

lyns1 = yull < 5 .
Therefore

2d(xn+1¢xn) - (2[( - l)d(xnr xn—l) < d(F(xn;yn): F(xn—hyn—l)) (313)
and

2dYns1sYn) — 2K = 1A, yn1) < d(F()/n,xn)rF(YM—hxn—l))~ (3.14)

Also, we have

(2K = 1)1 + F(%1, Y1)

Xp-1 — F(xn—lryn—l) =2K (xn—l - ) = 21<(xn—1 - xn);

2K
which implies
A(%p-1, F -1, Yn-1)) = 2Kd (261, %). (3.15)
Similarly, we have
A1, FOn-1,%n-1)) = 2Kd Y1, ) (3.16)

Now, by (3.9), (3.13) and (3.15), (3.16), we have

2d(xn+1: xn) - (21< - l)d(xn’ xn—l)

o
f E\/d(xn—lyxn)z + d(yn—l;yn)z + 2d(xn—1:xn)d(yn—l;yn)

= %[(d(x”—l’x”) + d(yn—liyn))]'

Similarly,

2d0/n+l:yn) - (21( - ]-)d(ymyn—l) S [(d(yn—liyn) + d(xn—lr xn)]

DR

Thus
1
d(xnﬂr xn) + d()’nu,yn) =< E(O‘ +2K - 1)(d(xn—1; xn) + d(yn—lryn))-

By Lemma 2.7, we conclude that {x,} and {y,} are Cauchy sequences. Thus, there exist

x*,y* € C such that x,, — x* and y, — y*.

Page 10 of 18
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Now, proceeding as in the proof of Theorem 3.1, we can prove that (x*, y*) is a coupled
fixed point of F. d

Since

IS

\/Ld(x, F(x,9))d(y, F(y,%))

2V 2K2

o 1
< E\/d(x, u)? +d(y,v)? + Wd(x, F(x,9))d(y, F(9,%)),
so by Theorem 3.3 we obtain the following result.

Corollary 3.4 Let (C, <) be an ordered closed and convex subset of a quasi-Banach space
X0 - 1,K), where1 < K < H«Tﬁ, and let d : X x X — R, be such that d(x,y) = ||x — y||.
Assume that F : C x C — C, F has the mixed monotone property on C and for a non-
negative real number o with 0 < « + 2K — 1 < 2/K,, F satisfies following inequality:

d(F(x, ), F(u,)) < ";—‘I/f\/ d(x, F(x,9)d(y, F(y,))

forall x,y,u,v € X, for which u < x and y < v. Also suppose that either
(a) F is continuous, or
(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x for alln> 0,

if a non-increasing sequence {y,} — y,then y <y, forall n > 0.

If there exist x,yo € C such that xy < F(xo,y0) and F(yo,%0) < Yo, then F has a coupled
fixed point.

By taking K =1 in the above proved results, we can obtain the following couple fixed

results in Banach spaces.

Corollary 3.5 Let (C, <) be an ordered closed and convex subset of a Banach space (X, |- |)),
and let F: C x C — C be a mapping such that F has the mixed monotone property on C.
Suppose that there exist non-negative real numbers o, p and y with 0 <y + 2 +28 <1
such that

d(F(x,y),F(u, V)) < (xd(x,F(x,y)) + ﬁd(y,F(y,x)) + g[d(x, u)+d(y, V)]
forall x,y,u,v e Cwith u < x and y < v. Also suppose that either
(a) F is continuous, or

(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x foralln> 0,

if a non-increasing sequence {y,} — vy, theny <y, foralln> 0.

Page 11 0of 18
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If there exist xy,yo € C such that xo < F(xo,y0) and F(yo,%0) < Yo, then F has a coupled
fixed point.

Corollary 3.6 Let (C,=<) be an ordered closed and convex subset of a Banach space

(X |1 - 1), and let F : C x C — C be a mapping such that F has the mixed monotone property

on C. Suppose that there exists a non-negative real number y with 0 <y <1 such that

d(F(x,9), F(,)) <

N

[d(x, u) +d(y, v)]

forall x,y,u,v e Cwithu < x and y < v. Also suppose that either
(a) F is continuous, or

(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x foralln> 0,

if a non-increasing sequence {y,} — y, theny <y, for all n > 0.

If there exist xy,yo € C such that xy < F(xg,y0) and F(yo,%0) < Yo, then F has a coupled
fixed point.

Corollary 3.7 Let (C, <) be an ordered closed and convex subset of a Banach space (X, |- ||),
and let F: C x C — C be a mapping such that F has the mixed monotone property on C.

Suppose that there exists a non-negative real number o with 0 < « < 1 such that

d(F(x,y), F(u,v)) < %\/d(x, u)? +d(y,v)? + %d(x,F(x,y))d(y,F(y,x))

forall x,y,u,v e Cwithu < x and y < v. Also suppose that either
(a) F is continuous, or

(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x,, < x for alln > 0, (3.17)

if a non-increasing sequence {y,} — vy, theny <y, foralln > 0. (3.18)

If there exist x,yo € C such that xy < F(xo,y0) and F(yo,%0) < Yo, then F has a coupled
fixed point.

Corollary3.8 Let(C, <) bean ordered closed and convex subset of a Banach space (X, || - ),
and let F: C x C — C be a mapping such that F has the mixed monotone property on C.

Suppose that there exists a non-negative real number o with 0 < « <1 such that

d(F(x,), F(,)) < “Tﬁ\/ d(x, F(x,9)d(y, F(y,))

forall x,y,u,v e Cwithu < x and y < v. Also suppose that either

(a) F is continuous, or
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(b) C has the following property:

if a non-decreasing sequence {x,} — x, then x, < x for all n > 0,
if a non-increasing sequence {y,} — vy, theny <y, foralln > 0.

If there exist xy,yo € C such that xo < F(xo,y0) and F(yo,%0) =< Yo, then F has a coupled
fixed point.

The following lemma is an easy consequence of the axiom of choice (see p.5 [25], AC5:
For every function f : X — X, there is a function g such that D(g) = R(f) and for every

x € D(g), f(gx) =x).

Lemma 3.9 Let X be a nonempty set and g : X — X be a mapping. Then there exists a
subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

As an application of Theorem 3.1, we now establish a coupled coincidence point result.

Theorem 3.10 Let (C, X) be a nonempty ordered subset of a quasi-Banach space (X, || -
I,K), where1 < K < /2, and letd : X x X — R, be such that d(x,y) = ||x—y||. Assume that
g:C— Cand F:C x C— C are mappings where F has the mixed g-monotone property
on C, g(C) is closed and convex and F(C x C) C g(C). Suppose that there exist non-negative
real numbers o, B and a real number y with 0 <y +2a + 28 + 1 < 2/K? such that

d(F(x,9),F(u,v)) < ad(gx, F(x,y)) +Bd(gy, F(y,%)) + g[d(gx,gu) + d(gy,gv)] (3.19)

forall x,y,u,v € C, for which gu < gx and gy < gv. Also suppose that either
(a) F is continuous, or
(b) C has the following property:

if a non-decreasing sequence {gx,} — gx, then gx, < gx for alln > 0,

if a non-increasing sequence {gy,} — gy, then gy < gy, for all n > 0.

If there exist x,y0 € C such that g(xo) < F(xo,y0) and F(yo,x0) < g(y0), then there exist
x,y € C such that gx = F(x,y) and gy = F(y,x), that is, F and g have a coupled coincidence
pointin C.

Proof Using Lemma 3.9, there exists E C C such that g(E) = g(C) and g : E — C is one-to-
one. We define a mapping G : g(E) x g(E) — g(E) by

Glgx,gy) = F(x,y), (3.20)

for all gx, gy € g(E). As g is one-to-one on g(E) and F(C x C) C g(C), so G is well defined.
Thus, it follows from (3.19) and (3.20) that

d(G(gx,gy), F(gu,gv)) + ad(gx, G(gx,gy)) + Bd(gy, G(gy, gx))

< g[d(gx,gu) +d(gy,gv)] (3.21)
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for all gx, gy, gu, gv € g(C), for which g(x) < g(#) and g(y) = g(v). Since F has the mixed
g-monotone property, for all gx, gy € g(C),

gr,gx, €g(C),  glx1) <gxy) implies G(gxi,gy) < G(gra, gy) (3.22)

and

21,272 €8(C), gln) <gly,) implies Glgx,gy) = G(gx, gy2), (3.23)

which imply that G has the mixed monotone property. Also, there exist xy,yy € C such
that

g(x0) < F(x0,50) and g(yo) > F(yo,%0).

This implies that there exist gxo, gyo € g(C) such that

g(xo0) < G(gxo,gy0) and  g(yo) = G(gyo,gx0).

Suppose that assumption (a) holds. Since F is continuous, G is also continuous. Using

Theorem 3.1 to the mapping G, it follows that G has a coupled fixed point (u,v) € g(C) x
8(0).

Suppose that assumption (b) holds. We conclude similarly that the mapping G has a
coupled fixed point (u,v) € g(C) x g(C). Finally, we prove that F and g have a coupled
coincidence point. Since (u,v) is a coupled fixed point of G, we get

u=G(u,v) and v=G(W,u). (3.24)

Since (#,v) € g(C) x g(C), there exists a point (o, vo) € C x C such that

u=guy and v=gv,. (3.25)
It follows from (3.24) and (3.25) that
guo = G(gug,gvo) and  gvy = G(gvo, guo). (3.26)
Combining (3.20) and (3.26), we get

guo = F(uo,vo) and  gvo = F(vo, u).

Thus, (u0,v0) is a required coupled coincidence point of F and g. This completes the

proof. O

Similarly, as an application of Theorem 3.3, we can prove the following coupled coinci-

dence point result.

Page 14 of 18


http://www.fixedpointtheoryandapplications.com/content/2013/1/261

Hussain et al. Fixed Point Theory and Applications 2013, 2013:261 Page 150f 18
http://www.fixedpointtheoryandapplications.com/content/2013/1/261

Theorem 3.11 Let (C, <) be a nonempty ordered subset of a quasi-Banach space (X, | -
I, K), where1 < K < #, and let d : X x X — R, be such that d(x,y) = ||x — y||. Assume
that g: C — C and F : C x C — C are mappings where F has the mixed g-monotone
property on C, g(C) is closed and convex and F(C x C) C g(C). Suppose that there exists a
real number o with 0 < o + 2K — 1 < 2/K such that

d(F(x,y),F(u,v))

1

o
< 5\/ (g, gu)* + d(gy, @) + S d(ex Flx,5))d(gy, F (%)) (3.27)

forall x,y,u,v € C, for which gu < gx and gy < gv. Also suppose that either
(a) F is continuous, or
(b) C has the following property:

if a non-decreasing sequence {gx,} — gx, then gx,, < gx for alln > 0,

if a non-increasing sequence {gy,} — gy, then gy < gy, for all n > 0.

If there exist xy, yo € C such that g(xo) < F(xo,Y0) and F(yy,x0) < g(yo), then F and g have
a coupled coincidence point in C.

4 Existence of a solution for a system of integral equations

We consider the space X = C([0, T], R) of continuous functions defined on I = [0, T] en-
dowed with the structure (X, || - ||) given by

lull = sup |u(t)|
te[0,T]

for all u € X'. We endow X" with the partial order < given by
x=<y <= «x(t)<y) forallte[0,T].

Clearly, the partial order < satisfies conditions A and B. Further, it is known that (X, d, <)
is regular [24], that is,
if a non-decreasing sequence {x,} — «x, thenx, <x foralln > 0,
if a non-increasing sequence {y,} — y,then y <y, for all n > 0.
Motivated by the work in [1, 17, 18, 26], we study the existence of solutions for a system

of nonlinear integral equations using the results proved in the previous section.
Consider the integral equations in the following system.

T
x(t) = P(t) + /0 S(t, r)U(r,x(r)) + k(r,y(r))] dr,
(4.1)

T
y(t) = P(t) + /0 S@|f (r,y(r)) + k(r,x(r))] dr.

We will consider system (4.1) under the following assumptions:
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(i) f,k:[0,T] x R — R are continuous;

(ii) P: [0, T] — R is continuous;

(iii) S: [0, T] x R — [0, 00) is continuous;

(iv) there exist a,b,c¢ > 0 with 0 < 2a + 2b + ¢ < 1 such that for all » € [0, T] and all
x(r), y(r), u(r), v(r) € X with u(r) < x(r) < y(r) < v(r), we have

0 <f(r,y(r) —f (r,x(r)) < a|x(r) - F(x(r),y(r))| + b|y(r) - F(y(r), x(r))|
+ S[0) - ) + (60~ )],
0 < k(r,x(r)) = k(r, y(r)) < a|x(r) — F(x(r), y(r))| + b|y(r) = F (y(r), x(r))|

C

+ 5[ (®r) =) + (y(r) = ()]

where

T
F(x,y)(t) = P(¢) + /0 S(t, r)[f(r,x(r)) + k(r,y(r))] dr;

(v) there exist continuous functions «, ¥ : [0, T] — R such that
T
a(t) <P(t) + / S@&|f (r,a(r) + k(r, v (r)] dr,
0

T
y(8) = P(¢) + /0 S n)[f (ry () +k(r,a(r))] dr;

(vi) assume that

T
sup / S(t,r)dr <1/2.
0

te[0,T]

Theorem 4.1 Under assumptions (i)-(vi), system (4.1) has a solution in X%, where X =
(C([0, T1,R)) is defined above.

Proof We consider the operator F: X? — X defined by

T
F(x1,x0)(t) = P(t) + /0 S(t, r)[f(r,xl(r)) + k(r,xz(r))] dr

forall £,r € [0, T], x1,%0 € X.
Clearly, F has the mixed monotone property [26].
Let x,y,u,v € X with u < x <y <v. Since F has the mixed monotone property, we have

F(u,v) < F(x,y).
Notice that

|F(x,)(t) - F(u,v)(2)|
T

T
/0 S, r)[f (r,x(r)) —f (r,u(r)) ] dr + /0 S@t,r)[k(r,y(r)) = k(r,v(r))] dr
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T T
5/0 S(t,r)[V(r,x(r)) —f(r,u(r))|]dr+/ S(t,r)[|k(r,y(r))—k(r,v(r))|]dr

0

T
< /0 S(t,r) |:oz‘x(r) - F(x(r),y(r)) ! + b‘y(r) - F(y(r),x(r)) |

+ §[|x(r) —u(r)| + [y(r) - v(r)|]] dr

T
+ /0 S(t,r) |:a|x(r) — F(x(r),y(r)) | + b|y(r) = F(y(r), x(r))|
+ g[’x(r) - u(r)| + |y(r) - v(r)|]] dr
T

= 2/0 S(t,r) [a|x(r) - F(x(r),y(r))| + b|y(r) - F(y(r),x(r))|

+ §[|x(r) - u(r)| + |y(r) —v(r)|]] dr

T
<2 sup / S(t,r)dr[a”x—l—"(x,y)” +b||y—F(y,x)|| + g(Hx—uII + IIy—vll)]

te[0,T] JO

<alx—F@y)| +b|y-Fo,2)] + %(le—ull + lly = v).
Thus,
|F(x,9) - F(w,v)| < a|x - FG)|| + b|ly - @, )| + g(ux— ull + lly = vll).
Further, by (v), we get
o < Fla,y), y = F(y,a).

All of the conditions of Corollary 3.5 are satisfied, so we deduce the existence of x1,x, € X
such that x; = F(x1,%,) and xy = F(x5,%1). O
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