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Abstract

Let X be a uniformly convex and 2-uniformly smooth Banach space. In this paper, we
propose an implicit iterative method and an explicit iterative method for solving a
general system of variational inequalities (in short, GSVI) in X based on Korpelevich's
extragradient method and viscosity approximation method. We show that the
proposed algorithms converge strongly to some solutions of the GSVI under
consideration. When X is a 2-uniformly smooth Banach space with weakly
sequentially continuous duality mapping, we also propose two methods, which were
inspired and motivated by Korpelevich's extragradient method and Mann'’s iterative
method. Furthermore, it is also proven that the proposed algorithms converge
strongly to some solutions of the considered GSVI.
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1 Introduction

Let X be a real Banach space whose dual space is denoted by X*. Let U = {x € X : ||x|| = 1}.
A Banach space X is said to be uniformly convex if for each € € (0,2], there exists § > 0
such that for all x,y € U,

lx=yll=e = lx+yl/2=<1-36.

It is known that a uniformly convex Banach space is reflexive and strict convex. A Banach
space X is said to be smooth if

. x+ | —||x
i 1+ 1= D1

t—0 t
exists for all x,y € U. X is said to be uniformly smooth if this limit is attained uniformly
for x,y € U. The norm of X is said to be the Frechet differential if for each x € U, this limit
is attained uniformly for y € U. Also, we define a function p : [0, 00) — [0, 00) called the
modulus of smoothness of X as follows:

1
p(r) = sup{i(llx +yl+lx—yll) -1:0y € X, x| =1, 1ly] = f}-
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It is known that X is uniformly smooth if and only if lim,_,¢ p(t)/t = 0. Let g be a fixed
real number with 1 < g < 2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(t) < c¢t? for all T > 0.

Let X* be the dual of X. The normalized duality mapping J : X — 2" is defined by

J(x) = {x* € X*: (r,2%) = |x]* = |#*[*}, VxeX,

where (-,-) denotes the generalized duality pairing. It is an immediate consequence of the
Hahn-Banach theorem that J(x) is nonempty for each x € X. Moreover, it is known that
] is single-valued if and only if X is smooth, whereas if X is uniformly smooth, then the
mapping J is uniformly continuous on bounded subsets of X. Let C be a nonempty closed
convex subset of a real Banach space X. A mapping T : C — C is called nonexpansive if

We use the notation — to indicate the weak convergence and the one — to indicate the

strong convergence.

Definition 1.1 Let A: C — X be a mapping of C into X. Then A is said to be
(i) accretive if for each x,y € C there exists j(x — y) € J(x — y) such that

(Ax - Ay, j(x-y) =0,

where J is the normalized duality mapping;
(i) a-strongly accretive if for each x,y € C there exists j(x — y) € J(x — y) such that

(Ax - Ay, j(x - ) = allx - yII?
for some « € (0,1);
(ili) B-inverse-strongly accretive if for each x,y € C, there exists j(x — y) € J(x — y) such
that
(Ax - Ay, j(x - y)) > BllAx - Ay||?
for some 8 > 0;
(iv) A-strictly pseudocontractive if for each x,y € C, there exists j(x — y) € J(x — y) such
that
(Ax - Ay, j(x - 9)) < lx = yI* = A% -y - (Ax - 4p)|

for some A € (0,1).

Very recently, Yao et al. [1] studied the following general system of variational inequali-
ties (GSVI) in a real smooth Banach space X, which is to find (x*,y*) € C x C such that

(By* +x* —y*, J(x —x*)) >0, VxeC, @)
(aBax™ +y* —x*, J(x —y*)) >0, VxeC, .
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where C is a nonempty, closed and convex subset of X, By, B, : C — X are two nonlinear
mappings, and 11 and p, are two positive constants. The set of solutions of GSVI (1.1) is
denoted by GSVI(C, By, B;). In particular, if X = H, a real Hilbert space, then GSVI (1.1)
reduces to the following GSVI of finding (x*,y*) € C x C such that

(uBy* +x* —y*,x—x*) >0, VxeC, 12)
(aBox™ +y* —x*,x—y*) >0, VxeC, ‘

which was considered by Ceng et al. [2]. The set of solutions of problem (1.2) is also de-
noted by GSVI(C, By, By). In [2], problem (1.2) was transformed into a fixed point problem
in the following way.

Lemma 1.1 (See [2]) For given x,y € C, (%,) is a solution of problem (1.2) if and only if x
is a fixed point of the mapping G : C — C defined by

G(x) = Pc[Pc(x — naBox) — 11B1Pc(x — 12Byx)],  Vx e C, (1.3)
where y = Pc(x — (2 Byx).

In this paper, we continue to study problem GSVI (1.1). We propose implicit and ex-
plicit algorithms based on Korpelevich’s extragradient method [3], viscosity approxima-
tion method [4] and Mann’s iterative method [5] to find approximate solutions of GSVI
(1.1). Strong convergence results of these methods will be established under very mild con-
ditions. We observe that some recent results in this direction have been obtained in, e.g,
[6-10] and the references therein.

2 Preliminaries
We need the following lemmas that will be used in the sequel.

Lemma 2.1 (See [11]) Let {s,} be a sequence of nonnegative real numbers satisfying
Suat < (L —an)sy + @B+ Vn, Yn>0,

where {a,.}, {B,} and {y,} satisfy the conditions:
(D) {or} € 10,11, 32580 o = 00;
(i) limsup, ., B < 0;
(i) =0 (Yn=0), Y02 i < 00.
Then limsup,,_, ., S, = 0.

Lemma 2.2 (See [11]) In a smooth Banach space X, the following inequality holds:
Il +y1% < x> + 2(y,J(x +)),  Vx,y€X.

Let LIM be a continuous linear functional on [* and (ag, 41, ...) € [*°. We write LIM a,,
instead of LIM((ag,a1,...)). LIM is said to be a Banach limit if LIM satisfies | LIM || =
LIM1 =1, and LIMa,,; = LIMa, for all (ag,a1,...) € [*°. It is well known that for the
Banach limit LIM, the following hold:
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(i) foralln>1, a, <c, implies that LIMa, < LIMc,;
(i) LIMa,.n = LIMa, for any fixed positive integer N;
(ili) liminf,_~ a, <LIMa, <limsup,_,  a, for all (ap,a;,...) € [*°.

Lemma 2.3 (See [4]) Let (ag,a1,...) € I*®°. If LIMa,, = 0, then there exists a subsequence
{an} of la,} such that a,, — 0 as k — oo.

We also need the following lemmas for the proofs of our main results.

Lemma 2.4 (See [12]) Let q be a given real number with 1 < q < 2, and let X be a
q-uniformly smooth Banach space. Then

I+ 117 < 1%l17 + gy, Jy () + 2Mley - Yxy € X,

where k is the q-uniformly smooth constant of X, and J; is the generalized duality mapping
from X into 2% defined by

Jox) = {x* € X*: (x,2%) = ||x]1,

& =117}, VxeX.

Let D be a subset of C, and let /T be a mapping of C into D. Then [T is said to be sunny
if

H[H(x) + t(x - H(x))] =IT(x),

whenever [T (x) + t(x— I1(x)) € C forx € C and ¢ > 0. A mapping I7 of C into itself is called
aretraction if IT? = I1.Ifamapping IT of C into itself is a retraction, then I1(z) = z for every
z € R(IT), where R(IT) is the range of IT. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D. The following

lemma concerns the sunny nonexpansive retraction.

Lemma 2.5 (See [13]) Let C be a nonempty closed convex subset of a real smooth Banach
space X, let D be a nonempty subset of C, and let IT be a retraction from C onto D. Then
I1 is sunny and nonexpansive if and only if

fe— M), J(y-M))<0
forallx e CandyeD.

It is well known that if X = H a Hilbert space, then a sunny nonexpansive retraction
I¢ is coincident with the metric projection from X onto C; that is, [T¢c = Pc. Let C be
a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach
space X, and let T: C — C be a nonexpansive mapping with the fixed point set Fix(T) # .
Then the set Fix(7T') is a sunny nonexpansive retract of C.

Lemma 2.6 (Demiclosedness principle; see [14]) Let X be a uniformly convex Banach
space or a reflexive Banach space satisfying Opial’s condition, let C be a nonempty closed
convex subset of X, and let T : C — C be a nonexpansive mapping. Then the mapping [ — T


http://www.fixedpointtheoryandapplications.com/content/2013/1/258

Latif et al. Fixed Point Theory and Applications 2013, 2013:258 Page 5 of 22
http://www.fixedpointtheoryandapplications.com/content/2013/1/258

is demiclosed on C, where I is the identity mapping; that is, if {x,} is a sequence of C such
that x, — x and (I — T)x, — y, then (I - T)x = y.

Lemma 2.7 (See [15]) Let {x,} and {z,} be bounded sequences in a Banach space X, and

let {a,} be a sequence in [0,1], which satisfies the following condition

0 <liminfe, <limsupw, < 1.
n—00

n—00

Suppose that x,.1 = oy + (1—0y)z,, Y1 > 0 and limsup,,_, (12441 — 2n |l = %41 —%4]1) < 0.

Then lim,,_, o ||z, — %, = 0.

Lemma 2.8 (See [1]) Let C be a nonempty closed convex subset of a real smooth Banach
space X. Assume that the mapping F : C — X is accretive and weakly continuous along

segments (i.e., F(x + ty) — F(x) as t — 0). Then the variational inequality
findx e C: (F(fc),](x—fc)) >0, VxeC,

is equivalent to the dual variational inequality
findieC: (F(x),J(x-%)>0, VxeC.

Lemma 2.9 (See [1]) Let C be a nonempty closed convex subset of a 2-uniformly smooth
Banach space X. Let the mapping B; : C — X be w;-inverse-strongly accretive for i = 1,2.

Then we have
2 2 2 2
| = iBix = (I = wiB)y||” < e = yII* + 22 (k*2i = ;) | Bix = Biy|®,  Vawye C
fori=1,2. In particular, if 0 < pu; < %, then I — w;B; is nonexpansive for i = 1,2.

Lemma 2.10 (See [1]) Let C be a nonempty closed convex subset of a real 2-uniformly
smooth Banach space X. Let I1c be a sunny nonexpansive retraction from X onto C. Let
the mapping B; : C — X be a;-inverse-strongly accretive for i =1,2. Let G : C — C be the
mapping defined by (1.3). If 0 < u; < j—é, then G : C — C is nonexpansive for i = 1,2.

3 Implicit iterative schemes

In this section, we propose implicit iterative schemes and show the strong convergence

theorems. First, we state the following obvious proposition.

Proposition 3.1 Let C be a nonempty closed convex subset of a real smooth Banach space
X, and let F : C — X be a mapping.
(i) IfF:C— X is a-strongly accretive and A-strictly pseudocontractive with o + X > 1,
then I — F is nonexpansive, and F is Lipschitz-continuous with constant 1 + %;
(i) IfF:C — X is a-strongly accretive and \-strictly pseudocontractive with o + A > 1,

. . . . 1—
then for any fixed T € (0,1), I — TF is a contraction with coefficient 1 —t(1 -,/ =5%).
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Lemma 3.1 Let C be a nonempty closed convex subset of a real smooth Banach space X.
Let I1¢ be a sunny nonexpansive retraction from X onto C, and let the mapping B; : C — X
be w;-inverse-strongly accretive for i = 1,2. For given x*,y* € C, (x*,¥*) is a solution of GSVI
(1.1) if and only if x* = Hc(y* — n1B1y*), where y* = Hc(x* — (o Box™).

Proof Rewriting GSVI (1.1) as

(x* = (" — uBy*),J(x -x*)) =0, VxeC,
(y* = (" — o Box™),J(x —y*)) =0, VxeC,

(3.1)

the proof then follows from Lemma 2.4. O

By Lemma 3.1, we observe that
% = Mc[Hc(x* = paBox®) — mBilc(x* - paBaox®)],

which implies that x* is a fixed point of the mapping G. Throughout this paper, the set of
fixed points of the mapping G is denoted by £2.

To solve GSVI (1.1), we first propose an implicit algorithm as follows. Let C be a
nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let I1¢
be a sunny nonexpansive retraction from X onto C. As previously, let Z¢ be the set of all
contractions on C. Let the mapping B; : C — X be «;-inverse-strongly accretive for i = 1,2.
Let f € E¢ with coefficient p € (0,1) and F : C — X be «-strongly accretive and A-strictly
pseudocontractive with « + A > 1. In what follows, we assume that 0 < u; < :—5 fori=1,2.
For any given ¢ € (0,1), we define a mapping T : C — C by

Tox = tf () + A=) I c(I = OF) (I — puB)ITc(I — naBo)x, VxeC, (3.2)

where 0; € [0,1), Vt € (0,1).
Define another mapping S;:

Spe=Tc(I -6, F)[Ic(I — 1 Bi) (I — paBo)x

=Ic[(1-0)I +6,(I - F)|[Ic(I - juB) (I - uzBy)x, VxeC. (3.3)
Then T; is rewritten as
T =tf(x) + 1 -)Sx, VxeC. (3.4)

Let us show that S; : C — C is nonexpansive. As a matter of fact, since « + . > 1, by Propo-

sition 3.1 we know that I — F is nonexpansive; that is,
|€-Fx-U-Fy| <lx-yl, VxyeC.

Hence, I — 6,F = (1 — 6,)I + 6;(I — F) is nonexpansive. So, [1¢(I — 6,F) is nonexpansive. We
note that by Lemma 2.9, I1c(I — u;B;) is nonexpansive for i = 1,2. Thus, it follows from
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(3.3) that S; : C — C is nonexpansive. This together with (3.4) implies that for all x,y € C,

1T = Tyl = [ £(F () £ ) + (1= (S = S,9)|
<t|[f@) —f )| + A= OISex - Seyl
<tplx-yl+A-O)lx-yl

=(1-t1-p))llx -yl

So, T; : C — C is a contraction. Therefore, the Banach contraction principle guarantees
that T} has a unique fixed point in C, which we denote by x;; that is,

xp = tf (%) + (1= 0)Sexe = 8f () + (1 = )T (I = 6,F)I1c(I — paB) (I — paBa)xe. (3.5)
We now state and prove our first main result.

Theorem 3.1 Let C be a nonempty closed convex subset of a real 2-uniformly smooth
Banach space X. Let I1¢ be a sunny nonexpansive retraction from X onto C. Let the map-
ping B; : C — X be w;-inverse-strongly accretive for i = 1,2. Let f € Ec with coefficient
p €(0,1), and let F : C — X be a-strongly accretive and L-strictly pseudocontractive with
o+ A > 1. Assume that 0 < u; < l‘:—g‘for i=1,2. Let x; € C be the unique solution in C to
Equation (3.5), where 0, € [0,1), Vt € (0,1) and lim;_,o+ 6;/t = 0. Then 2 # 0 if and only if

lim sup [|x;|| < oo, (3.6)

t—0%

and in this case, {x;} converges as t — 0% strongly to an element of §2. In addition, if we
define Q: Ec — §2 by

Q(f):=s— }in&xt, Vf € B¢, (3.7)
then Q(f) solves the variational inequality problem (VIP)

((T-HQU),J(Q) -p)) <0, VfeEcpe.

In particular, if f = u € C is a constant, then (3.7) reduces to the sunny nonexpansive re-
traction of Reich from C onto 2,

(Q(u) - 1,](Q(u) —p)> <0, VueCpef.

Proof If 2 # (, we can take p € 2 to derive from (3.5) that for t € (0,1),

Iz = pll < t]f @) - p + (1= OIS~ pll
<t(|[fe)-f@) | + [f ) - p|) + A=) (ISex: = Sepll + 1S — pl)
=t([f&) -f @) + [0 - 2])
+ (L= )(ISexe — Sepll + | M - 6,F)p - Mcpl))
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<tpllx; —pll +t|f) - p| + A=) (Ix: — pll + 6:|Fp)])
= (1-t( - p))llxe - pll + £ f () - p|
<t|fp)-p| +

+(1- t)9,gHF(p)H
(1-t1-p))llx —pll +6,]

which implies that

Gt F

Because lim,_, o+ 6;/t = 0, we deduce that

lim sup flx. | < llpll + 7 Ilf(p) -p| <00,
t—0* - p

(3.8)
and hence, (3.6) holds.

Conversely, assume (3.6); that is, {x;} remains bounded when ¢ — 0*; hence, f(x;) and
F(G(x,)) are bounded when t — 0%, where G is defined by (1.3). Because in terms of (3.5)

_Glx) = l—ft (Fx) = x1) + S, — Glx), (3.9)
we obtain
[ - G| = ) -] + | S - G|
- 1—; 1) — x| + | e (Gxe) - BF(G(xs))) - MTeGlr)|
<1 S f ) ] + 0| F(G)
which hence yields
Jlim, % = G(xe)| = 0. (3.10)

Now, assume that £, — 0*. Since {x;} remains bounded as t — 0*. Set x,, := x;,. Then
{x,} is bounded. Now, define g : C — [0, o0) by

gx) =LIM ||x, —x|?>, VxeC,

where LIM is a Banach limit on [*°. Let

K- {x € C: g(x) = minLIM |1, —y||2}.
yeC

It is easily seen that K is nonempty closed convex bounded subset of X. Since (note that
”xn - G(xn)” g O)

2(Gw) = LIM||x,, - G(x) ||2

= LIM| G(x,) - G(x,)|*

<LIM [, — x| = g(x),

Page 8 of 22
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it follows that G(K) C K; that is, K is invariant under G. Since a uniformly smooth Banach
space has the fixed point property for nonexpansive mappings, G has a fixed point, say z,
in K. Since z is also a minimizer of g over C, it follows that, for £ € (0,1) and x € C,

gz +tlx—2) —g(2) ll(x, — 2) + tz = %) > = l|xn — 2]

=LIM
t t

0<

The uniform smoothness of X implies that the duality map / is norm-to-norm uniformly
continuous on bounded sets of X. Letting t — 0, we find that the two limits above can be
interchanged and obtain

LIM(x — 2,/ (x, —2)) <0, VxeC. (3.11)
Since

x—z=t(f(x) —2) + (1= O(Six, — 2),
lla; — 2% = t{f (%) — 2,] (5 — 2)) + (1 = O)(See — 2,] (3, — 2))
< tf (%) — 2,] (% — 2)) + (1 = )| Sy, — ]| |, - Il
<tf(x) — 2] (% — 2)) + @ = ) (ISexe — Sezll + 11Sez — 2]1) [l — 2]l
=t{f (x,) — z,] (% — 2))
+ (L= (IS = Sezll + | T - 6,F)z - Mcz|)llx, - z||
< tf(x) - 2] - 2)) + (L= B)(llx — 2l + 6] F@)) I, - 2]
<tf (%) —z,] (% —2)) + (1 = )| — 2|1 + 0, | F(2) | I — 2.

Hence,
llxe = 201> < {f (xe) = 2] (6 = 2)) + % |F@)| % -zl
= () ) (0 — ) + (k= 2, (- 2)) + % |E@) e - 2. (312)
So by (3.11), for x € C,

LIM ||x, — z||> < LIM{f(x,,) —x,J(x, — z)) + LIM(x -z, J(x, — z))
< LIM(f(x,,) — ,] (%, — 2))
< LIM|f () — || I — 2I.

In particular,

LIM %, — z|* < LIM|f (x,) - f @) Il — 2l| < plltn — 2II*.
Thus,

LIM ||x, - z]|* = 0,

and there exists a subsequence which is still denoted by {x,} such that x, — z.
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Now, assume that there exists another subsequence {x,,} of {x;} such that x,, > z € £2.
It follows from (3.12) that

Iz-zl* < {f(2) - 2]z - 2)). (3.13)
Interchange 7 and g to obtain

lz-zl* < {f(2) - z,](z - 2)). (3.14)
Adding up (3.13) and (3.14) yields

2lz-z|> <{[f@) - f(2),)(z-2) + (z-2.](z - 2))

<@ +p)lz-zl*

Since p € (0,1), this implies that z = z. Therefore, x, — z as t — 0.
Define Q: E¢ — £2 by

Q(f):=s— tlin(l)xt. (3.15)
Since x; = tf (x;) + (1 — £)Spx;, we have
1-t
(I —f)x; = - (% — G(xe) + G(x,) — Sy (3.16)
Hence, for p € £2,

(I =f)xe, (e = p)) = —1—;’:((1 - G)x, — ([ - G)p,J (. - p))

— 1—?(G(xt) - Stxt’](xt _p))

< % 1Gx) - Sexe o (e = 1)
- l—f | TeGley) - Ml - 6,560 | o (I - o)
6,
< P (Gw) | ~pl. (3.17)

Because 6,/t — 0 and x; — Q(f) as ¢t — 0%, taking the limit as £ — 0* in (3.17), we obtain
that

(T-NHor),J(Q) -p)) <o. (318)

If f(x) = u (Vx € C) is a constant, then

(Q(w) - u,J(Q) - p)) < 0. (3.19)

Hence, Q reduces to the sunny nonexpansive retraction from C to 2. O
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Theorem 3.2 Let C be a nonempty closed convex subset of a 2-uniformly smooth Banach
space X with weakly sequentially continuous duality mapping J. Let I1c be a sunny non-
expansive retraction from X onto C. Let the mapping B; : C — X be w;-inverse-strongly
accretive with 0 < p; < ,‘:—5 fori=1,2. Let F: C — X be a-strongly accretive and \-strictly
pseudocontractive with o + A > 1. Assume that §2 # (). Let the net {x,} be defined by the
implicit scheme

x¢=Ic(I —tF)Ic(I — B c(I — pnaBy)x:, Ve (0,1). (3.20)
Then {x;} converges in norm, as t — 0%, to the unique solution of the VIP

findie 2: (Fx),J(x-%)>0, Vrxe. (3.21)
Proof For any given t € (0,1), consider the following mapping

Wix = Ilc(I — tF)1c(I — uB)IIc(I — waBy)x, VYxeC. (3.22)

By Proposition 3.1(ii) and Lemma 2.9, we know that ITc(I — u;B;) is nonexpansive for i =

1,2, and I — tF is contractive with coefficient 1 — £(1 -,/ 1_T‘)‘). Hence,

l-«o
Wex = Wiyl < <l—t<1—,/ T))le—yll, vx,y€C.

This means that W, is a contraction. Therefore, the Banach contraction principle guar-
antees that W; has a unique fixed point in C, which we denote by x;. This shows that the
implicit scheme (3.20) is well defined.

Now, we show that {x,} is bounded. As a matter of fact, take p € §2 arbitrarily. Then it
follows from (3.20) and Lemma 3.1 that

e = pll = || Tc( - tF)G(x,) — M - tF)G(p) + Mc(I - tF)G(p) - p|

<||fcU - tF)G(x,) — (I — tF)G(p) | + | cU - tF)p - Ocp|

= | W, — Wipll + || TTc( - tF)p - Hcp|

S(l—t(l— 1_T"‘»let—pll+t||1'"(19)||

= (L-ty)llx: —pll + t| F(p)

’

where y =1 - I’T"‘ Thus, it immediately follows that

1
lx: = pll < = |F@@)|.
v

Therefore, {x;} is bounded and so are the nets {G(x;)}, {F(G(x;))}. Furthermore, by
Lemma 2.10, we know that G : C — C is nonexpansive. Thus,

|x: = Gxo) | = | A - tF)G(x,) - McGx) | < t|F(Gx)) | — 0
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ast — 0. That is,
lim [, — G(x,) | = 0.

Furthermore, we show that {x;} is relatively norm-compact as ¢ — 0*. Assume that {z,} C
(0,1) is such that ¢, — 0* as  — oo. Put x,, := ;. Then it is clear that

||x,, - G(x,) || —0 asn— . (3.23)
We can rewrite (3.20) as

x; = Ic(I - tF)G(x;) — (I — tF)G(x;) + (I — tF)G(xy).
For any p € £2 C C, by Lemma 2.5, we have

<xt — ([ = tF)G(x), ] (x; —P))
= (dcl - tF)G(x) = (I - tF)G(x), ] (M - tF)G(x,) - p)) < 0.

According to this fact, we deduce that

% = plI* = (x — p,] (% - p))
= (e — (I = tF)G(x,), J (%, — p)) + (( - tF)G(x:) — p, ] (% — p))
<(U - tF)G(x:) — p.J (% - p))
= (U~ tF)(G(xc) - p).) (% = p)) = {F (), ] (x: — p))
< (1-t7)| G(x) - p| I = pIl - {F (p).] (x: — p))
< (L-t9)llx: - pI*> - {F (), J (x: - p)).

It turns out that

1
ll; — | < §(F(p),](p ~x)), Vpeg. (3.24)
In particular,
1
%, — plI* < §(F@),]@ —xy)), Vpeg. (3.25)

Since {x,} is bounded, we may assume, without loss of generality, that {x,} converges
weakly to a point x € C. Noticing (3.23), we can use Lemma 2.6 to get x € §2. Therefore,
we can substitute x for p in (3.25) to get

oy — %> < —(F(%),] (% - %)), (3.26)

i| =

which together with the weakly sequential continuity of / implies that
lim ||x, — x| =0.
n— 00

This has proven the relative norm compactness of the net {x,} as £ — 0*.

Page 12 of 22
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We also show that x solves the VIP (3.21). From (3.20), we have

x¢ = (I —tF)G(x) — (I — tF)G(x) + (I — tF)G(xy)
= x=ITc( - tF)G(x;) — (I — tF)G(x)

(U = tF)x, — (I = tF)Glxy)) + %, — tF (%)
= F(x)= %[HC(I —tF)G(x,) — (I - tF)G(x) — (I = tF)x, — (I - tF)G(wy)) ]
For any z € £2, utilizing the nonexpansivity of G, we obtain that
(%0 = Glxe), J (e = 2)) = (I = G, — (I - G)z, J (%, — 2)) > O,
and hence,
(F(xe),J (e - 2)) = %(HC(I — tF)G(x,) — (I - tF)G(x,), ) (x; — 2))
- %(((1 — tF)x, — (I — tF)G(xy)), ] (x; — 2))
< —%(((1 — tF)x, — (I - tF)G(x,)), ] (x; — 2))
= —%(xt = G(%0),J (e — 2)) + (F(x,) — F(G(x2)), ] (3, — 2))
<(F(x) = F(G(x0)),] (%, — 2)).
Therefore,
(F(x0),J (% — 2)) < (F(xe) — F(G(x2)), ] (v — 2)). (3.27)
Since F is a-strongly accretive, we have
0 < allx, — zll* < (F(x,) - F(2),] (% — 2)).
It follows that
(F@),J(x = 2)) < (F(x0), ] (%, — 2)). (3.28)
Combining (3.27) and (3.28), we get
(F(2),](xe — 2)) < (F(xe) = F(G(x2)), ] (¢ — 2)). (3.29)

Now, replacing ¢ in (3.29) with ¢, and letting » — oo, noticing that x,, — % and x;, —
G(x:,) — 0 as n — 00, we derive

(F),J@-2) <0, Vze®,
which is equivalent to its dual variational inequality (see Lemma 2.8)

(F&x),J(x-2)=<0, Vze. (3.30)
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That is, X € £2 is a solution of VIP (3.21). Now, we show that the solution set of VIP (3.21)
is a singleton. As a matter of fact, we assume that x € £2 is another solution of VIP (3.21).

Then, we have
(F®),/&-%) <o0.
From (3.30), we have
(F(®),J (- #) < 0.
So,

(F®),J & - 3) + (F@,JG - %) <0
= (F®-F®,JE-5)=<0

= alx-%%<0.

Therefore, X = x. In summary, we have shown that each (strong) cluster point of the net
{x;} (as t — 0) equals to x. Therefore, x, — X as t — 0. This completes the proof. O

4 Explicit iterative schemes
In this section, we propose explicit iterative schemes which are the discretization of the
implicit iterative schemes, and show the strong convergence theorems.

Algorithm 4.1 Let C be a nonempty closed convex subset of a real smooth Banach
space X. Let I1¢ be a sunny nonexpansive retraction from X onto C. Let B;,B; : C — X be
two nonlinear mappings. Let f € Z¢ and F : C — X be «-strongly accretive and A-strictly
pseudocontractive. For arbitrarily given x, € C, let the sequence {x,} be generated itera-

tively by
Xne1 = Brnf ) + U= B) (I — v, F)IIc( — piB) (I — uoBy)x,, Yn=>0, (4.1)

where {8,} € (0,1), {y,} C [0,1) and 1,  are two positive numbers.
In particular, if B; = B, = A, then (4.1) reduces to the following:

Xne1 = Bf ) + A= B) (I — v, F)IIc( — i A)Ic( — usA)x,, Yn=>0. (4.2)

Theorem 4.1 Let C be a nonempty closed convex subset of a real 2-uniformly smooth Ba-
nach space X. Let I1c be a sunny nonexpansive retraction from X onto C. Let the mapping
B;: C — X be a;-inverse-strongly accretive for i =1,2. Let f € E¢ with coefficient p € (0,1),
and let F : C — X be a-strongly accretive and A-strictly pseudocontractive with o + X > 1.
Assume that 0 < u; < %for i=1,2. Let 2 #0, and assume that
(i) Bu— 0andd 2, By =00;

(ii) limy— o0 Y/ Bn = 0;

(i) Y52y 1Bu = Bual < 00 or limy oo Bucr/Bu = 1;

(i) D02y ¥ = Vual < 00 0r limy s oo [ = Yl /By = 0.
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Then the sequence {x,} generated by scheme (4.1) converges strongly to Q(f), where Q :
Ec — 2 is defined by (3.15).

Proof For each n >0, let S, be defined by
Sux =Hc( -y, F)ITc(I — B c(I — paBy)x, VxeC.

Then we know that
(i) the scheme (4.1) is rewritten as

Xp+l = lgnf(xn) + (1 - ﬂn)snxm Vn > 0; (43)

(ii) S, is nonexpansive by the similar argument to that of the nonexpansivity of S;
in (3.5);
(i) Syp=IIc(I—-y,F)pforalpe 2.
Thus, we deduce that for p € £2,
%21 = pl
= ”:Bn (f(xn) —P) + (1= Bu)(Suxn — p) H
< B Hf(xn) —P” + (1= B)lISwxn - pll
< Bu([f@n) =f @) + [f ) - p) + @ = B (1Su%n = Supll + 1Sup - I)
< Bupllxu =l + Buf(0) = p|| + W = B) (s = pll + | A = yuF)p - Hcpl))
< (1= Ba@ =)l =PIl + Bull f ) = P + v FD)]- (4.4)

Because lim,,_, « /B, = 0, we may assume without loss of generality that y, < 8, for all

n > 0. Hence, from (4.4), we get

%1 = pll < Bu(|F2) - 2| + |F@)]) + (1= Bu(Q = p)) % = pll,  VE=O.
By induction, we conclude that

If @) - pll + IF@)II
1—

llen = pll < max{ s 1% = pll } Vn > 0. (4.5)

Therefore, {x,} is bounded, so are the sequences {f(x,)}, {G(x,)}, {Syx} and (F(G(x,))}.
Also, from (4.1), we have
[s1 = G@) | < Bu|[fGen) = G) | + (1= Bo) | Sutn — Gloxn) |
= Bu|f () = Glx) || + A = B) | AU = yuF)G(x) = McG(xy) |
< Bulf®n) = Gxn) | + @ = Bu)va||[F(Glxn) |
< Bulfn) = G@n) | + vu | F(G(x))

’

which together with 8, — 0 and y,, — 0, implies that

lim |21 ~ Glx) || = 0. (4.6)
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Now, we note that

Xn+l —Xn = ﬁr(f(xn) + (1 - ,Bn)Snxn - ,Bn—lf(xn) - (1 - ,Bn—l)Sn—lxn—l
= (Bu = Bu-t) (f ®nt) = Snc1%n-1) + B (f (%) — f (1))
+ (1 - lgn)(snxn - Snxn—l) + (1 - lgn)(snxn—l - Sn—lxn—l)'

Thus, it follows that

%041 — 2l
< B = Bual |[f Fn-1) = Sucr®nct | + Bu [f ) = f ®nt) | + A = Bu) 1S — St |
+ (L= Bl Suxn-1 = Su-1xu
< B = Bual |[f Wn1) = Sucruca || + Buo 16w = 2t L + @ = Bu) l6n — %1
+ | Ac( = vuF)G&u1) = Dl = vt F)Gla) |
<M\ Bu = Bu-al + Bup %y = xn-all + (1= Bl — %1 |
+1¥n = Yl | F(Gxn-1) |

= (1 - /3,,(1 - p))”xn = Zpal +M(|,3n = Bual + 1Vu — Vn—1|);

where sup, . o {Ilf (%) = Suull + IF(G(x,)) ||} < M for some M > 0. So, utilizing Lemma 2.1,
we obtain that

lim %41 — %4 = 0.
n—00
This together with (4.6) implies that
lim ”x,, - G(x,) ” =0. (4.7)
Hn— 00
Let us show that

lim sup(ic —f(&),J(x - x,,)) <o, (4.8)

n— 00

where % = Q(f). Indeed we can write

a0 =% = E(f (o0) — ) + (1= £)(Sewe — %),
Putting

an(t) = (| Gltn) = s | + 04 [ F(Gxn)) ) [20 = 20l + | Glw) = 24| + 6. F(Gls)) [ ]
and using Lemma 2.2, we obtain

llocy — 21> < (1= )| Seoxe — 201> + 2t<f(xt) — X, J (% _xn)>

< (1= (IS — Setll + [1S26 = %4ll)?
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+ 28(f (o0,) — %0, ] (% — %)) + 28|12, — 24>

< (1= (I = xall + | T - 0,F)Glx) ~ M)’
+ 28{f (o6,) — %0, ] (% — %)) + 26|12, — 24>

< (=02 (I~ xall + | Gxn) = 5| + 6| F(Ga)) )
+ 28{f (o6,) — %0, ] (% — %)) + 28|12, — 24>

< (1= 1)l = 241 + an(2)

+ 28{f (o6,) — %0, J (% — %)) + 28126, — 2.

The last inequality implies that

t 1
(e = f(0e), T (3¢ — %)) < 5 %t —xull” + 2% (4.9)
Note that
. 1 . 1
lim sup 2—an(t) = limsup — (|| G(x,) — % || + 6| F(G(x))||)
n—oo 2L n—oo 2t

X (2010 = 24|l + [ G () — 2| + 6, | F(G(x)) ||]

0: ..
= % hmsup”F(G(x,,)) || [2||xt — x| + Qt”F(G(x,,)) ||]

< % limsup || F(G(x,)) | [211%: — %ull + 2||F(Gxn)) | ]

O o
< —Mz3,
where My > 0 is a constant such that My > |[F(G(x,,))| + ||l%; —x,| forallz > 1and ¢ € (0,1).
It follows from (4.9) that

)
M2+ fMg. (4.10)

N |~

limsup(w; — f (%), ] (% — %)) <

n— 00

Taking the limsup as ¢ — 0 in (4.10), and noticing the fact that the two limits are inter-
changeable due to the fact that the duality map J is norm-to-norm uniformly continuous
on bounded sets of X, we obtain (4.8).

Finally, we show that x,, — X. Write

Xns1 =X = By (f(xn) - 5C) + (1= B)(Suxn — %),
and apply Lemma 2.2 to get

[1%6241 _~’~C||2 <(1- ,Bn)ZHSnxn - 5&”2 + zﬂn(f(xn) =%, ] (%41 _5‘:)>
< (U= B2 (1S — Sull + 185% = 1) + 2B,lf () — 5] (1 — 7))
<(1- ,Bn)2("xn x|+ “HC(I — YuF)x _5C||)2 + 2ﬁn<f(xn) —%,J(Xni1 _5&)>

< (1= B (160 = & + v | F@ ) + 2Bulf () — £ ), ] (@1 — F))
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+ 2B, ) — %) (K1 — B)
< (1= B tn = EI + v | F®) | (200 - I + 7| FG)])
+ 2B, 1% = #5011 — I + 2B, R) — %, T (1 — 3)
< (1= B ltn = EI + yu | E®)| (210 - I + [FE)])

+ 0B (10 = ZII* + 1%0s1 = ZII%) + 2Bu{f (%) — % J (K1 — X))
It then follows that

1_(2_/)),371"',3”2

=112 =112
%01 — %17 < Ty [l — Il
- n

] —ﬂ;ﬁn [/Z_ [E@] @l =30+ [FG]) + 2{fE) = 5 (o —x))]
‘(1_ 1= pby )"x" d

2(1 - p)Bu 1
+ .
1-pB,  2(1-p)

| 2 21m, - 30 + |63

+ Bulloy = ZII* + 2(f (%) = %, J (%11 —56))}-

Put

5 2(1 - ,0)/3”

" 1- pﬂn

and

= s | V@ 21, =31 [FG) Bl -1 + 27~ - )|
It follows that

[%ne1 = &1 < (1= @) 12 — ZII* + G- (4.11)
Observe that

lim sup(f (%) — %, J (%41 — %))

=lim SuP((f(&) - 56,](96,, - 56)) + (f(’hé) - k:](xwrl - 5&) _](xn - 5&)))
=lim sup(f(fc) - %, J(x, — 56)) <0

due to (4.8). It is easily seen from conditions (i), (ii) that

n—00

[o¢]
a, — 0, Z&n =00 and limsupﬁn <0.
n=0

Finally, apply Lemma 2.2 to (4.11) to conclude that x,, — x. g
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Algorithm 4.2 Let C be a nonempty closed convex subset of a real smooth Banach
space X. Let I1¢c be a sunny nonexpansive retraction from X onto C. Let B;,By: C — X
be two nonlinear mappings. Let F : C — X be a-strongly accretive and A-strictly pseudo-
contractive. For arbitrarily given xy € C, let the sequence {x,} be generated iteratively by

K1 = Buxn + (L= B) I — o, F)[Tc(I — iB) (I — phoBy)x,, Yn >0, (4.12)

where {®,} and {8,} are two sequences in [0,1] and w1, iy are two positive numbers.
In particular, if By = B, = A, then (4.12) reduces to the following:

Xne1 = B + (L= Bu)Ic( — a,F)Ic( — iA)Ic( — pyA)x,, VYn>0. (4.13)

Theorem 4.2 Let C be a nonempty closed convex subset of a 2-uniformly smooth Banach
space X with weakly sequentially continuous duality mapping J. Let I1c be a sunny non-
expansive retraction from X onto C. Let the mapping B; : C — X be a;-inverse-strongly
accretive with 0 < u; < :—5 fori=1,2. Let F: C — X be a-strongly accretive and A-strictly
pseudocontractive witha + A > 1. Let 2 # (), and let {x,,} be the sequence generated by (4.12).
Assume that the sequences {o,} and {B,} satisfy the following conditions:

(i) limyooay =0andy 2o, = 00;

(i) 0 <liminf,_~ B, <limsup,_, . By <1.
Then the sequence {x,} converges strongly to the unique solution x € 2 of VIP (3.21).

Proof Take a fixed p € §2 arbitrarily. Then G(p) = p due to Lemma 1.1. By Lemma 2.10, we

have
|G@) -p| = |G - G| < %, —pll, V=0,
Hence, it follows from Proposition 3.1(ii) that

%1 = pll
= || Bul@n —p) + A = B) (M - 0, F)G(x,) - p) |
< Bullxu —pll + (A = B)|| (I - s F)Glx) - p||
= Bullan = pll + (1= ) | U = uF)G(x) — (I - 0, F)G(p) + (I - uF)G(p) - p|
< Bulln = pll + A = B[ | (I - 0uF)Glxn) — (I - 0, F)G(p) | + | (I - et F)p - p|]
< Bulln = pll + 0 = B)[(1 = )l — pll + 0 | F(p) ]

= (1= (= B)tn) 00 = pll + (1= Br)ars 1 (y_”)”,

where y =1 - I’T“ By induction, we deduce that
IF@)I
[%ne1 = pll < maX{ llxo —pll, |

Therefore, {x,} is bounded. Hence, {G(x,)} and {F(G(x,))} are also bounded. Now, set
vy = (I — a,F)G(x,) for all n > 0. Then x,,1 = Bux, + (1 — B,)v, for n > 0. Hence, it
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follows that

Vi1 = vall = | Tl = 01 F)G(%ni1) — M — 00uF)Gl)
< | - 0 F)Gxni1) — I - 0, F)G(x) |
= | G@mi1) = Gln) — @nir F(G®mi1)) + uF (Glxn)) |
< | G@ni1) = G@n) | + @t | F(Glnsn)) || + ]| F(Gxa)) |

=< ”xn+1 —Xn || + Uny1 ”F(G(xrwl)) H + oy ”F(G(xn))

)

which together with «,, — 0 and the boundedness of {F(G(x,))} implies that

limSUP(||Vn+1 = Vnll = %01 _xn”) <0.
n—oQ
So, by Lemma 2.7 we get

lim ||v, —x,| = 0.
n—oQ
Consequently,
lim [|%41 — %, = lim (1 - ﬂn)”vn —%4] =0.
n— 00 n— 00
At the same time, we note that

[va = G| = [ el - anF)Gln) - Gl |
= | Acl - 0uF)G(xs) ~ McGlx,)|
<a, ”F(G(xn)) ”

— 0.

It follows from ||v, — x,|| — O that
lim | x, — G(x,)| = 0.
n—0oQ
Since v, = lI¢(I — a,F)G(x,) for all n > 0, by Lemma 2.10 we have

”Vn - G(vy) ” < Mn—xull + ”xn - G(xp) ” + “ G(xu) — G(vi) ”
< v —xull + ”xn - G(xn)” + %y = Vil
< 201 =2l + |2 — Glos) |

— 0.
Next, we show that

lim sup(F(%),/ (& - v)) < 0,

n—00

where x € §2 is the unique solution of VIP (3.21).

(4.14)

(4.15)
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To see this, we choose a subsequence {vi;} of {v,} such that

lim sup(F(a”c),](fc - v,,)) = lim (F(ic),](ic - vn].)).
j—o0

n—0oQ

We may also assume that vy, = z € C. Note that z € £2 in terms of Lemma 2.6 and (4.14).
Therefore, it follows from VIP (3.21) and the weakly sequential continuity of J that

lim sup(F(%), /&~ v,,)) = lim (F(2),/(% = v,,)) = {F@®),] (% - 2)) < 0.

n—00

Since v, = I¢(I — a,F)G(x,), according to Lemma 2.5, we have
(( = uF)Gt) — el — €, F)Glit), TG — 1) < 0. (4.16)
From (4.16), we have

v, — %[>
= (Ml - auF)G(x,) — X, ] (v, — %))
= (el = auF)Glwn) — ([~ uF)G (), (v — D) + (]~ tuF)G () — 5 (v, — )
< (I - auF)Gty) — &, ] (v - D)
= (U - uF)G(xy) = (I — 0y F)G(), ] (vi — X)) + (I — €, F)% - X, ] (v, — X))
< (L= p)llxn = 2l v = & + 0l F ), J (& = v))

L oy2
<(1 a,y)

- 1 - I
=l - %)+ Flva = x> + an(F ), (& = v,).

It follows that
Vi = %1% < (1= auy)* 0 — ZII* + 200 (F (), ] (& — vr))
< (L= P)tn = X|* + 200, (F (), J (% = v,)). (4.17)

Finally, we prove that x, — X as n — oco. From (4.12) and (4.17),

%1 — X1
< Bullxn = %1 + (1= Bo)llvu - X
< Bullxn _5&”2 + (1= B (L = o) ln = 2| + 20, (1 - ﬁn)(F(&)»](& - Vn)>
_ - 2, ..
= [1 - an(l - ,Bn)y] ”xn - x” + Ol,,(l - ,3;1))/ { ;(F(x),](x - Vn))}- (418)
We apply Lemma 2.1 to the relation (4.18) and conclude that x, — % as n — oo. This

completes the proof. O
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