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Abstract

In this paper, we show the existence of a tripled coincidence point theorem and a
tripled common fixed point theorem for a g-contractive mapping in a complete
metric space without the mixed g-monotone property, using the concept of
(F,g)-invariant set. Further, we apply our results to the existence of a tripled
coincidence point of the given mapping in a partially ordered metric space.
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1 Introduction

The existence of a fixed point for contraction type mappings in partially ordered metric
spaces was first considered recently by Ran and Reurings [1] where they established some
new results for contractions in partially ordered metric spaces and presented applications
to matrix equations. Later, Nieto and Lopez [2, 3] and Agarwal et al. [4] presented some
new results for contractions in partially ordered metric spaces.

The concept of coupled fixed point was introduced by Guo and Lakshmikantham [5].
In 2006, Bhaskar and Lakshmikantham [6] introduced the concept of mixed monotone
property for contractive operators of the form F: X x X — X, where X is a partially or-
dered metric space. They also established coupled fixed point theorems for mappings
which satisfy the mixed monotone property. After the publication of this work, many au-
thors conducted research on the coupled fixed point theory in partially ordered metric
spaces and different spaces. For example, see [7-19].

Later, Sintunavarat et al. [15, 16] proved the existence and uniqueness of coupled fixed
point theorems for nonlinear contractions without the mixed monotone property and ex-
tended some coupled fixed point theorems of Bhaskar and Lakshmikantham [6] by using
the concept of F-invariant set due to Samet and Vetro [10]. Recently, in 2013, Batra and
Vashistha [17] introduced the concept of (F,g)-invariant set which is a generalization of
an F-invariant set introduced by Samet and Vetro [10] and proved the existence coupled
fixed point theorems for nonlinear contractions under c-distance in cone metric spaces
having an (F, g)-invariant subset.
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Tripled fixed point theorems for nonlinear mappings can be viewed as a generaliza-
tion of coupled fixed point theorems and those can be applied to ODE problems. In 2011,
Berinde and Borcut [20] introduced the concept of tripled fixed point for nonlinear map-
pings in partially ordered complete metric spaces and obtained existence and unique-
ness theorems for contractive type mappings. Later, in 2012, Berinde and Borcut [21]
introduced the concept of tripled coincidence point for a pair of nonlinear contractive
mappings F : X> - X and g: X — X and obtained tripled coincidence point theorems
which generalized the results of [20]. After the publication of this work, the tripled fixed
point and tripled coincidence point theory has been generalized in different directions in
several spaces with applications by many mathematicians over the year (see [11, 12, 22—
34]).

Since 2011, some authors have studied triple fixed point and tripled coincidence point
theory. This theory has received much attention in different spaces. Aydi et al. [30] es-
tablished some tripled coincidence point results for a mixed g-monotone mapping F :
X3 — X satisfying (i, #)-contractions in ordered generalized metric spaces. Aydi et al.
[27] introduced the concept of W-compatible mappings for mappings F : X> — X and
g:X — X, where (X, d) is an abstract metric space, and established some tripled coinci-
dence and common tripled fixed point theorems in such spaces. Based on the notion of W-
compatible, Aydi and Abbas [28] obtained tripled coincidence and common tripled fixed
point results in the partial metric spaces which generalized and extended several well-
known comparable results in the existing literature. Afterward, Abbas et al. [23] proved
the existence of tripled fixed point and tripled coincidence point theorems in intuitionis-
tic fuzzy normed spaces. The results generalized and extended recent coupled fixed point
theorems in intuitionistic fuzzy normed spaces.

On the other hand, a wide discussion on a tripled fixed point and a tripled coincidence
point in partially ordered metric spaces has been dedicated to improvement and general-
ization. In 2011, Abbas et al. [22] obtained the existence of a tripled fixed point of multi-
valued nonlinear contraction mappings in partially ordered metric spaces. Amini-Harandi
[11] introduced a new simple and unified approach to coupled and tripled fixed point the-
ory and presented a new tripled fixed point result in partially ordered metric spaces. Later,
Hussain et al. [12] introduced a new and simple approach to coupled and tripled coinci-
dence point theory. They established coupled coincidence and tripled coincidence point
results without any type of commutativity condition on F and g.

One of the simplest ways to develop tripled fixed point and tripled coincidence point
theory in partially ordered metric spaces is to consider contraction mappings. Using the
concept of mixed monotone, Aydi et al. [25] discussed existence and uniqueness of some
tripled fixed points for mappings having the mixed monotone property in partially ordered
metric spaces by using Meir-Keeler type contractions. Furthermore, Aydi and Karapinar
[26] proved some new Meir-Keeler type tripled fixed point theorems on partially ordered
complete partial metric spaces. Aydi and Karapinar [29] established some triple fixed point
theorems for mappings having the mixed monotone property in partially ordered metric
spaces dependent on another contractive condition which is a generalization of the main
results of Berinde and Borcut [20]. Charoensawan [33] proved the existence and unique-
ness of a tripled fixed point involving a (¢, ¥)-contractive condition for mappings having

the mixed monotone property in partially ordered metric spaces.
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In the case of tripled coincidence point theory, using the mixed g-monotone prop-
erty, Borcut [31] established tripled coincidence point theorems for a pair of mappings
F:X® — X and g : X — X satisfying a nonlinear contractive condition and having the
mixed g-monotone property in partially ordered metric spaces. The presented theorems
extended existing results in the literature. Recently, Choudhury et al. [32] established some
tripled coincidence point results in partially ordered metric spaces dependent on other
contractions. Very recently, Aydi et al. [24] established tripled coincidence point theo-
rems for a pair of mappings F: X> — X and g: X — X satisfying weak ¢-contractions in
partially ordered metric spaces. The results unified, generalized and complemented vari-
ous known comparable results from Berinde and Borcut [21].

The purpose of this paper is to establish some tripled coincidence point theorems with-
out the mixed g-monotone property by using the concept of (F, g)-invariant set in a com-

plete metric space which are generalizations of the results of Aydi et al. [24].

2 Preliminaries

Let (X, <) be a partially ordered set, and suppose that there is a metric d on X such that
(X,d) is a complete metric space. Consider on the product space X x X x X the following
partial order: for (x,,2), (u,v,w) € X x X x X,

(,v,w) < (x,5,2) = x=>u, y=<v, z=w. 1)

Berinde and Borcut [21] introduced the concept of tripled coincidence point and studied

existence and uniqueness theorems in partially ordered complete metric spaces.

Definition 2.1 ([21]) Let(X, <) be a partially ordered set and two mappings F : X x X X
X — X, g: X — X. We say that F has the mixed g-monotone property if for any x,7,z € X,

x1,% €X, gw) <g(xy) implies F(xy,y,2) < F(x2,,2), (2)

yy2 €X, gbn) <gly,) implies F(x,y1,2) > F(x,y2,2) (3)
and

z1,20 € X, glz1) <glz2) implies F(x,y,21) < F(x,y,22). (4)

Definition 2.2 ([21]) An element (x,y,z) € X x X x X is called a tripled coincidence point
of mappings F and g if F(x,y,z) = g(x), F(y,x,y) = g(y) and F(z,y,x) = g(2).

Definition 2.3 ([21]) Let X be a nonempty set and F: X x X x X - X, g: X — X be
two mappings. We say F and g are commutative if g(F(x,y,z)) = F(g(x),g(y),g(z)) for all
x,9,z € X.

Later, Aydi et al. [24] extended the tripled coincidence point theorems for a mixed
g-monotone operator obtained by Berinde and Borcut [21]. For the sake of completeness,
we recollect the main results of Aydi et al. [24] here.

Let the set of functions @ = {¢ : [0, +00) — [0, +00) : ¢(£) < ¢ and lim,_;+ @(r) < £, £ > 0}.
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Theorem 2.4 ([24]) Let (X, <) be a partially ordered set, and suppose that there is a metric
d on X such that (X, d) is a complete metric space. Let F: X x X x X > X and g: X — X
be such that F has the mixed g-monotone property and F(X>) C g(X). Assume that there is
a function ¢ € ® such that

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,5,%), F(w,v,u))

< 3(p<d(g(x),g(u)) + d(gb’)g,g(V)) + d(g(Z),g(W))> 5)

for all x,y,z,u,v,w € X with g(x) > g(u), g(y) < g(v) and g(z) > g(w). Assume that F is
continuous, g is continuous and commutes with F.
If there exist xo, yo,2z0 € X such that

g(x0) < F(%0,¥0520), gWo) = F(yo,x0,y0) and  g(zo) < F(20,¥0,%0),

then there exist x,,z € X such that

gw)=F(xy,2),  g)=Fxy) and g(z)=F(zy,x)

Definition 2.5 ([24]) Let (X, <) be a partially ordered set and d be a metric on X. We say
that (X, d, <) is regular if the following conditions hold:
(i) if a non-decreasing sequence {x,} — x in X, then x,, <« for all ,

(ii) if a non-increasing sequence {y,} — y in X, then y <y, for all n.

Theorem 2.6 ([24]) Let (X, <) be a partially ordered set, and suppose that there is a metric
d on X such that (X, d, <) is regular. Suppose that there exist ¢ € ® and mapping F : X x
X x X — X and g: X — X are such that (5) hold for any x,y,z,u,v,w € X with g(x) >
g(u), gy) <gv) and g(z) > g(w). Suppose also that (g(X),d) is complete, F has the mixed
g-monotone property and F(X3) C g(X).

If there exist x9, 90,20 € X such that

g(xo) < F(x0,50,20)s gWo) = F(yo,%0,¥0) and  g(zo) < F(zo,¥0,%0),

then there exist x,y,z € X such that

gx) = F(x,9,2), g0 =F(y,xy) and g(z)="F(zy,%).

Batra and Vashistha [17] introduced an (F,g)-invariant set which is a generalization of

an F-invariant set introduced by Samet and Vetro [10].

Definition 2.7 ([13]) Let (X, <) be a metric spaceand F: X x X — X, g: X — X be given
mappings. Let M be a nonempty subset of X*. We say that M is an (F, g)-invariant subset
of X* if and only if, for all x, y,z, w € X,

(i) (y,z,w)eM S (w,z,y,x) €M,

(ii) (g(x),g(),g(2),gw)) € M = (F(x,), F(y,x), F(z, w), F(w, z)) € M.
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In this article, we establish tripled coincidence point theorems for F: X x X x X — X
and g : X — X satisfying nonlinear contractive conditions without the mixed g-monotone

property by using the concept of (F, g)-invariant set in complete metric spaces.

3 Main results
We give the notions of F-invariant set and (F,g)-invariant set which are useful for main
results.

Definition 3.1 Let (X, <) be a metric space and F: X x X x X — X be a given mapping.
Let M be a nonempty subset of X°®. We say that M is an F-invariant subset of X° if and
only if, for all x,y,z, u,v,w € X,

@y, z,u,v,w) eM

= (F%,2),F(5,%,9),F(z,5,%), F(u,v,w), F(v, u,v), F(w, 1, v)) € M.

Definition 3.2 Let (X, <) be a metric space and M be a subset of X°. We say that M
satisfies the transitive property if and only if, for all x, y,z,u,v,w,a,b,c € X,

wy,zu,v,w)eM and (u,v,w,a,b,c)eM = (x,9,z,a,b,c)eM.

Definition 3.3 Let (X, <) be a metric space and F: X x X x X — X, g: X — X be given
mappings. Let M be a nonempty subset of X°. We say that M is an (F,g)-invariant subset
of X® if and only if, for all x,y,z,u,v,w € X,

(¢(),80),8(2),8w). g(v),gw)) € M
= (F(x,y,z),F(y, x%,9), F(z,9,%), F(u,v,w), F(v,u,v), Fw, us, V)) eM.

Remark 3.4
1. The set M = X° is trivially (F,g)-invariant, which satisfies the transitive property.
2. Every F-invariant set is (F, Ix)-invariant, when Ix denotes an identity map on X.

Example 3.5 Let (X, <) be a partially ordered set, and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let F: X x X x X — X and g: X — X be two
mappings such that F satisfies mixed g-monotone property. Define a subset M C X° by
M ={(a,b,c,d,e,f) € X®:a>d,b <ec>f}. Then Misan F-invariant and (F, g)-invariant
subset of X°, which satisfies the transitive property.

The following example shows that we may have an (F,g)-invariant set which is not
F-invariant set.

Example3.6 Let X =Rand F: X x X x X — X bedefined by F(x,y,z) =1-x%. Letg: X —
X be given by g(x) = x — 1. Then it is easy to show that M = {(x,0,z,u,0,w) € X :x = z,u =
w} is an (F, g)-invariant subset of X° but not an F-invariant subset of X° as (1,0,1,1,0,1) €
M, but (F(1,0,1), F(0,1,0), F(1,0,1), F(1,0,1), F(0,0,0), F(1,0,1)) = (0,1,0,0,1,0) & M.

Our first main result is the following.
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Theorem 3.7 Let (X, <) be a complete metric space and M be a nonempty subset of X°.
Assume that there is a function ¢ : [0,+00) — [0,+00) with 0 = ¢(0) < ¢(t) < t and
lim,_, .+ ¢(r) < t foreach t > 0, and also suppose that F : X x X x X — X and g: X — X are

two continuous functions such that

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v, u, V)) +d(F(z,9,x), F(w,v,u))

< 3(p<d(g(x),g(u)) +d(g(),g(v)) + d(g(Z),g(W))>

3 (6)

Jor all x,y,z,u,v,w € X with (g(x),g(y),g(2),g(u),g(v),g(w)) € M or (g(u),g(v),g(w),gx),
2(9),g(2)) € M. Suppose that F(X x X x X) C g(X), g commutes with F.
If there exists (xo,%0,20) € X X X x X such that

(F(%0,%0,20), F(¥0,%0,50)> F (20, Y0, %0), &(%0),g(%0), £ (20)) € M

and M is an (F,g)-invariant set which satisfies the transitive property, then there exist

x,9,z € X such that
gw)=F(xy,2), g =FW,xy and g(z)=F(zy,x).

Proof Let (x0,%0,20) € X x X x X satisfy (F(xo, y0,20), F(¥0, %0, Y0), E (20, 0, %0), £(*0),£(0),
g(z0)) € M. Since F(X x X x X) C g(X), we can choose x1,y1,z1 € X such that g(x) =
F(x0,%0,20), £011) = F(yo,%0,¥0) and g(z1) = F(20,¥0,%0). Again from F(X x X x X) C g(X)
we can choose x;,¥,,2 € X such that g(xy) = F(x1,y1,21), 2002) = F(y1,%1,91) and g(z») =
F(Zhylrxl)'

Continuing this process, we can construct sequences {g(x,)}, {g(v,)} and {g(z,)} in X
such that

g(xn) = F(xn—lryn—l»zn—l): g()/n) = F(yn—l;xn—ly}’n—l) (7)
and g(z,) = F(zy-1,Yn-1,%,-1) forallm>1.

If there exists k € N such that g(xx) = g(xk-1), gk) = g(yk-1) and g(z«) = g(zk-1), then
8lxx) = glok1) = Foxk-1, -1, 2k-1), §Wk) = k1) = F(Yr-1, %K1, Y1) and g(zk) = g(zx1) =
F(2zk-1, Yk-1,%k-1)- Thus, (xx_1,Yx-1,2k-1) is a tripled coincidence point of F. This finishes
the proof.

Therefore, we may assume that g(xx) # g(xx-1) or g(yx) # g(¥k-1), or g(zx) # g(zk-1) for
all n > 1. Since (F(x0, Y0, z0), F (0, %0, ¥0), F (20, ¥0, %0), £ (%0), £ (0), £ (20)) = (g(x1),g(y1), g (21),
2(x0),2(00),£(z0)) € M and M is an (F,g)-invariant set, we have (F(x1, y1,21), F(y1,%1, 1),
F(z1,y1,%1), F (%0, Y0, 20), F (Y0, %0, ¥0), F (20, Y0, %0)) = (g(x2), 8(¥2), £(22), g(%1), g (51), g (z1)) € M.

By repeating this argument, we get (F(%,—1, Y11, Zn-1)s F Vn-1, %1-1, Y1-1), F (Zn-1, Yn-1, %¥n-1),
F®m Y 2n)s FOs %5 Y1) E @y Vs %)) = (@(%n), V), 8(21), & (X1-1), §Wn1), & (20-1)) € M for
alln>1.

Consider now the sequence of nonnegative real numbers {3,}52, given by

(Sn—l = d(g(xn)7g(xn—1)) + d(g(yn):g(yn—l)) + d(g(zn)rg(zn—l)): n= 1. (8)
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Since (g(x), gWn), &(2n), &(Xn-1), €Wn-1), &(24-1)) € M, we have

d(F(xnryn:ZVl)»F(xn—l)yn—l)zn—l)) + d(F(yn)xmyn))F()/n—l)xn—lryn—l))
+ d(F(anyn;xn);F(Zn—lxyn—I:xn—l))

= d(g(xn1),gxn)) + d(gWni1), g0n)) + d(g(zns1):&(20))
=5,

The right-hand side of (6) will be equal to

d(g(xn):g(xn—l)) + d(g(yn):g(yn—l)) + d(g(zn)rg(zn—l)) 6;1—1
3¢ 3 =3¢ 3 ) 9)
Therefore, the sequence {5, }7°; satisfies
(Sn—l
8, < 3<p( 3 ) <8, forallm>1. (10)

From (10) it follows that the sequence {4,}°; is decreasing. Therefore, there exists some
8 > 0 such that

nlinolo Oy = nllpgo [d(g(xnd)’g(xn)) + d(g(yrwl)!g(yn)) + d(g(zml)!g(zn))]

=5, (11)

We shall prove that § = 0. Assume, to the contrary, that § > 0. Then, by letting n — oo in
(10), from 0 = ¢(0) < ¢(¢£) < t and lim,_, ;+ ¢(r) < t, for each ¢ > 0, we have

. . 8n-1 . 81 )
S_nlingo8n§3nlingow( 3 >—38n11135+<p< 3 )<3§—8, (12)
a contradiction. Thus é = 0 and hence
lim 8, = lim [d(g(®:1),g(xn)) + A(gWn1),80n)) + d(g(2ne1),&(2n)) ] = 0. (13)

n—00 n—00

We now prove that {g(x,)}, {g(y.)} and {g(z,)} are Cauchy sequences in (X, d). Suppose, to
the contrary, that at least one of {g(x,)}, {g(y»)} or {g(z,)} is not a Cauchy sequence. Then
there exists ¢ > 0 for which we can find subsequences {g(x,,«))} and {g(x,x))} of {g(x,)},

{gWm@)} and {g(yu))} of {g(y,)} and {g(z,x))} and {g(z,,x))} of {g(2,)} with n(k) > m(k) > K
such that

A(gxnw), §Em)) + A€Wn)), §Wmx)) + A(g(Znr) & (muy)) = &, keN. (14)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) > K and satisfies (14). Then

A(gXnt)-1) € X%m@))) + A(€Wn0-1)8Wmx)) + A(g(znt)-1) & (Zmr)) < & (15)
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Using (14) and (15) and the triangle inequality, we have

& <1y := d(gXnw) €Xmx)) + AGWnt) €Wmry)) + A(&(Zn))s & (Zmit))
< d(g(nm) &(xny-1)) + A(g(0nry-1), g6mry)
+ d(gWnr) EWntr1)) + A(€Wu)1), EVmr)))
+d(g(zn), 8 (2n-1)) + A (€(2ny-1), € (@ma))
< d(gxni) € Xnw—1)) + A(EWnr)) &Wnir-1)) + A(€(ni))> & (Zniay-1))
+e. (16)

Letting k — oo in the above inequality and using (13), we get

e < lim ry

k— 00
< lim [4(g(nw), €t 1)) + A (@0nk) Unity1)) + A(€(2n), € (Zn 1)) + €] =&,

that is,

klgglo Ty = klirgo[d(g(xn(k))rg(xm(k)) + (@) €Vmx)) + d(g(zni)) &(zmx)) ]

=e. (17)

Since n(k) > m(k) and M satisfies the transitive property, we get

(&n)» £0n(10)> 821> & Fomii))s E imii ) & (Zmx)) € M.

Hence we can use (6) to obtain

A(g(Xn) 1), & X 41)) + A(GWn(0+1), Ui 41)) + A(g(Zn(t0+1), & @miky+1))
= d(F (k) Yn(k)» 2n(0)) E Gy Yim(k)» Zm(x)))
+ A(FOn)s %) Yn k) F Oomiiy Xm()s Ym(i)))
+d(

F (@ V() %)) E @ty Yy ¥mii)))
(d(g(xn ) & Emik) ))+d(g(yn(k))rg(ym(k)))+d(g(zn(k))rg(zm(k))))

3

=3 (3) (18)

By (18), we have

Fent < 3¢( 3’> (19)

Letting k — oo in (19) and using (13) and (17) and lim,_,;+ ¢(r) < ¢ for each ¢ > 0, we have

143
= li <31 31 2—:
£ R =2 <ﬂ<3> rkl_?;fp(g) 3

Page 8 of 16
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which is a contradiction. This shows that {g(x,)}, {g(y,)} and {g(z,)} are Cauchy sequences.
Since X is a complete metric space, there exist x, y,z € X such that

lim g(x,) = «, lim g(y,) =y and lim g(z,) =z. (20)
From (20) and continuity of g,
lim g(g(xy)) =g(x),  lim g(g(yn)) =g(») and  lim g(g(z,)) = g(2)- (21)

From (7) and commutativity of F and g,

g(g(x;ﬁl)) =g(F(xmyrnZn)) = F(g(xn):g(yn)ig(zn)): (22)
g(g(ym—l)) =g(F(ymxm_yn)) = F(g(yn))g(xn):g(yn)): (23)
g(g(zn+l)) =g(F(znxymxn)) = F(g(zn)’g(yn)’g(xn))' (24)

We now show that g(x) = F(x,,2), g(y) = F(y,,y) and g(z) = F(z,y,x). Taking the limit as
n— o0 in (22), (23) and (24), by (20), (21), continuity of F and commutativity of F and g,
we get

g =g (nli{go g(xm)) = lim g(g(xy.1)) = lim g(F (%, Y 20))
= lim F(g(x,).g01).8(z) = F( lim g(x,), lim g(y,), lim g(z,))
=F(x,,2),

g0) =g( lim g0) = lim g(g0ne) = lim g(F(1r30)
= lim F(g(r,),8(x,).g()) = F( lim (v, lim g(a,), lim g(3,))
=E@,x)

and

9@ =g( lim g(z1)) = lim g(g(z,w)) = lim g(F(z 7))
n—00 n—00 n—o0
= lim F(e(@),g0).8(5,)) = F( lim g(@,), lim ¢(y,), lim g(x,))
= F(z,y,%).
Thus we prove that g(x) = F(x,y,2), g(y) = F(y,x,y) and g(z) = F(z,y,x). 0

Theorem 3.8 Let (X, d) be a complete metric space and M be a nonempty subset of X°. As-
sume that there is a function ¢ : [0,00) — [0,00) with 0 = ¢(0) < ¢(£) < t and lim,_, ;+ () <
tforeacht >0,and also supposethat F : X x X x X — X and g : X — X are two continuous
functions such that

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,, %), F(w, v, u))

<3 <d(g(x),g(u)) +d(g(¥),g(v) + d(g(Z),g(W))>
<3¢ 3
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for all x,y,z,u,v,w € X with (g(x),g(y),g(2),g(u),g(v),gw)) € M or (g(u),g(v),g(w),g(x),
2(y),2(2)) € M. Suppose that F(X x X x X) C g(X), g commutes with F and (g(X),d) is a
complete metric space and for any three sequences {x,}, {yu}, {zn} With (Xn11, V1> Zus1> Xn> V>
zy) €M, {x,} — x, {y,} = y and {z,} — z for all n > 1 imply (x,, 2, %, Y, 2n) € M for all
n>1. Ifthere exists (%0,Y0,20) € X X X x X such that (F(x0,¥0,20), F(¥0, %0, ¥0), F (20, ¥0, %0),

g(%0),2(90),2(20)) € M and M is an (F,g)-invariant set which satisfies the transitive prop-
erty, then there exist x,y,z € X such that

g(x) = F(x,9,2), g)=F(y,x,y) and g(z)=F(zy,x).

Proof Consider the Cauchy sequences {g(x,)}, {g(y,)} and {g(z,)} as in the proof of The-
orem 3.7. Since (g(X),d) is a complete metric space, there exist x,7,z € X such that
{g(x,)} — g(x), {gyn)} — g() and {g(z,)} — g(2). By assumption, we have (g(x),g(y), g(2),
g(x,),2(y),2(2,)) € M for all n > 1; by the triangle inequality and (6), we get
d(F(x,9,2),8() + d(F(3,%,9),80)) + d(F(z,7,%),2(2))
< d(F(x,9,2),g%u1)) + d(g(xn1),g(%))
+ d(F(yrx:y)rgO’nH)) + d(g(ynﬂ):g(y))
+d(F(z,,%),8(2ns1)) + d(g(2n:1),£(2))
= d(F(%,5,2), F(%ns Y 2n)) + d(g(xne1),g(%))
+ d(F(y)x¢y)’F(ymxmyn)) + d(g(yrﬁl))g(y))
+ d(F(2,,%), F(Zus Yn» %)) + A(g(2111),8(2))
<3¢ d(g(x,),g(x)) + d(g(ya), ) + d(g(zn),g(Z)))

3
+d(g(xni1), ) + d(gns1),2)) + d(g(zn11),8(2)).

Taking the limit as # — oo in the inequality above and using the fact that lim,_, o+ ¢(0) = 0,
we obtain

d(F(x,9,2),8() + d(F(y,%,9),80)) + d(F(z,7,%),8(2)) = 0,
which implies that g(x) = F(x,,2), g(y) = F(y,x,y) and g(2) = F(z,,x). O

Example 3.9 Let X =R, d(x,y) = |x —y| and F: X x X x X — X be defined by

dx+y+2z

F(x,y,2) = 2

. (y,2) e X3,

The mapping F does not satisfy the mixed g-monotone property.
Let M = X® and (,9,z,u,v,w) € M, we have

dx+y+2z 4du+v+2w _|x-u y-v z-w
24 24 -6 24 12 |

4y+x+2y 4v+u+2v |-V x—u y-v
24 24 ) 24 12
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and

dz+y+2x 4dw+v+2u
24 24

xX—u
12

<
) 24

z—w’ ’y—v

We get

dx+y+2z Au+v+2w dy+x+2y 4v+u+2v
p— + u—
24 24 24 24

dz+y+2x 4w+v+2u
24 24

+

7 8 6
< —lx-ul+ —ly-vl+ —|z-wl
24 24 24

When ¢() = £ and g(x) = £, we have

L
2

(le—ul +1y = vl +|z—wl)

_5l (d(g(x),g(u)) +d(g(y),g(v)) + d(g(Z),g(W)))

4

2 3

_ 3gD(d(g(x),g(u)) +dg(),g(v)) + d(g(Z),g(W))>
3 .

It is easy to check that F satisfies (6) and (0, 0, 0) is the tripled coincidence point of F.

If we take the mapping g = Iy in Theorem 3.7 and Theorem 3.8, then we get the follow-

ing.

Corollary 3.10 Let (X,d) be a complete metric space and M be a nonempty subset
of X°. Assume that there is a function ¢ : [0,00) — [0,00) with 0 = ¢(0) < ¢(t) < t and
lim,_, .+ ¢(r) < t for each t > 0, and also suppose that F : X x X x X — X is a mapping such
that

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,y, %), F(w, v, u))

< 3(p<d(x, u)+d(y,v) +dz, w))

3 (25)

forall x,y,z,u,v,w € X with (x,y,z,u,v,w) € M or (u,v,w,%,y,2) € M. Suppose that either
(a) F is continuous, or
(b) if for any three sequences {x,}, {yu}, {zn} With (Xu11, V1> Zus1> Xn> V> Zn) € M,
{2} = x, {yn} > yand {z,} — zforalln> 1, then (x,,2, %, Y 2n) € M forall n > 1.
If there exists (xo,v0,20) € X X X x X such that (F(xo,y0,20), F(¥0, %0, ¥0), F (20, Y0, %0), %0,
Y0,20) € M and M is an F-invariant set which satisfies the transitive property, then there
exist x,9,z € X such that

x=F(x,v,2), y=F(y,x,y) and z=F(zy,x).

Now we shall prove the uniqueness of a tripled fixed point.
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Theorem 3.11 In addition to the hypotheses of Theorem 3.7, suppose that for every
(0, 9,2), (x*,y%,2°) € X x X x X, there exists (u,v,w) € X x X x X such that (g(x),g(y),g(2),
g(u),g(v),gw)) € M and (g(x*),g(y*),g(z*),g(u),g(v)),g(w) € M. Then F and g have a
unique tripled common fixed point, that is, there exists a unique (x,y,z) € X x X x X such
that

x=g(x) = F(x,7,2), y=g)=F(y,xy) and z=g(z)=F(zy,x).

Proof From Theorem 3.7, the set of tripled coincidence points is nonempty. Suppose

(%,9,2) and (x*,y*,z*) are tripled coincidence points of F, that is, g(x) = F(x,y,2), g(y) =

F(y,x,9), g(z) = F(z,y,%), g(x*) = F(x*,y*,2%), gy*) = F(y*,«*,y*) and g(z*) = F(z*, y*,x*).
We shall show that

gx) =g(x*), g0 =g(*) and g(z)=g(z"). (26)

By assumption, there is (&, v, w) € X x X x X such that (g(x),g(y),g(2),g(u),g(v),g(w)) e M
and (g(x*),g(y"),g(z"), (), g(v),g(w)) € M.

Put ug = u, vo = v, wy = w and choose uy, v, w; € X.

So that g(u1) = F(uo, vo, Wo), g(v1) = F(vo, 4o, Vo) and g(w1) = F(wo, Vo, uo). Then, similarly
as in Theorem 3.7, we can inductively define sequences {g(u,)}, {g(v,)} and {g(w,)} such
that

g(un) = F(tty—1, Vi1, Wn-1), g(Vn) =F(Vy-1, Uy-1,Vp-1)

and g(wy,) = FWy-1,Vp-1,uy-1) forallm>1.
It easy to show that

(e),2(9),8(2),g(un),g(v,),g(w,)) €M forall m > 1. 27)
Thus, from (6) and (27), we have

d(g(x),g(uns1)) + d(€(), g(Vui1)) + d(g(2), g(Wns1))
3
_ d(F(x,%Z),F(Mm Vi, Wp)) + d(F(y’x’y)’F(Vmun: Vi)
- 3
, AE@Y, %), FWy, Vs ) + dE (2,9, %), FWo, Vi )
3

< (p(d(g(x)rg(un)) + d(g(y)’g(vn)) + d(g(z)’g(wn)))

3 (28)

for all n > 1. Thus, by (28), we deduce that the sequence {p,} is defined by

= d(g(x),g(un)) + d(g(y)ég(vn)) +d@g@),gwn) - (29)

From (28) and (29), we have that {p,} is non-increasing. Hence, there exists « > 0 such
that

=0,

d(g(x),g(un)) + dg(¥),g(va)) + d(g(Z),g(wn))>

lim p, = lim < 3

n—00 n—00

Page 12 of 16


http://www.fixedpointtheoryandapplications.com/content/2013/1/252

Charoensawan Fixed Point Theory and Applications 2013, 2013:252 Page 13 0of 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/252

Suppose, to the contrary, that « > 0. Letting n — 0o in (28), we get

a < lim ¢(p,) = lim ¢(p,)<a,
n—00 pn—at

which is a contradiction. Thus « = 0, that is,

(d(g(x),g(un)) +d(g(y),g(va) + d(g(Z)yg(Wn))) o

lim p, = lim

n—00 n—00

3

which implies

Tim d(g(), () = lim d(¢(),gv) = lim d(g(),gw,)) = 0. (30)
Similarly, we obtain that
lim d(g(x"),g(un) = lim d(g(y"),g(v)) = lim d(g(z"),g(wn)) = 0. (31)

By (30) and (31) and the triangle inequality, we have

d(g(x),g(x*)) < d(gx), g(uni1)) + d(g(ttni1),g(x*)),
d(g),g(v*)) < d(g(),gvms)) + d(gvus1) g(v")), (32)
d(g(z)vg(z*)) = d(g(z):g(wnﬂ)) + d(g(wnﬂ):g(z*))
Let n — oo in (32). Hence g(x*) = g(x), g(y*) = g(¥) and g(z*) = g(z). Since g(x) = F(x,y,2),
g() = F(y,%x,y) and g(z) = F(z,y,x), by commutativity of F and g, we have
g(g)) = g(F(x,9,2)) = F(g(x),2(),£(2)),
2(e0)) = 2(FO,%,) = F(g0),g#),2(»), (33)
2(¢(2) = g(F(z,y,%)) = F(g(2),g(»), g)).

Denote a = g(x), b = g(y) and ¢ = g(z). Then from (33),
gla)=F(a,b,c), gb)=F(b,a,b) and g(c)=F(c,b,a). (34)

Thus (a, b, ¢) is a tripled coincidence point. Then from (26) with x* =4, y* =b and z* = ¢
it follows that g(x) = g(a), g(y) = g(b) and g(z) = g(c), that is,

gla) =a, gb)=b and g(c)=c. (35)
From (34) and (35), we have
a=g(a)=F(a,b,c), b=g(b)=F(b,a,b) and w=g(c)=F(cb,a).

Therefore, (a, b, ¢) is a tripled common fixed point of F and g. To prove the uniqueness,
assume that (p, g, 7) is another coupled common fixed point. Then by (26) we have

p=8p)=gla)=a, q=g(q)=g(b)=b and r=g(r)=glc)=c O
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Next, we give a simple application of our results to tripled coincidence point theorems
in partially ordered metric spaces.

Corollary 3.12 Let (X, <) be a partially ordered set, and suppose that there is a metric
d on X such that (X,d) is a complete metric space. Assume that there is a function ¢ :
[0,00) — [0,00) with ¢(t) < t and lim,_,;+ ¢(r) < t for each t > 0, and also suppose that
F: XXX xX— Xandg:X — X are such that F has the mixed g-monotone property and

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,y, %), F(w, v, u))

<3 (d(g(x),g(u)) +d(g(y),g(v)) + d(g(Z),g(W))>
<3¢

3 (36)

for all x,y,z,u,v,w € X with g(x) < g(u), gly) > g(v) and g(z) < g(w). Suppose that F(X x
X) C g(X), g is continuous and commutes with F and (g(X),d) is a complete metric space
and X has the following properties:
(i) if a non-decreasing sequence {x,} — x in X, then x,, < x for all n,
(i) if a non-increasing sequence {y,} — y in X, then y <y, for all n.
If there exist x9, 0,20 € X such that

g(x0) < F(%0,¥0520), gWo) = F(yo,%0,y0) and g(zo) < F(20,¥0,%0),

then there exist x,y,z € X such that

g(x) = F(x,9,2), g)=F(y,x,y) and g(z)=F(zy,x).

Proof Define a subset M C X® by M = {(a,b,c,d,e,f) € X®:a>d,b < e,c>f}, then M is

an (F, g)-invariant set which satisfies the transitive property. By (36), we have

d(F(x,9,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,5, %), F(w, v, u))

< 3¢(d(g(x),g(u)) + d(g(y;’g(‘/)) + d(g(Z)»g(W))>

for all x,y,z,u,v,w € X with (g(x),g(¥),g(2),8(u),g(v),g(w)) € M or (g(u),g(v),g(w),g(x),
2(9),g(z)) € M. Since x¢,¥9,z0 € X such that

g(x()) S F(xo»y()’zo)y g()’o) Z F(y():xOryO) and g(ZO) S F(ZO)yOer)x

we get (F(x0,%0,20), F(¥o,%0,%0), F(20,Y0,%0),2(*0),2(0),£(20)) € M. For any three se-
quences {g(x,)}, {g(y4)}, {g(z,)} such that {g(x,)} is a non-decreasing sequence in X with
{g(x,)} — x, {g(yn)} is a non-increasing sequence in X with {g(y,)} — y and {g(z,)} is a
non-decreasing sequence in X with {g(z,)} — z, we have

glw) <glxg) <---<glxy) <---<x,

g0n) >gbn) > >g) >--->y
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and

gz)<glz) < <glzy) < <z

for all n > 1. Therefore, we have (x,y,z,2(x,),2(y»),2(z,)) € M for all n > 1, and so the
assumption of Theorem 3.8 holds, thus F has a triple coincidence point. d

Corollary 3.13 In addition to the hypotheses of Corollary 3.12, suppose that for all
(x,9,2), (x*,y%,2°) € X x X X X, there exists (u,v,w) € X X X x X such that g(x) = g(u),

gy) < gv), g2) = g(w) and g(x*) = g(u), gy*) < g(v), g(z*) = gw). Then F and g have a
unique tripled common fixed point.

Proof Define a subset M C X® by M = {(a,b,c,d,e,f) € X®:a>d,b < e,c>f}, then M is
an (F,g)-invariant set which satisfies the transitive property. Thus, the proof of the exis-
tence of a tripled common fixed point is straightforward by following the same lines as in
the proof of Corollary 3.12.

Next, we show the uniqueness of a tripled common fixed point. Since for all (x, y, z), (x*,
y*,z") € X x X x X, there exists (u,v,w) € X x X x X such that g(x) > g(u), g(y) <
g), g(z) = g(w) and g(x*) = g(u), giy*) < g(v), g(z*) = g(w), we can conclude that

(@), 8(),£(2), g(u), g(v),g(w)) € M and (g(x*),g(y*),g(z*), g(u),g(v), g(w)) € M. Therefore,
since all the hypotheses of Theorem 3.11 hold, F and g have a unique tripled common fixed
point. This completes the proof. |

Remark This research can be extended and improved to the more general case; see [9,
35-37].
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