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Abstract

In this paper, we prove the existence of a solution of the mixed equilibrium problem
MEP(f, @, C) by using the KKM mapping in a Banach space setting. Then, by virtue of
this result, we introduce a hybrid iterative scheme for finding a common element of
the set of solutions of MEP(f, ¢, C) and the set of common fixed points of a countable
family of quasi-¢-asymptotically nonexpansive multivalued mappings. Furthermore,
we prove that the sequences generated by the hybrid iterative scheme converge
strongly to a common element of the set of solutions of MEP(f, ¢, C) and the set of
common fixed points of a countable family of quasi-¢-asymptotically nonexpansive
multivalued mappings.
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1 Introduction
Let E be a Banach space with the norm || - || and the dual £*. We denote by N and R the
sets of positive integers and real numbers, respectively. Also, we denote the normalized

duality mapping from E to 2" by J defined by

Jo={x* € B x®) = Ix)% = |*])*), VxeE,
where (-,-) denotes the generalized duality pairing. Let C be a nonempty, closed and
convex subset of a Banach space E. The bifunction f : C x C — R is said to be relaxed

&-monotone if there exists a function & : E — R positively homogeneous of degree p, that
is, £(tz) = P& (z) for all £ > 0 and z € E, where p > 1 is a constant such that

fy)+f(r,x) <&é@y-x) forallx,yeC. (1.1)

If £ = 0, then f is monotone, i.e.,

fxy)+f(r,x) <0 forallx,yeC.
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Example 1.1 Let E =R and C = [0, 1]. A bifunction f : C x C — R is defined by

f,y) =yly—=x), Vx,ye€l0,1].

It is easy to see that f(x, y) + f(y,%) = (x — )% > 0. If we put & (x) = x? for all x € R, then f is

relaxed & -monotone, but not monotone.

Let us consider the bifunction f : C x C — R and a function ¢ : C — R. The mixed
equilibrium problem (in short, MEP(f, ¢, C)) is to find X € C such that

S&y) +90) -e®) =0, VyeC. 1.2)

Problem (1.2) was studied by Ceng and Yao [1], Cholamjiak and Suantai [2] in Hilbert
spaces and Banach spaces, resp. By using the well-known KKM technique, they gave the
existence and uniqueness of solutions of the MEP(f, ¢, C) when f is monotone.

In the case of f(x,y) = (Ax, n(y,x)), where A : C — E* and n: C x C — E, problem (1.2)
is reduced to the following variational-like inequality problem (in short, VLIP(A, ¢, C)),
which is to find ¥ € C such that

(A®,n0,%) + 9 -9&) =0, VyeC. (1.3)

Problem (1.3) was studied by Fang and Huang [3]. By using the KKM technique and n-£&
monotonicity of the mapping A, they obtained the existence of solutions of the variational-
like inequality problem (1.3) in a real reflexive Banach space.

In particular, if ¢ = 0, problem (1.2) is reduced to the well-known equilibrium problem
(in short, EP(f, C)), which is to find ¥ € C such that

f(®y) >0, VyeC. (1.4)

The EP(f, C) includes fixed point problems, optimization problems, variational inequal-
ity problems and Nash equilibrium problems as special cases (see also [4—6]).

Let S be a mapping from C into itself. A mapping S is said to be Lipschitz if there exists a
constant L > 0 such that ||Sx — Sy|| < L||x —y|| for all x,y € C. S is said to be nonexpansive,
when L = 1. A point p € C is said to be a fixed point of S if Sp = p. A point p € C is said to be
an asymptotic fixed point of S if there exists a sequence {x,} C C such thatx,, — x € E and
lim,, o [|%, — Sx,|| = 0. Denote the set of all fixed points of S and the set of all asymptotic
fixed points of S by F(S) and F(S), respectively.

Now, we assume that E is a smooth, strictly convex and reflexive Banach space. The
Lyapunov function ¢ : E x E — R* is defined by

¢(,y) = %1 = 2(x.Jy) + Iy°, Vay€E.

A mapping S: C — Cissaid to be relatively nonexpansive (see also [7-9]) if the following
conditions are satisfied:

(1) F(S) is nonempty;

(2) ¢(p,Sx) < p(p,x) forallx € C, p € F(S);

(3) E(S) = F(S).
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Lemma 1.2 [8] Let C be a nonempty, closed and convex subset of a smooth, strictly convex
and reflexive Banach space E, and let T be a relatively nonexpansive mapping from C into
itself. Then F(T) is closed and convex.

In 2008, Takahashi and Zembayashi [10] introduced the following iterative scheme
which is called the shrinking projection method:

x0€C, Cy=¢C,

Vn =T Hafxo + (1 — 0,)JS%,],

u, € C such that

S@ny) + =y =y, Juy = Jwy) 20, ¥yeC,
Cun = {ve Cy:d(v,uy) < d(v,x4)},

xn41 =g, %0, n>0,

(1.5)

where J is the duality mapping on E, I¢ is the generalized projection from E onto C and
S is relatively nonexpansive single-valued mapping. They proved that the sequence {x,}
converges strongly to a common element of the set of fixed points of a relatively nonex-
pansive single-valued mapping and the set of solutions of an equilibrium problem under
appropriate conditions in a uniformly smooth and uniformly convex Banach space.

In the case of single-valued mapping, many authors such as in references [8, 9, 11-19]
studied the problem of finding a common element of the set of fixed points of a nonexpan-
sive or relatively nonexpansive mapping and the set of solutions of an equilibrium problem
in the framework of Hilbert spaces and Banach spaces.

Let N(C) and CB(C) denote the family of nonempty subsets and nonempty closed
bounded subsets of C, respectively. The Hausdorff metric on CB(C) is defined by

H(A, B) = max { supd(a, B), iup d(A,b) ]
acA €B

for all A, B € CB(C), where d(x, D) = inf{|lx — y||,y € D}. Homaeipour and Razani [20] have
defined the relatively nonexpansive multivalued mapping as follows.

A multivalued mapping S : C — N(C) is said to be relatively nonexpansive if the follow-
ing conditions are satisfied:

(1) F(S) is nonempty;

(2) ¢(p,z) <p(p,x) forallx € C, p € F(S), z € Sx;

(3) E(S) = F(S).
It is obvious that the class of relatively nonexpansive multivalued mappings contains prop-
erly the class of relatively nonexpansive multivalued mappings (for example, see [20]).
They introduced the following iterative sequence for finding a fixed point of the relatively
nonexpansive multivalued mapping S: C — N(C):

X1 € C, (1 6)

%1 = Moo () + (L= )] (20)), 20 € Sy, Y 2 1, '
where {«,} C [0,1]. Moreover, they proved weak and strong convergence theorems for a
single relatively nonexpansive multivalued mapping in a uniformly convex and uniformly
smooth Banach space E.
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A multivalued mapping S : C — CB(C) is said to be quasi-¢-nonexpansive [21, 22] if
F(S) #¥ and

op,z) <pp,x), VYxeC,peF(S),zeSx.

S:C — CB(C) is said to be quasi-¢-asymptotically nonexpansive [21, 22] if F(S) # ¥ and
there exists a real sequence [, C [1, +00) with /,, — 1 such that

op,z,) <l,0(p,x), VxeC,peF(S),z, €S«

We remark from the above definitions that the class of quasi-¢-asymptotically nonex-
pansive multivalued mappings contains properly the class of quasi-¢-nonexpansive mul-
tivalued mappings as a subclass, and the class of quasi-¢-nonexpansive multivalued map-
pings contains properly the class of relatively nonexpansive mappings as a subclass.

Recently, Yi [21] introduced the following modifying Halpern iterative sequence for a
quasi-¢-asymptotically nonexpansive multivalued mapping S. Let {x,} be the sequence
generated by

x0eC, Cop=(C,

Vn =] Hawhxo + (L= 0n)Jzul,  2n € S"%n,

Cun={veCyr: 0w, yu) < a,0(v,%0) + (1 — a)p (v, %) + La},
xp1 = Ilc,, 1%, n>0,

(1.7)

where ¢, = (1, 1) sup,c(s) # (@, %1) and {a,,} C (0,1). Under suitable conditions, the author
proved that {x,} converges strongly to ITg)xo.

Motivated and inspired by the above results, we investigate the problem of finding a
common element of the set of solutions of MEP(f, ¢, C) and the set of common fixed points
of a countable family of quasi-¢-asymptotically nonexpansive multivalued mappings in
Banach spaces.

The rest of the paper is organized as follows. In Section 2, we provide necessary con-
cepts and lemmas. In Section 3, we derive the existence and uniqueness of solutions of the
auxiliary problems for the MEP(f, ¢, C) when the bifunction f is relaxed &-monotone by
using the well-known KKM technique. In Section 4, we prove that our proposed hybrid
iterative scheme converges strongly to a common element of the set of MEP(f, ¢, C) and
the set of common fixed points of a countable family of quasi-¢-asymptotically nonex-
pansive multivalued mappings. In Section 5, we give an application for a system of mixed
equilibrium problems. The last section is the conclusions.

2 Preliminaries
Throughout this paper, let E be a real Banach space and E* be its dual space. We write x,, —
x (respectively x, —* x) to indicate that the sequence {x,} weakly (respectively weak*)
converges to x; as usual x, — x will symbolize strong convergence. Let S(E) = {x € E :
[lx]l =1} denote the unit sphere of a Banach space E.

A Banach space E is said to have a Gateaux differentiable norm (we also say that E is
smooth) if the limit

X+ tyl| —|[|x
lim llx + gyl = llxll

t—0 t (21)
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exists for each x,y € S(E). A Banach space E is said to have a uniformly Gateaux differen-
tiable norm if for each y in S(E), the limit (2.1) is uniformly attained for x € S(E); a Fréchet
differentiable norm if for each x € S(E), the limit (2.1) is attained uniformly for y € S(E);
a uniformly Fréchet differentiable norm (we also say that E is uniformly smooth) if the
limit (2.1) is attained uniformly for (x,y) € S(E) x S(E).

A Banach space E is said to strictly convex if @ <1 for x,y € S(E), x # y; uniformly
convex if, for any ¢ € (0,2], there exists § > 0 such that for any x,y € S(E), [x —y|| > ¢

implies | 2| <1-6.

Remark 2.1 The following basic properties for the Banach space E and for the normalized
duality mapping J can be found in Cioranescu [23].
(i) E (E*, resp.) is uniformly convex if and only if E (E*, resp.) is uniformly smooth.
(ii) If E is smooth, then J is single-valued and norm-to-weak continuous.
(iii) If E is reflexive, then J is onto.
(iv) If E is strictly convex, then Jx N Jy # ¥ for all x,y € E.
(v) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for any
sequence {x,} CE, ifx, — x € E and ||x,,|| — ||x||, thenx, - x € E.
(vi) If E is a strictly convex reflexive Banach space, then /™! is hemicontinuous, that is,

J7! is norm-to-weak*-continuous.

Recall the Lyapunov function ¢ defined by
$(6.9) = llxll* = 200 y) + IyI1%,  Vay €E.
It follows from the definition of the function ¢ that
o, (M + A= W2)) < Ap(x,9) + 1 -N)p(x,2), Yae[0,1]andxy,zeE. (22)
Following Alber [24], the generalized projection I1¢ from E onto C is defined by

[cx = argming(y,x), Vxe C.
yeC

If E is a Hilbert space, then ¢(y,x) = ||y —x||?> and I1¢ is the metric projection of H onto C.
We known the following lemma for generalized projection.

Lemma 2.2 [24] Let E be a smooth, strictly convex and reflexive Banach space, and let C
be a nonempty, closed and convex subset of E. Then the following conclusions hold:
(i) ¢(x,y)=0ifand only ifx =y for all x,y € E;
(ii) ¢(x, Mcy) + ¢(Tcy,y) < ¢(x,y) forall x € C, for all y € E;
(iii) fxeEandze C,thenz=Tlcx < (z—y,Jx—Jz) >0 forall y € C.

Now, let us recall the following useful concepts and results.
Definition 2.3 Let B be a subset of a topological vector space X. A mapping G : B — 2X is

called a KKM mapping if cofxy, %, ..., %} C Ulm=1 G(x;) forx; e Bandi=1,2,...,m, where
co A denotes the convex hull of the set A.
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Lemma 2.4 [25] Let B be a nonempty subset of a Hausdor{f topological vector space X,
and let G : B— 2% be a KKM mapping. If G(x) is closed for all x € B and is compact for at
least one x € B, then (.5 G(x) # 0.

Definition 2.5 A multivalued mapping S: C — CB(C) is said to be closed if for any se-
quence {x,} C C with x, - x € C and d(y, S(x,,)) = 0, d(y,S(x)) = 0.

The following lemmas can be found in [21].

Lemma 2.6 [21, Lemma 2.8] Let E be a real uniformly smooth and strictly convex Banach
space with the Kadec-Klee property, and let C be a nonempty, closed and convex subset of E.
Let {x,} and {y,} be two sequences in C such that x, — p and ¢(x,,y,) — 0, then y, — p.

Lemma 2.7 [21, Lemma 2.9] Let E be a real uniformly smooth and strictly convex Banach
space with the Kadec-Klee property, and let C be a nonempty, closed and convex subset of
E.Let S: C — CB(C) be a closed and quasi-¢-asymptotically nonexpansive multivalued
mapping with nonnegative real sequences {I,} C [1,00), if [, — 1, then the fixed point set
F(S) of S is a closed and convex subset of C.

3 Existence results of mixed equilibrium problem
In this chapter, we prove the existence theorem for MEP(f, ¢, C) by using the KKM tech-
nique.

Before solving mixed equilibrium problem (1.2), let us assume the following conditions
for a bifunction f: C x C — R:

(Al) f(x,x)=0forallx € C;

(A2) f isrelaxed £-monotone, i.e.,

[y +f (%) <&(y—x);

(A3) forall y € C, f(-,y) is upper hemicontinuous, i.e., for all x,y,z € C,

lim supf(tz +(1-t)x, y) <f(x);
£0

(A4) forallx € C, f(«,-) is convex and lower-semicontinuous.

Lemma 3.1 Let C be a nonempty, closed and convex subset of a real smooth, strictly convex
and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (A1)-(A4),
and let ¢ be a lower semicontinuous and convex function from C to R. Let z € C. Then the
following problems (3.1) and (3.2) are equivalent:

1 1
Find % € C such that f(%,y) + ¢(y) + 5||y||2 -3 I1%]1* — (y - %, Jz) > ¢(%),
Vy e C. (3.1)
1 1
Find % € C such that ¢(y) + 3 Iyl - 5||5c||2 —(y-%J2) +E(—x) = f(1,%) + 0(%),

VyeC. (3.2)
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Proof Let x € C be a solution of problem (3.1). It follows from (A2) that
0 = fG) + 00) ~ 9@ + Iyl = 7 - =52
= [69) +£0,5) ~f0,9) + 60) - 0B + 2 Iy = S FI ~ (7~ 5.2
<E0-D-f0,9+ 00) 9@ + Sl S IE - - JA, eC. (33

Thus x € C is a solution of problem (3.2).
Conversely, let x € C be a solution of problem (3.2). For any ¢ € (0,1], we put

ye=1-t)x+1ty. (3.4)

Then y; € C, because of the convexity of C. Since X € C is a solution of problem (3.2), it
follows that

1 1
FOu®) < 00 — @) + Sllyell> = S 1%1° = (7 — &, J2) + (e — %)

2 2
1 1
= o) —p() + 3 llyell* - 3 IZI1> = (ye = %, J2) + £ (y — ). 3.5)

Using (Al) and (A4), we have

0 :f(yt’yt) =< (1 - t)f(yt’i) + tf()’t:}’)»

and so

HFOu®) —f06Y) <fO0n%). 3.6)

The convexity of the function ¢ implies that

9() = (A= D% +ty) = A= 1)p(R) + tp(y). 3.7)

It follows from (3.5)-(3.7) and the convexity of % |l - II? that

0 =f(e ye)
S (1 - t)f(yt!i) + tf()’tr}’)
< 1=0[ 00~ 6) + 5 0l - 51812 - b= 52) + £~ + 700

1-2)
2

<ty +1- t)[(l - D) + tp(y) - (%) + %012 + %nyn2
- %Ilfcll2 —tly-%Jz) + tPs(y—fc)]

<tf(yuy)+ Q- t)t[w(y) - (X + %Ilyll2 - %Ilicll2 —y—%Jz) + t”‘lé(y—fc)]. (3.8)
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This implies that
ENETTRT N S ~ p-1 >
0=f0ny)+A=1)90) - @)+ JIyI° = SIXI" - =% J2) + 76 - 5) | (3.9)
Taking the upper limit £ — 0 in (3.9), by (A3) and p > 1, we get that

- - 1 1 -
0@ <fE@) + 90 + Sy = SIEI* - y-%J2), VyeC.
Therefore, x is also a solution of problem (3.1). This completes the proof. O

Lemma 3.2 Let C be a nonempty, bounded, closed and convex subset of a real smooth,
strictly convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(Al) and (A4), and let ¢ be a lower semicontinuous and convex function from C to R. Let
z € C. Assume that
(i) &:E— Ris weakly upper semicontinuous; that is, for any net {xg}, xg converges to x
in o (E,E*), which implies that & (x) < liminf& (xg).
Then the solution set of problem (3.1) is nonempty; that is, there exists X € C such that

- 1 1 . - -

SE + 90+ S = SIF* - =% J2) = (&), VyeC. (310)

Proof Let z € C. Define two set-valued mappings F,, G, : C — 2¢ as follows:
Lo Lo o

F:() =2 € C:f @) +90) + SIyI1° = S Ixl° =y~ . J2) = ¢ ()

and
Lo Lo o

G.(y) = 1x€C:0(y) + §||y|| - Ellxll —-xJz) +E( —x) = f (3, %) + ¢(x)
for every y € C. It is easily seen that y € F,(y) and y € G,(»), and hence F,(y) and G,(y) are
nonempty.

(a) We claim that F, is a KKM mapping. If F, is not a KKM mapping, then there exist
{y,...,9.} CKand p; >0,i=1,...,m, such that

Z mi=1, Yo = Z,uiyi ¢ UFZO’i)- (3.11)

i=1 i=1 i=1
By the definition of F,, we have

1 2 1 2

SO0, yi) + o) — o(o) + 3 lly: 1~ = 3 voll” = (i = y0,J2) <0 (3.12)

foralli=1,...,n. It follows from (A1), (A4), the convexity of ¢ and % |l - II? that
1 2 1 2
0 = f(yo,y0) + ¢(o) — 9(o) + 3 lyoll” - 3 70ll” = (Yo — ¥0,Jz)

<> (f()’oyyi) + @) — (o) + %“%”2 - %HJ’OH2 - (i —J’OJZ)) <0, (3.13)

i=1

which is a contradiction. This implies that F, is a KKM mapping.
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(b) We claim that G, is a KKM mapping. It is sufficient to show that
F,(y) C G,(y), VyeC.

For any given y € C, taking x € F,(y), then

1 1
f69)+90) -0l + 2 Iyl - 3 x> = (y - ,Jz) = 0. (3.14)

It follows from the relaxed &-monotonicity of f that

1 1
00) + SIIE = S Il = (= 2.J2) + £ = %) = £0,2) + (o).
It follows that x € G,(y) and so
F() CG(y), VyeC.

This implies that G, is also a KKM mapping.
(c) We show that G,(y) is weakly closed for all y € C. Let {u,,} be a sequence in G,(y) such
that u,, — u as n — oo. It then follows from u,, € G,(y) that

1 1
00) + Sy = Sl = =t ) + 60/ = 0a) = G 0a) + @), ¥y e C. (3.15)

By (A4), the weak lower semicontinuity of ¢ and || - ||?, and the weak upper semicontinuity
of &, we obtain from (3.15) that

fu) + () < liminff(y, u,) + liminf o(u,)
n—00 n—00

< lbnigf{f(y: un) + @(un)}

1 1
< limsup{(p(y) + Ellyll2 - Ellunll2 —y-unlz)+5(y - Mn)}

1 1
< o@y) + =|lyl* = liminf = ||u,,||* — liminf(y — u,, Jz)
2 n—oo 2 n— 00

+limsup&(y — uy,)

n— 00

1 1
= o)+ illyll2 - Ellull2 --ujz) +E(y —u).

This shows that u € G,(y) and hence G,(y) is weakly closed for all y € C.

(d) We prove that G,(y) is weakly compact. Since C is a closed, bounded and convex
subset of a reflexive Banach space E, it is weakly compact. Again, since G,(y) is a weakly
closed subset of C, we also have G,(y) is weakly compact.

By using (a)-(d) and Lemma 2.4 and Lemma 3.1 that

(F:0)=()G:0) #9.

yeC yeC

Hence, there exists x € C satisfying inequality (3.10). This completes the proof. O
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Proposition 3.3 Let C be a nonempty, closed and convex subset of a real smooth, strictly
convex and reflexive Banach space E, y : C — R be a convex function. The following two

inequalities are equivalent:
there exists x € C such that ¥ (x) =0 and ¥ (y) + (y —%,Jx) >0, VyeC (3.16)
and
o ~ 1, 1
there exists x € C such that ¥ (x) = 0 and ¥ (y) + 3 Iyll“ — 5 |Z|©>0, VyeC. (3.17)

Proof Let x satisfy (3.16). It is well known that

1 2 1 2
(y—x,Jx) < illyll —Ellxll , Vx,yeE.

Then

0 <y +(y—2%Jx)
=Yy +(y—xJ%)
LY S
<y + 2IIyII 2||9C|| .

Let x satisfy (3.17). For any ¢ € (0,1], let y, = (1 — £)x + ty. Then y, € C because of the

convexity of C, and so

1 1
Y0+ Syl = S IR = (e - %, J2) >
2 2
Notice that in a real smooth, strictly convex reflexive Banach space E, the duality mapping

J is single-valued, 1-1, and onto. Since %H - ||? is continuous and Gateaux differentiable,

from the mean value theorem, there exists o; € (0,1) such that

1,1
5||yt|| —illxll = (e — % Wa,),

where wy, = 0% + (1 — o)y;. Hence

0<Y0)+ S Iyl — 3 I3
= Y e) + e — %, Iwg,)
< (L= Y@ + £00) + Ly — 5, Jwe,)
=ty () + Ly — X, Jwy,).

Dividing ¢ in the above inequality, we get

O S Ip(y) + (y_fc:]Wat)‘

Page 10 of 24
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By the existence of wy,, wy, — X as t — 0. Since J is norm-to-weak* continuous, we have
that

0=y +(y-%J%).
This completes the proof. d

Remark 3.4 Ifx € C is a solution of (3.1), then

1 1
f&Ey) + o)+ 5||y||2 -3 %> = (y - % Jz) > 0(®), VyeC.

For any fixed z € E, we put ¥z (y) = f(%,y) + ¢(¥) — ¢(X) — (y — X, Jz) for all y € C. Obviously,
Y:(%) = 0 and 3 is a convex function, since the linearity of a duality mapping and the

convexity of f(%, -) and ¢. Hence

1 1 .
vx(y) + Ellyll2 -3 I%1*>>0, VyeC.
It then follows from Proposition 3.3 that X is a solution of the following problem:

fGEY) +o@) + (y-%J%-Jz) > ¢(%), VyeC.

The existence result relaxes the results of Ceng and Yao [1] and Cholamjiak and Suantai

[2], because of the & -monotonicity of f.

Lemma 3.5 Let C be a closed, bounded and convex subset of a uniformly smooth, strictly
convex Banach space E, let f be a bifunction from C x C to R satisfying (A1)-(A4), and let
@ be a lower semicontinuous and convex function from C to R. Suppose further that

(i) &:E— R isweakly upper semicontinuous;

(i) Ey—x)+&x—-y) <O0.
Define a mapping T,(z) : E — C as follows:

T,(z) = {x eC:fxy) +o@y) + %(y—x,]x—]z) > p(x),Vy € C}. (3.18)

Then
(1) T, is single-valued,;
(2) T, is a firmly nonexpansive mapping, i.e., for all x,y € E,

<Tr(x) - Tr(y)’]Tr(x) _]Tr(y)> S <Tr(x) - Tr(y):]x _]y);

(3) F(Tr) = MEP(f’ ¥, C);
(4) MEP(f, ¢, C) is closed and convex;
(5) o(p, Trx) + ¢(Trx,x) < p(p, x).

Proof Iff(x,y): C x C — Rsatisfies (Al)-(A4) and ¢ : C — R is convex lower semicontin-
uous, then for any r > 0, we known that rf(x, y) and r¢ are also. We have from Lemma 3.2
and Remark 3.4 that T,z is nonempty for all z € E.
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(1) For each z € E, let x;, %5 € T,(z). Then
flonm) + 0lo) + oy~ ) 2 plo) (319)
and
S, x1) + (1) + %(xl — %, Jx2 = Jz) > @ (%2). (3.20)

Adding (3.19) and (3.20), we have

1 1
floeo,x1) +f(x1,%0) + ;(xl — X, Jxy = Jz) + ;(xz —x,Jx —Jz) > 0,

and so
1
S (2, %1) + f(x1, ) + ;(xz —x1,Jx1 = Jaz) = 0. (3.21)
By the relaxed £-monotonicity of f, we know that
(%0 — X1, J1 — Jg) = —rE(y — ). (3.22)

In (3.21) exchanging the position of x; and x,, we get

1
Sx1,%2) + f (%2, %1) + ;(x1 —x9,Jxy — Jx1) >0, (3.23)
and so
(1 — 20, Jy — Joe1) = —1E(y — ). (3.24)

Now, adding inequalities (3.22) and (3.24), by using (ii), we have

(%2 — %1, Jer = Jxz) > —g(f()’—x) +£(y-x)) > 0.

Since J is monotone and E is strictly convex, we have x; = x;, and so T} (z) is single-valued.
(2) For x,y € C, we have that

1
f(Tx, T,y) + o(Try) — o(Tyx) + ;(Try - Twx,JT,x = Jx) > 0
and
1
STy, Tox) + o(Trx) — o(Try) + ;(Trx - Ty JT.y-Jy) > 0.

Adding the two inequalities above, we get that

f(Tox, Toy) + f(Ty, Trx) + %(Try =T, JTx = JT,y = Jx + Jy) = 0.
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From (A2), we obtain that
1
E(Ty-Twx)+ —(T,y— T, JT,x—JT,y—Jx +]y) > 0. (3.25)
r

In (3.25), interchanging the position of T,x and Ty, we get
1
E(Tx-Tw) + —(Tyx—Ty,JT,y—JT,x—Jy + Jx) > 0. (3.26)
r

Again adding (3.24) and (3.25), we get

E(Ty—T0) + §(Te = T) + Ty~ T J T~ Ty —J ) 0.
It follows from (ii) and r > O that
(Trx =Ty, JTrx = JTyy) < (Try = Trx, Jx = Jy).
(3) Indeed, we have the following:

peF(Tr) PZTrP

<
1

< f(p,y)+<p(y)—<p(p)+;(y—p,]p—lmzo, VyeC

& fBy)+e)-ep) =0, VyeC

& peMEP(f,¢,C).

(4) We claim that MEP(f,¢,C) is closed and convex. Indeed, from (3) we have
MEP(f,¢,C) = F(T,). From (2) we have, for all x,y € C,

(Tr(x) - Tr(y)r]Tr(x) _]Tr(y)> = (Tr(x) - Tr(y))]x _]y>
Moreover, we have

& (Tox, Ty) + d(Try, Tyx) = 20| Toxl|* = (T, ) T,y) — ( Ty, JTyx) + 21| Ty ||
= 2(Trx:]Trx _]Try) + 2<Tryr Try _]Trx>

= 2(Trx_ Tr v]Trx_]Try>
and

¢(Trx,y) + (Try, %) = (T, %) = $(T73,9)
= 1 Twxl® = 2(To, Jy) + 912 + 1 Tyl = (Toy, J) + Nl
= I Toxl|® + 2(Tyx, Jx) — lI%l1* = | Ty II* + (Toy, Jy) = Iy 112
= 2T Jx = Jy) = 2Ty, Jx = ]y)

= 2<Trx_ Tr ,]x_]y>
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Hence, we have

O(Tyx, Try) + ¢>(Tr)/: Tyx) < ¢(Trxry) + ¢(Tryvx) - ¢(Trx, %) — ¢(Try’y)- (3.27)

So, we have, for any x,y € C,

d(Tox, Tyy) + (Tyy, Trx) < ¢(Trx, y) + ¢(T9, %).

Next, we show that F(T}) = MEP(f,¢,C). Let p € FE(T,). Then there exists {u,} C E such
that z, — p and lim,_, oo (4, — Tyu,,) = 0. Moreover, we get that T,u,, — p. Since the duality

mapping J is uniformly continuous on a bounded set, we get
1
lim —|Ju, - JT,u,| = 0.
n—oor
From the definition of T,, we have

1
f(Trumy) + —O’— Trum]Trun _]un> > (p(Trun)
r
Since

1
(y - Trun;]Trun —]M,,)

r
> (p(Trun) - (,0()’) _f(Trun:y)
> (p(Trun) - (,0()’) +f(y7 Trun) - %'()/ - Trun)-

By (A4), the convexity and lower semicontinuity of ¢(x) and the weak upper semicontinu-
ity of £, we can obtain that

0 > liminf{o(T,u,) = ¢() +f(, Tyttu) = £y = Tyu)}

= liminf o(T,u,) — ¢(y) + liminff(y, T,u,) — limsup & (y — T,u,)
n— 00 n— 00

> o) - +f,p) -E@-p).
This implies that
o) -9()+f,p) -E(y-p) <0, VyeC. (3.28)

Lety € K and set p; = ty + (1 — t)p for t € (0,1]. It follows from (A1) and (A4) that

0 :f(pt’pt)
<A-0fpup) +tf(peY). (3.29)

The convexity of the function ¢ implies that

o) =o((L-t)p +ty) < (L-)p(p) + to(y). (3.30)

Page 14 of 24


http://www.fixedpointtheoryandapplications.com/content/2013/1/251

Wangkeeree and Preechasilp Fixed Point Theory and Applications 2013, 2013:251 Page 15 of 24
http://www.fixedpointtheoryandapplications.com/content/2013/1/251

It follows from (3.28)-(3.30) that

0 =f(pe,pe) (3.31)
< (1 -0f(pep) +tf (pry)
<tf(pry) + 1 -1)[ep) - o) + PE(y - p)]
< f(puy) + A=D1 - 1)) + to(y) - o(p) + 5 (y - p)]
= tf (pr,y) + A= O)t[0(y) — 0(p) + #'E(y - p)]. (3.32)

Dividing by ¢, we have

0 <f(puy) + A-)[pW) - pp) + #'E(y - p)]. (3.33)

By (A3) and p > 1, taking the upper limit £ — 0 in (3.33), we get

f.n)+e0)>0@p), VyeC.

Hence, p € MEP(f,¢,C), and so F(T,) = MEP(f,¢,C) = F(T,). Therefore, we have T, is
a relatively nonexpansive mapping. From Lemma 1.2, MEP(f, ¢, C) = F(T,) is closed and
convex.

(5) From (3.27) we have, for all x,y € E,

O(Tox, Toy) + ¢(Try, Trx) < d(Trx, y) + d(Try, %) — ¢(Tox, x) — d(T1y, y).

Letting y = p € F(T,), we have

¢ (p, Tx) + $(Trx,x) < P(p,%).
This completes the proof. d

4 Strong convergence theorems
Before proving the convergence theorem, we recall some definitions of a countable family
of multivalued mappings {S; : C — CB(C)}%,.

Definition 4.1 {S;}75 is said to be a family of uniformly quasi-¢-asymptotically nonex-
pansive mappings [15] if F := (-, F(S;) # @ and there exists a sequence {/,,} C [1,00) with
I, — 1 such that for each i > 1,

oW, zni) <l pp,x), Vpe€F,zy; €S'x,Vn>1.

Definition 4.2 A mapping S: C — CB(C) is said to be uniformly L-Lipschitz continuous
[15] if there exists a constant L > 0 such that ||x, —y,|| < L||lx—y| forallx,y € C, x,, € T"x,
Yn € T"y.

Theorem 4.3 Let E be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, and let C be a nonempty, bounded, closed and convex subset of E. Let
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f be a bifunction from C x C to R satisfying (Al)-(A4), and let ¢ be a lower semicontin-
uous and convex function from C to R. Let {S; : C — CB(C)}°, be a family of closed and
uniformly quasi-¢-asymptotically nonexpansive multivalued mappings with a sequence
{l,} C [1,00), I, — 1. Suppose that for each i > 1, S; is uniformly L;-Lipschitz continuous
and F N MEP(f, ¢, C) # .

Let {x,} be a sequence in C generated by

X0 € C, C() = C,

Wy =] N @n0J%0 + 27 Unifzni)s  Zni € S)%n,

u, € K such that

S, y) +90) + 1y = thy Juty = JW) = @), ¥y € C,
Cunn={veCy: (v, uy) < 0 00(v,x0) + (1 — 0)P (v, %) + 8},
xp1 =g, %0, n>0,

(4.1)

where for each {r,}52, C [a,00) for some a > 0, {0t,:}520,9 C [0,1], and &, = sup, x(l; —
D (st 2). If Y op @i = 1, Vi > 0, limy,, o 0 = O, then {x,,} converges strongly as n — 0o
to Mgxg, where Q := F N MEP(f, ¢, C).

Proof We divide the proof into five steps. Firstly, we rewrite algorithm (4.1) as follows:

x0€eC, Cy=¢C,

Wi = HanoM0 + Doy UnifZni)s  Zni € Si%p,

Cun1 = {v€ Cy: (v, Tp,,wy) < apod(v,x0) + (1 = 0)P (v, %) + i},
xp41 = Ic,, %0, n>0,

(4.2)

where T, is the mapping defined by (3.18) for all » > 0.
Step 1. We first show that the sequence {x,} is well defined. It suffices to prove that C,
is closed and convex and that Q C C, for all n > 0. Suppose that C, is closed and convex

for some 7 > 0. By the definition of ¢, we have

Cn+1 = {V € Cn :¢(Vr un) < an,0¢(V’x0) + (1 - an,0)¢(vxxn) + gn}
={ve C: o, un) < anod(v,x0) + (1 — 2n0)d(v,60) + £} N C,y
= {ve C:2a,0(v, Jxo) + 2(1 — 0t,0) (v, Ju) — 2(V, Juty)

< auollxoll® + (1 = o) %l = l9al* + £} N Cy
This shows that C,,; is closed and convex. The conclusions are proved.

Step 2. Next, we prove that 2 C C,, for all n > 0. In fact, it is obvious that Q C Cy := C.
Suppose Q C C, for some n > 0. Hence, for any p € Q, it follows from Lemma 3.5(5) that

(b(p’ Uy) = ¢(10: Trnwn) = ¢(pr Wy)

=¢ (PJI (an,o/xo + Z Oln,JZn,i))

i=1

< an,0¢(p’x0) + Zan,i(»b(p! Zn,i)

i=1
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< 09 (P, %0) + (L= 0)lu (P, %)

= cuod(pr0) + (1= atno){$r0) + (l — D, )}

< 09 o) + (1= [$(015) + (=D sup g p.)|

= u0d(p. o) + (1= an0)p(pr) + G (43)
This shows that p € Q@ C C,;;. Hence Q € C,, for all n > 0.

Step 3. We show that {x,} converges strongly to some point %. Since x, = I1¢, %o, from
Lemma 2.2(iii), we have that

(Xn =y, J%0 = Jxn) 20, Vy € Cy.

Also, since F C C,, we have
(% —p, Jxg — Jx,) >0, VpelF.

It follows from Lemma 2.2(ii) that for each p € F and for each n > 1,
¢ (xn x0) = (T, %0, %0) < P(p,%0) — PP, %) < (B, %0).

Therefore, {¢(x,,x0)} is bounded, and so is {x,}. Since x,, = I1¢,%o and %, = I1¢, %0 €
C,u1 C Cy, we have

¢(xmp) = ¢(xn+1,17), Vi > 0.

That is, {¢(x,, p)} is a nondecreasing sequence, and so lim,_,» ¢(x,, p) exists. Since E is
reflexive, there exists a subsequence {x,,} C {x,} such thatx,, — x € C. Since C, is closed,
convex and C,,; C C,, we get that C, is weakly closed and x € C, for all n > 0. Since

Xp; = I'Icn’,xo, we have
¢(xni!x0) = ¢(52:x0)’ Vni = 0.
By the weak lower semicontinuity of || - ||, we have

liminf ¢ (x,,,29) = lim inf([la,, |* = 2(x,,, o) + 120 [1%)

n;— 00

> [1X* - 2(%, Jxo) + Ilxo 1>

= ¢(5C’ xo)y
and so

(%, x0) < liminf ¢(x,,,,x0) < limsup ¢ (x,,;, %0) < P (%, %0).
i—00 i—00

Therefore lim;_, oo ¢(x,,%0) = (¥,%0), and so [|x,, || — |l*[. Since E has the Kadec-Klee
property and x,, — X, we obtain that x,, — X. Since the limit of {¢(x,,x0)} exists, this

Page 17 of 24


http://www.fixedpointtheoryandapplications.com/content/2013/1/251

Wangkeeree and Preechasilp Fixed Point Theory and Applications 2013, 2013:251 Page 18 of 24
http://www.fixedpointtheoryandapplications.com/content/2013/1/251

together with lim,,_, oo @(x,,,%0) = @(X, x0) implies that lim,,_, oo P (%, %0) = $(X, %0). If there
exists a subsequence {%;} C {0} such that Ky — x. Then by Lemma 2.2(ii) we have that

¢(9~C’5€) = hm ¢(xnirxn') = hm (xniv I—IC,,.xO)
ij—00 U ij—00 ]

< i}LH;O{¢(xni,xo) - ¢(chjxo,x0)} = ;}ergo{qb(x”i’xO) - ¢(xnj¢x0)}

= ¢(%,x0) — (X, x0).

Hence X = x, and so

lim x, = x. (4.4)
n—00

This implies that
¢n = (In = 1) sup ¢(p, x,) — 0. (4.5)

peF
Step 4. We prove that X € F. Since x, = I1¢, %o, by Lemma 2.2(ii) we get that
P, %) < P(x,%0) — P(xn,%0),  Vx € Cp.
Since x,,41 € Cyy1 C C,, we get that
A (ns1, %) < P11, %0) — P (%4, %0).
Since limy,_, o0 ¢ (x4, %0) = P(%,%0), we get that
lim @ (i1, %x) = 0. (4.6)
Since x,,,1 € C,,1, we have from (4.1) that
P Ene1, ) < 0@ (v %0) + (1 = ,0)P(Ks1, %) + (4.7)
By limy,—, o0 000 = 0, (4.5) and (4.6), it implies that
lim ¢ (41, %) = 0, (4.8)
n=00
which together with (4.4) and Lemma 2.6 give that
lim u, = X. (4.9)

n—00

Recall from (4.3) that
¢(l9, un) S (f’(l?, Wn) S Oln,0¢(10:x0) + (1 - an,0)¢(p;xn) + é-n-
It follows from lim,_, oo @0 = 0, (4.4), (4.5) and (4.9) that

nll>nc}o ¢(10» Wn) = ¢(Pr9~f)
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By Lemma 3.5, we get that
¢ (tn, wn) < d(p, wn) — 9(p,u,) > 0 asn— oo.
It follows from Lemma 2.6 and lim,,_, o, #,, = X that
lim w, = Xx.
n—oQ
From (4.1), we get that
”]Wn _]Zn,i” = an,O”]xO _]Zn,i”’ Vi>1.

Since lim,,_, o @, 0 = 0 and the boundedness of {z,,;},

lim [Jw, —Jz,ill =0, Vi>1
n—00
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(4.10)

(4.11)

(4.12)

Since Jw, — JX, we have from the uniform continuity of J that Jz,, — Jx for all i > 1.

Remark 2.1(vi) gives that

Zyi—% Vi>1
Again, since

12l = 1EN] = [Iznill = WEN| < Izni = JRI — 0 asn— oo, Vi1,
it follows from (4.13), (4.14) and the Kadec-Klee property of E that

lim z,; =%, Vi>1

n—00

For all i > 1, we consider

d(Sz'Zn,ir Zn,i) = d(Sz’Zn,i: Zn+1,i) + 1Zus1i = X1 | + 11 = Xl + 120 — 2l

1 1
< d(S;H Xns S;H xn+1) + 1Zusri = Xt | + 19001 — 2|l + |l —

S Lilley = X1 ll + 1Zusri = Xl + 1041 = Xull + 1567 = 26l

= (Ll + 1)”96” - xn+l|| + ||Zn+1,i _xn+1|| + ”xn - Zn,i”'

(4.13)

(4.14)

(4.15)

Zn,i ”

From (4.4) and (4.15), we get that d(S;z,,i,2,:;) — 0 as n — oo for all i > 1. By (4.15) and

the closedness of S;, we have x € S;x foralli > 1, and so X € F.
Step 5. We show that x e MEP(f, ¢, C). Since u,, = T,, w,, we derive

1
S, 3) + 9O) + =y = thns Jutn = Jwn) = (1), ¥y € C.
From relaxed & -monotonicity of f, we have

l(y_ um]un _]Wn> + (/7(3/) - (P(Mn) Z _f(un:y) Zf()', un) - ‘5()/— un):

T'n

VyeC.
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Since ”‘”rﬂ — 0 and u,, — x. By (A4), the lower semicontinuity of ¢ and the upper semi-

n

continuity of £, we have

0,8 = £y =) < Hminf ;) = lim sup§ (y— ,)

Slinn_l)g}f{f(y,un)—g()’_”n)}

< ]iminf{ 1 = thny Jty = Jwy) + 9(y) — w(un)}

n—oo | 1y,

= ¢(y) — limsup ¢(u,)

n—00

=90 -9p@&), VyeC.
Forall y € Cand t € (0,1], let y, = ty + (1 — t)x. Since C is convex, we have y; € C, and then
SOu%) =) + o) <@ — ).

Using (Al) and (A4), we have

0=fny) =A=0)f %) + f (1, 9). (4.16)
The convexity of the function ¢ implies that

o) = (A - 1)z +ty) < (1 - (&) + to(y). (4.17)

This implies that

0 =f(u 1)
= A-0f 0% +tf (e, )
< tfOuy) + (1 -)[e0:) - 0&) + £, - )]
<tfry) + A= Dt[e(y) - &) + 7 E(y - %)].

This implies that
0 <f0ey) +(1-0)[e0) - 0@ + 7 (y - B)]. (4.18)
By (A3) and p > 1, taking the upper limit £ — 0 in (4.18), we get
f@y) +e()-—ex) =0, VyeC.
Therefore, x € MEP(f, ¢, C).
Step 6. Finally, we prove that x = [Tgxo. Let w = Tlgxo. Then ¢p(w, %) < (X, %0).

Since w e @ C C,, for all » > 0 and x,, € I1¢, %0, we have

¢(xr1:x0) = ¢(Wlx0)¢ Vn = 0.
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Since x, — X, we get that

9 (%, x0) = %] - 20 Jxo) + 1o
= 1im { ] = 2o o) + %o 12}

= hm ¢(xn)x0) < ‘I’(W,xo)-
n—00
Hence x,, — % = IToxg. O
In the case of f =0 and ¢ = 0 in Theorem 4.3, we have the following corollary.

Corollary 4.4 Let E be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, and let C be a nonempty, bounded, closed and convex subset of E.
Let {S;: C — CB(C)}%, be a family of closed and uniformly quasi-¢-asymptotically non-
expansive multivalued mappings with a sequence {l,} C [1,00), I, — 1. Suppose that for
each i > 1, S; is uniformly L;-Lipschitz continuous and F # (. Let {x,} be a sequence in C

generated by

x0€eC, Cy=¢C,

Wy = J N @n0J%0 + 20 UnifZni)s  Zni € S)%n,

Cr1 = {v € Cy: d(v, W) < 09 (v, x0) + (1 = 0)d (v, %) + S}
xp1 =g, %0, n>0,

(4.19)

where {a,,} C [0,1], and &, = sup ,cp(s)(ln = D (u, x,). If lim,, . o &ty = O, then {x,} converges
strongly as n — 0o to Igxg, where Q2 := F(S) N MEP(f, ¢, K).

If S; = S, for all i > 1, then the following corollary follows from Theorem 4.3.

Corollary 4.5 Let E be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, and let C be a nonempty, bounded, closed and convex subset of E. Let
f bea bifunction from C x C to R satisfying (Al)-(A4), and let ¢ be a lower semicontinuous
and convex function from C toR. Let S : C — CB(C) be a closed and uniformly L-Lipschitz
continuous quasi-p-asymptotically nonexpansive multivalued mapping with a sequence
{l,} € [1,00), I, — 1 with F(S) N MEP(f,,C) # (. Let {x,} be a sequence in C generated
by

X0 € C, C() = C,

Wy =] Hoxo + 1= an)fzn], 24 € "%,

u, € C such that

S@ny) +00) + 5 =t Juy = Jwy) = @(un), Yy € C,

Cu1 = {v € Cy: d(v, 1) <y 09(v, %0) + (1 = 0) (v, %) + Eu}s
xp1 =g, %0, n>0,

(4.20)

where for each {r,};2, C [a,00) for some a > 0, {a,} C [0,1], and ¢, = sup,p(ly -
Deo(u,x,). If limy ooty = 0, then {x,} converges strongly as n — oo to Ilgxg, where
Q := £(S) N MEP(f, 9, K).
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In the case of f = 0 and ¢ = 0 in Corollary 4.4, we can omit the boundedness of C

(necessary for the existence of a mapping T), so we have the following corollary.

Corollary 4.6 [21, Theorem 3.1] Let E be a real uniformly smooth and strictly convex
Banach space with the Kadec-Klee property, let C be a nonempty, closed and convex subset
of E, and let S : C — CB(C) be a closed and uniformly L-Lipschitz continuous quasi-¢-
asymptotically nonexpansive multivalued mapping with nonnegative real sequences {l,,} C
[1,00) and I, — 1 with F(S) being a nonempty bounded subset. Let {a,} be a sequence in
(0,1). Let {x,} be the sequence generated by

x€eC, Coy=C,

Vn =] Hawxo + (L= )24, 24 € S"%p,

Cui1 = {v€Cu:d(v,yn) < aup(v,x0) + (1 = )P (v, %) + Eu}s
xp41 =g, %0, n>0,

(4.21)

where ¢, = ([, — 1) SUP,cr(s) o (p,x,). If ,, — 0, then {x,} converges strongly to I s)xo.

5 Application
We utilize Theorem 4.3 to study a modified Halpern iterative algorithm for a system of

mixed equilibrium problems.

Theorem 5.1 Let E be a real uniformly smooth and strictly convex Banach space with the
Kadec-Klee property, and let C be a nonempty, bounded, closed and convex subset of E. Let
fi:CxC—R,i=1,2,..., be a countable family of bifunctions satisfying conditions (Al)-
(Ad),andletp;: C — R,i=1,2,...,bea countable family of lower semicontinuous and con-
vex functions satisfying conditions (i)-(ii) as in Lemma 3.5 with T = (5] MEP(f;, :, C) # ).
Let {x,} be a sequence in C generated by

x0e€eC, Cy=¢C,

uy; € C  such that

Fitniy) + @) + 2 = s Jui = Joni) = @), ¥y € Cor>0,i>1,
V=T om0 + D ooy CniJthni)s

Cri1 = {vE€Cu: (v, yn) < yo9(v,%0) + (1 = 0) (v, %) + L}y

xp1 =g, %0, n>0,

(5.1)

where {a,} C [0,1], and &, = sup ,cp(s)(ln = D (u, x). If lim,,, oo @y = 0, then {x,} converges
strongly as n — oo to Irxg, which is a common solution of the system of mixed equilibrium

problems.

Proof Foranyi=1,2,..., we define a mapping T},(z) : E — C as follows:

T,:(z) = {x € C:filx,y) + pi(y) + %(y—x,]x—]z) > @i(x),Vy € C}.

From Lemma 3.5, we get that u,; = T,x, and F(T,;) = MEP(f;,¢;,C) for all i =1,2,...,
and T,; is a countable family of closed quasi-¢-nonexpansive mappings. Thus, (5.1) can
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be written as follows:

X0 € C, C() = C,

Yn = ]_1 (an,OJxO + Z?jl ‘Xn,i]Tr,ixn)r

Cii={veC, :¢(Vryn) < o0 (v, %0) + (1 — @ 0)P(v, ) + E}s
Xn+l = HlexO: n>0.

Therefore, the result can be obtained from Corollary 4.4. O

6 Conclusion

In this paper, we establish the existence of a solution of the mixed equilibrium problem
MEP(f,¢,C) by using the KKM mapping in a Banach space setting, when f is relaxed
&-monotone. Then, by virtue of this result, we introduce a hybrid iterative scheme and
prove that our proposed iterative scheme converges strongly to a common element of the
set of solutions of MEP(f, ¢, C) and the set of common fixed points of a countable family
of quasi-¢-asymptotically nonexpansive multivalued mappings.
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