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Abstract

Let C be a closed and convex subset of a real Hilbert space H. Let T be a 2-generalized
hybrid mapping of C into itself, let A be an a-inverse strongly-monotone mapping of
Cinto H, and let B and F be maximal monotone operators on D(B) C C and D(F) c C
respectively. The purpose of this paper is to introduce a general iterative scheme for
finding a point of F(T) N (A + B)~'0 N F'0 which is a unique solution of a hierarchical
variational inequality, where F(T) is the set of fixed points of T, (A+ B)"'0 and F'0 are
the sets of zero points of A + B and F, respectively. A strong convergence theorem is
established under appropriate conditions imposed on the parameters. Further, we
consider the problem for finding a common element of the set of solutions of a
mathematical model related to mixed equilibrium problems and the set of fixed
points of a 2-generalized hybrid mapping in a real Hilbert space.

Keywords: 2-generalized hybrid mapping; inverse strongly monotone mapping;
maximal monotone mapping; hierarchical variational inequality

1 Introduction

Let H be a Hilbert space, and let C be a nonempty closed convex subset of H. Let Nand R
be the sets of all positive integers and real numbers, respectively. Let ¢ : C — R be a real-
valued function, and let f : C x C — R be an equilibrium bifunction, that is, f(u, u#) = 0 for
each u € C. The mixed equilibrium problem is to find x € C such that

fx9) +9()—ex) >0 forallyeC. (1.1)

Denote the set of solutions of (1.1) by MEP(f, ¢). In particular, if ¢ = 0, this problem re-
duces to the equilibrium problem, which is to find x € C such that

fx,y) =0 forallyeC. (1.2)

The set of solutions of (1.2) is denoted by EP(f). The problem (1.1) is very general in the
sense that it includes, as special cases, optimization problems, variational inequalities,
min-max problems, the Nash equilibrium problems in noncooperative games and others;
see, for example, Blum-Oettli [1] and Moudafi [2]. Numerous problems in physics, opti-
mization and economics reduce to finding a solution of the problem (1.2).
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Let T be a mapping of C into C. We denote by F(T) := {x € C: Tx = x} the set of fixed
points of T. A mapping T : C — C is said to be nonexpansive if || Tx — Ty|| < |lx —y|| for all
%,y € C. The mapping T : C — C is said to be firmly nonexpansive if

| Tx — Ty|* < (x—y, Tx — Ty) forallx,ye C; (1.3)

see, for instance, Browder [3] and Goebel and Kirk [4]. The mapping 7' : C — C is said to
be firmly nonspreading [5] if

20| Tx - TylI* < 1T = y11* + [l = TylI? (1.4)

for all x,y € C. Iemoto and Takahashi [6] proved that T: C — C is nonspreading if and
only if

I Tx - Tyll* < llx = ylI* +2(x — Tx,y — Ty) 1.5)

forallx,y € C.Itis not hard to know that a nonspreading mapping is deduced from a firmly
nonexpansive mapping; see [7, 8] and a firmly nonexpansive mapping is a nonexpansive
mapping.

In 2010, Kocourek et al. [9] introduced a class of nonlinear mappings, say generalized
hybrid mappings. A mapping T : C — C is said to be generalized hybrid if there are &, 8 €
R such that

@l Te - Ty|* + A - @)llx = TylI* < Bl Tx - yI* + (1 - B)llx - yI1? (1.6)

for all x,y € C. We call such a mapping an («, 8)-generalized hybrid mapping. We ob-
serve that the mappings above generalize several well-known mappings. For example, an
(o, B)-generalized hybrid mapping is nonexpansive for & =1 and g = 0, nonspreading for
a =2 and g =1, and hybrid for o = % and 8 = %

Recently, Maruyama et al. [10] defined a more general class of nonlinear mappings than
the class of generalized hybrid mappings. Such a mapping is a 2-generalized hybrid map-
ping. A mapping T is called 2-generalized hybrid if there exist &, @2, B1, B2 € R such that

2
on|| T = Ty[| " + el T = Ty|1* + (1 - o — o) | = Ty|>

<B||T*=y|* + Ball T = 31> + (1 = By — Bo)lx — yII? (1.7)

for all x,y € C; see [10] for more details. We call such a mapping an (o, 3, B1, B2)-
generalized hybrid mapping. We can also show that if T"is a 2-generalized hybrid mapping
and x = Tx, then for any y € C,

arllx = Tyl + aallx = Tyl + (1 - o1 — o) lx = Tyl

< Billx=yI* + Ballx =y + (L = f1 = B2) Ix = yII%,

and hence ||x— Ty|| < |lx—y||. This means that a 2-generalized hybrid mapping with a fixed
point is quasi-nonexpansive. We observe that the 2-generalized hybrid mappings above
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generalize several well-known mappings. For example, a (0, «,,0, 8;)-generalized hybrid
mapping is an (a3, B;)-generalized hybrid mapping in the sense of Kocourek et al. [9].

Recall that a linear bounded operator B is strongly positive if there is a constant y > 0
with the property

(V,x) > 7|lx||?> forallx e H. (1.8)

In general, a nonlinear operator V : H — H is called strongly monotone if there exists
¥ > 0 such that

(x—y, Va—Vy) > pllx—yl|> forallx,yeH. (1.9)

Such V is called y-strongly monotone. A nonlinear operator V : H — H is called Lips-
chitzian continuous if there exists L > 0 such that

IVx—Vy|| <L|lx-y| forallx,yeH. (1.10)

Such V is called L-Lipschitzian continuous. A mapping A : C — H is said to be a-inverse-
strongly monotone if (x —y, Ax — Ay) > a||Ax — Ay||? for all x,y € C. It is known that ||Ax —
Ay < (é)”x —y| for all x,y € C if A is a-inverse-strongly monotone; see, for example,
[11-13].

Many studies have been done for structuring the fixed point of a nonexpansive map-
ping T. In 1953, Mann [14] introduced the iteration as follows: a sequence {x,} defined
by

Xnsl = OpXy + (1 - Oln) Txy, (111)

where the initial guess x; € C is arbitrary and {«,,} is a real sequence in [0, 1]. It is known
that under appropriate settings the sequence {x,} converges weakly to a fixed point of T
However, even in a Hilbert space, Mann iteration may fail to converge strongly; for ex-
ample, see [15]. Some attempts to construct an iteration method guaranteeing the strong
convergence have been made. For example, Halpern [16] proposed the so-called Halpern

iteration
Xnsl = Ol + (1 - an)Txm (112)

where u,x; € C are arbitrary and {«,} is a real sequence in [0,1] which satisfies «,, — 0,
Y ay=00and Y oo, o, — 1| < 00. Then {x,} converges strongly to a fixed point of T’
see [16, 17].

In 1975, Baillon [18] first introduced the nonlinear ergodic theorem in a Hilbert space
as follows:

Spx = T*x (1.13)

converges weakly to a fixed point of T for some x € C. Recently Hojo et al. [19] proved the
strong convergence theorem of Halpern type [20] for 2-generalized hybrid mappings in a
Hilbert space as follows.
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Theorem 1.1 Let C be a nonempty, closed and convex subset of a Hilbert space H. Let T :
C — C be a 2-generalized hybrid mapping with F(T) # (). Suppose that {x,} is a sequence
generated by x, =x € C,u € C and

n-1

1
Xpe1 = Vuth + (1= Yn)— Z T*%,, VneN, (1.14)
"o

where 0 <y, <1,lim,_ o ¥, = 0 and 2221 yu = 00. Then {x,} converges strongly to Pr(r\u.

Let B be a mapping of H into 2. The effective domain of B is denoted by D(B), that
is, D(B) = {x € H : Bx # #}. A multi-valued mapping B on H is said to be monotone if
(x—y,u—v) > 0forallx,y € D(B), u € Bx, and v € By. A monotone operator B on H is said
to be maximal if its graph is not properly contained in the graph of any other monotone
operator on H. For a maximal monotone operator B on H and r > 0, we may define a
single-valued operator J, = (I + rB)™! : H — D(B), which is called the resolvent of B for r.
We denote by A, = %(I —J;) the Yosida approximation of B for r > 0. We know [21] that

A,xeBJl.x, Vxe€H,r>0. (1.15)

Let B be a maximal monotone operator on H, and let B10 = {x € H : 0 € Bx}. It is known

that the resolvent J, is firmly nonexpansive and B0 = F(J,) for all » > 0, i.e.,
Wx =Tyl < x =y, Jx=Jy), Vx,y€H. (1.16)

Recently, in the case when T : C — C is a nonexpansive mapping, A : C — H is an
a-inverse strongly monotone mapping and B € H x H is a maximal monotone oper-
ator, Takahashi et al. [22] proved a strong convergence theorem for finding a point of
F(T) N (A + B)'0, where F(T) is the set of fixed points of T and (A + B)7!0 is the set
of zero points of A + B. In 2011, for finding a point of the set of fixed points of T" and the
set of zero points of A + B in a Hilbert space, Manaka and Takahashi [23] introduced an

iterative scheme as follows:

Kns1 = Prn + (1 - ,Bn)T(])»n - }LnA)xn)» (1.17)

where T is a nonspreading mapping, A is an «-inverse strongly monotone mapping and
B is a maximal monotone operator such that J, = (I - AB)™; {8,} and {A,} are sequences
which satisfy 0 < ¢ < 8, <d <1and 0 <a < A, < b < 2a. Then they proved that {x,}
converges weakly to a point p = 1imy,_, oo Pr(1)n(4+5)-L(0)%n-

Very recently, Liu et al. [24] generalized the iterative algorithm (1.17) for finding a com-
mon element of the set of fixed points of a nonspreading mapping 7 and the set of zero
points of a monotone operator A + B (A is an a-inverse strongly monotone mapping and B

is a maximal monotone operator). More precisely, they introduced the following iterative
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scheme:

x1=x€H arbitrarily,
Zy zj)m (I - )\nA)xnr
Yn = % ZZ:(I) Tkzm

X1 =0y + (1—oy)y, forallmeN,

(1.18)

where {o,} is an appropriate sequence in [0,1]. They obtained strong convergence theo-
rems about a common element of the set of fixed points of a nonspreading mapping and
the set of zero points of an «-inverse strongly monotone mapping and a maximal mono-
tone operator in a Hilbert space.

On the other hand, iterative methods for nonexpansive mappings have recently been ap-
plied to solve convex minimization problems; see, e.g., [25—28] and the references therein.
Convex minimization problems have a great impact and influence on the development
of almost all branches of pure and applied sciences. A typical problem is to minimize a
quadratic function over the set of fixed points a nonexpansive mapping on a real Hilbert
space:

6(x) = min l(Vx,x) —(x,b), (1.19)
xeC 2
where V is a linear bounded operator, C is the fixed point set of a nonexpansive map-
ping T and b is a given point in H. Let H be a real Hilbert space. In [29], Marino and Xu
introduced the following general iterative scheme based on the viscosity approximation
method introduced by Moudafi [30]:

Xne1 = L — 0o, V)T + 0y f (%), n>0, (1.20)

where V is a strongly positive bounded linear operator on H. They proved that if the
sequence {«,} of parameters satisfies appropriate conditions, then the sequence {x,} gen-
erated by (1.20) converges strongly to the unique solution of the variational inequality

((V— y)x*, x —x*) >0, xeC,
which is the optimality condition for the minimization problem

min l(Vx,x) - h(x), (1.21)
xeC 2
where / is a potential function for yf (i.e., /' (x) = yf(x) for x € H).

Recently, Tian [31] introduced the following general iterative scheme based on the vis-
cosity approximation method induced by a y-strongly monotone and a L-Lipschitzian
continuous operator V on H

X+l = anyg(xn) + (1 — nay V) Txm

foralln € N, where u, y € Rsatisfying 0 < u < i—g, O<y<pu(y- LzT“)/k,gis a k-contraction
of H into itselfand T is a nonexpansive mapping on H. Itis proved, under some restrictions
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on the parameters, in [31] that {x,} converges strongly to a point py € F(T) which is a
unique solution of the variational inequality

((V-vgpo,a—po) =0, YqeF(T).

Very recently, Lin and Takahashi [32] obtained the strong convergence theorem for find-
ing a point pg € (A + B)™10 N F710 which is a unique solution of a hierarchical variational
inequality, where A is an «-inverse strongly-monotone mapping of C into H, and B and
F are maximal monotone operators on D(B) C C and D(F) C C, respectively. More pre-
cisely, they introduced the following iterative scheme: Let x; = x € H and let {x,} C H be

a sequence generated
KXpa1 = QY gxn) + U -, V)i, (L =2, A) Ty, x, forallmeN, (1.22)

where {«,} C (0,1), {*,} C (0,00) and {r,} C (0, 00) satisfy certain appropriate conditions,
J. = +AB)  and T, = (I + rF)™! are the resolvents of B for A > 0 and F for r > 0, respec-
tively.

In this paper, motivated by the mentioned results, let C be a closed and convex subset
of a real Hilbert space H. Let T be a 2-generalized hybrid mapping of C into itself, let A
be an «-inverse strongly-monotone mapping of C into H, and let B and F be maximal
monotone operators on D(B) C C and D(F) C C respectively. We introduce a new gen-
eral iterative scheme for finding a common element of F(T) N (A + B)~10 N F~10 which
is a unique solution of a hierarchical variational inequality, where F(T) is the set of fixed
points of T, (A + B)™'0 and F~10 are the sets of zero points of A + B and F, respectively.
Then, we prove a strong convergence theorem. Further, we consider the problem for find-
ing a common element of the set of solutions of a mathematical model related to mixed
equilibrium problems and the set of fixed points of a 2-generalized hybrid mapping in a
real Hilbert space.

2 Preliminaries

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H. The nearest point projection of H onto
C is denoted by Pc, that is, ||x — Pcx|| < |lx — y|| for all x € H and y € C. Such P¢ is called
the metric projection of H onto C. We know that the metric projection P is firmly non-

expansive, i.e.,
IPcx = Peyll* < (Pex = Pcy,x — ) (2.1)

for all x,y € H. Furthermore, (Pcx — Pcy,x —y) < 0 holds for all x € H and y € C; see [33].
Let « > 0 be a given constant.
We also know the following lemma from [22].

Lemma 2.1 Let H be a real Hilbert space, and let B be a maximal monotone operator
on H. Forr >0 and x € H, define the resolvent ],x. Then the following holds:

s—t 5
T(]sx_]tx»]sx_x> = ”]sx_]tx” (22)
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foralls,t >0 andx € H.

From Lemma 2.1, we have that
[IJae = Jpuxll < (IA—MI/A)le—])\xII (2.3)

forall A, > 0 and x € H; see also [33, 34]. To prove our main result, we need the following
lemmas.

Remark 2.2 It is not hard to know that if A is an «-inverse strongly monotone mapping,
then it is % -Lipschitzian and hence uniformly continuous. Clearly, the class of monotone
mappings includes the class of a-inverse strongly monotone mappings.

Remark 2.3 It is well known that if 7: C — C is a nonexpansive mapping, then I — T is
%—inverse strongly monotone, where [ is the identity mapping on H; see, for instance, [21].

It is known that the resolvent J, is firmly nonexpansive and B~10 = F(J,) for all r > 0.

Lemma 2.4 [23] Let H be a real Hilbert space, and let C be a nonempty closed convex
subset of H. Let o > 0. Let A be an a-inverse strongly monotone mapping of C into H, and
let B be a maximal monotone operator on H such that the domain of B is included in C.
Let ], = (I + AB)™ be the resolvent of B for any ). > 0. Then the following hold:

(i) ifu,v e (A+B)™(0), then Au = Av;

(ii) forany A >0, u € (A + B)™X(0) if and only if u = J,(I — AMA)u.

Lemma 2.5 [26, 35] Let {a,} be a sequence of nonnegative real numbers satisfying the
property

Aps1 = (1 - tn)ﬂn + bn + tuCny

where {t,}, {b,} and {c,} satisfy the restrictions:
(i) ZZZO Iy = 00;
(ii) D020 bn <00
(iii) limsup,_, . ¢, <O.
Then {a,} converges to zero as n — 00.

Lemma 2.6 [32] Let H be a Hilbert space, and let g : H — H be a k-contraction with
0< k<1 Let V be a y-strongly monotone and L-Lipschitzian continuous operator on H
with y >0 and L > 0. Let a real number y satisfy 0 <y < % ThenV —yg:H — Hisa
(y — yk)-strongly monotone and (L + y k)-Lipschitzian continuous mapping. Furthermore,
let C be a nonempty closed convex subset of H. Then Pc(I — V + yg) has a unique fixed
point zy in C. This point zy € C is also a unique solution of the variational inequality

(V-vf)z0,4-20)>0, VgeC.

3 Main results

In this section, we are in a position to propose a new general iterative sequence for 2-
generalized hybrid mappings and establish a strong convergence theorem for the proposed
sequence.
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Theorem 3.1 Let H be a real Hilbert space, and let C be a nonempty, closed and convex
subset of H. Let o« > 0 and A be an «-inverse-strongly monotone mapping of C into H. Let the
set-valued maps B : D(B) C C — 2" and F : D(F) C C — 2" be maximal monotone. Let
J = +AB) Y and T, = (I + rF)™" be the resolvents of B for A > 0 and F for r > 0, respectively.
Let0 < k < 1and let g be a k-contraction of H into itself. Let V be a y -strongly monotone and
L-Lipschitzian continuous operator with y >0 and L > 0. Let T : C — C be a 2-generalized
hybrid mapping such that Q := F(T) N (A + B)'0 N F710 # 0. Take u, y € R as follows:

_ L
2

k

<1

2y
O<pu< 2 O<y<
Let the sequence {x,} C H be generated by

x1=x€H arbitrarily,

zn = Jo, (I = 2 A) T}, %,

=5 Yico T

Xyl = oy gxy) + (L=, V)y,, Vn=12,...,

(3.1)

where the sequences {a,}, {\,} and {r,} satisfy the following restrictions:
(i) {ay} C10,1], limys ooy =0 and Y oo aty = 00;
(ii) there exist constants a and b such that 0 <a <X, <b <2« foralln e N;
(iii) liminf,_, o r, > 0.
Then {x,} converges strongly to a point po of 2, where py is a unique fixed point of Po(I -V +
yg). This point py € Q is also a unique solution of the hierarchical variational inequality

(V=ygpo,a—po) =0, VYqe. (3.2)

Proof First we prove that {x,} is bounded and lim,_, « ||, — p|| exists for all p € Q. Let
p € 2, we have that p =/, ,(I - 1,A)p and p = T, p. Putting u,, = T,,x,, we have that

120 =PI = [Jon I = 2y A) Ty 0 = T (1 = 2nA)p|”
< | (T, % = T1,p) = 2nl AT, %, — AT, p) ||
= T %0 = Tr,p|I* = 24 (16 — p, Ausyy — Ap) + A | Aus,, — Ap |
< llttw = pII*> = 20t |Ausy, — Ap|)* + 12| Auy, — Ap)?
< llxn = pII* = 2u(2a = 1) | Ansy, — Ap|?

< llxn - plI*. (3.3)

This together with quasi-nonexpansiveness of T implies that

ly» —pl

I
X |-
M1
)\]
bl
{
|
N

IA
|-
ygH
~N

>~
N
X
|
S
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IA

1 n-1
= lzu-pl
n k=0

lzn = pll < lxn —pII. (34)

Therefore, we have

ln41 = pIl = “an (Vg(xn) - VP) + (=, V)yn— (I —ay V)p”
< an|vgea) = Vo| + || - 0uV)yu — U = cuV)p|

< anykll, —pll + o | vgp) = Vo| + |0 = 0uV)yu = U =, VIp|.  (35)

2
Puttingt =y — %, we can calculate the following:

||(1—Oan)yn - (I—Oan)P||2 = ” (yn -p) _an(vyﬂ - Vp) ”2
= lyn = pII* = 20, (9 = p, Vi = V) + 21| Vi, = VpII?

< llyx —P||2 =20, |Yn —P||2 +0‘5L2”yn —P||2

(1-2a,7 +apL?)lyn - pI?

1-20,7 —a,L?u +a2L?)[ly, - plI®

IA

(
(1 —20,T — oz,,(LZM - OlnL2) + %211.2) lyn - plII*
(

IA

1-20,7 +apt?) Iy, - pI?

A -, 7)llyn —pl* (3.6)

Since 1 — «,,T > 0, we obtain that

1 = nV)yn = I =0, V)p| < 0= u)llyn - pll.
Therefore, by (3.5), we have
%1 =PIl < anykllx, —pll +aul|yg(e) - Vo[ + @ = aut)llyn - pll

< apyklx, —pll +ou|ye®) - Vo| + A - au7) %0 - p|

= (1= au(t = vK))ll%s — pll + | y2(p) - Vi

lygp) - Vpl
= (L=t = 7)) s = pll + an(r - y ) L2220
T —yk
~V
Smax{”xn—p”,w} foralln e N,
T-yk

which yields that the sequence {||x,, — p||} is bounded, so are {x,}, {y.}, {Vyx}, {g(x,)} and
{T"z,}. Using Lemma 2.6, we can take a unique py € Q2 of the hierarchical variational

inequality

(V-y@po,q—-po)=0, VYgqe. (3.7)
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We show that limsup,,_, .. ((V — y€)po, %, — po) = 0. We may assume, without loss of gen-
erality, that there exists a subsequence {x,, } of {x,} converging to w € C, as k — oo, such
that

limsup((V - yg)po, % — po) = Jim (V= y@)po, %, — po)-

n—0o0

Since {|lx,, — pll} is bounded, there exists a subsequence {xnki} of {x,} such that
lim;_, o0 ||x,,kl_ — p|| exists. Now we shall prove that w € Q.
(a) We first prove w € F(T). We notice that

[ H%J/g(xn) + (I =0 V)Yu = Yn ” =0y ”Vg(xn) - Vi ”
In particular, replacing # by ny,; and taking i — oo in the last equality, we have
l1—1>r(I)]O ”xnkiﬂ —_)/nkl. ” = 0)
so we have Vg, = W Since T is 2-generalized hybrid, there exist a1, a3, f1, B2 € R such that

o | 7% = Ty||* + )| T = Tyl + (1= o = o) |l = Ty

2
<Bi|T*x=y[" + Bl T = yI* + A = B = Ba)llx —yII
forallx,y € C.Foranyne Nand k =0,1,2,...,n — 1, we compute the following:

0 < B T2T* %~ 3| + Bo| TT 2 = y|* + (= 1~ )| T 2 - 9|
—a|| T T 2, - B - oo | TT 2, - B|* - (A - 1 — 00) || T¥ 2, - T |
= B T 22—y | + B | T 20 = 3| + (0= 1= B | TH 2 =5
— || T2, - Ty | = o | T*2, - Ty||* = (1 — 01 — a00) || T2, — T
< Bu{| T = | + 1Ty = 912} + Bo{ | T 20 = To|)* + 1 T - 9117}
+ (1= B B T2 = T|* + 1 Ty = 912} = on | T2, - T7|®
— | Tz, - Ty = (1 — s — o) | T*2, - T |
= B T2~ T|” + 1Ty — 1% + 2{T*2, — T7, Ty - )}
+ Bo{ | T2~ Ty ||” 4 1Ty — 911 + 2{T*2, - Ty, Ty - )}
+ (1= Bu— B[ T2 = Ty |* + 1 Ty = 91> +2(T* 2, — T3, Ty - )}
o | T2, — Ty — | T2 — T — (1 - a1 — o) | T — T |
= (B~ a) | T2~ D[ + (B2 - o) T2, - Ty
(o +as =B - Bo)| Tz - T
X (Bi+ B2+ 1= B1— BTy — 312 + 2(Bi T2, — LTy + o T 2 — B Ty
+ (L= 1= B)T 20— (1= B1 - B) Ty, Ty — )
= (B ) | T2, Ty + (B2 — )| T2, - |
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~ ((Br = 0) + (o2 = B2)) | T2 = T + 1Ty ~ 311

+2(BiT" 2, + BTz, + (1= B1 — Bo) T¥2, — Ty, Ty - )
= (- a)(| %%, - B - [ T2 - ")

+ (B2 =) (| T - B - | T*2 - B[)

+ 1Ty = ylI* + 2B T2, + B T 2, + (1= By — o) T¥ 2 — Ty, Ty — )
= 1Ty =yl + 2(T"2, - Ty, Ty - )

+2(Bi (T2, — TX%,) + Bo (T2, - T*2,), Ty - y)

+(Br—a)(| 72 - Ty - | T2 - [)

+ By — o) (| T2, - Ty |” = | T2 - T9|)%).

Summing up these inequalities from k = 0 to # — 1, we get

n-1 n-1
<> ITy-yP+ 2<Z(Tkzn - Ty), Ty—y>
k=0 k=0

n-1 n-1
< 12 Tk*2z - Tkz,, )+ B2 Z(T"*lzn - Tkzn),Ty—y>
k=0

k=0

n-1
—a) ) (172 - | = | T2 - 1)
k=0

N
|

1
+(Br—a) Y (| T2, - T - || T*20 - Y|
=

o

n-1

= nll Ty - ylI* + 2< T*z, - nTy, Ty—y>

k=0
+2BI(T" 20 — T"2n — 20 — Tzn) + B2 (T"20 — 20), Ty — )
+ Br-a)(| T2 = B + | T2 - T = N2 - T = 1 T2 - THII)

+(Br = o) (| T2 = T7]” = 2 = Tv11).
Dividing this inequality by 1, we get
0 < Ty-yI?+20u— Ty, Ty -y)
+ 2<%,31(T”*lzn —T"zy — 2, — T2n) + %,BQ(T”Z,, -z,), Ty —y>
e (e (|75~ B + |77~ B ~ o~ P - 120 - T517)
e (B2 =) (| "%~ B ~ Iz~ TP)
Replacing 7 by 1, and letting i — oo in the last inequality, we have

0<|Ty—y|?+2(w-Ty, Ty—y) forallyeC. (3.8)
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In particular, replacing y by w in (3.8), we obtain that
0<||Tw-w|?+2(w—Tw, Tw—w) = —| Tw — w|?,

which ensures that w € F(T).
(b) We prove that w € (A + B)™10. From (3.3), (3.4) and (3.6), we have

%1 =PI < | = 0u Vg — (= s VD] + 20{y (%) = VI, %01 - )

< @ -, llyn — pI* + 20 (v g(xn) — VI, %11 — p)

< A= a,7) |z - plI* + 20(vg(xn) — VP, Xni1 — p)

< @ = a0 {150 = PI* = 1n(2a = 1) [ Ay — Ap|*}
+ 20, (v g(%n) — VP X1 — )

= (1-2a,7 + 23 7%) % — Pl = (1 - @, 7)* 20 (200 = 1,1) [ Anty, — Apl)?
+20,(y g(%n) = VP, %ni1 — p)

<l =% + ;72 12, = pII* = (1 — @, 7)* 2,20 — &) | Ausy — Ap|1®

+ 2an<yg(xn) - VP, Xn+l —P>7 (39)
and hence

(1= @, 7)*hn (20 = ) Aty = A1 < Nl =PI = %1 = pI1? + @22 |x, — plI

+ 20{,,(yg(x,,) - Vp,xp41 —p). (3.10)
Replacing n by ny, in (3.10), we have
(1= ety 7)Ao (20 = by Aty — Apl®
< 1, =PI = o 1 =PI + 02, 225, — I

+ Zanki<yg(xn) - Vp,xnki,,l —p>,
Since lim,,_, oo @, = 0, 0 < a < A, < b < 2« and the existence of lim;_, o ||xnki —pll, we have
l]LTo ||Au,,ki —Ap| =0. (3.11)
We also have from (1.16) that

2ty - pl* = 20Ty, %0 — Ty, 2|12
S 2<xn _p: Uy —19)

2 2 2
= %0 = plI” + |t — pII” = 1t — 2",
and hence

26 — pI* < 1% = pII* = llttw — % ]1%. (3.12)


http://www.fixedpointtheoryandapplications.com/content/2013/1/246

Wangkeeree and Boonkong Fixed Point Theory and Applications 2013, 2013:246

Page 13 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/246

From (3.3), (3.4), (3.6) and (3.12), we obtain the following:

%01 = pI> < [ =0 V) = (I = V)P | + 200{yg(%) = Vi, %1 — )

< (=)’ lyn - pI* + 200{yg(x) = VI, %001 — )

< (- ant)’llzs - pII* + 20 (v () — VI, %01 — p)

< (@ =ant)*{lltn = plI* = An(2e — 1) [ Ansyy — Ap||*}
+20,(y g(%n) = VP, %ni1 — p)

< (@ =aut)*{ 1% = pI* = llstn — %11}
— (1= @) A2 = 1)l Auty — Ap||®
+ 20, (v g(®n) — VP, %11 — p)

< (1207 + @))% = plI* = (1 = 0 T)* |28y — 41>
— (1= @, )22 = 1)l Auty — Ap||®
+200,(y g (%) = VP, %01 — )

< lxn =PI + 27 %0 = plI> = (1 = @ 7)* sty — %l
— (1= &, 71)*2n (2 = 1)l Aus, — Apl|®

+ 2oen<)/g(x,,) - Vp,xu1 _P>,
and hence
II*

2 2 2 2.2 2
(1—-o,1) ety — % ll” < 1% = PII° = %041 — pII +o,T Il — pli

— (1= 2,72 = 1) 1A, — Ap|?

+ 20,y g(%n) = VP X1 — ). (3.13)
Replacing n by ny, in (3.13), we have
(1=t Tty =g I = Wi, = DI = Wi 1 =PI + 02, 72, =

= (L= o 0 hon (200 = A )| Aty — Ap|?

+ 20, (y€(n,) = Vs 11 = ).
From (3.11), lim,,_, »c @, = 0 and the existence of lim;_, ||x,,kl, —pll, we have
1im fJut, =%, || = 0. (3.14)
i—00 4 L
On the other hand, since J,,, is firmly nonexpansive and u,, = T, x,, we have that

120 =PI = |Jan = AA)ityy = Ji, (I = 2 A)p |

=< (Zn —P, (1 - )\nA)un - (1 - )‘nA)p>

1
= Sz =pI” + | = ku)uty - (I -1, 4)p|


http://www.fixedpointtheoryandapplications.com/content/2013/1/246

Wangkeeree and Boonkong Fixed Point Theory and Applications 2013, 2013:246

Page 14 of 23
http://www.fixedpointtheoryandapplications.com/content/2013/1/246

2w =p = T = 2 A)uy + (I = 2, 4)p|)

< Mllzu—pI? + 1ty = pI? = |20 — p — (I = A, A) + (I = 1, A)p )

— N =

< 5(||zn Pl + 1%, = plI? = 1120 = tn|1* = 20 (20 = th, Aty — Ap)

- MllAu, - Ap|?),
and hence

2
Iz, —pll

< 1% = pII* = 120 — tnll* = 20(200 — th, Aut,, — Ap) — 22 || Ans,, — Ap||*. (3.15)

From (3.3), (3.4), (3.6) and (3.15), we have

I = 21% < (= 0uV)y = T =, V)| + 20y () = VD, %01 - p)
< (A= ant)’lyn — pI” + 200(y (%) = VI, %001 — )
< (A= a,7)* |z — pI* + 204(vg(xn) — VP, Xni1 — p)
< (= an)* (160 = 2I* = 21 — tnll* = 24 (20 — 4, Aty — Ap)
— Ml A, — Ap))®) + 20(y g(%n) = Vs Xpi1 — p)
< low = pI* + )7 %0 — P11 = (1= 0y 7)? |20 — 4l
= 2(1 = @pT)* Ak — 20) 12 — ||| At — Apl|

— (1= 0, 7)* 22 | Aty - Ap|)* + 20, (yg(%) = Vi, %1 — ),
and hence
(1- Olnf)2||zn — Uyl
< l%n =PI = I%ni1 — pI* + @i |x, — pII?
- 2(1 - anf)z)"n()"n - 20{) ”Zn — Uy ” ”Aurl - Ap”

-(1- anf)z)\fl | Az, —AP||2 + 2an(yg(xn) = VP, &un —P>~ (3.16)
Replacing n by ny, in (3.16), we have
(1 - a”ki T)Z ”ani - unki ”2
< W, =PI = 1 =PI + 02, Tl =PI
= 2(1 =t )y (o, = 200) 12y, = th || Ast, = Apll

-1- Ay, T)Zkiki ”Aunkl. —AP||2 + 2anki<7g(xnki) - Vp,xnkiu _P)'
From (3.11), lim,,_, »c @, = 0 and the existence of lim;_, ”xnkl, —pll, we obtain that

lim ||z, —wuy || = 0. (3.17)
i—00 L 4
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Since ||z, — %, | < llZn,, — U | + 26y, — %I, by (3.14) and (3.17), we obtain that
lim ||z, —x,, || =0. (3.18)
i—00 i L
Since A is Lipschitz continuous, we also obtain
lim ||Az,, —Ax,,_ |l =0. (3.19)
i—00 i i
Since z,, = J, (I — AA)u,, we have that

2, = (I +AB) (I = 1,A)u,
I -rAu, € ([ +1,B)z, =2z, + r,Bz,

U, — 2, — AAu, € 1Bz,

S

1
}L—(u,, -2z, — AAu,) € Bz,,.

n

Since B is monotone, we have that for (1, v) € B,
1
Zp— U, _(un —Zn— )‘-nAun) -V 2 0:
An
and hence
(z,, — Uy Uy — 2y — M (Al + V)) > 0. (3.20)
Replacing n by ny, in (3.20), we have that
(ani — Uty = Zy = A (Athy + v)) > 0. (3.21)

Sincex,, — wandx,, —u,_— 0,s0u,_— w.From (3.17), we get thatz,_— w,together
with (3.21), we have that

(w—u,-Aw—-v) > 0.

Since B is maximal monotone, (—Aw) € Bw, that is, w € (4 + B)~10.
(c) Next, we show that w € F10. Since F is a maximal monotone operator, we have
from (1.15) that A"nk,x”ki € FT,

r"ki

%, where A, is the Yosida approximation of F for r > 0.
1

Furthermore, we have that for any (u,v) € F,
xnk. - unk,
U— Uy ,v—————=)>0.
13 rnk

~— 0, we have

Since liminf, o0 74 > 0, 4, — wand x,,, —
1 L 1

(u —w,v) > 0.
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Since F is a maximal monotone operator, we have 0 € Fw, that is, w € F~10. By (a), (b) and
(c), we conclude that

we F(T)N (A +B)ton F1o.
Using (3.7), we obtain

limsup((V' = yg)po, %4 — po) = Jim (V= y@)po, %, — o))

n—00

= ((V = y@)po,w - po)) = 0.

Finally, we prove that x,, — py. Notice that

Xns1 = Po = (Y€)= po) + U — oty V)yu — (I — &, V)po,

we have

%01 = Poll”> < (1= T 170 — poll* + 20t{y g (%) — V0, X1 — po)
< (1= au)?11%n = poll* + 20t(y g () = V0, %1 — po)
< (L= )%, = poll* + 20,y kI — ol [%ne1 = poll
+20,(y g(po) — Vo, %ns1 — Do)
< (=, )50 = poll* + any k(%5 — poll* + 1Xne1 — poll*)
+ 20,y €(po) = VP0, Xns1 — Po)
< {@-ant)* + anyk} %, — poll® + awy kllxni1 — poll®

+ 205n<)/g(p0) — Vo, %ns1 —Po),

and hence

1-20,T + (0, 7)) + vk

%1 = pol® < ayk I — poll?
li;%w(yg(l?o)— VPo, %1 — Po)

= {I—Z(IT__T%}||M—?0HZ+%Hxn—‘no”z
l_z(;%ykwg@o)— Vo, %ni1 — Po)

- {1— Z(IT:TZ';)/‘(""}||xn—po||2+ ‘f"_'T";";ann—ponz
+ 1_2;;:)//(()/8(190) = Vo, %ns1 — Po)

= (1 - ﬂn)”xn —P0||2

a7 [|%, — poll* 1
“3”{ 2 —yk)  z-

yk(yg(PO) = VPo, %p41 _P0>}, (3.22)
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where 8, = % Since Y -, Bn = 00, we have from Lemma 2.5 and (3.22) that x, — po.
This completes the proof. O

4 Applications
Let H be a Hilbert space, and let f be a proper lower semicontinuous convex function of
H into (—00, 00]. Then the subdifferential df of f is defined as follows:

af (x) = {zeH:f(x)+ (z,y — x) ff(y),yeH}

for all x € H; see, for instance, [36]. From Rockafellar [37], we know that df is maximal
monotone. Let C be a nonempty closed convex subset of H, and let ic be the indicator
function of C, i.e.,

. 0, x€C,
ic(x) =
oo, x¢C.

Then ic isa proper lower semicontinuous convex function of H into (—00, 00}, and then the
subdifferential 0;. of ic is a maximal monotone operator. So, we can define the resolvent
J». of 9; for A >0, i.e.,

Lx=0+ Aaic)_lx
for all x € H. We have that forany x € H and u € C,

u=Jx X €U+ Ao u
x€u+ANcu
x—u € ANcu

1
X(x—u,v—u)ﬁo, YveC

(x-—u,v-—u)<0, VveC

S N I T

u = Pcx,
where Ncu is the normal cone to C at u, i.e.,
Ncu = {er: (z,v—u) <0,Vve C}.

Let C be a nonempty, closed and convex subset of H, and let f : C x C — R be a bifunc-
tion. For solving the equilibrium problem, let us assume that the bifunctionf: C x C - R
satisfies the following conditions.

For solving the mixed equilibrium problem, let us give the following assumptions for the
bifunction F, ¢ and the set C:

(Al) f(x,x)=0forallx e C;

(A2) f is monotone, ie., f(x,y) +f(y,x) <0 for any x,y € C;
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(A3) forallx,y,z e C,

limsupf(tz + (1 - t)x,y) <f(%,9);
£40

(A4) forallx € C, f(x,-) is convex and lower semicontinuous;
(B1) for each x € H and r > 0, there exist a bounded subset D, € C and y, € C such that
for any z € C\D,,

1
f(zye) + o) + ;(yx -z,z2-%x) <¢(2);

(B2) Cisabounded set.
We know the following lemma which appears implicitly in Blum and Oettli [1].

Lemma 4.1 [1] Let C be a nonempty closed convex subset of H, and let f be a bifunction
of C x C into R satisfying (A1)-(A5). Let r > 0 and x € H. Then there exists a unique z € C
such that

1
flzy)+-(y-2zz-x) >0, VyeC.
r
By a similar argument as that in [38, Lemma 2.3], we have the following result.

Lemma 4.2 [38] Let C be a nonempty closed convex subset of a real Hilbert space H. Let f
C x C — R be a bifunction which satisfies conditions (Al)-(A4), and let ¢ : C — R U {+00}
be a proper lower semicontinuous and convex function. Assume that either (Bl) or (B2)
holds. Forr >0 and x € H, define a mapping T, : H — C as follows:

T, (x) = {Ze C:f(zy) + o)+ %(y—Z»Z—x) Zgo(Z),VyGC}

for all x € H. Then following conclusions hold:
(1) Foreachx e H, T,(x) #;
(2) T, is single-valued,;
(3) T, is firmly nonexpansive, i.e., for any x,y € H,

| ) - T,0)|* < (Tox) - T, (), %~ 9

(4) Fix(T,) = MEP(f, p);
(5) MEP(f, ) is closed and convex.

We call such 7, the resolvent of f for r > 0. Using Lemmas 4.1 and 4.2, Takahashi et al.
[22] obtained the following lemma. See [39] for a more general result.

Lemma 4.3 [22] Let H be a Hilbert space, and let C be a nonempty closed convex subset
of H. Let f : C x C — R satisfy (A1)-(A5). Let Ar be a set-valued mapping of H into itself
defined by

{zeH:f(x,9) > (y—x,2),VyeC}, VxeC,

Afx=
B, VxéC.

Page 18 of 23
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Then MEP(f) = AJZIO and Ay is a maximal monotone operator with dom Ay C C. Further-
more, for any x € H and r > 0, the resolvent T, of f coincides with the resolvent of Ay, i.e.,

Tyx=(1+ rAf)_lx.
Applying the idea of the proof in Lemma 4.3, we have the following results.
Lemma 4.4 Let H be a Hilbert space, and let C be a nonempty closed convex subset of H.
Letf: C x C — Rsatisfy (Al)-(A4), and let ¢ : C — R U {+00} be a proper lower semicon-

tinuous and convex function. Assume that either (B1) or (B2) hold. Let As,y) be a set-valued
mapping of H into itself defined by

Ayt {zeH:f(x,y)+ () -k > (y-x,2),VyeC}, VxeC, 1)

@, Vxé¢C.
Then MEP(f,p) = A&l,(p)() and A(,y) is a maximal monotone operator with domA,,) C C.
Furthermore, for any x € H and r > 0, the resolvent T, of f coincides with the resolvent of
A(ﬁ(p), ie.,
Tox = (I +rAy) .

Proof 1t is obvious that MEP(f, ¢) = A(’f1 0. In fact, we have that

z € MEP(f, ¢) fzy)+9()—¢pz) >0, VyeC

&
& flzy)+90) -9l = (y-20), VyeC
& 0€Ayyz
&

-1
z eAW)O.

We show that A(s,,) is monotone. Let (x1,21), (2, 22) € A(r,4) be given. Then we have, for all
yeC,

SEuy) +o0) —pM) = (y-x1,z1) and  fx2,y) + () — @(x2) = (y — %2, 22),
and hence

S@Lx2) + @) —@(x1) = (02 —x1,21)  and  f(x2,%1) + @(%1) — @(2) = (%1 — %2, 22).
It follows from (A2) that

0 > f(x1,%2) +f (%2, %1) = (%0 —X1,21) + (%1 — %2, 22) = (%1 — X2, 21 — Z).

This implies that A,y is monotone. We next prove that A, is maximal monotone. To
show that A(,) is maximal monotone, it is sufficient to show from [33] that R(/ + rA(r,)) =
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H for all 7 > 0, where R(I + rA(,;)) is the range of I + rA,). Let x € H and 7 > 0. Then,
from Lemma 4.2, there exists z € C such that

1
f@)+e0)-p@)+-(-22-%) =0, VyeC.

So, we have that
1
fey+e0)-¢@)=\y-2-(x-2)), VyeC
By the definition of A, we get

1
Agp)z> ;(x -2),

and hence x € z + rA(,y)z. Therefore, H C R(I + rAs)) and R(I + rAs)) = H. Also, x €
z + rA(f,q)z implies that Tox = (I + rA()) " forallx € H and r > 0. g

Using Theorem 3.1, we obtain the following results for an inverse-strongly monotone
mapping.

Theorem 4.5 Let H be a real Hilbert space, and let C be a nonempty, closed and convex
subset of H. Let « > 0 and let A be an a-inverse-strongly monotone mapping of C into H. Let
0 < k <1 and let g be a k-contraction of H into itself. Let V be a y -strongly monotone and
L-Lipschitzian continuous operator withy >0and L >0.Let T : C — C be a 2-generalized
hybrid mapping such that T := F(T) N VI(C,A) # . Take u,y € R as follows:

I

2

k

<1

2y
O<pu< 7 O<y<
Let {x,} C H be a sequence generated by

x1=x€H arbitrarily,
zy = Pc(I = AA)Pcxy,

1 n-1 gk (4.2)
In= sz:OT zy, Vmn=12,...,

Xp1 =y Ygxn) + ([ —a,V)y, forallneN,

where {a,} C (0,1) and {r,} C (0,00) satisfy

o0
lim «, =0, Za,, =00 and liminfr, > 0.
n— 00 1 n— 00

P

Then {x,} converges strongly to a point po of ', where py is a unique fixed point of Pr(I -V +

vg). This point py € T is also a unique solution of the hierarchical variational inequality

((V=v@po,a—po) =0, YqeVI(C,A). (4.3)
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Proof Put B = F = dic in Theorem 3.1. Then, for A, > 0 and r, > 0, we have that
J., =T, =Pc.
Furthermore we have, from the proof of [32, Theorem 12], that
(9ic)'0=C and (A +3ic)™" = VI(C,A).
Thus we obtained the desired results by Theorem 3.1. O

Using Theorem 3.1, we finally prove a strong convergence theorem for inverse-strongly
monotone operators and equilibrium problems in a Hilbert space.

Theorem 4.6 Let H be a real Hilbert space, and let C be a nonempty, closed and convex
subset of H. Let o > 0 and let A be an o-inverse-strongly monotone mapping of C into H.
Let B: D(B) C C — 2 be maximal monotone. Let J; = (I + AB)™" be the resolvent of B
for A >0.Let 0 <k <1 and let g be a k-contraction of H into itself. Let V be a y-strongly
monotone and L-Lipschitzian continuous operator with y >0and L >0.Letf:Cx C— R
be a bifunction satisfying conditions (A1)-(A4), and let ¢ : C — RU{+00} be a proper lower
semicontinuous and convex function. Assume that either (Bl) or (B2) holds. Let T : C —
C be a 2-generalized hybrid mapping with © := F(T) N (A + B)™0 N MEP(f, ¢) # §. Take
w,y € R as follows:

— - 12 "

2y
0<M<?’ O<y<

2
P

Let {x,} C H be a sequence generated by

x1=x€H arbitrarily,

fny) + ) = @) + 5y = thy iy = %) 20, ¥y €C,

Zn = Jo, (L = 1Ay, (4.4)
Yu= L300 Tz, Yn=1,2,...,

Xn+l = anyg(xn) +({ —ay V)ym VneN,

where {a,,} C (0,1) and {r,} C (0, 00) satisfy

o0
lim «, =0, E o, =00 and liminfr, >0.
n— 00 1 n— 00

P

Then {x,} converges strongly to a point po of ®, where py is a unique fixed point of Pe(I-V +
vg). This point py € © is also a unique solution of the hierarchical variational inequality

(V-ygpo,a-po)=0, Vqe®. (4.5)

Proof Since f is a bifunction of C x C into R satisfying conditions (Al)-(A4) and ¢ : C —
RU{+oc} isa proper lower semicontinuous and convex function, we have that the mapping
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Aj‘f defined by (4.1) is a maximal monotone operator with domA}” Cc C.Put F = A;f in
Theorem 3.1. Then we obtain that u, = T,,x,. Therefore, we arrive at the desired results.
a

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Both authors read and approved the final manuscript.

Acknowledgements
The first author was partially supported by Naresuan University.

Received: 18 May 2013 Accepted: 20 August 2013 Published: 07 Nov 2013

References

1. Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63, 123-145
(1994)

2. Moudafi, A: Weak convergence theorems for nonexpansive mappings and equilibrium problems. J. Nonlinear
Convex Anal. 9, 37-43 (2008)

3. Browder, FE: Convergence theorems for sequences of nonlinear operators in Banach spaces. Math. Z. 100, 201-225
(1967)

4. Goebel, K, Kirk, WA: Topics in Metric Fixed Point Theory. Cambridge Studies in Advanced Mathematics, vol. 28.
Cambridge University Press, Cambridge (1990)

5. Kohsaka, F, Takahashi, W: Fixed point theorems for a class of nonlinear mappings related to maximal monotone
operators in Banach spaces. Arch. Math. 91, 166-177 (2008)

6. lemoto, S, Takahashi, W: Approximating common fixed points of nonexpansive mappings and nonspreading
mappings in a Hilbert space. Nonlinear Anal. 71, 2082-2089 (2009)

7. lgarashi, T, Takahashi, W, Tanaka, K: Weak convergence theorems for nonspreading mappings and equilibrium
problems. In: Akashi, S, Takahashi, W, Tanaka, T (eds.) Nonlinear Analysis and Optimization, pp. 75-85. Yokohama
Publishers, Yokohama (2009)

8. Takahashi, W: Fixed point theorems for new nonlinear mappings in a Hilbert space. J. Nonlinear Convex Anal. 11,
79-88 (2010)

9. Kocourek, P, Takahashi, W, Yao, J-C: Fixed point theorems and weak convergence theorems for generalized hybrid
mappings in Hilbert spaces. Taiwan. J. Math. 14, 2497-2511 (2010)

10. Maruyama, T, Takahashi, W, Yao, M: Fixed point and mean ergodic theorems for new nonlinear mappings in Hilbert
spaces. J. Nonlinear Convex Anal. 12, 185-197 (2011)

11. Nadezhkina, N, Takahashi, W: Strong convergence theorem by hybrid method for nonexpansive mappings and
Lipschitz-continuous monotone mappings. SIAM J. Optim. 16, 1230-1241 (2006)

12. Takahashi, W: Strong convergence theorems for maximal and inverse-strongly monotone mappings in Hilbert spaces
and applications. J. Optim. Theory Appl. 157, 781-802 (2013)

13. Takahashi, W, Toyoda, M: Weak convergence theorems for nonexpansive mappings and monotone mappings.

J. Optim. Theory Appl. 118, 417-428 (2003)

14. Mann, WR: Mean value methods in iteration. Proc. Am. Math. Soc. 4, 506-510 (1953)

15. Genel, A, Lindenstrauss, J: An example concerning fixed points. Isr. J. Math. 22, 81-86 (1975)

16. Halpern, B: Fixed points of nonexpansive maps. Bull. Am. Math. Soc. 73, 957-961 (1967)

17. Wittmann, R: Approximation of fixed points of nonexpansive mappings. Arch. Math. 58, 486-491 (1992)

18. Baillon, JB: Un theoreme de type ergodique pour les contractions non lineaires dans un espace de Hilbert. C. R. Acad.
Sci. Paris Sér. A-B 280, Aii, A1511-A1514 (1975) (in French)

19. Hojo, M, Takahashi, M, Termwuttipong, I: Strong convergence theorems for 2-generalized hybrid mappings in Hilbert
spaces. Nonlinear Anal. 7, 2166-2176 (2012)

20. Halpern, B: Fixed points of nonexpanding maps. Bull. Am. Math. Soc. 73, 957-961 (1967)

21. Takahashi, W: Introduction to Nonlinear and Convex Analysis. Yokohama Publishers, Yokohama (2005) (in Japanese)

22. Takahashi, S, Takahashi, W, Toyoda, M: Strong convergence theorems for maximal monotone operators with
nonlinear mappings in Hilbert spaces. J. Optim. Theory Appl. 147, 27-41 (2010)

23. Manaka, H, Takahashi, W: Weak convergence theorems for maximal monotone operators with nonspreading
mappings in a Hilbert space. CUBO 13(1), 11-24 (2011)

24. Liu, H, Wang, J, Feng, Q: Strong convergence theorems for maximal monotone operators with nonspreading
mappings in a Hilbert space. Abstr. Appl. Anal. 2012, Article ID 917857 (2012)

25. Deutsch, F, Yamada, I: Minimizing certain convex functions over the intersection of the fixed point set of
nonexpansive mappings. Numer. Funct. Anal. Optim. 19, 33-56 (1998)

26. Xu, HK: Iterative algorithms for nonlinear operators. J. Lond. Math. Soc. 66, 240-256 (2002)

27. Xu, HK: An iterative approach to quadratic optimization. J. Optim. Theory Appl. 116, 659-678 (2003)

28. Yamada, I: The hybrid steepest descent method for the variational inequality problem of the intersection of fixed
point sets of nonexpansive mappings. In: Butnariu, D, Censor, Y, Reich, S (eds.) Inherently Parallel Algorithm for
Feasibility and Optimization, pp. 473-504. Elsevier, Amsterdam (2001)

29. Marino, G, Xu, HK: A general iterative method for nonexpansive mapping in Hilbert spaces. J. Math. Anal. Appl. 318,
43-52 (2006)


http://www.fixedpointtheoryandapplications.com/content/2013/1/246

Wangkeeree and Boonkong Fixed Point Theory and Applications 2013, 2013:246
http://www.fixedpointtheoryandapplications.com/content/2013/1/246

30.
31

32.

33
34.

35.
36.
37.
38.

39.

Moudafi, A: Viscosity approximation methods for fixed-points problems. J. Math. Anal. Appl. 241, 46-55 (2000)

Tian, M: A general iterative algorithm for nonexpansive mappings in Hilbert spaces. Nonlinear Anal. 73, 689-694
(2010)

Lin, LJ, Takahashi, W: A general iterative method for hierarchical variational inequality problems in Hilbert spaces and
applications. Positivity 16, 429-453 (2012)

Takahashi, W: Nonlinear Functional Analysis. Yokohama Publishers, Yokohama (2000)

Eshita, K, Takahashi, W: Approximating zero points of accretive operators in general Banach spaces. JP J. Fixed Point
Theory Appl. 2, 105-116 (2007)

Liu, LS: Ishikawa and Mann iteration process with errors for nonlinear strongly accretive mappings in Banach spaces.
J.Math. Anal. Appl. 194, 114-125 (1995)

Takahashi, W: Introduction to Nonlinear and Convex Analysis. Yokohama Publishers, Yokohama (2009)

Rockafellar, RT: On the maximal monotonicity of subdifferential mappings. Pac. J. Math. 33, 209-216 (1970)

Peng, JW, Yao, JC: A new hybrid-extragradient method for generalized mixed equilibrium problems, fixed point
problems and variational inequality problems. Taiwan. J. Math. 12(6), 1401-1432 (2008)

Aoyama, K, Kimura, T, Takahashi, W: Maximal monotone operators and maximal monotone functions for equilibrium
problems. J. Convex Anal. 15, 395-409 (2008)

10.1186/1687-1812-2013-246
Cite this article as: Wangkeeree and Boonkong: A general iterative method for two maximal monotone operators
and 2-generalized hybrid mappings in Hilbert spaces. Fixed Point Theory and Applications 2013, 2013:246

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 23 of 23


http://www.fixedpointtheoryandapplications.com/content/2013/1/246

	A general iterative method for two maximal monotone operators and 2-generalized hybrid mappings in Hilbert spaces
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Applications
	Competing interests
	Authors' contributions
	Acknowledgements
	References


