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Abstract

We prove some coupled coincidence and coupled common fixed point theorems for
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1 Introduction and preliminaries

In [1, 2], Czerwik introduced the notion of a b-metric space, which is a generalization of
the usual metric space, and generalized the Banach contraction principle in the context
of complete b-metric spaces. After that, many authors have carried out further studies
on b-metric spaces and their topological properties (see, e.g., [1-14]). In this paper, some
coupled coincidence and coupled common fixed point theorems for mappings satisfying
(¥, ¢,0)-contractive conditions in partially ordered complete b-metric spaces are proved.
Also, we apply our results to study the existence of a unique solution to a large class of
nonlinear quadratic integral equations. There are many papers in the literature concern-
ing coupled fixed points introduced by Bhaskar and Lakshmikantham [15] and their ap-
plications in the existence and uniqueness of solutions for boundary value problems. A
number of articles on this topic have been dedicated to the improvement and general-
ization; see [16—20] and references therein. Also, to see some results on common fixed
points for generalized contraction mappings, we refer the reader to [21-23]. For the sake

of convenience, some definitions and notations are recalled from [1, 3, 24] and [25].

Definition 1.1 [1] Let X be a (nonempty) set and s > 1 be a given real number. A function
d: X x X — R* is said to be a b-metric space iff for all x, y, z € X, the following conditions
are satisfied:

(i) dx,y)=0iffx =y,
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(ii) d(x,y) =d(y,%),
(iii) d(x,y) <sld(x,z) +d(z,)].

The pair (X, d) is called a b-metric space with the parameter s.

It should be noted that the class of b-metric spaces is effectively larger than that of metric
spaces since a b-metric is a metric when s = 1.

The following example shows that, in general, a b-metric need not necessarily be a met-

ric (see also [14]).

Example 1.2 [3] Let (X,d) be a metric space and p(x,7) = (d(x,y))’, where p > 1 is a real
number. Then p is a b-metric with s = 2771, However, if (X, d) is a metric space, then (X, p)
is not necessarily a metric space. For example, if X = R is the set of real numbers and
d(x,y) = |x — y| is the usual Euclidean metric, then p(x,y) = (x — y)° is a b-metric on R with
s =2, but is not a metric on R.

Also, the following example of a b-metric space is given in [26].

Example 1.3 [26] Let X be the set of Lebesgue measurable functions on [0,1] such that
fol |f(x)|? dx < 00. Define D : X x X — [0, 00) by D(f,g) = fol If(x) —g(x)|? dx. As (fol |f (x) -
g(x)|? dx)% is a metric on X, then, from the previous example, D is a b-metric on X, with
s=2.

Khamsi [27] also showed that each cone metric space over a normal cone has a b-metric
structure.
Since, in general, a b-metric is not continuous, we need the following simple lemma

about the b-convergent sequences in the proof of our main result.

Lemma 1.4 [3] Let (X,d) be a b-metric space with s > 1, and suppose that {x,} and {y,}

are b-convergent to x, y, respectively. Then we have

1
S—zd(x,y) < liminfd(x,,y,) < limsupd(x,,y,) < s*d(x,y).

In particular, if x = y, then we have limd(x,, y,) = 0. Moreover, for each z € X, we have
1 .. .
-d(x,z) < liminfd(x,,z) <limsupd(x,,z) < sd(x,z).
s

In [25], Lakshmikantham and Ciri¢ introduced the concept of mixed g-monotone prop-

erty as follows.

Definition 1.5 [25] Let (X, <) be a partially ordered set and F : X x X — X and
g: X — X. We say F has the mixed g-monotone property if F is non-decreasing g-
monotone in its first argument and is non-increasing g-monotone in its second argument,

that is, for any &,y € X,

x,x€X, g1 <gxs = F(x1,y) <F(x,y)
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and

yuy2e€X, gn<gn = F@n)=Fkxy).

Note that if g is an identity mapping, then F is said to have the mixed monotone property
(see also [15]).

Definition 1.6 [25] An element (x,y) € X x X is called a coupled coincidence point of a
mapping F: X x X — X and a mapping g: X — X if

F(x,y) = gx, F(y,x) = gy.

Similarly, note that if g is an identity mapping, then (x,y) is called a coupled fixed point
of the mapping F (see also [15]).

Definition 1.7 [24] An element x € X is called a common fixed point of a mapping F :
XxX— Xandg: X — Xif

F(x,x) = gx = x. (1.1)

Definition 1.8 [25] Let X be a nonempty setand F: X x X — X and g: X — X. One

says that F and g are commutative if for all x,y € X,

F(gx,gy) = g(F(x,9)).

Definition 1.9 [28] The mappings F and g, where F: X x X — X and g: X — X, are

said to be compatible if

lim d(g(F(xn;yn));F(gxmgyn)) =0

n—-00

and

lim_d(g(F %)), Fgymgrn)) = 0,

whenever {x,} and {y,} are sequences in X such that lim,_, o, F(x,,y,) = lim,_, o gx, = x

and limy,—, oo F(¥y, %) = lim, oo gy, =y for all x,y € X.

2 Main results
Throughout the paper, let W be a family of all functions i : [0,00) —> [0, 00) satisfying
the following conditions:

(a) v is continuous,

(b) ¥ non-decreasing,

(c) ¥(t)=0ifand onlyif£=0.
We denote by ® the set of all functions ¢ : [0, 00) —> [0, 00) satisfying the following con-
ditions:
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(a) ¢ is lower semi-continuous,

(b) ¢(t)=0ifand onlyifz =0,
and O the set of all continuous functions 6 : [0, 00) —> [0, 00) with 6(¢) = 0 if and only if
t=0.

Let (X,d, <) be a partially ordered b-metric space, and let 7 : X x X — X and
g:X — X be two mappings. Set

M 14(%,y,u,v) = max {d(gx,gu), d(gy,gv), d(gx, T(x,)),

1 1
gd(gu, T (u, V)), d(gy, T(y, x)), Zd(gw, T (v, u)),

d(gxe, T(u,v)) +d(gu, T(x,y)) d(gy, T(v,u)) + d(gv, T(y,x)) }

2s 2s

and

N g(x,y,u,v) = min{d(gx, T(x,y)), d(gu, T (u, v)), d(gu, T(x,y)), d(gx, T(u, v)) }
Now, we introduce the following definition.

Definition 2.1 Let (X,d, <) be a partially ordered b-metric space and ¥ € ¥, ¢ € ® and
0 € ®. We say that T: X x X — X is an almost generalized (y/, ¢, 0)-contractive mapping
with respect to g : X — X if there exists L > 0 such that

v (sd(T(x,9), T(w,v))) < ¥ (My,rg(x,y,1,v))

— ¢ (Ms1g(x,y,u,v)) + LO(N7g(%,y, 1, ) 21
for all w,y,u,v € X with gx < gu and gy > gv.

Now, we establish some results for the existence of a coupled coincidence point and
a coupled common fixed point of mappings satisfying almost generalized (v, ¢,0)-
contractive condition in the setup of partially ordered b-metric spaces. The first result
in this paper is the following coupled coincidence theorem.

Theorem 2.2 Suppose that (X,d, <) is a partially ordered complete b-metric space. Let
T:X x X — X be an almost generalized (\, ¢, 0)-contractive mapping with respect to
g:X — X,and T and g are continuous such that T has the mixed g-monotone property
and commutes with g. Also, suppose T(X x X) C g(X). If there exists (xo,y0) € X X X such
that gxo < T(xo,y0) and gyo > T (yo,x0), then T and g have coupled coincidence point in X.

Proof By the given assumptions, there exists (xo,0) € X x X such that gxo < T'(x0, o)
and gyo > T (¥9,%9). Since T(X x X) C g(X), we can define (x1,7;) € X x X such that gx; =
T (x0,¥0) and gy1 = T(¥o,%0), then gxg < T(x0,y0) = gx1 and gyo > T(yo,x0) = gy1- Also,
there exists (x2,72) € X x X such that gx, = T'(x1,y1) and gy, = T(y1,%1). Since T has the
mixed g-monotone property, we have

gx1 = T(x0,¥0) < T(x0,y1) < T(x1,51) = g%2
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and
&2 = T(y1,%1) < T(yo,x1) < T(yo,%0) = g1
Continuing in this way, we construct two sequences {x,} and {y,} in X such that
gxpi1=T(xy,y,) and gy =T(y,x,) forallm=0,1,2,... (2.2)
for which

X0 Sgx1 SgXo = S g% SZ@Xp1 =000,
(2.3)

oz 2822 Z8n=8n1 2"

From (2.2) and (2.3) and inequality (2.1) with (x,7) = (x,,,¥,) and (&, V) = (%11, Yus1), We
obtain

Ip(d(gxwrlrgx;«HZ)) S w(s?)d(gxnﬂ;gxw&)) = ¢(53d(T(xn,yn), T(xn+1,yn+l)))
< %ﬁ (MS,T,g(xnrymxn+1’yn+1)) - ¢(MS,T,g(xnrynvxn+1;yn+1))

+ L6 (NT,g(xn:ynrxn+1)yn+1)); (24)

where
Ms,T,g(xmyman,ynJrl) = max{d(gxmgxnﬂ)’ d(gyn’gynﬂ): d(gxm T(xn,yn))r
1
2_Sd(gxn+1» T(xnﬂ»ynﬂ))» d(gym T, xn)),

1

Zd(gy;ﬁ-ly TO/ml, xn+l))’

d(gxn, T(xn+1’yn+l)) + d(gxn‘*l’ T(x”’y”))
2s ,

d(gym T(yn+1yxn+l)) + d(gywrl: T(ym xn)) }
2s

= maX{d(gxn,gxm),d(gymgym),

1 1
_d n+1» n+ :_d n+l n+2)»
P (@%n+1,8%n+2) F (@Yn+1,8Vn+2)

d(gxmgerZ) d(gymgyrH—Z)
2s ’ 2s

and
NT,g(xn;ym xn+1:yn+1) = min{d(gxm T(xmyn))» d(gxiﬂl: T(xnﬂ»)’nﬂ));
d(gxnﬂr T(xmyn)), d(gxwrl, T(xn+11yn+1))} =0.
Since

d(gxn:gxn+2) < d(gxmgx;ﬁl) + d(gxn+1:gxn+2)
2s - 2

< max{d(gxu, gxni1), d(@Xni1 &ni2) }

Page 5 of 20
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and

A@YnsgVn+2) _ AV @Yns1) + AEVni1,&Yns2)

(gynzfy 2 < (gyn gy i 9 (gynﬂ gy +2 fmax{d(gyntgynﬂ)yd(gyn+lrgyn+2)}r
then we get

Ms, T.g (xnrym xn+1’yn+1) =< max{d(gxmgxnﬂ)’ d(gxmngmz),

d(g_yrngy;ﬁl); d(gyn+l:gyn+2) },
NT,g(xn;ynrxn+lryn+1) =0.

By (2.4) and (2.5), we have
1# (d(gxn+lrgxn+2))

< w (max{d(gxmgxnﬂ)v d(gxrﬁlvgerZ): d(gyn)gym—l)) d(gyn+1¢gyn+2)})
— ¢ (max{d(gx, g%n1), A(@Xni1, §5ns2)s AV @ni1) AQYni1s QYns2) }) -

Similarly, we can show that

w(d(gyn+1¢gyn+2))
=< w (max{d(gxmgxn+l)1 d(gxn+1:gxn+2)’ d(gynrgyn+1)) d(gyn+1,gyn+2)})
— ¢p(max{d(gx, g%n1), A(@Xni1, §5ns2)s AV Q1) AQni1s QYns2) }) -

Now, denote

3y = max{d(gxmgxnﬂ)’ d(gymgyrwl)}'

(2.5)

(2.8)

Combining (2.6), (2.7) and the fact that max{y(a), ¥ ()} = ¥ (max{a, b}) for a, b € [0, +00),

we have
I/f(81'1+1) = max{ Iﬁ (d@xn+l:gxn+2)): w (d(gyn+1,gyn+2)) }
So, using (2.6), (2.7), (2.8) together with (2.9), we obtain

1p((sm-l)
< 1/f (max{d(gxmgxnﬂ)v d(gxrﬁlvgerZ): d(gyn)gym—l)) d(gyn+1¢gyn+2)})
- ¢(max{d(gxmgxn+l); d(gxn+l:gxn+2): d(gymgyn+l): d(gyn+17gyn+2)})-

Now we prove that for all 7 € N,

max {d(gx,, @n1), A@5ni1,5ns2)s A@Yn» QY1) A1, Qni2) }

=4, and 8, <4,.

For this purpose, consider the following three cases.

(2.9)

(2.10)

(2.11)

Page 6 of 20
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Casel. If max{d(gxmgxnﬂ)r d(gxmhgxnﬂ)» d(gymgynﬂ)» d(gymhgyn&)} = 8,, then bY
(2.10) we have

l)Zf(5n+l) = 1//(8}1) - ¢(8n) < l[f(‘sn)x (212)

50 (2.11) obviously holds.

Case 2. If max{d((gxnxgxn+1); d(gxn+1»gxn+2): d(gyn:gyn+l): d(gyn+lrgyn+2)} =
d(gxus1,8%u42) > 0, then by (2.6) we have

W(d(gxmngmz)) =< 1plf(d(gx;'1+l’gx;«1+2)) _¢(d(gxn+lrgxn+2)) < 1//(d(gxnﬂ’gxn-*—Z))’

which is a contradiction.

Case 3. If max{d(gxmgxn+1)r d(gxnﬂrgxn+2): d(gymgynﬂ))d(gyn+lrgyn+2)} =
A(gVu+1,Vns2) > 0, then from (2.7) we have

w(d@yn+l:gyn+2)) < w(d(gyn+l:gyn+2)) - ¢(d(gyn+l:gyn+2)) < 150(d(gy;ﬁl’g_yr1+2))¢

which is again a contradiction.
Thus, in all the cases, (2.11) holds for each n € N. It follows that the sequence {3,} is
a monotone decreasing sequence of nonnegative real numbers and, consequently, there
exists § > 0 such that

lim &, = . (2.13)

n—>-00

We show that § = 0. Suppose, on the contrary, that § > 0. Taking the limit as # — oo in
(2.12) and using the properties of the function ¢, we get

¥ (8) =¥ (8) - p(8) < ¥ (9),

which is a contradiction. Therefore § = 0, that is,

lim 8, = lim max{d(gx,,g%u1), A€ 1)} =0,

n—s00 n—s00
which implies that

im d(gx, gx,1) =0 and - lim_d(gyy, gYne) = 0. (2.14)
Now, we claim that

n‘r}lir_)noomax{d(gxn,gxm),d(gyn,gym)} =0. (2.15)

Assume, on the contrary, that there exist € > 0 and subsequences {gx,,x)}, {g%n()} of {gx,}
and {gym}s {gVni} of {gyn} with m(k) > n(k) > k such that

max {d(gxu(k), g%m(k), A€Yn(r) LYmit) } = €. (2.16)
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Additionally, corresponding to n(k), we may choose m(k) such that it is the smallest integer
satisfying (2.16) and m(k) > n(k) > k. Thus,

max { d(gxu(k) Emi)-1)» A@Vn()» Ymi-1)} < €. (2.17)
Using the triangle inequality in a b-metric space and (2.16) and (2.17), we obtain that
€ < d(@Xm(k) §¥n(k)) = SA(GXm(k)) &Xm(k)-1) + SA(GXm(k) -1, §¥n(k))
< 8A(gXm(k)» SXm(k)-1) + SE.

Taking the upper limit as k — oo and using (2.14), we obtain

€ < limsup d(gx, k), Zxm)) < S€. (2.18)

k—> 00

Similarly, we obtain

€ < limsup d(gyuw), &m)) < s€. (2.19)

k—> 00

Also,

€ < d(gxn(r), &mk) < SAGXn(k)) §m(k)+1) + SA(GXm(k)+1, EXm(k))
< Szd(gxn(k):gxm(k)) + szd(gxm(k)vgxm(k)H) + Sd(gxm(k)+lrgxm(k))

< S A(@n(t)> &Fm(i0) + (5° + 8)A(GXmr)r Gom) 1)

So, from (2.14) and (2.18), we have

w | m

< lim sup d(gxu(), EXmiy+1) < sle. (2.20)

k—>00

Similarly, we obtain

w | m

< limsup d(gyn), Lmi11) < ste. (2.21)

k—>00

Also,

€ < d(@%m(i) @n)) < SA(@Xm(i)» Eniky1) + SA(GXn(k) 11, EXn(k))
< S2A(@Xm(ky> GXnih)) + S*A(GX (k) Eniiy 1) + SA(GXn(h) 11> En(h))

< S A(@hm) Gon(r) + (5 + 8)A(GXn(k)> Fniiys1)-

So, from (2.14) and (2.18), we have

w ™

< lim sup d(gx(k) @xn(i)+1) < s’e. (2.22)

k—> 00

In a similar way, we obtain

€ .
E < lim sup d(gVm)» &Vn(i)+1) < sle. (2.23)

k— 00
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Also,

A(GXn(t)+1> 8Xm(k)) < SA(GXn(k)+15 8Xm(k)+1) + SA(EX (k)41 EXmik))-

So, from (2.14) and (2.22), we have

k—> 00

2= Lim sup d(gx k)1, Fmk)+1)-

(2.24)
Similarly, we obtain

€ .
— =< limsup d(gyn(k)+1, 8Ymk)+1)-
s k—> 00

(2.25)

€ -

€ € €
€ . st st
—2:m1n €,¢€, ’
S 28

Linking (2.14), (2.18), (2.19), (2.20), (2.21), (2.22) together with (2.23), we get

2s

< max{lim Sup d(gxu(k)> 8Xmk)), im sup d(gy (i), &Vm(i))»
k—> 00 k—> 00

limsupy_, o, A(€%n(k) §%m(k)+1) + limsupy_, o, A(Xm(w), &n(r)+1)
2s

limsupy_, o, A(@Vn(0> &Y miky+1) + limsupy_, o A(@Ymw)» &Ynii+1)
2s
%€ + s%€ s*e + 5%
S maxj Se, Se, ) = S€.
2s 2s
So,

k—> 00

2= lim sup My, 7, (%n(k)s Yn(k)s Xm(k)» Ym(k)) < €S.

Similarly, we have

(2.26)
= < 1]i<H_l>i£10st,T,g(xn(k),yn(k),x (&) Ymk)) < €8 (2.27)
and
kE)nOONT,g(xn(k)»yn(k)»xm(k)» Ymk) =0 (2.28)
Since m(k) > n(k), from (2.2) we have

&Xn() = &Xm(k)s &Vnik) = &Vm(k)-
Thus,

U (8 d(@n 11, 8mi+1)) = V(AT Gt Yu))s T Emiis Ymii))))

< U (M 70 i) Yt X Ym()))
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— @ (M, 76> Yt X Ym(k)))
+ LO (N7.g (%> Yy X Ym(i)) )
Y (S A@nii+1: @mii+1) = ¥ (AT Ou)s %n10)s T O X))
< U (M, 7,6 (i) V() (i) Ym()))
= (M 7. En)s Ytk X Ym(x)))

+ LO (N7,g (n(i)> V(i) Xm(k)» Ym(@))) -

Since ¥ is a non-decreasing function, we have

max {y (s> d(@xn(+1, 8%m(0+1))> V¥ (8° A@Vnii+1, @mr+1)) }

= ¥ (s* max{d(gxnu)+1, @m0 +1)> A n 11, Lmity+1) })-

Taking the upper limit as k — oo and using (2.25) and (2.26), we get

Y(se) <y (53 max{lim SUp d(g%n(k)+1» §¥m(k)+1), M SUP (Y (k) 415 &Y rmk)+1) })
—> 00

k—> 00 k
<y <1im Sup My 7.6 (Xn(k)» Yn(k)» Em(k)s ym(k))>
k—> 00
—-¢ (1/1(2 i;lost,T,g(xn(k), Yn(k)» Xm(k)» ym(k)))
+L6 (ﬁm SUp N7,g (Xn(k)» Yu(k)» Xm(k)» ym(k)))
k—> 00
<VY(se)—¢ <1li<n_l)i;10st,T,g(xn(k)»yn(k)yxm(k), ym(k))>,
which implies that
¢<11i<n_1)i£ost,T,g(xn(k):yn(k),xm(k)’ ym(k))> =0,
SO
1li(H_l>i;10st, 7.8 (Kn)s Ynk)» Xm(k)» Ym(k)) = 05

a contradiction to (2.27). Therefore, (2.15) holds and we have

lim d(gx,,gx,)=0 and lim  d(gy,,gym) =0.
n,m—s 00

n,m—>00

Since X is a complete b-metric space, there exist x, y € X such that

n—>-00

lim gy, =« and lim gy, =y.

From the commutativity of 7" and g, we have

(2.29)

2(@xn1) =g(Tnyn)) = T(@%ns@n)y  €@ne1) = &(T %)) = T(@nrg%n).  (2:30)

Page 10 of 20
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Now, we shall show that
gx=T(x,y) and gy=T(y,x).
Letting n —> o0 in (2.30), from the continuity of T and g, we get
gx= lim g(gw,1) = lim T(gx,,gy,) = T( lim gx,, lim gyn> =T(x,y),
n— 00 n— 00 n— 00 n— 00
gy = lim g(gy,n)= lim T(gy, gx.) = T( lim gy,, lim gxn) =T(y,x).
n—> 00 n— 00 n—> 00 n— 00

This implies that (x,y) is a coupled coincidence point of 7 and g. This completes the
proof. g

Corollary 2.3 Let (X,d, <) be a partially ordered complete b-metric space, and let T :

X x X — X be a continuous mapping such that T has the mixed monotone property.
Suppose that there exist € ¥, p € ©,0 € © and L > 0 such that

) (sgd(T(x,y), T(u,v))) < ¥ (Ms(x, 3,4, v)) — ¢(Ms(x, 9, u,v)) + LO(N(x,y, 1, ),
where
M(x,y,u,v) = max{d(x, u),d(y,v), d(x, T(x,y)),

1 1
gd(u, T(u,v)),d(y, T(5,%)), gd(v, T(v,u)),

dx, T(u,v)) +d(u, T(x,y) dy, T(v,u))+dv, T(y,x))
2s ’ 2s }

and
N(x,y,u,v) = min{d(x, T(x,)),d(u, T(w,v)),d(u, T(x,)),d(x, T (u, v))}

for all x,y,u,v € X with x < u and y > v. If there exists (xo,y0) € X X X such that xy <
T (x0,¥0) and yo = T (yo,%0), then T has a coupled fixed point in X.

Proof Take g = Iy and apply Theorem 2.2. 0
The following result is the immediate consequence of Corollary 2.3.
Corollary 2.4 Let (X,d,<) be a partially ordered complete b-metric space. Let T :

X x X — X be a continuous mapping such that T has the mixed monotone property.

Suppose that there exists ¢ € © such that

d(T(x,y), T(u,v)) < S%Ms(x,y, u,v) — Slgqb(Ms(x,y, u,v)), (2.31)
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where
Mi(x,y,u,v) = maX{ d(x, u),d(y,v),d(x, T(x,y)),

1 1
2—Sd(u, T(u,v)),d(y, T(3,%)), 2—Sd(v, T(v,u)),

dx, T(u,v)) +d(u, T(x,y) diy, T(v,u)) +d(v, T(y,x))
2s ’ 2s

for all x,y,u,v € X with x < u and y > v. If there exists (xo,y0) € X X X such that xy <
T (x0,¥0) and yo = T (yo,%0), then T has a coupled fixed point in X.

3 Uniqueness of a common fixed point

In this section we shall provide some sufficient conditions under which T and g have a
unique common fixed point. Note that if (X, <) is a partially ordered set, then we endow
the product X x X with the following partial order relation, for all (x,7), (z,t) € X x X,

®y) =(zt) <= x=<z y=t
From Theorem 2.2, it follows that the set C(T, g) of coupled coincidences is nonempty.

Theorem 3.1 By adding to the hypotheses of Theorem 2.2, the condition: for every (x,7)
and (z,t) in X x X, there exists (u,v) € X x X such that (T (u,v), T(v,u)) is comparable to
(T(x,9), T(y,x) and to (T (z,t), T(t,z)), then T and g have a unique coupled common fixed
point; that is, there exists a unique (x,y) € X x X such that

x=gx=Txy), y=gy=TQx).

Proof We know, from Theorem 2.2, that there exists at least a coupled coincidence point.
Suppose that (x,y) and (z,t) are coupled coincidence points of T and g, that is, T'(x,y) =
gx, T(y,x) =gy, T(z,t) = gz and T(t,z) = gt. We shall show that gx = gz and gy = g¢. By
the assumptions, there exists (#,v) € X x X such that (T(«,v), T(v,u)) is comparable to
(T'(x,9), T(y,x)) and to (T(z,t), T(¢,z)). Without any restriction of the generality, we can
assume that

(Tx,), T(1x) < (T(w,v), T(v,w)) and (T(zt),T(t,2)) < (T(w,v), T(v,u)).
Put ug = u, vy = v and choose (13, v;) € X x X such that

gur = T(uo,vo),  gvi = T(vo, uo).
For n > 1, continuing this process, we can construct sequences {gu,} and {gv,} such that

gUp1 = T(unr Vn)) 8gVni1 = T(Vm un) for all 7.

Further, set xo = x, yo = y and 2 = z, tp = ¢ and in the same way define sequences {gx,},
{gy.} and {gz,}, {gt,,}. Then it is easy to see that

gx, — T(x,9), gy — T(y,x) and gz, — T(z,¢), gty — T(t,z) (3.1)
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for all n > 1. Since (T'(x,y), T (y,x)) = (gx,gy) = (gx1,£y1) is comparable to (T (u,v), T (v, u)) =
(gu,gv) = (gu1,gv1), then it is easy to show (gw, gy) < (gu, gv). Recursively, we get that

(g%, 2yn) < (guy,gv,) forall n. (3.2)
Thus from (2.1) we have

w(d(gx:gum—l)) = I/f(s?)d(gxxgunﬂ)) = w(SSd(T(xry)x T(um Vn)))
< w (MS,T,g(xL% Uy, Vn)) - ¢(MS,T,g(xyy) Uy, Vn))

+ 16 (NT,g(x,y; Uy, V}'l))’

where
M 16(%, 9, thn, V) = maX{ d(gx, gun), d(gy, gvn), d(gx, T(x,)),

zisd(gun, T(ttn, i), d(gy, T(5, %)),

d(gx, Ty, vi)) + d(guy, T (x,))
2s

’

1
gd(ng T(Vy, Mn));

da(gy, Ty, uy)) + d(gve, T(y,x)) }
2s

< max{d(gx, gitn), d(gy, gvn), A(gY, gVns1), A, gltni1) }.
It is easy to show that
M 7,6(%, Y, thny i) < max{d(gr, gu,), d(gy,gvn) }
and
N g(%,, 14, V) = 0.

Hence,

¥ (d(gx, guni)) < ¥ (max{d(gx, gun), d(gy,gva)})
— ¢ (max{d(gx, gu,), d(gy,gvn)})- (3.3)

Similarly, one can prove that

v (d(gy, gvun)) < ¥ (max{d(gx, gu,), d(gy,gv)})
- ¢(max{d(gx,gu,,), d(gy,gv,,)}). (3.4)

Combining (3.3), (3.4) and the fact that max{yr(a), ¥ (b)} = ¥ (max{a, b}) for a, b € [0, +00),
we have

v (max{d(gx,guml), d(gy’gv”’*l)})
= max |y (d(gx, gun1)), ¥ (d(g9,8Vne1)) )
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< ¢ (max{d(gx, gun), d(gy, gvn) }) ¢ (max{d(gx, gu,), d(gy, gvs)})
< Ip(max{d(gx,gu,,),d(gy,gv,,)}). (3.5)

Using the non-decreasing property of ¥, we get that
max{d(gx, gitn1), d(gy, gvne1)} < max{d(gx, gu,), d(gy,gvs)}

implies that max{d(gx, gu,),d(gy,gv,)} is a non-increasing sequence. Hence, there exists
r > 0 such that

ngr)noO max{d(gx,gun),d(gy,gvn)} =r.

Passing the upper limit in (3.5) as # — 00, we obtain
Y (r) =¥ (r) - o),

which implies that ¢(r) = 0, and then r = 0. We deduce that
ngr)noO max{d(gx,gu,,),d(gy,gvn)} =0,

which concludes

lim d(gx,gu,) = lim d(gy,gv,) =0. (3.6)

n—>-00

Similarly, one can prove that
lim d(gz,gu,) = lim d(gt,gv,) =0. (3.7)

n—>-00

From (3.6) and (3.7), we have gx = gz and gy = gt. Since gx = T'(x, y) and gy = T(y,x), by the
commutativity of 7 and g, we have

g@) =g(Txy) =T(gxgy),  glgy) =g(T(,x)) = T(gygx). (3.8)
Denote gx = a and gy = b. Then from (3.8) we have

ga)=T(ab),  gb)=T(ba). (3.9)
Thus, (a,b) is a coupled coincidence point. It follows that ga = gz and gb = gy, that is,

gla)=a,  gb)=>. (3.10)
From (3.9) and (3.10), we obtain

a=g(a)="T(a,b), b=gb)=T(b,a). (3.11)
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Therefore, (a,b) is a coupled common fixed point of T and g. To prove the uniqueness
of the point (a, ), assume that (¢, d) is another coupled common fixed point of T and g.

Then we have
c=gc=T(cd), d=gd=T(d,c).

Since (¢, d) is a coupled coincidence point of T and g, we have gc = gx = a and gd = gy = b.
Thus ¢ = gc = ga = a and d = gd = gb = b, which is the desired result. (]

Theorem 3.2 [n addition to the hypotheses of Theorem 3.1, if gxo and gyo are comparable,
then T and g have a unique common fixed point, that is, there exists x € X such that x =

gx = T(x,x).

Proof Following the proof of Theorem 3.1, T and g have a unique coupled common fixed
point (x,7). We only have to show that x = y. Since gx, and gy, are comparable, we may

assume that gxy < gyo. By using the mathematical induction, one can show that
gx, <gy, forallm=>0, (3.12)

where {gx,} and {gy,} are defined by (2.2). From (2.29) and Lemma 1.4, we have

W (sd(x,y)) =y <53 %d(x,y)) <limsup ¢ (ssd(gxml,gynﬂ))
s

n— 00

= limsup ¥ ($d(T @ ¥n)s TGnr %)) )

n—>-00

< limsup ¥ (M, 7.¢ (% Vs Y %)) — lyilrgiglofq)(MS,T,g(xn,yn,y,,,xn))

n— o0

+lim sup LO (N7, (%> V> Y %))
< t/r(d(x,y)) - li£i£f¢(Ms(xnxyn;ynrxn))
<Y (dy)),

a contradiction. Therefore, x = y, that is, T and g have a common fixed point. O

Remark 3.3 Since a b-metric is a metric when s = 1, from the results of Jachymski [29],

the condition

¥ (d(F(x,9), F(u,v))) < v (max{d(gx, gu), d(gy,gv)}) - ¢ (max{d(gx, gu), d(¢y,gv)})
is equivalent to
d(F(x,y), F(u,v)) < ¢(max{d(g, gu),d(gy,gv)}),
where ¥ € U, ¢ € ® and ¢ : [0,00) —> [0,00) is continuous, ¢(£) < ¢ for all £ > 0 and

¢(t) = 0 ifand only if £ = 0. So, our results can be viewed as a generalization and extension
of the corresponding results in [15, 25, 30—32] and several other comparable results.
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4 Application to integral equations
Here, in this section, we wish to study the existence of a unique solution to a nonlinear
quadratic integral equation, as an application to our coupled fixed point theorem. Con-

sider the nonlinear quadratic integral equation

1 1
x(t) = h(t) + % / ki (8, 5)fi (s,(s)) dis / ko(t,5)fs (s, x(s)) ds, te€l=[0,1],»>0. (4.1)
0 0

Let T" denote the class of those functions y : [0, +00) —> [0, +00) which satisfy the follow-
ing conditions:

(i) y is non-decreasing and (y (£)) <y () forall p > 1.

(if) There exists ¢ € @ such that y(¢) = t — ¢(¢) for all £ € [0, +00).
For example, y,(t) = kt, where 0 < k <1 and y,(t) = ;5 areinT.

We will analyze Eq. (4.1) under the following assumptions:

(a1) fi:I xR — R (i =1,2)are continuous functions, f;(¢,x) > 0 and there exist two func-
tions m; € L*(I) such that fi(t,x) < m;(t) (i=1,2).

(a2) fi(t,x) is monotone non-decreasing in x and f,(¢,y) is monotone non-increasing in y
forallx,ye Rand ¢ e l.

(a3) &:1—> Ris a continuous function.

(aa) k;:IxI— R (i=1,2)are continuous in ¢ € I for every s € I and measurable in s € ]
for all ¢ € I such that

1
/ ki(t,s)m;(s)ds <K, i=1,2,
0

and k;(¢,x) > 0.
(as) There exist constants 0 < L; <1(i=1,2)and y € I" such that for all x,y € Rand x > y,

[filt,x) = fit.9)| < Liy(x=y) (i=1,2).
(ag) There exist a, B € C(I) such that
1 1
at) < h(t) + )»/ ki(t,s) l(s,a(s)) ds/ ka(t,8)f> (s,,B(s)) ds
0 0

1 1
<h(t) + A/ ky(£,5)fi (s, B(s)) ds/ ky(t, $)fa (s, cu(s)) ds < B(2).
0 0

(a7) max{L}, L5)VK? < .

Consider the space X = C(I) of continuous functions defined on I = [0, 1] with the standard
metric given by

plx,y) = sup|x(t) —y(t)| for x,y € C(I).
tel
This space can also be equipped with a partial order given by

xyeC(), x<y <= «a(t)<y(t) foranytel.
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Now, for p > 1, we define

d(xy) = (p(x,») = (iug\x<t> ~y®)])" = supla(®) - y@)f  forx,y e C.

tel

It is easy to see that (X, d) is a complete b-metric space with s = 277! [3].
Also, X x X = C(I) x C(I) is a partially ordered set if we define the following order rela-

tion:
(@), (mv)eX xX, ®y)<@Wmv) <= x<u and y>w.

For any x,y € X and each ¢ € I, max{x(¢), y(¢£)} and min{x(¢), y(¢£)} belong to X and are up-
per and lower bounds of «, y, respectively. Therefore, for every (x,y), (4, v) € X x X, one
can take (max{x, u}, min{y,v}) € X x X which is comparable to (x,y) and (1, v). Now, we
formulate the main result of this section.

Theorem 4.1 Under assumptions (a;)-(a7), Eq. (4.1) has a unique solution in C(I).

Proof We consider the operator T : X x X — X defined by

1

1
T (x,y)(t) = h(t) + )»/O ki(t,s) l(s,x(s)) ds/o ky(t,s) 2(s,y(s)) ds fortel.

By virtue of our assumptions, 7 is well defined (this means thatifx,y € X, then T'(x,y) € X).
Firstly, we prove that T has the mixed monotone property. In fact, for x; <x, and t € [,

we have
1 1
T (1, 9)(8) — T 9)(6) = h(t) + 1 f Kl 5)fs(5,21(9)) ds / kalt,9)fy (5,7(5)) ds
0 0
1 1
—h(t)-x / ki (£, 5)fi (s,%2(s)) ds/ ky(t,9)f> (s, y(s)) ds
0 0
1 1
= A/ k(& 9)[fi(s:%1(5)) = fi (s, %2(5)) ] ds/ ka(t, 8)f>(s, ¥(s)) ds
0 0

<0.

Similarly, if y; > y, and ¢ € I, then T(x,y1)(¢) < T(x,y2)(¢). Therefore, T has the mixed
monotone property. Also, for (x,y) < (u,v), thatis, x < u and y > v, we have

| T(%,)(8) = T(u,v)(2)]

=

1 1
A / ki (6, 9)fi (s, %(s)) ds/ ka(t,9)[f2(s,7(9)) = fa (s, v(s)) ] ds
0 0

1 1
+ )L/ ka(t,5)fa (S, V(s)) ds/ ki (¢, s)[ﬁ(s,x(s)) -A (s, u(s))] ds
0 0
1 1
< A/ ki(t, s)f (s,x(s)) ds/ ky(t, s)%(s,y(s)) —f (s, v(s)) ‘ ds
0 0

1 1
+ )L/ ka(t,8)fa (s, V(s)) ds/ ki(t, s)[fl(s,x(s)) -A (S, u(s)) | ds
0 0
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1 1
< [ kiesym©ds [ ey 06 - vs)
0 0
1 1
+ )L/ ko (2, s)my(s) ds/ ki (¢, s)Lly(u(s) —x(s)) ds
0 0

Since the function y is non-decreasing and x < # and y > v, we have

Y (1) ~(5)) = ¥ (supla(s) = (s)) = (o (o.0)
and

y(y(s) - v(s)) <y (stug)}y(S) - (s) !) =v(pG:v),

hence

|T(x,9)(®) - T(u,v)(8)| < 2K /0 1 ka(t,9)Lay (p(y,v)) ds + LK fo 1 ki(t,8)Liy (p(u,x)) ds
< AK?max{Ly, Lo}[y (0w, %)) + v (0, 1))]-
Then we can obtain
d(T(x,y), T(u,v)) = SE' T(x,)(1) - T(u, v)(®)]”

< {AK* max{Ly, Lo} [y (p(,%)) + v (0. ¥) ]}
= WK% max{L’f,L’;}[y (,o(u,x)) + y(p(y, V))]p,

and using the fact that (a + b)? < 271(a” + b?) for a, b € (0, +00) and p > 1, we have

d(T(x,y), T(u,v)) <227 22K max{L, 5} [ (v (0w, %)) + (v (0 ))]
< 22K max{LY, I} [y (d(u, %)) + v (d(,v))]

[v (Ms(x.3,0,))]

[M;(%, 9, u,v) — ¢(My(x, 5, 1,v)) ]

< 22)PK* max{L}, 1%}
<2°)PK* max{L}, L%}

——M(x,y,u,v) - (/)(Ms(x,y, u, v)).

= 23p 3 23p-3

This proves that the operator T satisfies the contractive condition (2.31) appearing in
Corollary 2.4.
Finally, let «, 8 be the functions appearing in assumption (as); then, by (as), we get

a<T(,p)<TBa)<B.

Theorem 3.1 gives us that 7" has a unique coupled fixed point (x*,y*) € X x X. Since ¢ < 8,
Theorem 3.2 says that x* = y* and this implies x* = T'(x*,x*). So, x* € C(J) is the unique
solution of Eq. (4.1) and the proof is complete. d
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