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Abstract
In 2012, Samet, Vetro and Vetro introduced α-ψ -contractive mappings and gave
some results on a fixed point of the mappings (Samet et al. in Nonlinear Anal.
75:2154-2165, 2012). In fact, their technique generalized some ordered fixed point
results (see (Alikhani et al. in Filomat, 2012, to appear) and (Samet et al. in Nonlinear
Anal. 75:2154-2165, 2012)). By using the main idea of (Samet et al. in Nonlinear Anal.
75:2154-2165, 2012), we give some new results for α-ψ -Ciric generalized
multifunctions and some related self-maps. Also, we give an affirmative answer to a
recent open problem which was raised by Haghi, Rezapour and Shahzad in 2012.
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multifunction

1 Introduction
In , Samet, Vetro and Vetro introduced α-ψ-contractive mappings and gave fixed
point results for such mappings []. Their results generalized some ordered fixed point
results (see []). Immediately, using their idea, some authors presented fixed point results
in the field (see, for example, []). Denote by � the family of nondecreasing functions
ψ : [, +∞) → [, +∞) such that

∑+∞
n= ψn(t) < +∞ for each t > . It is well known that

ψ(t) < t for all t > . Let (X,d) be a metric space, β : X × X → [, +∞) be a mapping
and ψ ∈ � . A multivalued operator T : X → X is said to be β-ψ-contractive whenever
β(Tx,Ty)H(Tx,Ty) ≤ ψ(d(x, y)) for all x, y ∈ X, whereH is the Hausdorff distance (see []).
Alikhani, Rezapour and Shahzad proved fixed point results for β-ψ-contractive multi-
functions []. Let (X,d) be a metric space, α : X ×X → [, +∞) be a mapping and ψ ∈ � .
We say that T : X → X is an α-ψ-Ciric generalized multifunction if

α(x, y)H(Tx,Ty)≤ ψ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all x, y ∈ X. One can find an idea of this notion in []. Also, we say that the self-map F
on X is α-admissible whenever α(x, y) ≥  implies α(Fx,Fy) ≥  []. In this paper, we give
fixed point results for α-ψ-Ciric generalized multifunctions.
In , Haghi, Rezapour and Shahzad proved that some fixed point generalizations are

not real ones []. Here, by presenting a result and an example, we are going to show that
obtained results in this new field are real generalizations in respect to old similar results in
the literature (compare the next result and the example with main results of [] and []).
The following result has been proved in [].
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Lemma . Let (X,d) be a complete metric space, α : X×X → [,∞) be a function,ψ ∈ �

and T be a self-map on X such that

α(x, y)d(Tx,Ty)≤ ψ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),



[
d(x,Ty) + d(y,Tx)

]})

for all x, y ∈ X. Suppose that T is α-admissible and there exists x ∈ X such that α(x,
Tx) ≥ . Assume that if {xn} is a sequence in X such that α(xn,xn+) ≥  for all n and
xn → x, then α(xn,x)≥  for all n. Then T has a fixed point.

Here, we give the following example which shows that Lemma . holds while we cannot
use some similar old results, for example, Theorem  of [].

Example . Let M = {mn :m = , , , , . . . and n = k + (k ≥ )}, d(x, y) = |x – y|, M =
{mn : m = , , , , . . . and n = k + (k ≥ )} and M = {k : k ≥ }. Now, put M = M ∪
M ∪M and define the self-map T :M → M by Tx = x

 whenever x ∈ M, Tx = x
 when-

ever x ∈ M and Tx = x whenever x ∈ M. Put M(x, y) = max{d(x, y),d(x,Tx),d(y,Ty),
d(x,Ty)+d(y,Tx)

 } for all x, y ∈ M. If x ∈ M and y ∈ M, then d(Tx,Ty) = | x – y
 | = 

 |x – y
 |.

Now, we consider two cases. If x > 
y, then we have




∣∣∣∣x – y


∣∣∣∣ = 


(
x –

y


)
≤ 



(
x –

y


)
=



d(x,Ty).

Hence, d(Tx,Ty)≤ 


d(x,Ty)
 ≤ 

M(x, y). If x < y
 , then




∣∣∣∣x – y


∣∣∣∣ = 


(
y


– x
)

≤ (y – x)


=


d(x, y) ≤ 


M(x, y).

Hence, d(Tx,Ty)≤ 
M(x, y). If x, y ∈M, then

d(Tx,Ty) =
∣∣∣∣x –

y


∣∣∣∣ = 

d(x, y)≤ 


M(x, y).

If x, y ∈ M, then d(Tx,Ty) = | x – y
 | = 

d(x, y) ≤ 
M(x, y). Define α(x, y) =  whenever

x, y ∈ M ∪ M and α(x, y) =  otherwise. Also, put ψ(t) = t
 for all t ≥ . Then it is easy

to see that α(x, y)d(Tx,Ty) ≤ ψ(M(x, y)) for all x, y ∈ M. Also, α(,T) = α(, /) ≥ . If
α(x, y) ≥ , then x, y ∈ M ∪ M and so α(Tx,Ty) ≥ . Thus, T is α-admissible. It is easy
to show that if {xn} is a sequence in M such that α(xn,xn+) ≥  for all n and xn → x,
then α(xn,x) ≥  for all n. Now, by using Theorem ., T has a fixed point. Now, we
show that Theorem  in [] does not apply here. Put x =  and y = . Then d(T,T) =
| 
 – | = 

 , d(, ) = , d(,T) = d(, 
 ) =


 , d(,T) = d(, ) = , d(,T) = d(, ) =

, d(,T) = d(, 
 ) =


 . Thus, N(, ) =  and so d(T,T) = 

 >  = N(, ), where
N(x, y) =max{d(x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}.

2 An affirmative answer for an open problem
After providing some results on fixed points of quasi-contractions on normal cone metric
spaces by Ilic and Rakocevic in  [], Kadelburg, Radenovic and Rakocevic general-
ized the results by considering an additional assumption and deleting the assumption on
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normality []. In , Haghi, Rezapour and Shahzad proved same results without the ad-
ditional assumption and for λ ∈ (, ) []. Then Amini-Harandi proved a result on the
existence of fixed points of set-valued quasi-contraction maps in metric spaces by using
the technique of [] (see []). But similar to [], he could prove it only for λ ∈ (,  )
[]. In , Haghi, Rezapour and Shahzad proved the main result of [] by using a sim-
plemethod []. Also, they introduced quasi-contraction typemultifunctions and showed
that themain result of [] holds for quasi-contraction typemultifunctions. They raised an
open problem about the difference between quasi-contraction and quasi-contraction type
multifunctions []. In this section, we give a positive answer to the question. Let (X,d)
be a metric space. Recall that the multifunction T : X → X is called quasi-contraction
whenever there exists λ ∈ (, ) such that

H(Tx,Ty) ≤ λmax
{
d(x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)

}

for all x, y ∈ X []. Also, a multifunction T : X → X is called quasi-contraction type
whenever there exists λ ∈ (, ) such that

H(Tx,Ty) ≤ λmax
{
d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)

}

for all x, y ∈ X []. It is clear that each quasi-contraction type multifunction is a quasi-
contractive multifunction. In , Haghi, Rezapour and Shahzad raised this question
that (see []): Is there any quasi-contractivemultifunction which is not quasi-contraction
type? By providing the following example, we give a positive answer to the problem.

Example . Let X = [, ] and d(x, y) = |x – y|. Define T : X → CB(X) by Tx = [,  ]
whenever x ∈ [, /], Tx = [  ,


 ] whenever x ∈ (  ,


 ) and Tx = [  , ] whenever x ∈ [  , ].

We show that T is a quasi-contraction while it is not a quasi-contractive type multifunc-
tion. Put N(x, y) = max{d(x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} for all x, y ∈ X. First, we
show that T is a quasi-contraction. It is easy to check that H(Tx,Ty) ≤ 

N(x, y) whenever
x, y ∈ [,  ] or x, y ∈ (  ,


 ) or x, y ∈ [  , ]. If x ∈ [,  ] and y ∈ [  , ], thenH(Tx,Ty) = 

 and
d(x, y) ≥ 

 –

 = 

 . Hence, H(Tx,Ty) = 
 ≤ 

d(x, y) ≤ 
N(x, y). If x ∈ [,  ] and y ∈ (  ,


 ),

then H(Tx,Ty) = 
 and d(x,Tx)≥ 

 . Hence,

H(Tx,Ty) =



≤ 

d(x,Tx)≤ 


N(x, y).

If x ∈ [  , ] and y ∈ (  ,

 ), then H(Tx,Ty) = H([  , ], [


 ,


 ]) =


 and d(x,Tx) ≥ 

 . Hence,
H(Tx,Ty) = 

 ≤ 
d(x,Tx) ≤ 

N(x, y). Therefore, T is a quasi-contraction with λ = 
 .

Now, put x = 
 and y =


 . Thenwe have d(


 ,T


 ) = d(  , [,


 ]) =


 , d(


 ,T


 ) = d(  , [


 , ]) =


 , d(


 ,T


 ) = d(  , [


 , ]) =  and d(  ,T


 ) = d(  , [,


 ]) = . Hence, N(  ,


 ) = max{d(  ,

T 
 ),d(


 ,T


 ),d(


 ,T


 ),d(


 ,T


 )} = max{ 

 , } = 
 . Also, we have H(T 

 ,T

 ) = H([,  ],

[  , ]) =

 . Thus, H(T 

 ,T

 ) > λN(  ,


 ) for all λ ∈ (, ). This shows that T is not a quasi-

contractive type multifunction.

3 Main results
Now, we are ready to state and prove our main results. Let (X,d) be a metric space,
α : X×X → [,∞) be amapping andT : X → CB(X) be amultifunction.We say thatX sat-
isfies the condition (Cα) whenever for each sequence {xn} in X with α(xn,xn+) ≥  for all n
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and xn → x, there exists a subsequence {xnk } of {xn} such that α(xnk ,x)≥  for all k (see []
for the idea of this notion). Recall thatT is continuous wheneverH(Txn,Tx) →  for all se-
quence {xn} in X with xn → x. Also, we say that T is α-admissible whenever for each x ∈ X
and y ∈ Tx with α(x, y)≥ , we have α(y, z) ≥  for all z ∈ Ty. Note that this notion is differ-
ent from the notion of α∗-admissible multifunctions which has been provided in []. But,
by providing a similar proof to that of Theorem. in [], we can prove the following result.

Theorem . Let (X,d) be a complete metric space, α : X×X → [,∞) be a function, ψ ∈
� be a strictly increasing map and T : X → CB(X) be an α-admissible multifunction such
that α(x, y)H(Tx,Ty) ≤ ψ(d(x, y)) for all x, y ∈ X and there exist x ∈ X and x ∈ Tx with
α(x,x) ≥ . If T is continuous or X satisfies the condition (Cα), then T has a fixed point.

Corollary . Let (X,d) be a complete metric space, ψ ∈ � be a strictly increasing map,
x∗ ∈ X and T : X → CB(X) be amultifunction such that H(Tx,Ty)≤ ψ(d(x, y)) for all x, y ∈
X with x∗ ∈ Tx∩Ty. Suppose that there exist x ∈ X and x ∈ Tx such that x∗ ∈ Tx ∩Tx.
Assume that for each x ∈ X and y ∈ Tx with x∗ ∈ Tx∩Ty,we have x∗ ∈ Ty∩Tz for all z ∈ Ty.
If T is continuous or X satisfies the condition (Cα), then T has a fixed point.

Proof Define α : X × X → [, +∞) by α(x, y) =  whenever x∗ ∈ Tx ∩ Ty and α(x, y) = 
otherwise. Then, by using Theorem ., T has a fixed point. �

Let (X,
) be an ordered set and A,B ⊆ X. We say that A 
 B whenever for each a ∈ A
there exists b ∈ B such that a 
 b.

Corollary . Let (X,
,d) be a complete ordered metric space, ψ ∈ � be a strictly in-
creasing map and T : X → CB(X) be a multifunction such that H(Tx,Ty) ≤ ψ(d(x, y)) for
all x, y ∈ X with Tx
 Ty or Ty
 Tx. Suppose that there exist x ∈ X and x ∈ Tx such that
Tx 
 Tx or Tx 
 Tx. Assume that for each x ∈ X and y ∈ Tx with Tx 
 Ty or Ty 
 Tx,
we have Ty 
 Tz or Tz 
 Ty for all z ∈ Ty. If T is continuous or X satisfies the condition
(Cα), then T has a fixed point.

Now, we give the following result.

Theorem . Let (X,d) be a complete metric space, α : X × X → [,∞) be a function,
ψ ∈ � be a strictly increasing map and T : X → CB(X) be an α-admissible α-ψ-Ciric
generalized multifunction, and let there exist x ∈ X and x ∈ Tx with α(x,x) ≥ . If T is
continuous, then T has a fixed point.

Proof If x = x, then we have nothing to prove. Let x �= x. Then we have

d(x,Tx) ≤ α(x,x)H(Tx,Tx)

≤ ψ

(
max

{
d(x,x),d(x,Tx),d(x,Tx),

d(x,Tx) + d(x,Tx)


})

= ψ

(
max

{
d(,x),d(x,Tx),

d(x,Tx)


})

≤ ψ

(
max

{
d(x,x),d(x,Tx),

d(x,x) + d(x,Tx)


})

= ψ
(
max

{
d(x,x),d(x,Tx)

})
.

http://www.fixedpointtheoryandapplications.com/content/2013/1/24
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If max{d(x,x),d(x,Tx)} = d(x,Tx), then d(x,Tx) ≤ ψ(d(x,Tx)) and so we get
d(x,Tx) = . Thus, d(x,x) = , which is a contradiction. Hence, we obtainmax{d(x,x),
d(x,Tx)} = d(x,x) and so d(x,Tx) ≤ ψ(d(x,x)). If x ∈ Tx, then x is a fixed point
of T . Let x /∈ Tx and q > . Then

 < d(x,Tx) < qψ
(
d(x,x)

)
.

Put t = d(x,x). Then t >  and d(x,Tx) < qψ(t). Hence, there exists x ∈ Tx such that
d(x,x) < qψ(t) and so ψ(d(x,x)) < ψ(qψ(t)). It is clear that x �= x. Put q = ψ(qψ(t))

ψ(d(x,x))
.

Then q >  and we have

d(x,Tx) ≤ α(x,x)H(Tx,Tx)

≤ ψ

(
max

{
d(x,x),d(x,Tx),d(x,Tx),

d(x,Tx) + d(x,Tx)


})

= ψ

(
max

{
d(x,x),d(x,Tx),

d(x,Tx)


})

≤ ψ
(
max

{
d(x,x),d(x,Tx)

})
.

Similarly, we should have max{d(x,x),d(x,Tx)} = d(x,x) and so we get

d(x,Tx) ≤ ψ
(
d(x,x)

)
.

If x ∈ Tx, then x is a fixed point of T . Let x /∈ Tx. Then  < d(x,Tx) < qψ(d(x,x)).
Hence, there exists x ∈ Tx such that d(x,x) < qψ(d(x,x)) = ψ(qψ(t)). It is clear that
x �= x and ψ(d(x,x)) < ψ(qψ(t)). Put q = ψ(qψ(t))

ψ(d(x,x))
. Then q > . Also, we have

d(x,Tx) ≤ α(x,x)H(Tx,Tx)

≤ ψ

(
max

{
d(x,x),d(x,Tx),d(x,Tx),

d(x,Tx) + d(x,Tx)


})

= ψ

(
max

{
d(x,x),d(x,Tx),

d(x,Tx)


})

≤ ψ
(
max

{
d(x,x),d(x,Tx)

})
.

By continuing this process, we obtain a sequence {xn} in X such that xn ∈ Txn–, xn �= xn–
and d(xn,xn+) ≤ ψn–(qψ(t)) for all n. Let m > n. Then

d(xn,xm)≤
m–∑
i=n

d(xi,xi+) ≤
m–∑
i=n

ψ i–(qψ(t)
)

and so {xn} is a Cauchy sequence in X. Hence, there exists x� ∈ X such that xn → x�. If T
is continuous, then

d
(
x�,Tx�

)
= lim

n→∞d
(
xn+,Tx�

) ≤ lim
n→∞H

(
Txn,Tx�

)
= 

and so x� ∈ Tx�. �
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Corollary . Let (X,d) be a complete metric space, ψ ∈ � be a strictly increasing map,
x∗ ∈ X and T : X → CB(X) be a multifunction such that

H(Tx,Ty) ≤ ψ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all x, y ∈ X with x∗ ∈ Tx ∩ Ty. Suppose that there exist x ∈ X and x ∈ Tx such that
x∗ ∈ Tx ∩ Tx. Assume that for each x ∈ X and y ∈ Tx with x ∈ Tx ∩ Ty, we have x ∈
Ty∩ Tz for all z ∈ Ty. If T is continuous, then T has a fixed point.

Corollary . Let (X,
,d) be a complete ordered metric space, ψ ∈ � be a strictly in-
creasing map and T : X → CB(X) be a multifunction such that

H(Tx,Ty) ≤ ψ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all x, y ∈ X with Tx 
 Ty or Ty 
 Tx. Suppose that there exist x ∈ X and x ∈ Tx such
that Tx 
 Tx or Tx 
 Tx. Assume that for each x ∈ X and y ∈ Tx with Tx 
 Ty or Ty 

Tx, we have Ty
 Tz or Tz 
 Ty for all z ∈ Ty. If T is continuous, then T has a fixed point.

Now, we give the following result about a fixed point of self-maps on complete metric
spaces.

Theorem . Let (X,d) be a complete metric space, α : X × X → [,∞) be a mapping,
φ : [,∞) → [,∞) be a continuous and nondecreasing map such that φ(t) < t for all t > 
and T be a self-map on X such that

α(x, y)d(Tx,Ty)≤ φ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all x, y ∈ X. Assume that there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥ 
with i �= j. Suppose that T is continuous or α(Tix,x) ≥  for all i ≥  whenever Tix → x.
Then T has a fixed point.

Proof It is easy to check that limn→∞ φn(t) =  for all t > . Let xn = Txn– for all n ≥ . If
xn = xn– for some n, then xn– is a fixed point of T . Suppose that xn �= xn– for all n. Then
we have

d(xn+,xn) = d(Txn,Txn–)≤ α(xn,xn–)d(Txn,Txn–)

≤ φ

(
max

{
d(xn,xn–),d(xn,Txn),d(xn–,Txn–),

d(xn–,Txn) + d(xn,Txn–)


})

= φ

(
max

{
d(xn–,xn),d(xn,xn+),

d(xn–,xn+)


})

≤ φ

(
max

{
d(xn–,xn),d(xn,xn+),

d(xn–,xn) + d(xn,xn+)


})

= φ
(
max

{
d(xn–,xn),d(xn,xn+)

})
.

http://www.fixedpointtheoryandapplications.com/content/2013/1/24
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Since d(xn+,xn) ≤ φ(d(xn+,xn)) does not hold, we get d(xn+,xn) ≤ φ(d(xn,xn–)). Since φ

is nondecreasing, we have

d(xn+,xn) ≤ φ
(
d(xn,xn–)

) ≤ φ(d(xn–,xn–)) ≤ · · · ≤ φn(d(x,x))

for all n. Hence, d(xn+,xn) → . If {xn} is not a Cauchy sequence, then there exists ε > 
and subsequences {xni} and {xmi} of {xn} with ni <mi such that d(xni ,xmi ) > ε for all i. For
each ni, put ki =min{mi | d(xni ,xmi ) > ε}. Then we have

ε < d(xni ,xki )≤ d(xni ,xki–) + d(xki–,xki )≤ ε + d(xki–,xki )

and so d(xni ,xki )→ ε. But we have

d(xni ,xki ) – d(xni ,xni+) – d(xki ,xki+)

≤ d(xni+,xki+) ≤ d(xni ,xki ) + d(xni ,xni+) + d(xki ,xki+)

and so d(xni+,xki+)→ ε. Thus, we get

max

{
d(xni ,xki ),d(xni+,xni ),d(xki+,xki ),



[
d(xni+,xki ) + d(xki+,xni )

]}

≤ max

{
d(xni ,xki ),d(xni+,xni ),d(xki+,xki ),



[
d(xni+,xki+) + d(xki+,xki ) + d(xki+,xki ) + d(xki ,xni )

]}

≤ max

{
d(xni ,xki ),d(xni+,xni ),d(xki+,xki ),



[
d(xni ,xki ) + d(xki+,xki ) + d(xni+,xni )

]}

≤ d(xni ,xki ) +


d(xki+,xki ) + d(xni+,xni )

and soM(xni ,xki ) → ε. On the other hand, we have

d(xni+,xki+) = d(Txni ,Txki ) ≤ α(xni ,xki )d(Txni ,Txki )≤ φ
(
M(xni ,xki )

)

and so ε ≤ φ(ε). This contradiction shows that {xn} is a Cauchy sequence. Since X is com-
plete, there exists x ∈ X such that xn → x. If T is continuous, then we get

d(x,Tx) = lim
n→∞d(xn+,Tx) = lim

n→∞d(Txn,Tx) = .

Now, suppose that α(Tix,x)≥  for all i ≥  whenever Tix → x. Then

d(x,Tx) = lim
n→∞d(xn+,Tx) = lim

n→∞d(Txn,Tx)≤ lim
n→∞α(xn,x)d(Txn,Tx)

≤ lim
n→∞φ

(
max

{
d(xn,x),d(xn,xn+),d(x,Tx),

(
d(xn,Tx) + d(x,xn+)

)
/

})

= φ
(
d(x,Tx)

)
.

Thus, d(x,Tx) = . �
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Here, we give the following example to show that there are discontinuous mappings
satisfying the conditions of Theorem ..

Example . Let X = [,∞) and d(x, y) = |x– y|. Define T : X → X by Tx = x+ whenever
x ∈ [, ], Tx = 

 whenever x ∈ (, ) and Tx = x + x+  whenever x ∈ [,∞). Also, define
themappings φ : [,∞) → [,∞) and α : X×X → [,∞) by φ(t) = t

 , α(x, y) =  whenever
x, y ∈ (, ) and α(x, y) =  otherwise. An easy calculation shows us that

α(x, y)d(Tx,Ty)≤ φ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all x, y ∈ X. Put x = 
 . Since Tix = x for all i ≥ , α(Tix,Tjx) ≥  for all i, j ≥ 

with i �= j and α(Tix,x)≥  for all i≥  whenever Tix → x. Thus, the map T satisfies the
conditions of Theorem .. Note that x = 

 is a fixed point of T .

Corollary . Let (X,
,d) be a complete ordered metric space, φ : [,∞) → [,∞) be a
continuous and nondecreasing map such that φ(t) < t for all t >  and T be a self-map on
X such that

d(Tx,Ty) ≤ φ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all comparable elements x, y ∈ X. Assume that there exists x ∈ X such that Tix and
Tjx are comparable for all i, j ≥  with i �= j. Suppose that T is continuous or Tix and x
are comparable for all i ≥  whenever Tix → x. Then T has a fixed point.

Proof Define the mapping α : X × X → [, +∞) by α(x, y) =  whenever x and y are com-
parable and α(x, y) =  otherwise. Then, by using Theorem ., T has a fixed point. �

Corollary . Let (X,
,d) be a complete ordered metric space, z ∈ X, φ : [,∞)→ [,∞)
be a continuous and nondecreasing map such that φ(t) < t for all t >  and T be a self-map
on X such that

d(Tx,Ty) ≤ φ

(
max

{
d(x, y),d(x,Tx),d(y,Ty),

d(x,Ty) + d(y,Tx)


})

for all x, y ∈ X which are comparable with z.Assume that there exists x ∈ X such that Tix
and Tjx are comparable with z for all i, j ≥  with i �= j. Suppose that T is continuous or
Tix and x are comparable with z for all i ≥  whenever Tix → x. Then T has a fixed
point.

Proof Define the mapping α : X × X → [, +∞) by α(x, y) =  whenever x and y are com-
parable with z and α(x, y) =  otherwise. Then, by using Theorem ., T has a fixed point.

�

Finally, by using [], we can find also some equivalent conditions for some presented
results. We give two following results in this way. This shows us the importance of the
main results of []. Also, Example . leads us to the fact that there are discontinuous
mappings satisfying the conditions of the following results.
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Proposition . Let (X,d) be a complete metric space, α : X×X → [,∞) be amapping,
ψ : [,∞) → [,∞) be a lower semi-continuous function, η : [,∞) → [,∞) be a map
such that η–({}) = {} and lim inft→∞ η(t) >  for all t >  and T be a self-map on X such
that

ψ
(
α(x, y)d(Tx,Ty)

) ≤ ψ
(
M(x, y)

)
– η

(
M(x, y)

)

for all x, y ∈ X. Assume that there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥ 
with i �= j. Suppose that T is continuous or α(Tix,x) ≥  for all i ≥  whenever Tix → x.
Then T has a fixed point.

Proposition . Let (X,d) be a complete metric space, α : X × X → [,∞) be a map-
ping, ψ ∈ � be a nondecreasing map which is continuous from right at each point, φ :
[,∞) → [,∞) be a map such that φ(t) < t for all t >  and T be a self-map on X such
that ψ(α(x, y)d(Tx,Ty)) ≤ φ(ψ(M(x, y))) for all x, y ∈ X. Assume that there exists x ∈ X
such that α(Tix,Tjx) ≥  for all i, j ≥  with i �= j. Suppose that T is continuous or
α(Tix,x) ≥  for all i ≥  whenever Tix → x. Then T has a fixed point.
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