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1 Introduction
Let E be a Banach space with its dual space E” and let C be a nonempty closed convex sub-
set of E. Throughout this paper, we denote the norm of E and E” by the same symbol | - ||.

We use the symbol — to denote the strong convergence. Recall the following definition.

Definition 1.1 A Banach space E is said to be uniformly convex iff for any €, 0 < € < 2, the
inequalities |x| <1, |yl <1and |x—y|| > € imply there exists a § > 0 such that || 52| <
1-6.

Definition 1.2 Let E be a Banach space. Then a function pr : R* — R* is said to be the

modulus of smoothness of E if

%+l + llx =y

—-1: =1, =ty.
5 ll]l 71 }

pe(t) = SUP{

A Banach space E is said to be uniformly smooth if

I pE(t)
1m
t—0 t

=0.
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Let g > 1. A Banach space E is said to be g-uniformly smooth if there exists a fixed constant
¢ > 0 such that pg(t) < ctf. It is easy to see that if E is g-uniformly smooth, then g < 2 and
E is uniformly smooth.

Definition 1.3 A mapping / from E onto E satisfying the condition

J@) = {f €E: (x.f) = llx|* and IIf || = llIl}

is called the normalized duality mapping of E. The duality pair (x,f) represents f(x) for
feE andxeE.

Definition 1.4 Let C be a nonempty subset of a Banach space £ and 7 : C — C be a
self-mapping. T is called a nonexpansive mapping if

1T = Tyl < llx - yll

forallx,y € C.
T is called an n-strictly pseudo-contractive mapping if there exists a constant n € (0,1)
such that

(Tx— Ty, j(x - ) < llx =y = 0| = T)x = (T = Ty (1.1)

for every x,y € C and for some j(x — y) € J(x — ). It is clear that (1.1) is equivalent to the
following:

(1= Ty = (1 = T)y,jtx - 9)) = | = Ty — (1 = Ty | (1.2)
for every x,y € C and for some j(x — y) € J(x — y).

Let C and D be nonempty subsets of a Banach space E such that C is nonempty closed
convexand D C C, then a mapping P : C — Dis sunny [1] provided P(x + t(x — P(x))) = P(x)
for all x € C and ¢ > 0, whenever x + t(x — P(x)) € C. The mapping P: C — D is called a
retraction if Px = x for all x € D. Furthermore, P is a sunny nonexpansive retraction from C
onto D if Pis aretraction from C onto D which is also sunny and nonexpansive. The subset
D of C is called a sunny nonexpansive retraction of C if there exists a sunny nonexpansive
retraction from C onto D.

An operator A of C into E is said to be accretive if there exists j(x —y) € J(x —y) such that

(Ax - Ay,j(x-y) >0, VxyeC.

A mapping A : C — E is said to be a-inverse strongly accretive if there exists j(x — y) €
J(x —y) and & > 0 such that

(Ax - Ay,j(x - y)) > al|Ax - AylI*>, Vx,yeC.

Remark 1.1 From (1.1) and (1.2), if T is an n-strictly pseudo-contractive mapping, then
I - T is n-inverse strongly accretive.
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The variational inequality problem in a Banach space is to find a point x” € C such that
for some j(x —x') € J(x —x°),

(Ax,j(x-x))>=0, VxeC. (1.3)

This problem was considered by Aoyama et al. [2]. The set of solutions of the variational
inequality in a Banach space is denoted by S(C, A), that is,

S(C,A):{ueC:(Au,](v—u))zO,Vve C}. (1.4)

Numerous problems in physics, optimization, variational inequalities, minimax problems,
the Nash equilibrium problem in noncooperative games reduce to find an element of (1.4);
see [3, 4].

Recall that the normal Mann’s iterative process was introduced by Mann [5] in 1953.

The normal Mann’s iterative process generates a sequence {x,} in the following manner:

X1 € C,
(1.5)

Xn+l = (]- - an)xn +ay Txnr Yn=>1,

where the sequence {o,} C (0,1). If T is a nonexpansive mapping with a fixed point and
the control sequence {a,} is chosen so that Y 7, (1 — «,,) = 00, then the sequence {x,}
generated by normal Mann’s iterative process (1.5) converges weakly to a fixed point of T'.

In 2008, Cho et al. [6] modified the normal Mann’s iterative process and proved strong
convergence for a finite family of nonexpansive mappings in the framework of Banach

spaces without any commutative assumption as follows.

Theorem 1.2 Let C be a closed convex subset of a uniformly smooth and strictly convex
Banach space E. Let {T;} be a nonexpansive mapping from C into itself for i = 1,2,...,N.
Assume that F = ﬂf\il F(T;) #9. Given a point u € C and given sequences {c},{B.} € (0,1),
the following conditions are satisfied:

o0
(1) nlingo a,=0 and Zan = 00,
n=1

(i) lm |y —yu-1l|=0 foralli=1,2,...,N,
n— 00

(iii) O <liminfgB, <limsupp, <1.
n—0oQ

n—00

Let {x,} be a sequence generated by u,x, =x € C and

Yn = BuXn + (1= Bu) Wy,

Xp+l = Oyld + (1 - an)ynr n= 07

(1.6)

where W, is the W-mapping generated by Ty, Ts,..., Tn and V1, V- .., Yun- Then {x,}
converges strongly to x” € F, where x” = Q(u) and Q : C — F is the unique sunny nonexpan-
sive retraction from C onto F.
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In 2008, Zhou [7] proved a strong convergence theorem for the modification of normal
Mann’s iteration algorithm generated by a strict pseudo-contraction in a real 2-uniformly
smooth Banach space as follows.

Theorem 1.3 Let C be a closed convex subset of a real 2-uniformly smooth Banach space
Eand let T : C — C be a A-strict pseudo-contraction such that F(T) # 0. Given u,xy € C
and the sequences {a,}, {Bn}, {vu} and {8,} in (0,1), the following control conditions are
satisfied:

A
i) a<a,< e for some a >0 and for alln> 0,

(i) Bu+yu+8,=1 foralln>0,

[o¢]

(iii)  lim B, =0 and > Bu=00,
n=1

(iv) app1—0a,—0 asn— oo,

(v) 0<liminfy, <limsupy, <1.
n—0o0 H—> 00

Let a sequence {x,} be generated by

Y =0 Ty + (1 - an)xns 1.7)
Xntl = ,Bnu t VnXn + (Snyn’ n=0.

Then {x,} converges strongly to x” € F(T), where x* = Qrr)(u) and Qpry: C — F(T) is the
unique sunny nonexpansive retraction from C onto F(T).

In 2005, Aoyama et al. [2] proved a weak convergence theorem for finding a solution of
problem (1.3) as follows.

Theorem 1.4 Let E be a uniformly convex and 2-uniformly smooth Banach space and let
C be a nonempty closed convex subset of E. Let Q¢ be a sunny nonexpansive retraction from
E onto C, let a > 0 and let A be an a-inverse strongly accretive operator of C into E with
S(C,A) # 0. Suppose x1 = x € C and {x,} is given by

Xn+l = OpXy + (1 - an)QC(xn - )\nAxn)

foreveryn=1,2,...,where{\,} is a sequence of positive real numbers and {o,,} is a sequence

in [0,1]. If {1} and {a,} are chosen so that A, € [a, I%]for some a > 0 and «, € [b,c] for
some b, c with 0 < b < ¢ <1, then {x,} converges weakly to some element z of S(C,A), where
K is the 2-uniformly smoothness constant of E.

In this paper, motivated by Theorems 1.2, 1.3 and 1.4, we prove a strong convergence
theorem for finding a common element of the set of solutions of a finite family of vari-
ational inequality problems and the set of fixed points of a nonexpansive mapping and
an n-strictly pseudo-contractive mapping in uniformly convex and 2-uniformly smooth
spaces. Moreover, by using our main result, we prove a strong convergence theorem for
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finding a common element of the set of fixed points of a finite family of n;-strictly pseudo-
contractive mappings for every i =1,2,...,N in uniformly convex and 2-uniformly smooth
Banach spaces.

2 Preliminaries
In this section, we collect and prove the following lemmas to use in our main result.

Lemma 2.1 (See [8]) Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds:

lla + yl1> < Il + 2(y, (x)) + 2| Ky||>
forany x,y € E.

Definition 2.1 (See [9]) Let C be a nonempty convex subset of a real Banach space. Let
{T:}¥, be a finite family of nonexpanxive mappings of C into itself and let Ay,..., Ay be
real numbers such that 0 < A; <1 for every i =1,...,N. Define a mapping K : C — C as
follows:

Uh=mT+Q1-M)
Uy = 2 Tollh + (1= AUy,

Us = A3T3Us + (1 - A3) Uy,
(2.1)

Un-1 = Ana TnoiUn-s + (1= Ano1) Un-as

K= UN = )VNTNUN—I + (1 — )VN)UN—L
Such a mapping K is called the K-mapping generated by T1,..., T and Aq,..., An.

Lemma 2.2 (See [9]) Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let {T;}Y, be a finite family of nonexpanxive mappings of C into itself with
ﬂfilF(Ti) #Wandlet ), ..., AN be real numbers such that0 < A; <1 foreveryi=1,...,N-1
and 0 < Ay < 1. Let K be the K-mapping generated by Ti,...,Ty and \y,...,An. Then
F(K) = (5, E(T)).

Remark 2.3 From Lemma 2.2, it is easy to see that the K mapping is a nonexpansive
mapping.

Lemma 2.4 (See [10]) Let {x,} and {z,} be bounded sequences in a Banach space X and
let {B,} be a sequence in [0,1] with 0 <liminf,_. B, <limsup,_, ., Bx < 1. Suppose

Xns1 = Buxn + (1= Bu)zu
for all integer n > 0 and

1imsup(||z,,+1 = Zull = I%ns1 _xn”) <0.
n—0oQ0

Then lim,,_, o ||x, — 2, = 0.


http://www.fixedpointtheoryandapplications.com/content/2013/1/23

Kangtunyakarn Fixed Point Theory and Applications 2013, 2013:23 Page 6 of 21
http://www.fixedpointtheoryandapplications.com/content/2013/1/23

Lemma 2.5 (See [11]) Let X be a uniformly convex Banach space and B, = {x € X : ||x|| <
r}, v > 0. Then there exists a continuous, strictly increasing and convex function g : [0,00] —
[0, 0], g(0) = 0 such that

lax + By + yzl|* < allxl® + Bllyl* + v llzl1* — eBg(llx - yll)
forallx,y,z€ B, and alla, B,y € [0, 1] witha + B+y =1.

Lemma 2.6 (See [2]) Let C be a nonempty closed convex subset of a smooth Banach
space E. Let Q¢ be a sunny nonexpansive retraction from E onto C and let A be an ac-
cretive operator of C into E. Then for all > >0,

S(C,A) = F(Qc(I - 1A)).

Lemma 2.7 (See [12]) Let C be a closed convex subset of a strictly convex Banach space X.
Let {T, : n € N} be a sequence of nonexpansive mappings on C. Suppose [,y F(T,,) # ¥ is
nonempty. Let {\,} be a sequence of positive numbers with Y .-, A, = 1. Then a mapping
S on C defined by Sx =Y o2, M Tyx for x € C is well defined, non-expansive and F(S) =
Moz, E(T,) holds.

Lemma 2.8 (See [8]) Let r > 0. If E is uniformly convex, then there exists a continuous,
strictly increasing and convex function g : [0,00) — [0,00), g(0) = 0 such that for all x,y €

B,(0) = {x € E: ||x|| < r} and for any a € [0,1], we have |lax + (1 — a)y||® < a|lx||® + (1 -
a)yl? = a@ - a)g(llx - yl).

Lemma 2.9 (See [13]) Let X be a uniformly smooth Banach space, C be a closed convex
subset of X, T : C — C be a nonexpansive mapping with F(T) # } and let f € [|. where
[1c is to denote the collection of all contractions on C. Then the sequence {x,} defined by
x¢ = tf (x¢) + (1 — £)Tx; converses strongly to a point in F(T). If we define a mapping Q :

[1c = E(T) by Q(f) = limy_, o %, for all f € [ [, then Q(f) solves the following variational
inequality:

(T-NHQ,j(Q) -p)) <0

forallf €], p € F(T).

Lemma 2.10 (See [14]) In a Banach space E, the following inequality holds:
b+ 1% < U2l + 2{jx +5)), Vay €E,
where j(x + y) € J(x + y).
Lemma 2.11 (See [15]) Let {s,} be a sequence of nonnegative real number satisfying

Spr1 = (L= 0y)sy + auBy, V=0,
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where {a,.}, { B} satisfy the conditions
M) {adclo1], > an=oc
n=1

[o¢]
(2) limsupB, <0 or Z lotn B < 0.

n—00
n=1

Then lim,_, S, = 0.

Lemma 2.12 Let C be a nonempty closed convex subset of a 2-uniformly smooth Banach
space E and let T : C — C be a nonexpansive mapping and S : C — C be an n-strictly
pseudocontractive mapping with F(S) N F(T) # (. Define a mapping B4 : C — C by Bax =

T(1-a) +aS)x forallx € C and a € (0, Kiz), where K is the 2-uniformly smooth constant
of E. Then F(By) = F(S) N F(T).

Proof 1t is easy to see that F(T) N F(S) € F(Ba). Let xo € F(B4) and x~ € F(T) N F(S), we
have
o =2 = | T(( - a)mo + aSxo) -5 |
< @ -a)xo +aSxo -« |
= [xo - & + ar(Sxo — x0) |°
< [0 = &"||* + 20(Sxo — w0, j(0 — &)} + 2K 2% | Sxg — I
= w0 = |2 + 20(S0 — (0 — &) + 20e(x” — 50,0 — %))
+2K20? || Sxcg — xo|*
= oo = &) + 26(Sx0 — &, (%0 — &) = 2at||x0 — & ||* + 2K IS x0 — 012
< lto = [+ 20(fo = [ = 0] € = o |*) ~ 2] =
+ 2K a%(| Sxg — %02
= [0 = &"||* = 2anllo — Sxo 1 + 2K || Sxo — xo |2

= oo = &> = 20(m = K2ax) a9 — Sxo 1% (2.2)

(2.2) implies that

>_0.

*

2a(n - K?a) [0 - Sxo > < ||x0 =& |* = %0 %

Then we have Sxg = xy, that is, xy € F(S).
Since xg € F(B,), from the definition of B4, we have

X0 = BAxO = T((l —Ol)x() + O[SJC()) = Txo.

Then we have xg € F(T). Therefore, xog € F(T) N F(S). It follows that F(B4) C F(T) N E(S).
Hence, F(B4) = F(T) N F(S). (I

Remark 2.13 Applying (2.2), we have that the mapping B4 is nonexpansive.

Page 7 of 21
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3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. Foreveryi=1,2,...,N, let A;: C — E be an a;-inverse strongly accretive mapping.
Define a mapping G;: C — C by Qc(I - A)x=Gx forallx e Cand i=1,2,...,N, where
2i € (0, 15), K is the 2-uniformly smooth constant of E. Let B: C — C be the K-mapping
generated by G, Gy, ...,Gy and py, pa, ..., pn, where p; € (0,1),Vi=1,2,...,N-land py €
(0,1]. Let T : C — C be a nonexpansive mapping and S : C — C be an n-strictly pseudo-
contractive mapping with F = F(S)NF(T)N ﬂf\il S(C,A;) # 0. Define a mapping B4 : C —
Cby T(1-a) +aS)x =Bax,Vx € Cand a € (0, Kiz). Let {x,} be the sequence generated by
x1 € Cand

Xpi1 = A (%) + By + VuBxy + 8,Baxy, Vn>1, (3.1)

where f : C — C is a contractive mapping and {a,}, {Bu}, {vn}, (8,2} S [0,1], 0ty + By + v +
8, = 1 and satisfy the following conditions:

o0
(i) nlin;o o,=0 and Zan = 00,
n=1

(i) {yu}{6n} S lc,d] C(0,1) forsomec,d>0and¥n=>1,

[e¢] o0 o0
Qi) D 1Bua =Bl Y wa—val D 18w —8ul <00,
n=1 n=1 n=1

(iv) 0<liminfg, <limsupg, <1
n—00 =00

Then the sequence {x,} converses strongly to g € F, which solves the following variational
inequality:

(a-f(@),jlg-p)) <0, VpelF.

Proof First, we will show that G; is a nonexpansive mapping for everyi=1,2,...,N.
Let x,y € C. From nonexpansiveness of Qc, we have

I1Gix— Gyll* = |Qcll - :iA)x - QeI - LAYy
< || -rA)x— (I - )»iAi)yHZ
=[x -y - 1A - Ay) ||2
< e =11 = 20{Ax — A j(x — 9)) + 2K232 | A — Ay ||
< llx = yl? = 20l A — Ay|® + 2K222 | Ak — Ayl
= floc = y11% = 20 (s — K21 | A — Ay
< lx-yI?.

Then we have G,; is a nonexpansive mapping for everyi=1,2,...,N.Since B: C — C s the
K-mapping generated by G1, Gy, ..., Gy and py, 02, . .., px and Lemma 2.2, we can conclude
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that F(B) = ﬂfil F(G;). From Lemma 2.6 and the definition of G;, we have F(G;) = S(C,A;)

foreveryi=1,2,...,N. Hence, we have

N N
F(B)=(\F(G) =[)S(C,A). (3.2)

i=1 i=1

Next, we will show that the sequence {x,} is bounded.
Let z € F; from the definition of x,,, we have

%1 = 2l < et |[f @) = 2| + Bulln — 2]l + Yull B — 2l + 8,11 Baxs — 2]
< o |f () — 2| + (1= ) %0 — 2]l
< au|f ) —f @) +an|f(2) - 2| + A - )14 — 2]l
< anally = zll + o |[f(2) = 2] + (1 - )% - 2]
= (1-an1-a)llw, —zll + o | f(2) - 2|
vo-s)

< max{ ll%1 — 2|l
l-a

By induction, we can conclude that the sequence {x,} is bounded and so are {f (x,)}, {Bx,},
{BAxn}-
Next, we will show that

lim ||%,.1 — 4]l = 0. (3.3)
n—>00

From the definition of x,,, we can rewrite x, by

X1 = B + (L= Bu)zn, (3.4)
10 n HB 14 (SWB 14
where z,, = @/ Cn)+ynBrn+dnBaxn )”/1_/3’; Fonlatn
Since
”Z —z ” _ an+1f(xn+1) + Vn+len+1 + 8n+lBAxn+l
i " 1- ﬁn+1
~ (anf (%) + YuBan + ‘SnBAxn> H
1- /3;1
_ KXn+2 — ,Bn+1xn+1 _ Xn+l — ﬂnxn
1- ﬁn+l 1- /Sn
_ Xn+2 — /3n+lxn+l _ KXn+l — ﬂnxn Xn+l — ,ann _ Xn+l — ,ann
1- ﬂnﬂ 1- ﬂnﬂ 1- ,Bn+1 1- Ign
< X142 = Bra1Xns1 _ %41 — Bun Xps1 — Bun _ Xps1 — Bun
- 1- /3;1+1 1- /3n+1 1- ,Bn+1 1- lgn
1

=T ”xn+2 = Bus1®ns1 — (Xns1 — Bun) ”

1- :3n+1

: et = Bl
+ - — X — PuX
L=Bua 1=B,| 0"
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”xn+2 — BuatXnir — (K1 — Bun) ”

B 1
- 1- :3n+1
b B =Bl
(1 - 1371)(1 - ,Bn+1)

||xn+1 - ﬁnxn ”

1
= ||an+1f(xn+l) + Vns1BXni1 + 8141 Bakna
1- :3n+1
|/3n+1 - /3n|
- B, + 8,8 LA S T -
(anf(xn) + YubXy + Oy Axn) ” + =B, Bom) %41 = Broxnl
1
= (Han+]f(xn+1) - anf(xn) || + Vn+1 ”an+1 - an ”
1- lsn+l
+ 011 Baxusr — Baxull + Va1 — VulllBxn |l + 18101 — 0l ”BAxn”)
+ |,3n+1 _/371| ”x l_ﬁ x ”
(l_lgn)(l_,gml) " o
1
= (an+1 |If(xn+1) || + oy Hf(xn) || + ()/n+1 + 6n+1)”xn+1 —Xn ”
1- /Sn+1
+ V1 = VYl 1BE |l + 181 = 8l l1Banl)
+ |/3n+1 _,Bn| ”x l_ﬁ x ”
(1—/3,,)(1—/3,”1) " -
o +8
n+l “f(xm-l ” Vn+1 n+l ” Xpi1 _xn”
|Vn+1 | | n+l — |
7 1Bxull + ————— [ Baxul
1- ﬂn+1 o - /Sn+ A%
+ |,3n+1 _,371| ”x ) —/3 x ”
(l_lgn)(l_,gml) " o
%1 [Vise1 = Val
- el B
<7T B ——[f )| + Xl + 1 B [l Bl
|5n+1 - n| |/gn+1 - ﬂn|
+ —————1Baxull + ——————— [I%n1 = Buull. 3.5)
1- ﬁn+1 A (1 - ﬁn)(l - ,3n+1) ! Vl”l
From (3.5) and the conditions (i)-(iv), we have
lim Sup(||zn+1 = Zul = [1%ns1 _xn”) <O0. (3.6)
n—00
From Lemma 2.4 and (3.4), we have
lim ||z, —x,|| =0 (3.7)
n—00

From (3.4), we have
%641 = %ull = 1 - Bz — %4l
and from the condition (iv) and (3.7), we have

lim (%, —x,] =0
n— 00

Page 10 of 21
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Next, we will show that
lim ||Bx, —x,]| =0 and lim ||Bax, —x,| = 0.
n—0o0 n— 00

From the definition of x,,, we can rewrite x,,; by

Xp+l = arzf(xn) + Bun + YuBxy + 8,Baxy

(YnBxy + 8,Baxy)
= arlf(xn) + Bukn + (Vn + SH)M
Vi + 6
= 0yf (%) + Bun + €42, (3.8)
where e, =y, + 8, and 2, = (””Bﬁf;%“”)

From Lemma 2.5 and (3.8), we have

%1 = 212 = et (FGen) = 2) + Bulx — 2) + €a(2, - 2) |
<o f@) - 2| + Bullws = 21 + ez, - 2[* = Buewti (|2, - %)
= 0| ) —2|* + Bl — 2 - Bungs (12, — 4]

(yuBx,, + 8,Bax,) ~ ZH2

+ ey
Vn + Sn

=0y “f(xn) _2”2 + ﬁn”xn _Z||2 _,Bnengl(”Z:,, —Xn ”)
2

) )
+e, (1 - )(Bx,, —2)+ — 22— (Bax, — 2)
yn + 871 n + 87[

< au|[f@n) = 2| + Bullzn — 217 = Buewsi (|| 2, — %)

2
8 8
+e,|(1- |Bx, — z|| + |Bax, — z||
Vi + 6y Vn + 6n

< au|[fn) = 2| + Bulln — 2117 = Buengi (|| 2, — %)) + enllzn — 211

)

< au|[f @) = 2| + 16 — 212 = Buenga (|2, — %
which implies that

Buengi (|12, — %) < an|[f ) = 2| + 10 = 21> = 601 — 211

2
<oy Hf(xn) - Z” + (”xn =zl + % = Z”) %641 — %l (3.9)
From the conditions (i), (ii), (iv) and (3.3), we have
lim g(|2), — x]) = 0.
From the properties of g1, we have

lim |2, - x| = 0. (3.10)

n—00
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From Lemma 2.8 and the definition of z;,, we have

2

y,,Bx,, +8,Bax,)
Vn + 6n

2

H(I— O )(an—z)+ O (Baxy —2)
8+ Vn 3+ Vu

) )
5(1— - )||an—z||2+ " || Baxy — z|?
8u + Vn 8n + Vn

1= ) " (1Bxy - Bamal)
Su+Vn) 6n+ ,,gz n = Ba%n

< llay = 2* - <1

O
> & (I1Bx, — Baxll),

_8n+yn 8n + Vn

which implies that

Sn Oy 2
(1 " ) e ngz(ann Baxall) < Iy —2II> - |2, - 2|
< (15221 + |2, -2, - .
From the condition (iii) and (3.10), we have
lim g (|| Bxy — Baxall) =
n—0oQ
From the properties of g;, we have
lim ||Bx, — Bax,| = 0. (3.11)
Hn—0oQ

From the definition of x,,, we can rewrite x,,; by

KXntl = ar(f(xn) + ﬁnxn + yann + 5nBAxn

ar(f(xn) +8uBaxy
oy + 6,

= BuXn + YuBx, + dz,, (3.12)

= IBle}’l + YuBxy, + (an + 8}1)

anf (Xn)+8nBaxn
ap+dy ‘

From Lemma 2.5 and the convexity of || - ||2, we have

where d, = o, + 8, and 2], =

Wi =217 = | Bun = 2) + yu(Brn = 2) + (2~ 2) |
< Bulltn = 217 + yull By — 2112 + do | 2 = 2|* = Buyugs (1% — Brall)

ar{f(xn) +8uBaxy _ an

2 2
= Bullxn — 2l + yull Bxy — zlI” + dy
o, + 6,

- ﬁn)/ng?s(”xn - Bxy, ”)

Oy

2 2
= Bull%n = 2l” + yul| Bxy — 2" + dy

+<1— % >(BAxn—z)
oy + 8y

(f(xn) - 2)

oy + 0y
2
- ,Bnyng?a(”xn - Bxy, ”)
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2
-— 2 p— 2 an -—
< Bullxn —zllI” + yullBx, — 2|l +dn(an Ty If () — 2|

oy, )
+{1- s |Bax, —zl| _,Bn]/ngE'(”xn _an”)

Oy + 0y

a 2
= Bullxn — zl1* + yull Bxy — 2|1 + dy—— | f (%) — 2|
o, + 8,

(07
+dn<1_ n5 )”BAxn _Z||2 _/BnyngS(”xn_an”)

ntOpn
) 2]
Sn

oy +

o

2 2
< Bullxn =217 + yullxn, — 2l° + d,,

+dy %, — Z||2 - ,Bnyng?a(”xn - an”)

@) —2|” = Buyugs (1% — B, ll), (313)

o
2
< lxn —zl* +d,

which implies that

:Bnyng3(”xn _an”) < lln _Z”2 = [1%ns1 _2”2 +dy o Hf(xn) _2”2
o, + 6,

= (”xn =z + |%nn _Z”)”xrﬁl —xull

oy 2
dy n) —Z| 3.14
= ) 2] (3.14)

From the conditions (i), (ii), (iv) (3.14) and (3.3), we have

lim g (|lx, — Bx,|) = 0.

n—00
From the properties of g3, we have

lim ||x, — Bx,| = 0. (3.15)

n—0oQ
From (3.11), (3.15) and

e = Baxyll < % — Bxull + || Bxy — Bazull,
we have

lim ||x,, — Bax,| = 0. (3.16)

n—0oQ
Define a mapping L: C — C by Lx = (1 — €)Bx + €Bux for all x € C and € € (0,1). From
Lemma 2.7, 2.12 and (3.2), we have F(L) = F(B) N F(B,) = ﬂfil S(C,LA)NFS)NF(T)=F.

From (3.15) and (3.16) and

”xn - an” = H (l - E)(xn _an) + 6(96,, _BAxn)H

= (1 - 6)”xn _an” + EHxn - BAxn”:
we have

lim ||x, — Lx,| = 0. (3.17)
n— 00
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Next, we will show that

limsup(f(q) — q,j(x. — q)) < 0, (3.18)

n—00

where lim,_, o x; = g € F and x, begins the fixed point of the contraction
x> tf(x) + (1 —t)Lx.

Then x; solves the fixed point equation x; = #f (x;) + (1 — £)Lx;.
From the definition of x;, we have

e = xal® = [£(F(x0) = %) + (1 = )L — )|

< (L= (1L = 20,1 + 26{f () — %, (e — %))

< (U= 02 (1Lt = Ll + L2 = 26l1)” + 28{f () = 0,2 = 6,))

< (= £ (Il = all + 1L = )™ + 26{f () = 2 5, — )

= (L= 0 (1% — xull® + 201% — Kl L% — Xll + (L2 — 24 ]1%)
+ 26{f (%) — Xr (%0 — %))

= (L= )*(llee — 21> + 2106 = Rl 11 L% — |l + L2650 — 2 ]1)
+ 2t(f(xt) — X, (e — x,,)) + Zt(xt — Xy (2 — x,,))

= (1=2t + ) e — xull® + (1= £)* (2ot — 2l [ L%y — %l + | L6 — 2 ]|%)
+ Zt(f(xt) — %X, (X — xn)) + 2% — %,

= (L+ ) Nl = xnll® + £u(2) + 26{f (x0) — %1, j (3, — 1)), (3.19)

where f,(£) = (1 = £)2(2]|oc; — % || |1 Ly, — % || + |Lx, — %,]|2). From (3.17), we have

lim f,(¢) = 0. (3.20)
(3.19) implies that

(xt —f (), j (s _xn)) = %”xt —xull” + 2ltfn(t)

t 1

where D > 0 such that ||x; —x,||> < D forall £ € (0,1) and # > 1. From (3.20) and (3.21), we

have

li£8£p<xt —f (), jlxs — x,,)) < %D. (3.22)
From (3.22) taking ¢ — 0, we have

lim sup lim sup(xt — f ), jlxe — x,,)) <0. (3.23)

t—0 n—00


http://www.fixedpointtheoryandapplications.com/content/2013/1/23

Kangtunyakarn Fixed Point Theory and Applications 2013, 2013:23
http://www.fixedpointtheoryandapplications.com/content/2013/1/23

Since
(f(@) - @ jxn—a) = [f(@ — 4,/ — q)) = ([ (@) — @, jxn —x2)) + {f (@) — 0w — %))
— (f(q) = %0, j(n — 50)) + ([ (q) = %1, j (% — x2))
—{f (xe) = %2, j(0n — x0)) + (F (30) — X2, j (% — %2))
= (f(Q) = q,j(xn — q) — j(xn _xt)> + <xt —q,j(n — xt))
+{F(q) = f(0), j(en = 20)) + (f (%) = %2, — x))
<{f(@) - qj(xn — @) — joxn — x2)) + 1% — qll 1960 — x|
+allg = xellllocn — x| + {f () = %0, — x0)),
it follows that

lim sup(f(q) —q,j(x, — q)) <lim sup{f(q) —q,jxy—q) — jx, — xt)>

+ [l%; — gl limsup [|x,, — x¢|| + allq — x; || lim sup [|x,, — x|

n—00 n—00

+ lim sup(f(x,) — %, j(x, — x¢)>. (3.24)

n— 00

Since j is norm-to-norm uniformly continuous on a bounded subset of C and (3.24), then

we have

lim sup(f (@) —q,jx q)) = hm sup lim sup(f (q) —q,j(x, — q)) <0.

n— 00 n—00

Finally, we will show the sequence {x,} converses strongly to g € F. From the definition

of x,,, we have

et = 1% = [lotn (F ) = ) + Bultn — @) + Yu(Btn — q) + 84 (Bau — 9
< |Buen = @) + 7u(Brs — @) + 8,(Bax, - )
+ 20,{f (%) = G, j (%1 — q))
< (Bullxn =l + ull By, — gl + 8, 1Bas ~ q)’
+ 200l (6n) = £ (@), /(@1 = q)) + 20lf (@) = 4,j (%1 ~ 7))
< (@ =0)*ll%n — gll* + 20s{f (%) = £ (@), j(Hns1 — q))
+ 2a,,{f(q) =, j(Xpa1 — 6I)>
< (1= )’ 1% — qlI* + 2a0, 1% — g1l %1 — gl
+20{f(q) — @ j(%na1 — q))
< (1= ) | — g1 + a2 — g1 + a2 — g1
+20,(f(q) = q,j(%ns1 — @)
= (120, + 1) Il = q11” + aes 12, = 1> + a1 = g1

+20,{f(q) ~ 4,/(ns1 ~ @)
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= (1 - 2ay + acy) 1%, — gl + a 1%, — qll* + ac |61 — gl
+ 2an{f(q) =, (X1 — fZ)>

= (1 - aay = 2ay + 2a0,) 1% = qII* + egll — q11* + actu |l tn1 — q11*
+ 2an{f(q) =, (X1 — Q)>

= (1-aey - 20,(1 - @))%, — qII* + &} |12 — q1I* + acty %1 — g1

+ Zan{f(q) - Q!j(xn+1 - q)>’

which implies that

20, (1 - a)
%1 = gll* < (1 - 1"7) %, = gl?
- n

Ay 2 ,
i (anlln = qll” +2{f (@) — 4, (%ne1 — )))
20,(1 - a)
< (1 : 1—) I~
—au,

20,(1—a) 1
+ .
l-aa, 2(1-

2 (ol — gll* + 2{ (@) — 4,j(xni1 — 9)))-

From the condition (i) and Lemma 2.11, we can imply that {x, } converses strongly to g € F.
This completes the proof. O

The following results can be obtained from Theorem 3.1. We, therefore, omit the proof.

Corollary 3.2 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. Foreveryi=1,2,...,N,let A: C — E be a v-inverse strongly accretive mapping. Let
T :C — C be a nonexpansive mapping and S : C — C be an n-strictly pseudo-contractive
mapping with F = F(S)NF(T)NS(C,A) # . Define a mapping By : C — C by T(1 - o)l +
aS)x = Bax, Vx € C and a € (0, g5), where K is the 2-uniformly smooth constant of E. Let
{x,} be the sequence generated by x, € C and

Xn+l = ar(f(xn) + ,ann + VIIQC(I - )"A)xn + (SnBAxnr Vn > 1:

where f : C — C is a contractive mapping and {o,}, {Bn} {Vn} {6n} € [0,1], @y + By + Yu +
8n =1, 1 € (0, 37) and satisfy the following conditions:

[o.¢]
(1) nli)rgoozn =0 and Za,, = 00,
n=1

(i) {yu}, {6,} Clc,d] C(0,1) forsomec,d>0andV¥n>1,

o0 o0 )
(iif) Zlﬂnﬂ_ﬁnlr Z|yn+1_yn|’ Z|8n+l_8n| < 00,
n=1 n=1

n=1

(iv) O0<liminfB, <limsupp, <1.

n—00
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Then the sequence {x,} converses strongly to g € F, which solves the following variational

inequality:

(a-f(@),jla-p)) <0, VpelF.

Corollary 3.3 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. Foreveryi=1,2,...,N, let A;: C — E be an «;-inverse strongly accretive mapping.
Define a mapping G;: C — C by Qc(I — 1 A)x=Gux forallx € Cand i=1,2,...,N, where
A € (0, ;—5), K is the 2-uniformly smooth constant of E. Let B: C — C be the K-mapping
generated by G, G, ...,Gy and py, pa, ..., pn, where p; € (0,1),Vi=1,2,...,N-land py €
(0,1]. Let T : C — C be a nonexpansive mapping with F = F(T)N ﬂﬁl S(C,A)) #0. Let {x,}
be the sequence generated by x, € C and

Xp+l = ar(f(xn) + ,ann + yann + (Sn Txm Vn>1,

where f : C — C is a contractive mapping and {o,}, {Bn} {Vn}, {6n} € [0,1], €y + By + Yu +
8, = 1 and satisfy the following conditions:

[o¢]
(i) nli)noloa,, =0 and Z(x,, =00,
n=1

(i) {yu} {6n} S lc,d] € (0,1) forsomec,d>0and¥n=>1,

oo oo oo
(lll) Zlﬁnﬂ_ﬁnlr Z|yn+1_yn|r Z|8n+l_3n| <00,
n=1 n=1 n=1

(iv) 0<liminfgB, <limsupg, <1.
n—0o0 n—>00

Then the sequence {x,} converses strongly to q € F, which solves the following variational

inequality:

(a-f(@),jla-p)) <0, VpelF.

Corollary 3.4 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. For every i =1,2,...,N, let A; : C — E be an w;-inverse strongly accretive map-
ping. Define a mapping G;: C — C by Qc(I - MA)x =G forallx € Candi=1,2,...,N,
where A; € (0, 25), K is the 2-uniformly smooth constant of E. Let B: C — C be the K-
mapping generated by Gy, G,, ..., Gy and p1, pa, ..., pn, where p; € (0,1),V¥i=1,2,...,N -1
and py € (0,1]. Let S : C — C be an n-strictly pseudo-contractive mapping with F =
F(S) N ﬂf\il S(C,A;) # 9. Define a mapping By : C — C by (1 — a)x + aSx = Byx, Vx € C
and a € (0, %). Let {x,} be the sequence generated by x, € C and

Xp+l = ar(f(xn) + ,ann + Vann + 5nBAxm Vn > 1;
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where f : C — C is a contractive mapping and {o,}, {Bn} {Vn} {8n) C[0,1], @y + By + Yu +
8, =1 and satisfy the following conditions:

o0
(i) nli)ngo o,=0 and Zan = 00,
n=1

(i)  {yu} {84} S e, d] C(0,1) forsomec,d >0 andVn>1,

[e¢] [ee] o0
W) D 1Bua =Bl Y wa—vab D 18w —8ul <00,
n=1 n=1 n=1

(iv) 0<liminfg, <limsupg, <1.
n—00

n—00

Then the sequence {x,} converses strongly to q € F, which solves the following variational

inequality:
(a-f@,jlg-p) <0, VpeF.

4 Applications
To prove the next theorem, we needed the following lemma.

Lemma 4.1 Let C be a nonempty closed convex subset of a Banach space E and let P: C —
C be an n-strictly pseudo-contractive mapping with F(P) # (. Then F(P) = S(C,I - P).

Proof 1tis easy to see that F(P) C S(C,I-P).PutA =I-Pandz € F(P).Letz, € S(C,I-P),
then there exists j(x — zo) € J(x — zp) such that

(I = P)zo,j(x —20)) =0, VxeC. (4.1)
Since P is an n-strictly pseudo-contractive mapping, then there exists j(zo — z°) such that

(Pzo - Pz ,j(z0-2)) = (I - A)zo — I - A)z ,j(20 - 7))
= |20 -2 - (Azo —AZ),j(20 - 2))
= (20 -7 jlz0 7)) - {420 ~ 42, (20 ~ 7))
= llzo — 2 > = (Azo,j(20 - 2'))
< llzo - 2II* = 1| - P)zo | (4.2)
From (4.1), (4.2), we have

nllzo — Pzo > < (Azo,j(z0 — 2)) = ~(Az0,j(z - 20)) < 0.

It implies that zg = Pz, that is, zy € F(P). Then we have S(C,I - P) C F(P). Hence, we have
S(C,I-P)=E(P). 0

Remark 4.2 If C is a closed convex subset of a smooth Banach space E and Q¢ is a sunny
nonexpansive retraction from E onto C, from Remark 1.1, Lemma 2.6 and 4.1, we have

F(P)=S(C,I1-P)=F(Qc(I-+(-P))) (4.3)

forall A > 0.
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Theorem 4.3 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. Foreveryi=1,2,...,N,letS;: C — E be an n;-strictly pseudo-contractive mapping.
Define a mapping G;: C — C by Qc( — 1(I - S;))x = Gux forallx e Cand i=1,2,...,N,
where X; € (0, IZ—Q), K is the 2-uniformly smooth constant of E. Let B: C — C be the K-
mapping generated by Gy, G,, ..., Gy and py, pa, ..., pn, where p; € (0,1),Vi=1,2,...,N -1
and py € (0,1]. Let T : C — C be a nonexpansive mapping and S : C — C be an n-strictly
pseudo-contractive mapping with F = F(S) N F(T) N ﬂf\il F(S;) # 9. Define a mapping
By:C—>Chby T(1-a) +aSx=Byx,Vx € C and a € (0, Kiz). Let {x,} be the sequence
generated by x, € C and

Xn+l = arzf(xn) + Buxn + VuBxy + 6,Bax,, Vn>1,

where f : C — C is a contractive mapping and {o,}, {Bn}, {Vn} {80} C[0,1], @y + By + Y +
8, = 1 and satisfy the following conditions:

[o¢]
(i) nli)nolooz,, =0 and 21:% = 00,
P

(i) {yu}, {6,} Clc,d] C(0,1) forsomec,d>0andV¥n>1,

o0 o0 )
(iif) Zlﬁnﬂ_ﬁnlr Z|Vn+1_yn|’ Z|5n+l_8n| < 00,
n=1 n=1

n=1
(iv) 0<liminfg, <limsupg, <1.
n—>00 n—00
Then the sequence {x,} converses strongly to q € F, which solves the following variational

inequality:

(a-f@.ja-p) <0, YpeF.

Proof Since §; is an n;-strictly pseudo-contractive mapping, then we have (I — S;) is an 7;-
inverse strongly accretive mapping for everyi=1,2,...,N.Foreveryi=1,2,...,N, putting
A; =1-S8;in Theorem 3.1, from Remark 4.2 and Theorem 3.1, we can conclude the desired

results. O
Next corollaries are derived from Theorem 4.3. We, therefore, omit the proof.

Corollary 4.4 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. Foreveryi=1,2,...,N,letS;: C — E be an n;-strictly pseudo contractive mapping.
Define a mapping G;: C — C by Qc(l - 1(I - S;))x=Gx forallx e Cand i=1,2,...,N,
where A; € (0, %), K is the 2-uniformly smooth constant of E. Let B: C — C be the K-
mapping generated by Gy, Ga, ..., Gy and p1, pa, ..., pn, where p; € (0,1),Vi=1,2,...,N -1
and py € (0,1]. Let T : C — C be a nonexpansive mapping with F = F(T) N ﬂf\il F(S) #0.
Let {x,} be the sequence generated by x, € C and

Xp+l = ar(f(xn) + ,ann + Vann + 5;1 Txrn Vn > 1)
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where f : C — C is a contractive mapping and {o,}, {Bn} {Vn} {8n) C[0,1], @y + By + Yu +
8, = 1 and satisfy the following conditions:

[o¢]
(i) nlggo a,=0 and leoz,, = 00,

(i)  {yu}, {64} S [c,d] C(0,1) forsomec,d >0 andVn > 1,

o0 o0 o0
(iif) leg;ﬂl_ﬁnlr Z|7/n+1_yn|’ Z|5n+l_8n| < 00,
n=1 n=1

n=1
(iv) 0<liminfg, <limsupg, <1.
n—00 n— 00
Then the sequence {x,} converses strongly to q € F, which solves the following variational
inequality:

{a-f(@),jla-p)) <0, VpeF.

Corollary 4.5 Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
onto C. Foreveryi=1,2,...,N,letS;: C — E be an n;-strictly pseudo contractive mapping.
Define a mapping G;: C — C by Qc(I = 1(I - S;))x = Gx forallx e Cand i=1,2,...,N,
where A; € (0, 5), K is the 2-uniformly smooth constant of E. Let B: C — C be the K-
mapping generated by Gy, Ga, ..., Gy and py, pa, ..., pn, where p; € (0,1),Vi=1,2,...,N -1
and py € (0,1]. S: C — C be an n-strictly pseudo contractive mapping with F = F(S) N
ﬂf\ilF(Si) # (. Define a mapping By : C — C by (1 — a)x + aSx = Byx, Vx € C and o €
(0, %) Let {x,} be a sequence generated by x, € C and

Xn+l = ar(f(xn) + ,ann + Vann + 5nBAxm Vn > 1;

where f : C — C is a contractive mapping and {a,,}, {Bn}, {vu} {84} S [0,1), oy + By + Y +
8, =1 and satisfy the following conditions:

o0
(i) n]Lrgoan =0 and Zay, =00,
n=1

(i)  {yu}{8:) S e, d] C(0,1) forsomec,d >0 andVn > 1,

[o¢] o0 o0
Qi) D 1Bua =Bl Y wa—val D 18w —8ul <00,
n=1 n=1 n=1

(iv) 0<liminfgB, <limsupg, <1.
n—00 11— 00

Then the sequence {x,} converses strongly to q € F, which solves the following variational

inequality:

(a-f(@),jlg-p)) <0, VpelF.
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