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1 Introduction

Iterative algorithms have been studied by many authors. The applications of iterative algo-
rithms are found in a wide range of areas, including economics, image recovery and signal
processing. Many well-known problems can be studied by using algorithms which are it-
erative in their nature; see [1-14] and the references therein. As an example, in computer
tomography with limited data, each piece of information implies the existence of a convex
set, in which the required solution lies. The problem of finding a point in the intersection
of these convex subsets is then of crucial interest, and it cannot be usually solved directly.
Therefore, an iterative algorithm must be used to approximate such a point.

Mann iteration, introduced by Mann [15], is an efficient tool to study fixed point prob-
lems of asymptotical nonexpansive mappings. However, Mann iteration is only weak con-
vergence in infinite-dimensional spaces; see [10] and the references therein. The impor-
tance of strong convergence is underlined in [16], where a convex function f is minimized
via the proximal-point algorithm: it is shown that the rate of convergence of the value se-
quence {f(x,)} is better when {x,} converges strongly than when it converges weakly. Such
properties have a direct impact when the process is executed directly in the underlying
infinite-dimensional space. To obtain strong convergence of Mann iteration, projection
methods, which were first introduced by Haugazeau [17], have been considered for modi-
fying Mann iteration to obtain strong convergence. The advantage of projection methods
is that strong convergence of iterative sequences can be guaranteed without any compact
assumptions.

The organization of this paper is as follows. In Section 2, we provide some necessary con-
cepts and lemmas. In Section 3, fixed point problems of generalized asymptotically quasi-
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¢-nonexpansive mappings and solutions of a Ky Fan inequality are investigated. A strong

convergence theorem is established in a Banach space.

2 Preliminaries
Recall that the normalized duality mapping / from E to 2F is defined by

Je={f € E :(nf ) = Il = | £},

where (-, -) denotes the generalized duality pairing. Let Ur = {x € E: ||x|| = 1} be the unit
sphere of E. Then the Banach space E is said to be smooth iff
i 1 1= D

t—0 t

exists for each x,y € U. It is also said to be uniformly smooth iff the above limit is attained
uniformly for x,y € Ug. It is well known that if E is uniformly smooth, then J is uniformly
norm-to-norm continuous on each bounded subset of E. It is also well known that E is
uniformly smooth if and only if E" is uniformly convex. Recall that E is said to be strictly
convex iff || ’% | <1 forall x,y € E with ||x| = |ly]| =1 and x # y. It is said to be uniformly
convex iff lim,_, o ||%, — yx|l = O for any two sequences {x,} and {y,} in E such that ||x,| =

Xntyn
2

sequence {x,} C E, and x € E with x,, — x, and ||x,,|| — ||x]|, then ||x,, —x| — 0 as n — oo.

lyxll =1 and lim,_, || | = 1. Recall that E enjoys the Kadec-Klee property if for any
For more details on the Kadec-Klee property, readers can refer to [18] and the references
therein. It is well known that if E is a uniformly convex Banach space, then E enjoys the
Kadec-Klee property.

Next, we assume that E is a smooth Banach space. Consider the functional defined by

o(x,9) = x> = 2(x,Jy) + IylI>,  Vx,y €E.

Observe that in a Hilbert space H, the equality is reduced to ¢(x,y) = |x—y||, x,y € H. As
we all know, if C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C
is the metric projection of H onto C, then P¢ is nonexpansive. This fact actually charac-
terizes Hilbert spaces and, consequently, it is not available in more general Banach spaces.
In this connection, Alber [19] recently introduced a generalized projection operator I1¢
in a Banach space E which is an analogue of the metric projection P¢ in Hilbert spaces.
Recall that the generalized projection ¢ : E — C is a map that assigns to an arbitrary
point x € E the minimum point of the functional ¢(x,y), that is, [1cx = ¥, where X is the
solution to the minimization problem

¢ (%, x) = min ¢ (y, x).
yeC
Existence and uniqueness of the operator I1¢ follow from the properties of the functional

¢(x,y) and strict monotonicity of the mapping /; see, for example, [18]. In Hilbert spaces,
[1c = Pc. It is obvious from the definition of a function ¢ that

(b(x’y) = qb(x, Z) + ¢(Z,y) + 2(x -z,Jz _]y>’ (2~1)
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and

(%l = Iy1)* < ¢(x9) < (Iyll + Ix1)*,  Va,y € E. (2.2)

Remark 2.1 If E is a reflexive, strictly convex and smooth Banach space, then ¢(x,y) =0

if and only if x = y; for more details, see [18] and the reference therein.

Let C be a nonempty subset of E and T : C — C be a mapping. In this paper, we use
F(T) to denote the fixed point set of T'. T is said to be asymptotically regular on C if for
any bounded subset K of C,

limsup{ “ Ty — T”xH (X € K} =0.
n—0oQ

T is said to be closed if for any sequence {x,} C C such that lim,_ %, = o and
lim,— 00 T%, = yo, then Txy = yy. In this paper, we use — and — to denote strong con-
vergence and weak convergence, respectively. Recall that a point p in C is said to be an
asymptotic fixed point of T iff C contains a sequence {x,} which converges weakly to p
so that lim,,_,  ||%, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted by
E(T).

Recall that T is said to be relatively nonexpansive iff
E(T)=F(T) 49,  ¢p, Tx) <d(p,x), VxeC,VpeF(T).

Recall that 7 is said to be relatively asymptotically nonexpansive iff
ET)=F(T)#9,  ¢(pT"x) <0+ u)p@,%), VYreC¥peF(T),¥n=>1,

where {u,} C [0,00) is a sequence such that i, — 0 as n — 0.

Recall that a mapping T is said to be quasi-¢-nonexpansive iff
F(T)#0, ¢ Ix) <¢(p,x), VxeC,VpeF(T).

Recall thata mapping 7 is said to be asymptotically quasi-¢-nonexpansive iff there exists
a sequence {u,} C [0,00) with i, — 0 as n — oo such that

ET)#9,  ¢(p,T"%) <1+ u)d(p,x), VxeC,VpeF(T),¥n=1.

Remark 2.2 The class of asymptotically quasi-¢-nonexpansive mappings was considered
in Zhou et al. [20] and Qin et al. [21]; see also [22] and [23].

Remark 2.3 The class of quasi-¢-nonexpansive mappings and the class of asymptoti-
cally quasi-¢-nonexpansive mappings are more general than the class of relatively nonex-
pansive mappings and the class of relatively asymptotically nonexpansive mappings [24].
Quasi-¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive mappings do
not require the restriction F(T) = E(T).
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Remark 2.4 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive
mappings and the class of asymptotically quasi-nonexpansive mappings in Banach spaces.

Recall that T is said to be generalized asymptotically quasi-¢-nonexpansive if F(T) # ¢,
and there exists a sequence {u,} C [1,00) with u, — 1 as # — 0o and a sequence {v,} C
[0, 00) with v, — 0 as n — oo such that ¢(p, Tx) < u,d(p,x) + v, forallx € C, p € F(T)
and n > 1.

Remark 2.5 The class of generalized asymptotically quasi-¢-nonexpansive mappings was
considered in Qin et al. [25]; see also [26].

Let f be a bifunction from C x C to R, where R denotes the set of real numbers, and let
A:C — E be a mapping. Consider the following Ky Fan inequality which is known as a
generalized equilibrium problem. Find p € C such that

We use S(f,A) to denote the solution set of inequality (2.3). That is,
S(f)={peC:fp.q) + (Ap,q-p) = 0,Yq € C}.

If A = 0, then problem (2.3) is reduced to the following Ky Fan inequality which is known
as an equilibrium problem. Find p € C such that

f,9) =0, VgeC. (2.4)
We use S(f) to denote the solution set of inequality (2.4). That is,
S()={peC:f(p.q)>0,¥g e C}.

If f = 0, then problem (2.3) is reduced to the classical variational inequality. Find p € C
such that

(Ap,q-p) >0, VgeC. (2.5)
We use VI(C,A) to denote the solution set of inequality (2.5). That is,
VI(C,A) = {pe C:(Ap.q-p) = 0,¥g € C}.

Recall that a mapping A : C — E’ is said to be a-inverse-strongly monotone if there
exists & > 0 such that

(Ax - Ay,x - y) = o[ Ax - Ay|)*.

For solving problem (2.3), let us assume that the nonlinear mapping A : C — E’ is a-
inverse-strongly monotone and the bifunction f : C x C — R satisfies the following con-
ditions:
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(Al) F(x,x)=0,VxeC;
(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0,Vx,y € C;
(A3)

limsupF(tz +(1- t)x,y) <F(xy), Vxyz¢eC;
£0

(A4) for eachx € C, y— F(x,y) is convex and weakly lower semicontinuous.

Recently, many authors investigated the solutions of problems (2.3), (2.4) and (2.5) based
on iterative methods; see [27-37]. In this paper, we investigate generalized asymptoti-
cally quasi-¢-nonexpansive mappings and problem (2.3). A strong convergence theorem
for common solutions to a fixed point problem of generalized asymptotically quasi-¢-
nonexpansive mappings and problem (2.3) is established in a Banach space.

In order to state our main results, we need the following lemmas, which play an import
role in the paper.

Lemma 2.6 [28] Let E be a smooth, strictly convex and reflexive Banach space and C be
a nonempty closed convex subset of E. Let A : C — E" be an a-inverse-strongly monotone
mapping and f be a bifunction satisfying conditions (Al)-(A4). Let r > 0 be any given num-
ber and x € E be any given point. Then there exists p € C such that

1
f,q)+ (Ap,q—p) + ;(q—p,]p—]x) >0, VgeC.

Lemma 2.7 [28] Let E be a smooth, strictly convex and reflexive Banach space and C be
a nonempty closed convex subset of E. Let A : C — E" be an a-inverse-strongly monotone
mapping and f be a bifunction satisfying conditions (Al)-(A4). Let r > 0 be any given num-
ber and x € E define a mapping K, : C — C as follows: for any x € C,

1
Kx = {p eC:f(pq) +{Ap,q—p) + —{q—p,Jp—Jx) > 0,Yq € C}'

r
Then the following conclusions hold:

(1) K, is single-valued;
(2) K, is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

(Kyx — Kyy, JKyx = JKyy) < (Spx = Sp95Jx = Jy);
(3) F(K,) = S(f,A);
(4) K, is quasi-¢-nonexpansive;
(5)

o(q, Kox) + (K, x) < ¢(q,%x), Vg e F(K,);

(6) S(f,A) is closed and convex.

Lemma 2.8 [19] Let C be a nonempty closed convex subset of a smooth Banach space E
and x € E. Then xy = lcx if and only if

(xo -y, Jx—Jxo) =0, VyeC.

Page 5 of 15
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Lemma 2.9 [19] Let E be a reflexive, strictly convex and smooth Banach space, C be a
nonempty closed convex subset of E and x € E. Then

¢y, Mcx) + p(Tew, x) < Pp(y,x), VyeC.

Lemma 2.10 [25] Let E be a uniformly smooth and strictly convex Banach space which
also enjoys the Kadec-Klee property and C be a nonempty closed convex subset of E. Let
T :C — C be a closed generalized asymptotically quasi-¢-nonexpansive mapping. Then

F(T) is closed and convex.

Lemma 2.11 [38] Let E be a smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R such
that g(0) = 0 and

|tx+ @ -0y |” < el + (L= D)yl - (1 - g (Ilx 1)
forallx,ye B, ={x € E:|x|| <r}andte0,1].

3 Main results

Theorem 3.1 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property and C be a nonempty closed convex subset of E. Let T : C —
C be a generalized asymptotically quasi-¢-nonexpansive mapping. Let f be a bifunction
from C x C to R satisfying (A1)-(A4) and A : C — E  be an a-inverse-strongly monotone
mapping. Assume that T is closed and asymptotically regular on C, and F(T) N S(f,A) is

nonempty and bounded. Let {x,} be a sequence generated in the following manner:

xo0 € E  chosen arbitrarily,

G =C,

x1 = I %o,

Y =T A = @)y + 0 T"%),

uy, € C such that f(u,,q) + (Au, + q — u,) + i(q— Uy, Juy, —Jy,) >0, VgqeC,
Cu1 = {k € Cy: ok, uy) <k, %) + (1t — D)W, + v},

KXnl = HC,,H X0,

where W, = sup{¢(p,x,) : p € F(T) N S(f,A)}, {a} is a real number sequence in (0,1) such
that liminf,_, o o, (1 - ) > 0 and {r,} is a real number sequence such that liminf,_, - r, >
0. Then the sequence {x,} converges strongly to I1r(r)ns(,a)%1, where I1p(r)ns(r,a) is the gen-
eralized projection from E onto F(T) N S(f,A).

Proof First, we prove C, is closed and convex so that the projection is well defined. We see

that C; = C is closed and convex. Assume that C,, is closed and convex for some positive

integer m. For k € C,,, we find that

(b(k) um) = ¢(k¢ xm) + (/‘*m - 1) Wm + Vs
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which is equivalent to
2k, Jtm = Jutm) < 1> = et |1* + (1o = 1) W + vy

It is easy to see that C,,,; is closed and convex. This proves that C, is closed and convex
so that I¢, % is well defined. Set u,, = K, y,. It follows from Lemma 2.7 that K, is quasi-
¢-nonexpansive.

Now, we are in a position to prove that F(T) N S(f,A) C C,. Indeed, F(T) N S(f,A) C
C, = C is obvious. Assume that F(T) N S(f,A) C C,, for some positive integer m. Then, for
Ve € F(T) N S(f,A) C Cy,, we have

d(e,um) = P(e, Sy, ym)
< ¢(e.ym)
= (e, (A = )y + ] T %))
= llell® - 2<e, A= ap)xy, + O(m]mem> + || A = ap)xy + o JT" %, ||2
< llell® = 2(1 = ) €, Jm) — 20{e,J T %) + (1= ) 121 + | T, |
= - am)p(exm) + amp(e, T"xy)
< (1 -amd(exm) + tmibmP (€, %m) + Vi
< @€, xm) + ctm(tm — 1) (€, %) + iV
< ¢(e,xm) + (m — L) Wi + Vi, (3.1)
which proves that e € C,,,1. This implies that F(T') N S(f,A) C C,. Notice that x,, = [1¢, ;.

We find from Lemma 2.8 that (x,, -z, Jx; — Jx,,) > 0 foranyz € C,. Since F(T)NS(f,A) C C,,
we therefore find that

(%0 —w,Jx1 — Jx,) =0, VYw e F(T) N S(f). (32)
It follows from Lemma 2.9 that

O (X %1) < QT pr)nsir,ax,%1) — ST Erns(r,a)%1, %4)

< ¢TI Eryns(r,A)%1, 1)

This implies that the sequence {¢(x,,x1)} is bounded. This in turn implies that the se-
quence {x,} is bounded. Since E is a uniform space, we find that E is reflexive. We may
assume, without loss of generality, that x,, — X. Next, we prove that * € F(T) N S(f, A).
Since C, is closed and convex, we find that # € C,. This implies from x, = I1¢,x; that
O (x,,%1) < $(&,%1). On the other hand, we see from the weakly lower semicontinuity of
the norm || - || that

P& x1) = 1217 = 2(%, Jx1) + ||

< liminf ([l |I> — 2(x,, Jar) + [l2111%)
n—00

= liminf ¢ (x,,, x1)

n—00
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< limsup ¢(x,, x1)
n—00

= ¢(&r xl)r
which implies that lim,_, o ¢ (x,, 1) = ¢(X,x1). Hence, we have lim,,_,  ||x, | = ||X]|. Since
E enjoys the Kadec-Klee property, we find that x, — x as n — co. In the light of x, =

[¢,x1 and &, = ¢, %1 € Cy C Cy, we find that ¢(x,,, %1) < d(%,,41,%1). This shows that
{¢(x,,x1)} is nondecreasing. We obtain that lim,,_, » ¢(x,,, %) exists. It follows that

¢(xn+1:xn) = ¢(xn+17 nCnxl)
< ¢(xns1,%1) — P(Ic,x1,%1)

= P(Xur1,%1) — P (%X, X1).

This implies that lim,,_, o $(%,41,%,) = 0. In view of x,,,; = [1¢,,, %1 € Cy41, we find that

¢(xn+1’ un) = ¢(xn+11xn) + (/an - 1) Wn + Vy.

It follows that

lim ¢(xn+1r un) =0.
n—00

In view of (2.2), we see that lim,,_, o (||%+1 | — ||z, ]]) = 0. This implies that lim,, . ||, ]| =
|lx]|. That is,
lim [|Juy|| = lim ||z, || = |/ X]|. 3.3)
n— o0 n—0o0

This implies that {Ju,} is bounded. Since both E and E" are uniform, we find that both E
and E are reflexive. We may assume, without loss of generality, that Ju,, — u" € E". In view
of the reflexivity of E, we see that J(E) = E. This shows that there exists an element u € E
such that Ju = . It follows that

2 2
n+lr Un) = n+lll — n+lrJUn n
A1, ) = 1%na1ll” = 2(Kna1, St} + |1t |

2 2
= %nar I = 2er, Jtn) + [t ]|”

It follows that

2

*

0> [IX)* —2(%, u') + ||u

= |17 = 2(%,Ju) + |Ju))?
= 1Rl = 24&, Ju) + ull®
= ¢(x,u).
That is, & = u, which in turn implies that %" = J&. It follows that Ju, — JX € E". Since E is

uniformly smooth, we know that E is uniformly convex. Therefore, E enjoys the Kadec-
Klee property, we obtain that lim,_, ~ Ju,, = Jx. Since J1:E" — E is demicontinuous and
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E enjoys the Kadec-Klee property, we obtain that u,, — % as n — 0o. Note that
Nl = thnll < Nl = I + 1% = 22|
It follows that
Iim o, —at]| = lim ||/, —Jun | = O. (3.4)

Since E is uniformly smooth, we know that E" is uniformly convex. In the light of
Lemma 2.11, we find that

Ple,un) = (e, Sy, yn)
< ¢(eyn)
= ¢(e,J 7 ((1 - )y + 0, J T )
= llel® = 2(e, (1 — @) + ] T"%,) + || (1 = ct) it + ] T, |
< llell® =21 ~ ) (e, Jxn) = 2atule,JT"%) + (1 = t) 12|
o | T |* = (L= g (e =TT )
= (- a)p(e: %) + (e T"%n) — (1l — g (| Jew = JT" %, )
< (A —an)ple,xn) + anind e, xu) + oy
— (1 = a)g(||Jn = JT" %, ))
< (e xn) + otu(pn — 1) (€, %u) + tyvy
— o (1 = a)g(|Jn —JT"%, | )
< (e, %) + (i = D)Wy + vy — ot (1 = )@ (|| Jxn = TT" %, ).

It follows that
an(l - an)g(H]xn _]Tnxn ”) =< ¢(e)xn) - ¢(6, Mn) + (Mn - I)Wn + Vi (35)
Notice that

Ple, xn) — ple, ) = N5l = Nunll — 2(e, Jo — Jit)

< 1% = sl (el + Natnll) + 2Nl el [ = Tt .
We find from (3.4) that
lim (¢ (e, ) — P(e, uy)) = 0.

In view of the restriction on the sequences, we find from (3.5) that lim,_, - g(|l/x, —
JT"x,|l) = 0. Notice that

177" %, — T2

< JT"%0 = T | + Vit = JRII.
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It follows that
Tlim |77, — J&[ = 0.

The demicontinuity of /™' : E* — E implies that 77x, — &. Note that
77| = 00| = [T | = W3] < [JT"00 - T5]

This implies that lim,,_, o || 7"%,|| = ||X||. Since E has the Kadec-Klee property, we obtain
that lim,,_, || T"x,, — X|| = 0. Notice that

745, - 5] = | 775, ~ T, | T3, -],
It follows from the uniformly asymptotic regularity of T that

lim | 7", - & = 0.
n—00

Thatis, TT"x, — x. From the closedness of T, we find ¥ = T'x. This proves X € F(T). Next,
we show that x € S(f, A). It follows from Lemma 2.9 and (3.1) that

O yn) < Ple,yn) — e, 1)

f ¢(e’xn) + (,u-n - I)Wn + Vy — ¢(€, Mrl)'

This yields that lim,,—, 5 ¢(u,,, ¥,,) = 0. This implies from (2.2) that lim,—, o (||z£, ]| — |¥x]) =
0. It follows that

lim |[y,[l = [I%]].
n— o0
We, therefore, find that
lim ||[Jy,|l = lim ||y,|l = %] = /%]
n— o0 n—0oQ

This shows that {Jy,} is bounded. Since E” is reflexive, we may assume that Jy, -~y € E".
In view of JE = E', we see that there exists y € E such that Jy = y". It follows that

¢(umyn) = ”un”2 = 2(tp, Jyn) + ||yn||2

= Null® = 2 Jyn) + [ Jyull>.
Taking liminf,_, o on both sides of the equality above yields that

0> &1 -2y )+ |y|?
= &2 = 2 ) + Iyl
= IR =26 + 1911

= ¢(5C»y)
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That is, & = y, which in turn implies that y~ = J&. It follows that Jy, — Ji € E". Since E’
enjoys the Kadec-Klee property, we obtain that Jy, — Jt — 0 as n — oo. Note that /! :
E’ — E is demicontinuous. It follows that y, — . Since E enjoys the Kadec-Klee property,
we obtain that y,, — & as n — oco. Note that

letn = yull < Nty = 2| + 11X =yl

This implies that lim,,_, » ||2£,, — ¥, || = 0. Since J is uniformly norm-to-norm continuous on
any bounded sets, we have lim,,_, o ||Ju,, —Jy, || = 0. In view of the restriction liminf,_, o r,, >
0, we see that

lim et — Jyall _

n—00 I

0.
Since u, = K,,,y,, we find that

1
F(u,, q) + r—(q— U, Juy — Jyn) =0, VgeC,

n

where

F(”nrq) =f(umq) + (Aumq_ un)-

It follows from (A2) that

||q—Mn||77 jutl (q_un:]l'tn_]yn> ZF(q’un)r qu C

n

Vit = Jyall _ 1

In view of (A4), we find that
F(g,x) <0, VgqeC.

For 0 <t <1 and g € C, define ¢; = tq + (1 — £)x. It follows that g, € C, which yields that
F(q:,%) < 0. It follows from (Al) and (A4) that

0 = F(qs,q:) < tF(qr,q) + (1 - )F (91, X) < tF(qz, q)-
That is,

F(q:,q) =f(qr,q) + (Aqe,q — un) > 0.
Letting ¢ | 0, we obtain from (A3) that F(x,q) > 0, Vg € C. This implies that x € S(f, A).
This completes the proof x € F(T) N S(f, A).

Finally, what we need to prove is x = IT F(T)NS(f,A)%1-
Letting # — oo in (3.2), we obtain that

(x=w,Jx; —Jx) >0, VweF(T)NS(f,A).

From Lemma 2.8, we immediately find that & = ITg(r)ns(r,4)%1. This completes the whole
proof. O
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Remark 3.2 Since the class of generalized asymptotically quasi-¢-nonexpansive map-
pings is a generalization of the class of asymptotically quasi-¢-nonexpansive mappings,

Theorem 3.1 includes Kim’s [36] results as a special case.

Remark 3.3 Notice that every uniformly smooth and uniformly convex space is a uni-
formly smooth and strictly convex Banach space which also enjoys the Kadec-Klee prop-
erty, and every uniformly convex Banach space enjoys the Kadec-Klee property. We find
that Theorem 3.1 is still valid in the framework of every uniformly smooth and uniformly

convex space.

Next, we consider the solution of problem (2.4).
If the mapping T is closed quasi-¢-nonexpansive, which is more general than relatively

nonexpansive mappings, we have the following.

Corollary 3.4 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property and C be a nonempty closed convex subset of E. Let T : C —
C be a quasi-p-nonexpansive mapping and f be a bifunction from C x C to R satisfying
(A1)-(A4). Assume that T is closed and F(T) N S(f) is nonempty. Let {x,} be a sequence

generated in the following manner:

xo € E  chosen arbitrarily,

G =C,

x1 = I %o,

Y =T A = @)y + ] Txy),

u, € C such that f(u,, q) + i(q — U Jun—Jya) =20, VgeC,
Cun = {k € Cp: p(k,un) < Pk, %)},

Xntl = HC,H.le:

where {a,,} is a real number sequence in (0,1) such that liminf,_,  «,(1 — ) > 0 and {r,}
is a real number sequence such that liminf,_, . r, > 0. Then the sequence {x,} converges
strongly to I1p(r)ns(r)*1, where Ilpir)ns() is the generalized projection from E onto F(T) N

S(f).

In the framework of Hilbert spaces, we find from Theorem 3.1 the following.

Theorem 3.5 Let E be a Hilbert space and C be a nonempty closed convex subset of E.
Let T : C — C be a generalized asymptotically quasi-nonexpansive mapping. Let [ be a
bifunction from C x C to R satisfying (A1)-(A4), and let A : C — E be an a-inverse-strongly
monotone mapping. Assume that T is closed and asymptotically regular on C, and F(T) N
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S(f,A) is nonempty and bounded. Let {x,} be a sequence generated in the following manner:

xo € E  chosen arbitrarily,

G =C,

x1 = Pc; %0,

In = (1= 0t)xy + 0ty T"%y,

uy € C such that f(u,, q) + (A, q — uy) + i(q— U Uy —Ya) >0, VqeC,
Cun =tk € Gyt Ik = un|)® < 1k = x> + (n = 1) Wy + v},

Xntl = PCn+1x07

where W, = sup{||lp—x,|1? : p € F(T) N S(f,A)}, {a,} is a real number sequence in (0,1) such
that liminf,_, o o, (1 — ;) > 0 and {r,} is a real number sequence such that liminf,_, . r, >
0. Then the sequence {x,} converges strongly to Pr(r)ns(r,a)%1, Where Pr(r)ns(r,a) is the metric
projection from E onto F(T) N S(f, A).

Proof In the framework of Hilbert spaces, we see that ¢(x, ) = ||x — y||> and the mapping
J is reduced to the identity mapping. The desired conclusion can be immediately drawn
from Theorem 3.1. O

For problem (2.4), we have the following result.

Corollary 3.6 Let E be Hilbert space and C be a nonempty closed convex subset of E. Let T :
C — C be a generalized asymptotically quasi-nonexpansive mapping. Let f be a bifunction
from C x C to R satisfying (Al)-(A4). Assume that T is closed and asymptotically regular
on C, and F(T) N S(f) is nonempty and bounded. Let {x,} be a sequence generated in the

following manner:

xo € E  chosen arbitrarily,

G =C,

x1 = Pc; %0,

In = (L= 0t)xy + oty T"%y,

uy € C such that f(u,,q) + i(q — Uy Uy —Yn) >0, VgeC,
Cun =tk € Gyt Ik = un|)® < 1k = x> + (n = 1) Wy + v},

Xntl = PCn+1x07

where W, = sup{|lp — %, : p € F(T) N S(f)}, {a,} is a real number sequence in (0,1) such
that liminf,_, o o, (1 — ;) > 0 and {r,} is a real number sequence such that liminf,_, o, r, >
0. Then the sequence {x,} converges strongly to Prirns(x1, where Pr(ryns() is the metric
projection from E onto F(T) N S(f).
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